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Abstract. For countable-to-one transitive Markov maps, we show that the natural
extensions of invariant ergodic weak Gibbs measures absolutely continuous with respect to
weak Gibbs conformal measures possess a version of the u-Gibbs property. In particular,
if dynamical potentials admit generalized indifferent periodic points then the natural
extensions exhibit a non-Gibbsian character in statistical mechanics. Our results can be
applicable to certain non-hyperbolic number-theoretical transformations of which natural
extensions possess unstable (respectively stable) leaves with subexponential expansion
(respectively contraction).

0. Introduction

In the category of smooth dynamical systems with non-zero Lyapunov exponent,
u-Gibbs measures introduced by Pesin and Sinai in [14] played important roles in
establishing ergodic and further statistical properties [1, 3, 4]. Here, u-Gibbs measures
are invariant probability measures whose conditional measures along corresponding
Pesin unstable leaves are absolutely continuous with respect to Lebesgue measure on
the leaves. In particular, hyperbolic u-Gibbs measures are sometimes referred to as
Sinai—Ruelle-Bowen (SRB) measures [2, 4, 13]. We should notice that in this setting
densities of conditional measures with respect to Lebesgue measure on corresponding
unstable leaves are strictly positive and continuous (cf. [1, 4, 10, 11]). These properties
of u-Gibbs measures remind us of the well-known Gibbsian character in statistical
mechanics. On the other hand, in the category of piecewise smooth countable-to-one
Markov systems (see the definition in §1), even if the systems are not expanding, we can
obtain ergodic absolutely continuous invariant weak Gibbs measures (see the definition
in §1) with respect to physical reference measures associated to the dynamical potentials.
Many such examples come from number theory. We should remark that densities of these
invariant measures are typically unbounded at indifferent periodic points with respect to
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the dynamical potentials (see the definition in §1) and these periodic points typically cause
lack of the Gibbs property in the sense of Bowen. Moreover, we can see that some
of such non-hyperbolic systems possess a representation of their natural extensions as
piecewise diffeomorphisms defined on subsets of compact metric spaces [21]. In this
paper, we shall restrict our attention to invertible non-hyperbolic dynamical systems
(T, @) which are the natural extensions of non-invertible absolutely continuous ergodic
systems (7', u). Our purpose is to give a new interpretation of non-Gibbsian character
from the point of view of statistical mechanics by showing that (T, 7z) satisfies an analogy
of the u-Gibbs property. More specifically, let & be the natural extension of a weak
Gibbs measure p which is equivalent to a weak Gibbs reference measure. Then the
densities of the conditional measures of [t along the unstable direction fail to hold strict
positivity when the dynamical potentials admit generalized indifferent periodic points
(Theorems 1 and 2). Thus, a non-Gibbsian character which is different from those
established for the non-invertible system (7', i) in [23, 25] is observed for the natural
extensions (T, %) of (T, w) (cf. [7, 8, 12, 25]). Moreover, as we will see in §2, & do
not possess the local product structure (LPS) even if 1z is hyperbolic [2, 13]. We should
recall that there is a common understanding that hyperbolic u-Gibbs measures adapt to
describe statistical properties for dynamical systems with sufficiently weak instability
of the trajectories [1, 3, 4, 13]. In our setting, the weak Gibbsianness of absolutely
continuous invariant measures w is typically caused by subexponential instability of the
dynamics which exhibits so-called intermittency (see [19-25]). In §3 we apply our results
to piecewise C'-smooth non-invertible maps that have piecewise smooth representations
of their natural extensions for which expansion rates of unstable leaves and contraction
rates of stable leaves are subexponential. These examples are described via number-
theoretical algorithms. Both admit periodic points xo at which modulus of eigenvalues
of the differentials DT (x¢) are just one and these periodic points are indifferent periodic
points with respect to the dynamical potential ¢ = —log|det DT'|.

The paper is organized as follows. In §1, we collect definitions and fundamental results
related to the non-Gibbsian character of weak Gibbs measures for piecewise C%-invertible
transitive finite-range-structure (FRS) Markov systems. The main results are stated in §2
and proofs are postponed until §4. In §3, we apply our results to the complex continued
fraction and the inhomogeneous Diophantine algorithm.

1. Preliminaries

Let (T, X, QO = {Xi}ic1) be a piecewise CO-invertible system, i.e., X is a compact
metric space with metric d, T : X — X is a non-invertible map which is not
necessarily continuous, and Q = {X;};c; is a countable disjoint generating partition

of X such that for each i € [ with intX; # @, T|inx, : intX; — T(intX;) is
a homeomorphism and (7 |y Xi)_l extends to a homeomorphism ¥; on cl(7 (int X;)).
Leti = (i1 ...i,) € I" satisfy int(X;, ﬁT‘lX,-2 n-- -ﬂT_(”_l)X,-n) #+ (. Then, we define
X; =X, NT7'X;, n--.NnT==DX, which is called a cylinder of rank n. Suppose
that Y = {int(T"X;, ;) : VX, ..i,,Vn > 0O} consists of finitely many open subsets
Uy, U, ..., Uy of X (finite range structure). If (T, X, Q) satisfies the Markov property
(ie,intX; Nint7X; # ¢ implies int TX; D int X;), then U = {int(T X;) : Vi € I} and
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we say that (T, X, Q) is an FRS Markov system. Let ¢ : X — R be a potential of weak
bounded variation (WBV), i.e., there exists a sequence of positive numbers {C, } satisfying
lim, o0 (1/n)logC, =0andforalln > 1,and all X;,_;, € \/flz_o1 T-0,
SUDcx;, , &P (12 ¢(T'x)
<
infrex,, , exp (X1 ¢(T7x)

For a potential ¢ of WBV and for each n > 1 we define a partition function Z, (¢) by

n—

1
Zy(9) = > exp [ ¢T’l(x(z)>},
)DintX,-l 0

itli|=n,int(T X h=

where x (i) is the unique point satisfying v; x (i) = x(i) € cl(int X;). Then there exists the

limit Piop (T, ¢) := lim, o (1/n) log Z,,(¢) € (—00, oo] under the following transitivity
condition (see [23]).

(Transitivity). int X = U,](v:1 Urand foralll € {1,2,..., N}, there exists 0 < §; < 00
such that foreach k € {1, 2, ..., N}, Ui contains an interior of a cylinder X &0 (s;) of rank
s; such that 7% (int X &0 (s))) = U}.

Suppose that there exists By C X consisting of full cylinders X, (i.e., T cl(int Xp) = X).
Define the stopping time over By, R : X — NU{oo} by R(x) = inf{n > 0: T"x € B1}+1
and for each n > 1, define inductively:

n—1
By,:={xeX|Rx)=n}), D,:={xeX|Rx) >n} (: N T—’"Bf).
m=0

Now we define Schweiger’s jump transformation [16], T* : |2, B, — X by T*x =
TR®x Let I* := U= {G1...in) € I | Xi,..iy € By}. If T* is uniformly expanding in
the following sense,

n>1

sup sup d(i(x), ¥i(y))/d(x,y) <1,

iel*x,yeX
then we say that (T, X, Q) is locally uniformly expanding with respect to Bj. Define
X*=x\U>, T*_’"(ﬂnzo{R(x) > n}) and Q* := {X;};er+. Then, (T*, X*, 0*)isa
piecewise CC-invertible Markov system with FRS, where Q* consists of full cylinders and
X* is not necessarily compact. For a function ¢ : X — R, if there exists 6 > 0 such that
(1): foralln > 0, and all X;, ;, C By, there exists 0 < Ly (i1 ...i) < 00 satisfying

o Wiy ...ipy (X)) — Wiy i, (V)]
sup

x,yeX d(x’y)e

< LgGy...in)

and

n
Ly(o0) :==sup sup ZL¢(ij...in) < 00,
n>0X;, i, CBy j=1

then we say that ¢ satisfies the local bounded distortion (LBD) with respect to Bj.
We define an induced potential ¢* : | Joo; B, — R associated to 7* by ¢*(x) :=
Z,Ifg))_l @¢T"(x). Then, under the locally uniformly expanding property the LBD property
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implies equi-Holder continuity of a family {¢* o ¥;}ics+ so that ¢* is a potential of
summable variation with respect to (7%, X*, 0*). A Borel probability measure v on
X is called an f-conformal measure if d(vT)|x,/dv|x, = flx, (for all i € I) and
v( Ui 1 0X ,-) = 0. The following fundamental result was established in [23] (cf. [19]).

PROPOSITION 1. Let (T, X, Q) be a piecewise CY-invertible transitive FRS Markov
system. Let ¢ be a potential of WBV with Pyop(T, ¢) < 00. Suppose that there exists an
expl Pop(T, ¢) — @l-conformal measure v on X. Assume further that there exists By C X
consisting of full cylinders with respect to which (T, X, Q) is locally uniformly expanding
and ¢ satisfies the LBD. If |, x+ Rdv < 00, then there exists a T-invariant probability
measure | equivalent to v which is exact.

Let F be the o-algebra of Borel subsets of X. We define an operator L4 associated to
the potential ¢ by
Lo f(x) =Y explo¥i ()1 Vi () ezt x) (X).
iel
whenever the series converges for f : X — R. Define the dual £2§ of Ly by (EZ;m)( =
fx Ly f dm for all probability measures m on (X, F).

Definition. [19-25] A probability measure v on (X, F) is called a weak Gibbs measure
for a function ¢ with a constant P if there exists a sequence {K,}, 0 of positive numbers
with lim,, .o (1/n) log K,, = 0 such that for all n > 1, for all X;, ;, € \/Z;(l) T—h 0,
v-a.e. x € Xi_i,»
K-l < V(lxil...f',l) <K,
exp ( 09T (x) +nP)

We note that v obtained in Proposition 1 satisfies £j;_ Pop(T.)” =V and v is a
weak Gibbs measure for ¢ with —Pop(T, ¢) [19, 23]. We define for each n > 1
v, := vIT(m > 1). Then by non-singularity of v, the Radon-Nikodyn derivative
dv,/dv exists v-a.e., and we can write dv,/dv = £;’,7Pmp(T’¢)1. For each n > 1 we

define qgn := log (£;1/£;1 oT) 4 ¢ — Pop(T, ¢). Then, we have the following facts.

LEMMA 1. (;AS,, satisfies the WBV property and v, is a weak Gibbs measure for (]3,1 with
constant 0.

PROPOSITION 2. v, := vI™ — u weakly as n — oo and E(";;L = u for (]AS =
log(h/h o T) + ¢ — Pop(T, @), where h := du/dv. In particular, lqu is of WBY,
then w is a weak Gibbs measure for (]AS

PROPOSITION 3. (cf. [20, 22]) Suppose that there exists {Er}k>1, and {Fi}k>1 such that
forallx,y e {R<k}NT"X; i, dWi.inX, ¥i..i,y) < Exd(x,y) and

< Fd(x,y)’.

n—1
‘1 —exp [Z{M’“(wn...in @) = dT" Wiy i, (y))}}
h=0

Then the following hold:
@) Egl converges to h uniformly on compact subsets of X\ ﬂnzo{R > nj;

(i) ¢n converges to é uniformly on compact subsets of X\ ﬂnzo{R > n}.
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Definition. xg is called a generalized indifferent periodic point with period g with respect
. -1
t0 ¢ if Pop(T. ¢) = (1/q) 35—y #T" (x0).

As we will see in §3, we can apply all the above results to the complex continued
fraction and the Inhomogeneous Diophantine algorithm, both of which admit indifferent
periodic points with respect to ¢ = —log|det DT'| of WBV and (),.o{R > n} consists
of these periodic points. For these examples, the normalized Lebesggue measure v is an
exp[—¢]-conformal measure and v({R > n}) decay polynomially fast.

The next result was established in [20] and [22].

LEMMA 2. Let xo be a generalized indifferent periodic point with respect to ¢. Then the

following hold.
ex L aTh(x
@) sup p[zf;?q) ( )] — oo(n — 00) and xg € m{R > n}
x,y€Xi| .in (x0) €XP [ tho (bTh(}’)] n=>0

(see [22, Lemma 6.1]).
(i) h:=du/dv is unbounded at x.

If h is away from zero and infinity, then p satisfies the weak Gibbs property for both
43 and ¢. As such a case, we can consider a parabolic rational map 7 on the Riemann
sphere of degree >2 and a Holder potential ¢ defined on the Julia set J(T) satisfying
P(¢) > sup,cjr) ¢ (x) so that there is no generalized indifferent periodic point with
respect to ¢. It is known that there exists a finite generating Markov partition of J(T).
Furthermore, there exists a Borel probability measure v on J(7T') with L;",f ppy)Y =V [6]
and a nowhere-vanishing bounded Hélder function 2 with L4_pg)h = h [5]. Hence, we
see that 43 satisfies the WBYV property. On the other hand, it follows from (ii) in Lemma 2
that 43 fails to hold the WBYV property under the existence of indifferent periodic points
with respect to ¢, and p cannot be a weak Gibbs measure for ¢AS However, 1 can be
still a weak Gibbs measure for ¢ under certain conditions. Indeed, we can show in §3
that the weak Gibbs property of u for the potential ¢ = —log|det DT| is valid for the
complex continued fraction and the inhomogeneous Diophantine algorithm although é
fails to hold the WBYV property because of singularities of 4 at indifferent periodic points
with respect to ¢. We recall two different characterizations of non-Gibbsianness of the
weak Gibbs measures u for ¢ with generalized indifferent periodic points xo established
in [23] and [25]. More specifically, non-Gibbsianness in the sense of Bowen, established
in [23], is a direct consequence of the existence of a generalized indifferent periodic point.
On the other hand, we observed in [25] that conditional measures of w in finite boxes
(cylinders) with boundary conditions outside the boxes could be described in terms of $ as

follows:
o] n—1
u(x,»l...,»,l a( \/ 17" Q))(x) = exp[ZésT"wn...,-n} o T"(x),
h=n k=0

where U(\/Zozn 7" Q) denotes the sigma-algebra generated by \/j-, T-"Q. This
formula allows us to show non-Gibbsianness in the following sense: the conditional

measures of w fail to hold positivity because of (ii) in Lemma 2. The new characterization
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of non-Gibbsianness that we shall establish in §2 shows that densities of conditional
measures of the natural extension of p along an unstable direction fail to hold strict
positivity and this is a direct consequence of the existence of a generalized indifferent
periodic point.

2. Main results

We recall Rohlin’s construction of an invertible extension of a T-invariant ergodic
probability measure . Let ¥_ be the set of all semi-infinite sequences of IN, w =
(w—1,w-2,...,0_y,...) such that there exists a sequence of points in X, {x_,},>0
satisfying Tx_, = x_41 and x_, € X,,_, foralln > 1. Let X be a subset of X x X_
composed of all pairs (x, w) and define T : X — X by T(x,w) = (Tx, wow) where
x € Xy, and wow = (wo, w_1, w_2,...). It is known that the projection 7 onto X
commutes with the map 7 and T, i.e., 7, T = T, and that there exists a unique ergodic

invariant measure & on X whose image by 7, is u, i.e., ;ur+ = u (see [15]). For each
i € I we define a cylinder set [i] on ¥_ by [i] := {(w—1,w—2,...) € T_ | w_1 = i}.
Then, Q_ := {[i]}ies is a countable disjoint partition of ¥_. Let o : ¥_ — X_ be

a (left) shift, (i.e.,, o(w-1,w—2,...) = (w—2,w—_3,...)). Then, foreachi € I, o}
is a homeomorphism onto its image o[i] = UjelzTXle_ [/1. Thus, (o, X_,Q0_) is a
piecewise invertible Markov system, where ¥_ is non-compact. The system (o, ¥_, Q_)
is called a dual system with respect to (T, X, Q). We can easily see that

X —UX XO’l]( UTX X[l])

iel iel
T(x,0) = (T|x,x,io) if (x,w) € X; x olil,

and 1
T (x,0) = (Yo_ x,00) if (x,w) € TXy_, x [0_1].

We define a set function pu_ on the cylinders of the dual system (o, X_, Q_) as
follows: pu_(w—1...0—n]) = puXw_,..0,), Where [w_i...0_,] = [w_1] N
o Nw_3]...07® D[w_,], and u— can be extended to a sigma additive set function
which is o-invariant (see [16, pp. 157-158]). Since (T_l,ﬁ) is the natural extension
of (o, u—), p— is ergodic, too. ¥_ provides the usual symbolic metric and if (7, X, Q =
{Xi}ier) is a finite-to-one system then X_ is a compact metric space. We define X, =
XN Xi(= Ux,crx, (Xi x [j)and Q := {Y}iel We further define & := \/}2, 0

and  := Q V&. Then it is easy to see that T r) > n and so \/n_ . Tﬁnn is the partition
into points. Let £(x, w) and n(x, ) be the elements of £ and n containing (x, ) € X
respectively and let X; (x) € Q be the cylinder containing x. Then, §(x, w) = T X,, | x{w}
and n(x,w) = X;(x) x {w}, where ® = (w_1,w—2,...) € X_ and (w—1,1i) is
T-admissible. Let ¢ be a potential of WBV with Pop(T, ¢) < oo and let {Cy},>1 be
the WBV sequence for ¢. For each (x, w) € X we define a function P éx,0) > R
by: for all (x', w) € &£(x, w)

O (¥, @) —hmsupexp[Z( $) s oT "(x, w))—Z( $)soT "(x, w))}

n—o00
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Now we come to state our main theorem.

THEOREM 1. Suppose that all conditions in Proposition 1 are satisfied. Assume further
that the T-invariant probability measure |u is a weak Gibbs measure for ¢ with a weak
Gibbs sequence {Cp},>1 and v satisfies H,(Q) < oo and ¢ € L'(v). IfZZo:O v({x € X |
R(x) > n}) log C, < oo, then the conditional measure of the natural extension [t of | with
respect to the partition n is absolutely continuous with respect to the conformal measure v
on each fibre of n. In particular, if ¢ admits a generalized indifferent periodic point, then
the densities of these conditional measures fail to hold strict positivity.

The next result easily follows from Theorem 1 (cf. [10, 18]).

COROLLARY 1. Conditional measures of & with respect to n are all absolutely continuous
with respect to w and (T, ) is weak Bernoulli.

Remark 1. As long as v({x € X | R(x) > n}) decays polynomially fast and C, is
a polynomial sequence, the condition ZZOZO v({x € X | R(x) > n})logC, < oo is
automatically satisfied. Such a polynomial behaviour is typically caused by polynomical
instability of trajectories near indifferent periodic points for intermittent systems (see §3).

The next lemma plays an important role in proving Theorem 1.

KEY LEMMA. For fi-a.e. (x,w) € X the conditional measures I(x.0) Of It with respect
to the partition n are given by
fEﬂn(x,w) q)(x,w)(x,7 ) dvln(x,w) (x/7 )

Tx,0) (E) =
() Sy @) (8 @) V] (¥, @)

for any measurable subset E of X. (Here dv denotes the conformal measure on each
element of 0 so that dv|,(x,)(x", @) = dv|x,x)(x') for n(x, w) = X;(x) x {w}.)

For the proof of the key lemma, we need the next four lemmas. We define
Fi:={(x,0) € X | Xy, C X\B1}, Aj:={(x,0)eX|X,_, C B}
and inductively define forn > 1,
Fp={(x,0) € Fu1 | Xo_, CX\B1}, Ay:={(x,0) € Fy_1 | Xo_, C Bi}.
LEMMA 3. (cf. [18]) w(F,) = n({x € X | R(x) > n}) and X = Unzl A, ( mod 0).

LEMMA 4. There exists a positive sequence {Hy},>1 with lim,_(1/n)logH, = 0
satisfying for -a.e. (x, w) € Ap and for all (x', w) € n(x, w) N Ap,
Dy 0) (X', )

<
s 0@ @) AVl (7 @) T

H' < H,.

Denote g(x, w) := fn(x!w) D (.0 (&, ) dV]y(x.0) (X, @).
LEMMA 5. Foralln > 1,
S Peo @ @ dvhaa @ o) g0 T, v)
g(x, w) g(x, w)

n—1
> (¢ — Piop(T, o) T/ (x).
j=0
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LEMMA 6. For all n > 1, log(f[Tfnn]
w-integrable.

D (x,0) (X, 0)/8(x, ®) dVy(x,0) (X', ©)) is

(x,0)

By the key lemma, we see that
m d ’
M(x" ) = (X;/w)(x w) _
dV|n(x,w) fn(x,w) q)(x,w)(x , ) dvln(x,w)(x , )

(_ CID(X)w)(x/,a)) )

B fx,-(x) D (.0 (X", @) dV|x,00(x") )

Then the first assertion of Theorem 1 follows from the next lemma, which is an immediate
consequence of Lemma 4.

LEMMA 7. Ti-a.e., (x,w) € X, there exists a positive integer k(x, w) < oo satisfying for

all (x', w) € n(x, w),

< dﬁ(x,w)

T dvle)
Suppose that there exists a generalized indifferent periodic point xo with respect to ¢.

Then, there exists a fibre 1(xg, @) on which

H71

k(x,w) (', ) < Hi(x,0)-

I
in M(}C/7 a)) — O’
(', w)en(x0,®) dV|p(x,0)

so that the densities of conditional measures with respect to n fail to hold strict positivity,
which shows the second assertion of Theorem 1.

At the end of this section, we shall consider piecewise C-invertible Markov systems of
which natural extensions can be realized by piecewise diffeomorphisms. More specifically,
suppose that there exists a piecewise CO-invertible Markov system (7_, X_, O_ =
{Yi}ics) and a uniformly continuous semi-conjugacy map p : X_ — X_ such that
poo = T_op. Then, we can obtain a realization of the invertible extension of (7', X, Q; )
on a subspace of X x X _ as follows. We define X := Uier Xi xT_Y; (: Uier TXi x Y,-),
which is a subspace of the compact metric space X x X _, and define an invertible extension
T of T on X by

Tx,y)= (Tlx,x,¥—iy) if (x,y)€X; x T_Y;,

where _ ; : T_Y; — Y; is the local inverse to 7T_]y;. 7_1 : X — X is defined by
=1 .
T (x,y)=ix,T-ly,y) if (x,y)eTX;xY.

Furthermore, for (x,y) € X,n(x,y) = X;(x) x {y} and (\/,fioffka)(x,y) =
{x} x T_Y; if x € X;. We can easily verify that
n(x,y) CE,Y) &, Y) € X ldxxx (T "6, ), T "', y)) = 0(n > 00)}
and
> ——k
w—k— < =N =
(\/ T Q)(x, YY) € X | dxxx (T (x,y), T (x',y)) = 0 (n - c0)}.
k=0
Indeed, we have the next lemma. We denote o(n) := sup AeViZ) T_deiamA and

o_(n) = supAevz;(u) %0 diam A.
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LEMMA 8.
(1)  Forft-ae (x',y) € £(x, )

dyxx (T "0, y), T "', ) <dxWo ..o 1 X Vo ..o, X) < 0 (1),

where  := (w_1,w-3,...,w0—_y ...) € X_ such that p(w) = y.
_ —=—k—
(2) Form-ae (x,y) e (VizoT 0)x, ),

dxxx (TG, ), T 0, y) <dx (i Vi ) S 0o (n),
where x = (72 cl(int X;, . ).

By the above lemma, we can say that each element £ (x, y) of £ is an unstable leaf with
expansion rate o (n) ! and each element (\/32 T_ka) (x,y) of /32 T_ka is a stable
leaf with contraction rate o_(n). As we will see in §3, for both the complex continued
fraction and the inhomogeneous Diophantine algorithm, rates of decay of o (n) and o_(n)
are polynomial. It follows from these observations that the natural extension & of  gives
an analogy of u#-Gibbs measures for partially hyperbolic systems introduced by Pesin and
Sinai in [14].

THEOREM 2. Under the assumptions in Theorem 1, the conditional measures of [t with
respect to the unstable leaves {n(x, y)}(x’y)ey are absolutely continuous with respect
to the conformal measures v on each unstable fibre of n. In particular, if ¢ admits a
generalized indifferent periodic point, then the densities of conditional measures [ along
the unstable direction fail to hold strict positivity.

In [21], a version of local product structure (the so-called weak local product structure)
was established for the invertible extension of invariant ergodic weak Gibbs measures i
for ¢ of WBV with Pop(T, ¢) < oo. In particular, if (7, X, Q) is an FRS countable
Markov shift and ¢ is a uniformly continuous potential with Pyop(7, ¢) < o0 satisfying
Var; (¢) < oo, then the natural extension of (T, i) possesses asymptotically almost local
product structure in the sense of Pesin, Barreira and Schmeling [2]. We recall the following
inequalities obtained in Lemma 7:

Hk_(,i,w) dvlx; o) (X)) < dl(x.0) (X', ©) < Hi(x,0) dV]x; 0 ().

If ¢ is of WBV with sup,,~.; C;y < 00 so that k(x, ) is a uniform constant in (x, ), then
o possesses the LPS. Indeed, we see that there exists 1| < H < oo satisfying on each

rectangle X;(x) x o[i] (: UwEE_:(x,w)eY n(x, a))),
H™'(A)pu-(B) < p(xy ' (A) nxZ'(B)) < Hv(A)p—(B)

for any cylinders A C X;(x) and B C o[i]. On the other hand, if ¢ admits an indifferent
periodic point, then by (i) in Lemma 2 the WBYV sequence {C, },>1 diverges as n — o0 so
that uniformity of k(x, w) in (x, w) fails to hold. Hence, we cannot establish the LPS in
the usual sense. On the other hand, it follows from [21, Theorem 3.2] that i possesses the
weak local product structure.
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3. Examples

In this section, we show higher dimensional intermittent systems which are piecewise
Cl-invertible FRS Markov systems with non-hyperbolic periodic orbits and admit smooth
representations of their dual systems.

Example A. (Inhomogeneous Diophantine approximations [18,20,22-25]) We define X =
{((x,y)) eR?|0<y<1l,—y<x<-y+1}andT : X — X by

ren= ([

X X X X X

where [x] = max{n € Z | n < x}(x € N)and [x] = max{n € Z | n < x} (x € Z\N).
For this map, the potential ¢ = —log|det DT | admits indifferent periodic points (1, 0) and
(—1, 1) with period 2, i.e., |[det DT?(1,0)| = |det DT*(—1,1)| = 1. We introduce an
index set I = {(a,b) € Z*> |a > b > 0ora < b < 0} and a partition Q = {X @b |
(a,b) € I} of X, where X(q,p) = {(x,y) € X [a =[(1—-y)/x]=[—y/x].b=—[—y/x]}
Then, (T, X, Q) is a countable FRS Markov system which satisfies o (n) = omn .
In [18, 20, 23], all assumptions in Theorems 1-2 were verified for ¢ = —log|det DT|.
Bj is a union of cylinders of rank 1 away from the indifferent periodic points so that
D, = {x € X | R(x) > n} consists of cylinders of rank n containing these periodic points.
We can see that v(D,) = 1/((n + 1)(2n + 1)) and the weak Gibbs sequence {C} },,>1 for
the T-invariant exact weak Gibbs measure u for ¢ which is equivalent to the Lebesgue
measure satisfies C, = O(#3). We define a two-dimensional transformation 7_ defined
onX_ ={x,») |0=y<1,0=<y—x <I}byT-(x,y) = (I/x —c,y/x = d),
where ¢ = —[—(1 — y)/x] + [y/x],d = [y/x]. We define for each (c,d) € I Y q) =
((r.y) € X_ | ¢ = —[—(1 = y)/x] + [y/x].d = [y/x]}. Then O_ = (Ye.)}c.res
is a countable FRS Markov partition of X_ and (T_, X_, O— = {Y(c,a)}(c,d)e1) gives a
(piecewise) smooth representation of the dual system of (7', X, Q). T_ admits indifferent
periodic points (1, 1) and (—1, 0) with period 2 and o_(n) = O (n™1).

Example B. (Complex continued fraction [17,18,21,23,24]) Let X = {z = x1a 4+ 10 |
—1/2 < x1,z2 < 1/2}, where ¢ = 1 +i and define T : X — X by T(z) =
1/z — [1/z]1. Here [z]1 denotes [x; + 1/2]a + [x2 4+ 1/2]a, where z is written in the
form z = xja + xp0, [x] = max{n € Z | n < x}(x € N) and [x] = max{n € Z | n < x}
(x € Z — N). For this transformation, the potential ¢ = —log|7T’| has an indifferent
periodic orbit {1, —1} of period 2 and two indifferent fixed points at i and —i. We define
for each noe + ma@ € I := {ma +na | (m,n) € Z* — (0,0)}, Xpaimzg = {z € X |
[1/z]1 = na + ma}. Then, we have a countable FRS Markov partition Q = {X,}4es of
X which satisfies o(n) = O(n~!). All assumptions in Theorems 1-2 were verified for
¢ = —log|T’| in [17,18,21,23,24]. Bj is a union of cylinders of rank 1 away from the
indifferent periodic points so that D, = {x € X|R(x) > n} consists of cylinders of rank
n touching these periodic points. We can see that v(D,) = O (n~2) and the weak Gibbs
sequence {Cp},>1 for the T-invariant exact weak Gibbs measure n which is equivalent to
the Lebesgue measure satisfies C,, = O(n*). Define X_ := {w € C | |w| < 1} and
T_: X_ — X_byT_w = 1/w — [1/w]-), where [w](-) = a if w € a + Uy for some
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a € Ji and each Uy, Ji are defined by

Uy=X_, Uy={weX_||lw+a|>1}, Uy=—-ixU;, U3=—ixU,,
Up=—-ixUs;, Us=UNU;, Ug=—i xUs, U;j=—ixUg Ug=—ixU;

and

Ji=ha|n>0}, h=—ixJ;, Jh=—ixJy Jy=-—ixJ3,
Js={na+ma|nm=>0}, Jg=—-ixJs, Jp=—ixJg, Jg=—ixJ7.

Foreacha € I, we define ¥, := {w € X_ | [1/w](-) =a}and O_ :={Y, | a € I}.
Then (T_, X_, Q_) is a piecewise C!-invertible FRS Markov system with &/ = {U; |
i =1,2,,...,8} and gives a (piecewise) smooth representation of the dual system of
(T, X, Q). o_(n) = O(m~") and T_ admits an indifferent periodic orbit {1, —1} of
period 2 and two indifferent fixed points at i and —i.

4. Proofs

Proof of Proposition 1. Equi-Holder continuity of a family {¢* o ¥;};c;/+ and uniformly
expanding property for 7* allow us to have a Hoélder continuous function 2* satisfying
Lo —RPop(T.p)h™ = h*, which is away from zero and infinity. Since v satisfies
L* g RPop(T.¢)V = V, * = h*v gives a T*-invariant finite measure. If v((7),~ Dn) =0,
then a T-invariant o-finite exact measure p equivalent to v is obtained by the following
Schweiger’s formula:

dI/L 00 n—1 )

W= > e [_quT'(wd(n)x)—anp(T, ) [ 177X 4y COR* Wrauyx). (1)
n=0 Xd(n)CDn i=0

In particular, if R € L' (v) then 1 (X) < oo. O

Proof of Lemma 1. Let {Cy},>1 be the WBV sequence for ¢. Then we see that
SUPx yeX; i, (£;’, 1 (x)/ﬁg 1(y)) < C,. It follows from this fact that ¢, satisfies the WBV

property. Next, we note that d(v,T)|x,/dv|x;, = exp[—q@n] (for all i € I). Then, the
desired result follows from [19, 23]. O

Proof of Lemma 3. Since t(Fy,) = H(Tann) = ﬁ(m:l{x € X | R(x) > n}), we have
the first assertion. The second assertion follows from f x+ Rdv = Z;’lozl v({x € X* |

R(x) =n}) <ocoand u ~ v. O

Proof of Lemma 4. We recall that for all (x’, w) € n(x, w)(= X;(x) x {o}),

®(y ) (x'. @) = limsupexp [Z(—«b)(ww,,...w_.x) - Z(—qs)(vfw,,...w_.x/)}
h=1 h=1

n—o00
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and note that for all n > m,

n—1 n—1
exp [ Z ¢Th (I/fwf,l...wfmwm,l...w,lx/) - Z ¢Th (wwn...wmwml...wlx):|
h=0 h=0
n—m
= exp [ Y ST Wr 0 © Voo X))
h=0
n—m
- Z (bTh(I/fwf,l...wfm o I/fwml...wlx)i|
h=0

m—1 m—1
X exp [ > T W0 X) = Y ST W, ...w_]x>].
h=0 h=0

Then equi-Holder continuity of the family

n—1
{ ¢ T,
k=0

allows us to obtain a uniform constant 1 < C < oo such that for all (x, w), (x', @) € A,

Y, ...i,) € I"",Vn > 1}

' exp [waw,,...w_]x/) - ¢(wwh...w_.x)}} < B0 (¥, @)
h=1

< Cexp [Z{¢ (ww_h...w,lx/) - ¢(ww_h...w1x)}:| .
h=1

By the WBYV property for ¢ we can establish
C7'Cyt < @y (X, @) < CCp,
where {Cp, }>1 1s the WBV sequence for ¢. The equality
D (1.0 (X, @) _ D (1.0 (X, @)
fn(x)w)(D(x,a))(x”sw)dwr/(x,w)(x//sw) fx’,(x)(D(x,a))(x”sw)dV|X,-(x)(x”)

allows us to put H, = (CC,)>. Thus, we complete the proof. O

Proof of Lemma 5. We can easily verify that for all (x’, w) € [Tﬁnn](x, w),
n—1 n—1
D (X, @) = O T (¥, ) exp [Z(—q&)T’“ (') - Z(—qb)Th(x)}.
h=0 h=0

Then, it follows from conformality of v that the desired equality holds. a

Proof of Lemma 6. 1t follows from Lemmas 4-5 that foralln > 1,

) ',
/_ log[ /_, den(x,w)(x’,w)} dT(x, )
X T "nNexe &, w)

is bounded from below by

> /A log [Hm‘wn(x,w)([?”n](x, w))} d(x, »)
m=1 m

00 n—1
= Z log(H, Yt (Am) + /_log |:U( \/ T Q)} o4 (x, w) dIi(x, ®).
X i=0

m=1
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Since both u and v are weak Gibbs measures for ¢, we see that for all n > 1 and for all
Xi i, € \/;Zé 7770,

Cr:z < (X i) < C;%o @)
v(Xi i)

Then, by H,(Q) < oo, we have that foralln > 1,

n—1 n—1
ﬁlog [v( \/ T’Q)} oL (x, ®) dE(x, w) = / log [u( \/ 1 Q)}(x)du(x)
X i=0 X i=0

= > w(Xiy.i,) log v(Xiy_i,)

Xiy.in€VIZy T Q
> C; Yo vy logv(Xi, i) > —o0.
Xip in€ViZg T0

We recall that H,, = (C Cm)2 and A,, C F,—1. Then, we see immediately that
Yoot log(Hy, DE(Am) > —o0, O

Proof of Key Lemma. We have for each n > 1 that

nhz(T) = Hz(T "nln) = /Y (108 T (r.0y (T~ "' 0(x, @))) dFi(x, w).

On the other hand, it follows from Lemma 5 and [21, Proposition 4.1] that

n—1
nhyu(T) = n /X (Puop(T. ¢) — ) dp = /X (Z Pup(T. §) - ¢> T (x) dpa(x)
j=0

/ 1 |:(/[7"17](x,w) fb(x,w)(x/, ) dv|n(x,w)(x/, CU))
= | —log

o ] du(x, w).

X
Indeed, the inequalities (2) allow one to see that H,(Q) < oo,¢ € L'(v) imply
H,(Q) < 00,9 € Ll(u) respectively, so that 1, (T) = fX(Pmp(T, ) —P)du <
and fy(g o Tn(x, w)/g(x,w))dm = 0. Since h,(T) = hﬁ(T) and 7 is generating, the
desired result follows from the concavity of log. a
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