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We consider the elliptic system

2

—Au+ da1(x)u = aqu + Bv + f [u|P~2ulv]?, = e RN,
p
2

—Av + Aaz(z)v = Bu + azv + +q|v|q_2v\u|p, z e RV,
pT4q

where N >4, A >0, a1,02,0 €R, p,g>1,p+q=2*=2N/(N — 2) and a1(x),
az(z) = 0 have potential well. By using variational methods and the category theory,
we establish the existence of least energy and multiplicity of solutions.

1. Introduction

We are concerned with the following elliptic system

2p

—Au+ Aay(z)u = a1u+ Bu + |ulP~2ulv]?, 2z € RV,
p+gq

(1.1)

2q
p+q
where N >4, A >0, a1, a2, ER, p,¢g > 1, p+q=2*=2N/(N —2). For i = 1,2,
we assume the potential a;(z) satisfies the following conditions:
(A1) ai(z) € C(RN,[0,00)); £2; := int a; *(0) is a non-empty bounded set with
smooth boundary; £2; := a; ' (0); £ := 2, N {2, is a non-empty set;

—Av + das(x)v = fu+ azv + [v|7 2vjulP, xRV,

(Ag) there exists M; > 0 such that the set F; := {x € RN, a;(x) < M;} has finite
Lebesgue measure.

There exists an extensive literature on the study of elliptic systems with criti-
cal nonlinearities on bounded domains (see, for example, [1,8] and the reference
therein). Alves et al. [1] generalized the corresponding results in [3] to the following
elliptic system:

2
—Au = aju+ fv+ —p|u\p*2u\v|q, x € {2,
p+q

(1.2)

2
—Av = fu+ agv + 1 |7 20|ulP, x € £,
p+q
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(1.2 cont.)
u=1v=0, x € 0f2.

u>0, v>0, x€ }
They showed that there is at least one solution of (1.2) if N >4, 8> 0,0 < vy <
vo < p1(£2) and p + g = 2*, where vq, vy denote the real eigenvalues of the matrix

B = <oz1 ﬁ)
ﬂ Q2
and satisfy 11|U]? < (BU,U)g2 < v2|U|? for some U = (u,v); p1(£2) is the first
eigenvalue of the eigenvalue problem (—A, Hi(£2)).

Elliptic systems in unbounded domains with subcritical nonlinearities have re-
ceived much attention recently (see, for example, [2,5-7,9,10]). The existence and
multiplicity of solutions for a coupled elliptic system with subcritical nonlinearities
have been proved in [6,9], where the potentials are bounded below by some positive
constants. In [5], Costa proved the existence of a non-trivial solution for a class
of semilinear elliptic systems under the coercivity of the potentials and a non-
quadratic condition on the nonlinearity. We also mention the recent paper [7] in
which Furtado et al. studied the existence, multiplicity and asymptotic behaviour
of solutions for the coupled elliptic system (1.1) with ay = a2 = # = 0 and
p+ g < 2*. As far as we know, there are few results for system (1.1) with critical
nonlinearities.

The main aim of the present paper is to study the existence and multiplicity of
solutions for the elliptic system (1.1) with critical nonlinearities. We do not assume
any positive lower bound or coercivity for the potentials. Motivated by [4], we shall
show in some sense that problem (1.2) is a limit problem for (1.1) as p1(§2) small
enough and A — oco.

In order to state our results, we define by

E; = {u € H'(RV): /RN ai(z)u® dr < oo}

the Hilbert space endowed with the norm

1/2
|w&—0w;+/amm%0.
RN

Let E := E; x E5 be endowed with the norm

1/2
ol = (el + ol + [ (@@ + ax(ahi?yae)

which is clearly equivalent to the norm

1/2
ol = (alls + Dol + 2 [ (@@ + ax(a)e?) o)
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for each A > 0. We say that (u,v) € F is a weak solution of system (1.1) if, for any
(¢, ) € E, the following holds:

/ (VuVe + VoV + Aay (z)ug + Aaz(z)ve) dz
RN

- / (a1u¢ + Bup + Bve + azvy) dr
]RN

2 2
. |u|p_2u|v|q¢dx—7q/ [v|7 2v|ulPpde =0.  (1.2)
PtqJry PtqJry

We shall search for the critical points of the functional

Ia(u,v) = %/RNGVUF + [Vo? + Aay (z)u? + Aag(z)v?) de

1 9 9 2 /
- = aiu” + 2Buv + asv?)de — —— ulPlv|?dx
Q/RN(I B 20%) s RNHH

on the space E. Clearly, J) € C'(E,R). Define

2% /2
Sp.q = inf / (|Vul? + |Vo|?) dx(/ |u|p|v|qu) .
(u,0)eHY(RN)x H' (RN)\(0,0) JpN RN
(1.3)
By [1, theorem 5], we get

e (57 () s o

where S is the best constant of the embedding D*2(RY) « L2 (RN).
Set 1 := min{p (21), p1($22)}. Our main results are the following.

THEOREM 1.1. Assume (A1) and (As) hold and 8 > 0. Then, for 0 < v1 < vy < 1,
there exists Ay > 0 such that for X\ > A1 the problem (1.1) has a least energy solution.

THEOREM 1.2. Assume (A1) and (As) hold and 3 > 0. Then for 0 < vy < vy < 1,
every sequence of solutions (un,v,) of (1.1) such that A, — oo with

N/2
S>/

N

2
I, (Un,vn) = Cr, < ( 5

concentrates at a solution of the following elliptic system in H*(RN) x HY(RN):
2p _2
—Au=a1u+ v+ ——|ulP"ulv|?, z € (2,
p+gq
2q
p+q
’LLEH&(Ql), UGH(:)[(.QQ).

—Av = fu+ azv + [v|720|ulP, x € §20,
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THEOREM 1.3. Assume (A1) and (Az2) hold and 3 > 0. Then for 0 < va(< u1)
small enough, there exist Ao > 0 and

2 (5,,\/?
O<C)\ < N<2>

such that if X > Aa, (1.1) has at least cat(§2) solutions with Jy < cy.

Let ai(x) = as(x) = a(z), a1 = ag = p, 5 =0, p =q = 2*/2, u = v. Then
system (1.1) reduces to the Schrédinger equation:

—Au+ a(z)u = pu+ |[ul* "2u, zeRN. (1.5)

In [4], Clapp et al. established the existence and multiplicity of positive solutions for
(1.5) which localize near the potential well for y small and A large under conditions
(A1) and (Az). To obtain the multiplicity of solutions, by using the concentration-
compactness principle for elliptic systems and the category theory we prove that
problem (1.1) has at least cat({2) solutions, where cat({2) denotes the Lyusternik—
Schnirelmann category of {2 in itself [12].

The paper is organized in the following way. In §2 we present some technical
results which will be used throughout the work. We prove theorems 1.1 and 1.2
in § 3. Finally, §4 is devoted to the proof of theorem 1.3.

2. Preliminaries

LEMMA 2.1. Let A, > 1 and (un,v,) € E be such that A, — 00 and ||(un,vn)|3 <
K. Then there exists a (u,v) € H}(£1) x H3(£22) such that, up to a subsequence,
(U, vn) = (u,v) in E and (up,v,) — (u,v) in L2(RY) x L2(RN).

Proof. The proof is similar to that of [4, lemma 4]. For convenience, we give a
sketch here. Since A, > 1, we have ||(un, vn)||> < [|(un, vn)|l3 < K. Then, we may
assume that (u,,v,) — (u,v) in E and (up,v,) = (u,v) in L2 (RY) x L2 _(RN).

Set Cp, = {x € RN : |z| < m, ai(z) = 1/m}. For every m € N, we have

K
/ uidxém/ al(x)uidxgm —0
Cm c An

m

as n — oo. Similarly, set C; = {z € RN : |z| < j, aa(x) > 1/j}. For every j € N,
we have

/ vider — 0 asn — oo.
c

J

Therefore, u = 0 for almost every (a.e.) z € RN\ 2; and v = 0 for a.e. x € RV \ (2.
Since 92 and 9§25 are smooth, (u,v) € H}(£21) x H}(§23). On the other hand,

1 K
2 2
dzr < Anai(x dr < —0 2.1
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as n — oo. Setting Bp = {x € RY: |z| < R} and choosing r € (1, N/(N —2)), by
(As) we have

/ (tn —u)? da < |up —ul3, [{z e RN : 2 € BGn MY
FiNBg,

< el (un — u, v —0)|P{z € RN 1w € BN F Y™ — 0
(2.2)

as R — oo, where 7/ = r/(r — 1), B = RN \ Bg. Therefore, combining (2.1)
and (2.2) and noting that u, — w in L2 _(RY), we have u, — u in L?(RYN).

loc

Similarly, we obtain v, — v in L2(RY). O

For i = 1,2, set ay; := inf o(—A + Aa;(z)), the infimum of the spectrum of the
self-adjoint operator —A + Aa;(x). Observe that

0 <ay,; =inf { / (|Vul? + Xa;(z)u?) dz: uw € HY(RY), / u?de = 1}.
RN RN
Define the functional
Ty (u,v) = / (IVul® + | Vo2 + Ay (2)u? + ag(x)v?) do
RN
- / (c1u? + 2Buv + azv?) da.
RN

LEMMA 2.2. For any o € (0, 1), there exists Ay > 0 such that

ari > 3(c+m)

for X\ = A\1. Moreover,
8]l (u, v)[I3 < / [IVul® + Vo> + (Aay (z) — 0)u® + (Aag(x) — o)v?]dz (2.3)
]RN

for (u,v) € E and A = A1, where 6 = (u1 — 0)/(p1 + o + 2). In particular, if
0<vy <y <,

3l (u, )13 < T (u, v) (2.4)
for (u,v) € E and A = M.

Proof. Assume by contradiction that there exists a sequence \,, — oo such that
ax,1 < 3(o+p) forallnand ax, 1 — £ < 3(0+pu1). We assume that u, € H'(RN)

such that
/ |up|dz =1
RN

/ [[Vun|? + (Anai(z) —ax, 1)u?]dz — 0.
RN

and
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Then, for large n, there is C' > 0 such that

lanl, = [ [0l + Gnas (o) = o)l de+ [ (14 o)l do

N

SCH+1+1(o+m). (2.5)

By the proof of lemma 2.1, there exists u € Hg(£21) such u, — v in E and u,, — u
in L2(RY). Therefore,
/ |u|dez =1
2

/ (|Vul? - ku?) dx < liminf/ (|Vun|? — ax, 1u2) dz
o) RN

n—oQ

and

< lim inf [Vun|? + (Anai(z) — ax, 1)uZ]dz — 0.

n—oo RN

Hence,
/ Vul?dz <k < §(0+ ) < < pa($20),
2,

which is a contradiction since

w1 ($21) </ \Vu|2dx.

01
Similarly, we can prove ay 2 > %(O’ + ). O
In order to find least energy solutions, we shall use the Nehari manifold
Ny = {(u,v) € E\ (0,0): J}(u,v)(u,v) = 0}.

It is clear that Ay is radially diffeomorphic to the set

Vy = {(u,v) ekE: / |u|Plv|?de = 1},
RN

where the diffeomorphism is given by
Vy — Na: (u,v) — 2(2_N)/4T>(\N72)/4(u,v)(u,v).

For u € Ny, we have

T
J)\(’LL,’U) = )\(]1\1/:’ U)
Therefore,
21—N/2 N/2
= inf Jy(u,v) = i T , V).
o= nt A = =5 it T 0)
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For any bounded domain D C RY, we consider the functional

Jp(u,v) = %/D(|Vu|2 + |Vo|?) da — %/D(OQUQ + Puv + 2a2v2) dx

/ o] da
p+q

for (u,v) € H} (D) x H}(D). Similar to the above arguments, its Nehari manifold
Np = {(u,v) € HJ(D) x HJ (D) \ (0,0): Jp(u,v)(u,v) = 0}
is radially diffeomorphic to the set
Vp = {(u,v) € H}(D) x H}(D / |u|Plv|?de = 1}

Set
21—N/2

= inf  Jp(u,v) = inf TN %(u,v),
e (u,l}?EN‘D D(u 'U) N (uﬂ})I)IEVD D (U U)

where

Tp ::/(|Vu|2—|—|VU|2)dx—/(Oé1u2+5uv+0421)2)d$-
D D

LEMMA 2.3. Assume that 3 >0, 0 < vy <ve < pup and A = A1. Then

2 (68,,\"* 2 (8,,\\?
=24 < | 24 .
N( 5 ) \C)\<CQ<N 9

Proof. By (2.4), §(u,v)||%: < d||(w,v)||3 < Ta(u,v). Thus, taking infima over

(u,v) € Vy\ we get
2 (68,,\"*
— | =21 < .
N( 2 ) S o

Since V C V) and for any (u,v) € Vo, Th(u,v) = Tn(u,v), it follows that ¢y < cp.
By [1, lemma 4], we know for 5 >0, 0 < 11 < v2 < p1(£2), that

2 (5, V2
res

and cp, is obtained by some (u,v) > 0. Finally, if ¢y = ¢p, then ¢\ would also
be achieved at a (u,v) that vanishes outside {2 x (2, contradicting the maximum
principle. O

LEMMA 2.4. If vo — 0, then
2 /8, \"?
o 2 (gq) .
Proof. By the definition of cg, we take {(un,vn)} C Vg such that

21—N/2 TN/2

N 2

(Un,vn) = Cq.
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Then, by the Poincaré inequality, we get

/ (|Vun? + Vo, |2 dz < C
Q

for v small enough. Therefore, by lemma 2.3,

Sp,g < lim (\Vun|2 + |an|2) do
n— oo Q
< lim (Tg(un, Un) + / (1u? + 2Bupv, + agv?) dx)
n—oo 0
< 1i_>m To(un,vy) + v2C
= 2172/N(NC_Q)2/N + v C
< Sp,q + 1C.

So, for v — 0, we obtain

3. Proof of theorems 1.1 and 1.2

In this section, for M := min{M;, Ms}, we take Ay large such that AM —vs > 0
for all A > Aq.

LEMMA 3.1. Assume that 0 < v1 < vo < p1 and A > A\1. Then Jy satisfies the
Palais-Smale (PS). condition for all

o 2(50a)"
N\ 2 '

Proof. Assume that {(un,v,)} is a (PS). sequence. Since

4 (Up, vp) (U, Vp) 1

Ix(tp, vp) — o = NTA(un,vn) (3.1)
and
J/ ny ¥n ny ¥n 2
TG ) - Bt t0) L2 ppgfear, (32)
2 N Jan
then, combining (3.1) and (3.2), we get
lim T\ (tn,vn) =2 lim |un|P|on|?dz = Ne. (3.3)
n—o00 n—oo JpN

By (2.4) and (3.3), 8| (tn, vn) |13 < T\ (tn,vn) = Neto(1). So, {(uy, vy,)} is bounded
in £. We may assume that (u,,v,) — (u,v) in E, (un,v,) — (u,v) in L2 _(RY) x
L (RY) and (uy,v,) — (u,v) almost everywhere z € RY. A standard argument

shows that (u,v) is a weak solution of (1.1).
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Let wy, = u, — u, ¥, = v, —v. Since |u,, — tu|P~2(u, — tu)|v, — tv|? is uniformly
bounded in L2/ =D(RN) for t € [0,1] and |u, — tu[P~2(u, — tu)|v, — tv|? —
(1 — )% ~HulP~ |9 almost everywhere (t,z) € [0,1] x RN, we have

[ unPloal? = a7 do
RN
'd
= —/ / —(Jupn, — tulPlv, — tv]?) dt dz
RN JO dt

1
= p/ / wlty, — tu|P72 (uy, — tu)|v, — tv|?dt dz
rY Jo

1
+ q/ / v|v, — t0]|772 (v, — tv)|uy, — tu|? dt dx
rY Jo
1 *
%p/ / (1 —1)% ~YulP|v|? dt dz
RN Jo

1
+q/ // (1= ) VJo|9[uf? dt dz
RN JO RN

- / lufP[o] dz. (3.4)
]RN

Since J4 (tn, Vn)(Un, V) = 0, J§ (u,v)(u,v) = 0 and by the Brézis—Lieb lemma, we
have

Ty ) s tn) = T ) =2 [ fonPlenl?dz 0. (33
Thus, by (3.5), we may assume

Tx(wn,thn) — b, / Jwn[Ptn|? dz = 3b < Ne < 2(35,.0)™2.
RN

By (2.2) and note that (u,v,) = (u,v) in L2 _(RY) x L _(RY), we have
/ w2 dr — 0, 2 dz — 0.
F1 F2

Therefore,

2/2*
Sp,q(%b)Q/T = Sp,q lim (/RN |Wn|p|wnqu>

n—00

< lim [ (Vw2 + |V, |?) da

n—oo RN

< lim [/ ([Vwn? + Vb |?) dz
]RN

n—oo

+ / (Aa1 — Vg)wfl dz + / (Aag — V2)1/172L dx
Fy Fy

https://doi.org/10.1017/50308210510001526 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001526

208 Y. Wang and W. Zou

< lim TA(wn,wn)—l-Vz/ w2 dx + vy Yp dz
F1 F2

n— oo

=b. (3.6)

If b # 0, we get b >2(35),,JV/2, which contradicts the fact that b < 2(3S, 4)"/2.
Thus, b = 0. Hence, (wp,¥,) — (0,0) in E.

Proof of theorem 1.1. Let {(un,v,)} C Ny be a minimizing sequence for Jy, By
Ekeland’s variational principle [12], we may assume that it is a Palais—Smale se-
quence. By lemmas 2.3 and 2.4, there exists a subsequence of {(uy,v,)} that con-
verges to a least energy solution (u,v) of problem (1.1). O

Proof of theorem 1.2. Let {(un,v,)} be a sequence of solutions of problem (1.1)
such that >0, 0 < 1y < vy < p1, Ay, = 00 and

2 /8 N/2
e e (1)

By lemmas 2.1 and 2.2, there exists a (u,v) € H}(£21)x H}(£22) such that (uy,,v,) —
(u,v) in E and (up,v,) — (u,v) in L2(RY) x L2(RY). Therefore, for any (¢, ¢) €
Hg (1) x Hg ($22),

/N(vunV(b + VUnV(P) dr — /N (alun¢ + ﬂunw + anﬁé + 0421}71()0) dx
R R

2p 3 2% )
= m N |un|p 2U/n|vn‘q¢ dx + m /N |,Un|q 2’Un|un|p(pdx, (37)
R R

Letting n — oo in (3.7), we get

/ (VuVe + VoVy) da — / (arug + Bup + Pug + agvp) dz
RN

RN
_ 2
p+q Jry
Thus, (u,v) is a solution of (1.2). To show (un,v,) — (u,v) in H}(RY) x HY(RY),
we set wy, = u, —u and 1, = v, —v. Then, since (uy,,v,) € Ny and (u,v) satisfies
(3.8), analogously to the arguments in lemma 2.4, we have

2
lulP~2u|v|%¢ dz + ]ﬁqq /]RN 0|9 2v|ulPp da. (3.8)

Tywnstn) =2 [ Pl de = (1),
RN
We claim that

/ (P[] dz — 0.
RN

Assume by contradiction that

/N lwn[Pton]? dz = a > 0.
R
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Then,

2/2*
Spal [ JonPlunltaz] < [ (90 4 (907
RN RN
< T/\n (wn’ ’lpn) + 0(1)

_ 2/ (P |th0] dz. (3.9)
RN

Tt follows from (3.4) that

1-2/2* 1-2/2*
Sy < 2(/ |wn|p|1/1n|qu) +o(l) < 2(/ |unp|vnqu> +o(1).
RN RN
So,

N/2 N N/2
(%2) < tim [ fualloatrar =5 < (%2)
N

2 n—oo Jp

which is a contradiction. Therefore,

[ ol 50 and T, (o) 0.
RN

Thus, we get

lim T, (tn,vn) = To(u,v). (3.10)

n—oo

Since (tn,vy) = (Wn, ) in RN\ 21 x RN\ 25, a;(z) = 0in ) and az(z) =0 in
{25, we have

/ al(x)ui dz < / )\na1(x)ui dx = / )\nal(ac)wi dz < Ty, (wn, ¥n) — 0.
RN RN RN

Similarly, we get
/ ay(x)v? dz — 0.
RN

Thus, by (3.10), (un,v,) — (u,v) in HY(RY) x HY(RY). O

4. Proof of theorem 1.3

PROPOSITION 4.1. Assume p + q = 2*. Let {(un,v,)} C DV2(RY) x DL2(RYN) be
a sequence such that

(tn,vp) = (w,v) in DV2(RYN) x DV2(RY),
(tn,vn) — (u,v) almost everywhere on RN,
IV (tn = w)? + [V (v —0)? = p in M(RY),

[tn [Plog [T — v mn M(RN),

https://doi.org/10.1017/50308210510001526 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210510001526

210 Y. Wang and W. Zou

where M(RYN) denotes the space of finite measures on RY. Define

oo := lim limsup/ (IVun|?® + |V, |?) dz,
|z|>R

— 0 n—oo

Voo i= lim limsup/ [t |P U |9 dez.
R—=00 nooo Jiz|>R
Then it follows that

W2 < Spallull, 3% < Spghtoos

oo p;

fimsup [ (Vun + [VouP)de = [ (Val? 4+ Vo) do -+ ] + o,
RN RN

n— oo

n— oo

limsup/ [t [P0 |Tdx = / [u|Plv]? da + ||V + Voo

RN RN

Moreover, if (u,v) = 0 and ||v|*/*" = Sy sllull, then v and p are concentrated at a
single point.

Proof. By the definition of (1.3), the proof can follow step by step from the proof
of [12, lemma 1.40]. We refer to the detailed proof in [8]. O

For r > 0 small enough, we consider the sets
2 ={z e RV dist(x, 2) < 2r}
and
027 ={z e N: dist(z,00) > r}.
Define the map
Y(u,v) = /Q [ulP|v]9e dz.

Assume that B, C {2, Then

9 S N/2
cp <cp, < N(;q) .

We have the following result.
LEMMA 4.2. For vy — 0, A = A2 and all (u,v) € Vo with
To(u,v) < 2'72N(Neg )2V < S0, y(u,v) € 2.

Proof. Assume that, by contradiction, for vs — 0, there exists {(u,,v,)} C Vo
with T (tn, v,) < 272N (Nep, )>/N such that y(u,,v,) € 2F. Tt is easy to see
that

/ (|Vun|? 4 [Vo,|?) dz
Q
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is bounded. Moreover,

Spq < lim | (|Vun|* + |V, |?) dz

)
n—oo 0

< lim (T_Q(un, vp) + / (alui + 2Buy, v, + agvi) dx)
7]

n—oo

< 217N (Nep, )N + 1,C < Sy + 120 (4.1)
Up to a subsequence, we assume that
(Un,vn) = (u,v) in DV2(RY) x DM2(RY),
(tUn,vn) = (u,v) almost everywhere on {2,
V(un =) +[V(vn —0)P = in MRY),

[t [Plop |9 — v in M(RM).
Since {2 is bounded, by proposition 4.1 and (4.1), for vy small enough, we have
Sp.q = /Q(WUI2 +| Vo) dz +[|pl, 1= /Q |ul?|v]? dz 4[]

and

2/2*
W22 < S5 ull ( / |u|P|v|qu) <57 [ (vl + [Vof?) .

/ P o]? dz
(9]

and ||v|| are equal either to 0 or to 1. Since S is never attained in any bounded
domain, by (1.4), S, 4 is also never attained in any bounded domain. So, (u,v) =
(0,0). We then deduce from proposition 4.1 that v is concentrated at a single point

y € 2 and

It follows that

W(Unuvn) _>/ rdr=ye (_27
1)
a contradiction. O

Choose R > 0 such that 2 € Br and define
o (u,v) := /Q |ulP|v|2€¢(|z|)x dx, (4.2)

where £(t) = 1if 0 <t < R and £(t) = R/t if t > R.

LEMMA 4.3. There exists Ao > A1 such that for vo — 0 and all (u,v) € V) with
Ty (u,v) < 2772/N(Neg )2V < S, 4, Yo(u,v) € 024

Proof. Assume, by contradiction, that for v5 small there is a sequence (u,, v, ) such
that (wn,vn) € Va,, An — 00, T, (tn,vn) < 272N (Nep, )?N and ~o(un, vn) ¢
24 . Bylemma 2.1, (u,, v,) — (u,v) in E and (un, v,) — (u,v) in L2(RY)x L2(RY)
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for some (u,v) € HE(£21) x H} (£23). Let w,, = u,, —u and 1),, = v,, —v. Analogously
to the arguments of the proof of lemma 3.1, we get

/ \un\ph}n\qu—)/ ([P [v] da.
RN RN

Therefore, vo(un, vn) — v(u, v). However, since

To(u,v) < lim Ty, (un,vn) < 2172/N(NCBT)2/N,

n—oo

it follows from lemma 4.2 that y(u,v) € ;. This contradicts vyo(u,,vy,) & 25, O
To prove theorem 1.3, we need the following result [4].

PROPOSITION 4.4. Let I: M — R be an even C'-functional on a complete sym-
metric C1-submanifold M C V' \ {0} of some Banach space V and set I’ := {z €
M: 1(z) < b}. Assume that I is bounded below and satisfies (PS). for all ¢ < b.
Further, assume that there are maps

X510y,

whose composition 7 - ¢ is a homotopy equivalence, and that ~v(z) = ~(—z) for
all z € M N I° Then I has at least cat(X) pairs {z,—z} of critical points with
I(z) =I(—z) <b.

Now, we begin to prove theorem 1.3.

Proof of theorem 1.3. Set

21—N/2 _ 21—N/2
Ty = NJW{ To =

Let (u,,v,) be a non-negative radial minimizer of T, on Vp, with Tg_ = cp_ [11].
Define

N/2
~ Ty

v 27 =V NTYET, z) = (up(- — z),v.(- — x)),

and yp: V\ NTY"" — QF as in (4.2). By lemma 4.3, 7o is well defined. Since
((z) = (0,0) in RN \ 2 for every x € (2, it follows that «(z) € V) and that

Ta((z)) = T, ((z)) = cp,.. Moreover, Th(—u, —v) = T(u,v) and ~vo(—u, —v) =
Yo(u,v) for (u,v) € E\ {(0,0)}. By [1, lemma 4], we get

92 S N/2
cg, < < p’q) .

N\ 2

So, by the expression of ¢y and lemma 2.4, T satisfies (PS). for all ¢y <cp,. It
follows from lemma 4.3 and proposition 4.4 that Ty has at least cat({2) critical
points, that is, Jy has at least cat(f2) critical points with

2 S N/2
J)\<<p’q> .
N 2
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