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A Mathematical Theory of Natural and Artificial Selection,
Part V: Selection and Mutation. By Mr J. B. S. HALDANE,
Trinity College. :

[Received 21 May, read 25 July, 1927.]

New factors arise in a species by the process of mutation. The
frequency of mutation is generally small, but it seems probable that
it can sometimes be increased by changes in the environment (1, 2).
On the whole mutants recessive to the normal type occur more
commonly than dominants. The frequency of a given type of muta-
tion varies, but for some factors in Drosophila 1t must be less than
10-%, and is much less in some human cases. We shall first consider
initial conditions, when only a few of the new type exist as the
result of 4 single mutation ; and then the course of events in a
population where the new factor is present in such numbers as to
be in no danger of extinction by mere bad luck. In the first
section the treatment of Fisher (3) is followed.

In a large population let p, be the chance that a factor present
in a zygote at a given stage 1n the life-cycle will appear in » of its
children in the next generation. If the individual considered is
homozygous, this is the chance of leaving r children, if mutation

18 neglected.” Let s pra"=f(z). Therefore f(1)=1, £(0)=p,, the
r=0 . :

probability of the factor disappearing, while £’ (1) = E 7Py, tee.,
=0

. =

the probable number of individuals possessing the-factor in the
next generation. The probability of m individuals bearing one each
of the factors considered leaving » descendants is clearly the co-
efficient of 27 in [ f(«)]™, if we neglect the possibility of a mating
between two such individuals, which we may legitimately do if m
is small compared with the total number of the population. If
then the probability of the factor being present in r zygotes of the
nth generation be the coefficient of 27 in F (), the corresponding
probability in the (n + 1)th generation is the same coefficient in
F[f(x)]. Hence if a single factor appears in one zygote, the
probability of its presence in r zygotes after n generations is the
coefficient of &* in 8} (2), t.e. f(f(f...f(%)...)), the operation being
repeated n times. The probability of 1ts disappearance is therefore

Lt 87(0). By Koenigs’ theorem (4) this is the root of z = f ()

in the neighbourhood of zero.
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Now in the case of a dominant factor appearing in a population
in equilibrium, and conferring an advantage measured by £, as in
Part T (5), f'(1)=1+ L. %ince S’ (2) and f” () are positive
when 2 is positive, and f (0) is positive, # = f(z) has two and only
two real positive roots, one equal to unity, the other lying between
0 and 1, but near the latter value if k be small. Hence any advan-
tageous dominant factor which has once appeared has a finite
chance of survival, however large the total population may be.

If a large number of offspring is possible, as in most organisms,
the series p, approximates to a Poisson series, provided that adult
organisms are counted, and since f' (1)=1 +k, f(z) = et+tB@E,
Hence the probability of extinction 1 — y is given by

1—y=e 0ty

Hence 1+k)y=~log(1- ;7/) ............... 1-0),
C p=Y YLy |
and k——2+3+4+...,

and if & be small, y = 2k approximately. Hence an advantageous
dominant gene has a probability 2k of survival after only a single
appearance in an adult zygote, and if in the whole history of a
species it appears more than l—o%c’—g times it will probably spread

through the species. But, however iarge k& may be, the factor may
be extinguished after a single appearance. Thus if k=1, so that
the new type probably leaves twice as many offspring as the normal,
the probability of its extinction is still -203. If in any generation
there are m dominant individuals the probability of extinction is
reduced to y™ where y is the smaller positive root of z = f(z).
When k. is small this reduces to (1 — 2k)™. Hence if in any
) log. 2

2k ‘
probably spread through the whole population.

On the other hand a recessive factor whose phenotype is advan-
tageous has a quite negligible advantage in a random mating
population provided that the number of its bearers is small com-
pared with the square root of the total population. This is best
seen by considering the case of a hermaphrodite: ina dioecious
organism the argument, though similar, is more complicated.
Let N be the fixed number of the population, and z, the number
of heterozygotes plus double the number of recessives for the
factor A in the nth generation. It therefore produces gametes in
the ratio (2N —z,) 4 : z,a. If now the recessives have a small
advantage measured by £, the probabilities of production of each
genotype in the next generation are

(2N —2,)2 44 :22,2N -z)4a:(1+k)z2aa.

generation more than adult dominants exist, the factor will
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Hence if, as above, f(z) be the function defining the probable
number of offspring of a dominant, so that f’ (1) =1, the proba-
bility of  heterozygotes in the (n + 1)th generation is the coefficient

of r in 2Nz, (2N - z,)
[f(a:)] 4N3+kz,?

that of r recessives the same coefficient in

N(L+ k)22
[f(a:)] 4N3 + kz,? .
Hence the probability of z,4, in the next generation is the co-
efficient of x%+1 in 9N 2, (2N + k2,)

[f@) ek
or, approximately, if z, be small compared with N, in

kz
2ol + 2
/(@] ( 2N)
The corresponding expression for a dominant factor is

[f(m)]"'(l”’.

Hence provided that z, is small the probability of escaping
extinetion is much smaller than k. I have been unable to evdluate it
exactly, but it seems from a comparison with the case of a dominant
factor, that the value of z, such that the factor is as likely to survive

7 \}
as to be extinguished, is of the order of (%—) , t.e. generally >N¥,

So if N is sufficiently large the probability of a single mutation
leading to the establishment of a recessive factor is negligible.

When the population is wholly self-fertilized or inbred by
brother-sister mating, on the other hand, a recessive factor has
almost as good a chance of survival as & dominant. With partial
self-fertilization or inbreeding it can be shown by methods similar
to those of Part II (6) that an advantageous recessive factor hds a
finite chance of establishment after one appearance, however large
be the population.

If mutation occurs with a finite frequency any advantageous
or not too disadvantageous factor will certainly be established.
Consider a random mating population in which, in éach generation,
a.proportion p of the A genes mutate to a, a proportion ¢ of the
a genes to 4, and the coefficient of selection 1s k. Let u, be the
gametic ratio of the nth generation. But for mutation we should
have

o Un(un+1)
M e+ 1=k
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allowing for mutation
v =L =P) (un’+ un) + g (un+1— k)
mH A=) (un+ 1 —k)+p(un?+ up) ~

kte? — ptin (U + 17 + q (up + 1) (un +1 — k) )
H o (20
ence Mt = e Tkt pun G+ D~ g+ 1=F) 0

=uk1.:.n1 ~pUg(Un + D+ q(un+1) ceriiiannnnns (21)

approximately, if p, g, and k are small, as is generally the case. It

. . - . 1
18 clear that u, must lie between 1-p ‘and l—z—— , t.e. between —

and g approximately, and that when near these values it alters
rapidly. But as p and ¢ may be less than 10 these limits are very
wide. The population 1s in equilibrium when

pr+(2p—qQ)u+ (p—2q—k+kq)u—gq+kg=0.
There is always one real positive root since p and g are positive
and less than unity. If k be positiye there is only one such root,

defining a stable condition towards which the population tends
when dominants have the advantage. If k or ¢ be large compared

. . . 3
with p this root approximates to ('I—c) or L as the case may be,

t.e. recessives nearly disappear. If p be of the same order of mag-
nitude as the larger of k and ¢, » has a moderate value and t.h_e
population is dimorphic. If p be much larger than % or ¢, u 1s
small and approximates to 4 {¢. dominants are rare.

If & be negative all the roots are positive if they are real,

provided ¢ > 2p and —k (1 - q) >2¢—p. They are real if :%c, t.e.

4(p+qP+[~2Tp+18p(p+9) (-9 +(p+0P(1-qF b+ 4p(1—gF k*
i8 positive, that is to say, when ¢ is small, if

4pk* + (— 8p* + 20pg + ¢) b+ 4 (p + 9’
is positive. All these three conditions can rarely be fulfilled, but
such cases may presumably occur. Thus if p = 000,001, g = 0004,
k=—-008; u®— 398u®+ 7197'8u—4032=0, Therefore u="057,
1893, or 3790, giving 89'5°/, 0252 °/, or 000,693 °/, of re-
cessives. In such a case the middle root defines an unstable
equilibrium, the other two equilibria being stable. Thus the
above considered population would be stable with only about
seven receisives per million, the small tendency of dominant genes
to mutate to recessive being balanced by reverse mutation. But if
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a group containing more than one recessive gene in twenty were
1solated from it, selection would be effective, and it would pass into
a condition where only 10'5 °/, 'were dominants, this number being
kept up by mutation.
Usually when k is negative there is only one real root. If p or —%
-’
k
as the case may be, so that dominants are rare. If g be of the same
order of magnitude as the larger of p and —£k, the root has a
moderate value and the population is dimorphic. If ¢ be larger

than p or —k, u is large and approximates to %, so that recessives

be large compared with g, it is small and approximatés to L or

are few. I
The rate of approach to equilibrium is given by
du ku, ' .
d_; = a1 —pu,,l(u,, +1D)+qup+1)...... (22),

provided that the constants are small. The exact expression for nin
terms of u, depends on the nature of the roots and the side from
which an equilibrium is being approached, but it always contains
logarithmic terms. Hence the numbers of the rarer type of the
population in succeeding generations always lie between two
geometric series until equilibrium is nearly reached. That is to
say, the march of events 1s comparatively rapid. , .
In a self-fertilizing population we can similarly show that

Dy =kup — puy (g + 1)+ q(un +1) ....... .(2:8).

Only one equilibrium is possible, and the course of events can
readily be calculated in any given case. Similarly for a sex-linked
factor
_kun(uat-3)
"~ 8(ua+1)
In this case if k be negative, three equilibria are sometimes found,
and selection is more effective than in the autosomal case when
recessives are rare. - ’

To sum up, if selection acts against mutation, it is ineffective
provided that the rate of mutation is greater than the coefficient of
selection. Moreover, mutation is quite effective where selection is
not, namely in causing an increase of recessives where these are
rare. It is also more effective than selection in weeding out rare
recessives provided that it is not balancéd by back mutation of
dominants. Mutation therefore determines the course of evolution
as regards factors of negligible advantage or disadvantage to the
species. It can only lead to results of importance when its frequency
becomes large.

Au, ~ Py (itn 4+ 1) + q(un + 1)......(24).
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Addendum. Equilibrium and selection in Sciara and similar
animals.

In Part I of this series all the then known types of sirigle-factor
Mendelian inheritance were discussed. Since then Metz (7) has
discovered a new type in Sciara which is here treated on the lines
of Part I. Gametogenesis is normal in the female, but spermatozoa
are formed from maternal chromatin only. Hence there are two
types of heterozygous male, which may be symbolized by A(a)
and (4)a according as the 4 is received from the mother or father.
They yield A and a spermatozoa respectively, the other genotypes
behaving normally.

In the absence of selection let eggs and sperma,tozoa be pro-

. duced by the mth generation in the proportions w, 4 : la and
vm 4 : la, respectively. The next generation is therefore :

? ﬁ;nvaA : (¥m + vm)da : laa.
d UmtmAA i u,A@) v, (4)a : laa.

QU Vyp, + Uy + U
U F Uy + 2 5 crerenenennnn (3:0),

Hence U1 =

vm+1 = Up

which is the same as equation (6:0) of Part I (5). Hencé as in the
above equation, we find, if y,, be the proportlon of recessives in the
mth generation,

— 1 m — 1 2m-1
m=v.~(F) G+ () o @D,

where c is a constant depending on the initial conditions. Hence
equilibrium is rapidly approached, the values in successive gene-
~ rations being alternately greater and less than the final value.
If selection occurs with a coefficient £ in 9s, ! in 4's, then

_ 2u,,'v,, + Uy + v,
Yty = U4 2 2k] 39)
. (v + 1) J, ............
S Fi1—1

If the population is nearly in equilibrium apart from selection
and % and / are small, so that un and v, are nearly equal,.
Up — Un kg

Au,.——=———2 +u,.+1’

both approximately.

l
A'u,.=un—v,.+ +1,
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| %+l _u
Hence Au, = 3wt
2k +1 n
and 5 M=Un— U+ log, (’%) e (33),

approximately. Selection therefore occurs much as with a normally
inherited autosomal factor.
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