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The Bombieri-Vinogradov Theorem on
Higher Rank Groups and its Applications

Yujiao Jiang and Guangshi L

Abstract. We study the analogue of the Bombieri-Vinogradov theorem for SL,, (Z) Hecke-Maass
form F(z). In particular, for SL,(Z) holomorphic or Maass Hecke eigenforms, symmetric-square
lifts of holomorphic Hecke eigenforms on SL,(Z), and SL3(Z) Maass Hecke eigenforms under the
Ramanujan conjecture, the levels of distribution are all equal to 1/2, which is as strong as the Bombieri-
Vinogradov theorem. As an application, we study an automorphic version of Titchmarch’s divisor
problem; namely for a # 0,
> A(n)p(n)d(n - a) < xloglogx,
n<x
where p(n) are Fourier coefficients A (1) of a holomorphic Hecke eigenform f for SL;(Z) or Fourier
coefficients Ap(n,1) of its symmetric-square lift F. Further, as a consequence, we get an asymptotic
formula
> A(n)/lfc(n)d(n —a) = Ei(a)xlogx + O(xloglogx),
n<x
where E;(a) is a constant depending on a. Moreover, we also consider the asymptotic orthogonality
of the Mébius function against the arithmetic function p(n)d(n — a).

1 Introduction and Main Results

The distributive properties of primes along arithmetic progressions have many ap-
plications in number theory that appeal to a number of number theorists. Let A be
the von Mangoldt function, and let ¢ be the Euler function. Then the famous Siegel-
Walfisz theorem asserts that for g < log” x, one has uniformly

> A(n)=xe(q)""+ O(x exp ( —c\/logx)).

n<x
(a,9)=1

n=a mod q

Whenever the modulus g gets much larger, this problem becomes more subtle and
extremely difficult, and it is one of the most formidable obstacles in this area of study.
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The Bombieri-Vinogradov Theorem on Higher Rank Groups 929

For example, even under the Generalized Riemann Hypothesis, one only has

> A(n) =x¢(q)"+ O(x% logzx).

n<x
(a,9)=1

n=a mod q

The miraculous Bombieri-Vinogradov theorem states that for any large constant
A >0, thereisa B = B(A) > 0 depending on A satisfying

(L1) > max > A(n)-xe(q)7| < xlog™ x,
q<x1/2log™® x (a.q)=1 n<x
- n=a mod q

which implies that the primes are equally distributed in arithmetic progressions over
moduli g < x/?log™® x on average, and can be regarded as a fine substitute for the
Generalized Riemann Hypothesis in many applications.

There are high-rank analogues of the classical Bombieri-Vinogradov theorem. Let
7(n) be the Ramanujan 7-function. It was Perelli [35] who first proved that

-A
< xBPlog ™ x.

max > A(n)t(n)
g<x/5log™® x (a.q)=1 n<x
- n=a mod q

It is transparent that Perelli’s approach still works for any GL(2) holomorphic cusp
form f, namely,

max

-A
< xlog ™" x,
q<x?/5log™8 x (a.9)=1

> A(m)As(n)
nzunxflf)dq

where A ¢(n) is the normalized n-th Fourier coefficient of f.

Our aim is to synthetically surpass and generalize previous results in this direction
to Hecke-Maass forms for SL,, (Z) with m > 2 (see Section 2). Set Ap(ny, ..., nym-1)
to be the Fourier coefficients of an even Hecke—Maass form F. Here we normalize its
Fourier coefficient by assuming Ag(1,...,1) = 1. We introduce the notion of the level
of distribution on Fourier coefficients at primes. If for any A > 0, we have

> max > An)Ap(n1,.. 1) < xlog™ x
4<Q (a,9)=1 nsxd
n=a mod q

holds for Q = x”»~¢, we call 9, the level of distribution on Fourier coefficients
Ap(n,1,...,1) at primes.

For GL(2) holomorphic cusp forms, Perelli’s result implies that the level of distri-
bution on the Fourier coefficients A (n) at primes equals 2/5. Recently, we, together
with Yan [19], showed that for an even Hecke-Maass form F(z) for SL,,(Z) with m <
3, or the symmetric power lift of an even Hecke-Maass form for SL,(Z) if m = 4,5,
32((;12111)). Under the Generalized Riemann Hypothesis (GRH) for the
twisted L-functions L(s, F ® y) and the Generalized Ramanujan Conjecture (GRC)

we have ¥, <
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for F, Iwaniec and Kowalski [16] showed that

Y A(n)Ap(n1,...,1) < X2 log x.
n<x
(a,9)=1
n=a mod q
The aim of this paper is to investigate which cases the levels of distribution can

match that for the Bombieri-Vinogradov theorem. Moveover, in order to enhance
and generalize our previous results to Maass—Hecke forms on higher rank groups, we
need to make two mild technical assumptions that hold for many cases.

(A) For any primitive Dirichlet character y, there exists no exceptional zero for the
twisted L-function L(s, F ® ¥).
(B) (Hypothesis H) For any fixed v > 2,

vy|2 2
5 a0 o)’
p

>

where the arithmetic function ap(#n) is defined as in (2.7).

Remark 1.1  Assumption (A) on exceptional zeros is introduced in Section 2.2. It
holds for m = 2,3 by the work of Hoffstein-Ramakrishnan [15] and Banks [1]. Ac-
tually, the Siegel-type theorem is sufficient for our goal, such as the symmetric third
power sym®F or symmetric fourth power sym*F of a cuspidal representation F of
GL,(Ag). Assumption (B) is the so-called Hypothesis H introduced by Rudnick and
Sarnak [38], which is much weaker than the GRC mentioned in (2.4). For m = 2,3,
Hypothesis H follows from the Rankin-Selberg theory [38]. The GL4(Aq) case and
the symmetric fourth power sym*F of a cuspidal representation F of GL,(Ag) were
proved by Kim [21] based on his proof of the (weak) functoriality of the exterior square
A*F from a cuspidal representation F of GL4(Ag).

Our main result is the following theorem.

Theorem 1.2 Let L(s, F) be the L-function associated with a Hecke-Maass form F
for SLy,(Z). Let Ap(n,1,...,1) denote the n-th coefficient of the Dirichlet series for
L(s, F). Then under the hypotheses (A) and (B), we have for e > 0, A > 0,

Z max

Y A(n)Ap(n,l,...,1)| < xlog ™ x,

q<Q (a,q)=1 n<x
n=a mod q
where
1 -B .
x2log " x ifm=2,
= 2—(m-1)0 _ .
X mt1i+20m log B X lf‘m > 3’

with some B > 0 depending on A and m, and 0,, is as in (2.5). Moreover, we could also
get levels of distribution that do not depend on 0,,, namely when m > 2,

2m?-1

1.2) Q = x G ¢
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Theorem 1.3  Let y denote the Mobius function. With the same notation and hypothe-
ses as in Theorem 1.2, we then have

-A
> max < xlog ™" x,

q<Q (Ll,q)=1

S u(n)Ap(n,1,...,1)

n<x
n=a mod q

where
2-(m=1)0,;  (m+1)(1=20,) _B
Q = min {X 20y | x 2(m+1420m) } 10g X

with some B > 0 depending on A and m.

Remark 1.4  Asexplained in Remark 1.1, Theorem 1.2 and Theorem 1.3 hold uncon-
ditionally for the cases m = 2,3, or sym®F, sym*F. Here F is a Hecke—Maass form for
SL,(Z).

Theorem 1.5 Let f be a holomorphic Hecke eigenform of weight k for SL,(Z), and
let A¢(n) be the n-th Fourier coefficient. We have

> max Yo A(n)Ap(n)| « xlog™ x
1, (ag)=1 n<x
g<x2 log™ x n=a mod q

and

> u(m)As(n)| < xlog*x,

n<x
n=a mod g

Z max

5, (a,9)=1

qu% log

where B > 0 is some constant depending on A.

Theorem 1.6  Let F be the symmetric-square lift of a holomorphic Hecke eigenform of
weight k for SLy(Z). Then we have

> max S A(n)Ap(n,1)| < xlog ™ x
1, (a9)=1 n<x
9<x2 log B x n=a mod q
and
> max Y u(n)Ap(n,1)| « xlog ™ x,
1 (a9)=1 n<x
q<x2 log B x n=a mod ¢

where B > 0 is some constant depending on A.

Remark 1.7  Itis known from Theorems 1.2, 1.5, and 1.6 that the level of distribution
¥, is equal to 1/2, when F is a holomorphic cusp form or Maass cusp form for SL,(Z),
the symmetric-square lift of a holomorphic Hecke eigenform for SL,(Z), or a Maass
cusp form for SL;(Z) under Ramanujan conjecture. That is to say the corresponding
Riemann Hypothesis holds on average.
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Corollary 1.8  Let A¢(n) be the n-th Fourier coefficient of a holomorphic cusp form
f for SLy(Z). Then we have

max A(n)A%(n) - ——| < xlog™ x,
p L, (@)= 2 A s ;
q<x2 log % x n=a mod q

where B > 0 is some constant depending on A.

Proof From the multiplicative property, we have

Ar(p)* = Ap(p?) +1.

Here, A(p?) = Ap(p,1) with F = sym’f. Combining the classical Bombieri-
Vinogradov theorem (1.1) with Theorem 1.6, this corollary follows. [ |

Another interesting problem in analytic number theory is to understand the be-
haviour of arithmetical functions (#) at primes, which means to estimate the sum
of type
(13) > A(n)B(n).

n<x
When (n) = 1, the estimation of (1.3) is closely related to the location of the ze-
ros of Riemann {-function. When f(#) is multiplicative, the problem can be related
to the analytic properties of a corresponding L-function in a similar way. (We refer
the reader to [16, Chapter 5] for details.) If $(n) has a shift in the argument, which
destroys the multiplicativity, the approach above to estimate (1.3) is not available. Sim-
ilarly, it is also very interesting to investigate the sum dual to (1.3),

> u(n)B(n).

n<x

The “Mobius randomness principle” [16, p. 338] asserts that the sum above produces
a considerable cancelation if the sequence ((n)) is “reasonable”. Sarnak [39] has
recently posed a more precise conjecture in this direction, which says that

¥ u(m)B(n) = o Y |B(m)]),

n<x n<x

whenever f3 arises from a dynamical system of zero entropy. This expresses an orthog-
onality property between the Mobius function against a sequence with zero entropy.
We refer the reader to [9, 26, 45] for recent developments on this theme. A classical
example is Titchmarsh’s divisor problem, which considers the average value of the
divisor function d(n) at shifted primes, in other words, the estimation of
(14) F(x) =Y, A(n)d(n-a),

n<x
where a > 0 is fixed. His original work in [42, 43] showed that F(x) admitted an
asymptotic formula

(1.5) F(x) = E;(a)xlogx + O(xloglogx)
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conditionally on the Generalized Riemann Hypothesis, where E;(a) is a constant de-
pending on 4. Later, this result was proved unconditionally by Linnik [25], and also
considered in [14,37]. The best known result at present is

F(x) = E;(a)xlogx + Ex(a)x + O ( xA )

log™ x
for any A > 0, where the implied constant depends only on a and A, due to Bombieri,
Friedlander, and Iwaniec [4] and to Fouvry [8], independently.

We focus on investigating the shifted convolution sum at primes associated with
the divisor function d(n) and some arithmetic functions p(n), where p(n) are Fourier
coefficients A s (n) of a normalized holomorphic cusp form f with weight k for SL, (Z)
or Fourier coefficients Ar(n,1) of its symmetric-square lift F = sym?f. It means to
estimate the sum
(1.6) Fra(x) = ) A(n)p(n)d(n - a),

n<x

where a # 0 is fixed. This can be viewed as an automorphic version of Titchmarsh’s
divisor problem. We shall also consider the dual sum to (1.6).

Maa(x) = 3 u(n)p(n)d(n - a).

n<x
First, we get directly from (1.4) that
> A(n)|p(n)|d(n - a) <« F(x) < xlogx
n<x

due to Deligne’s bound. In fact, it is known that the order of d(#) is log n on average
in n, so that

Y. A(m)|p(n)ld(n—-a) and ) A(n)|p(n)llog(n - a)
n<x n<x
have the same order in the average sense. What is more, the second sum satisfies

> A(m)lp(n)|log(n —a) > (log’x) 3> |p(p)|

n<x §<pgx
> (log” x) > lp(p))> > xlogx.
3<p<x

The last step above is due to the prime number theorem for Rankin-Selberg L-
functions. Therefore, the shifted convolution sum 3, ., A(n)|p(n)|d(n — a) has the
order of x log x in the average sense.

We show that there exist some cancelations for sums F, ,(x) and M, ,(x).

Theorem 1.9  Let F, ,(x) and M, ,(x) be defined as above. For any a + 0, we have

26,-1

Fra(x) < xloglogx, My ,(x) < xlog™ ™ xloglogx,

where

s [ =L e =),
! %’ lf] =2, P(”) = Asymzf(”’l)’
and the implied constant depends on f only.
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Remark 1.10  Recall the second author [28] showed that
> lp(n)d(n-1)| ~ xlog® x.
n<x

So the sequence composed of p(n)d(n—1) fulfills the Sarnak conjecture due to §; < 1.
In fact, the power 2, — 1 in the upper bound for M, ,(x) can be improved to §; - 1

when a = 1. The reason is that G, < x 10g5r1 x loglog x by inserting (1.7) directly.

Proof By the definition of divisor function d(n),
din-a)= > 1,
ql(n-a)
we deduce that

g:z,a(X)

=) A(n)p(n)( > 1+ > 1+ ) 1)
n<x gl(n—a) gl(n-a) gl(n—a)
L. 1 1 1
g<x2 log™® x x2 log™® x<q<x7 log® x g>x72 log® x

:M1+M2+M3.

Our first task is to estimate the sum M,. The Brun-Titchmarsh theorem
[25, Lemma 1.3.1] gives

x
Aln) « ——
r;c 9(q)
n=a mod q
for any g < x'7¢. A slight estimate of Titchmarsh [42, Equation (3.2)] states that
1 2
— = mlogx +0(1).
= e(q)  ¢(6)
Further, these yield
M=% > A(m)p(n)

1. _p Lo g n<x
x2 log™ x<q<x2 108" X =g mod q

«< > > A(n)

x2 log™8 x<qsx% logB x nsanrflod q
1
< x > @ « xloglog x.
x% log™8 x<q£x% logB x 4
For the other two parts, after applying Theorem 1.5 or Theorem 1.6, we get

M= TN A

qu% log™® % =g mod q
> ‘ > A(n)p(n)| < xlog ™ x.
qu% log™8 x nzané);d q

Note that the analogue of Bombieri-Vinogradov theorem used here still holds even
if we remove the restrictive condition (a,q) = 1, since A(n) is the closely related

https://doi.org/10.4153/50008414X19000129 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000129

The Bombieri-Vinogradov Theorem on Higher Rank Groups 935

function defined over primes. Then M3 can be estimated similarly to M; by passing
from the divisor g|(#n — a) to its co-divisor ¢’ := (n - a)/q.
The argument for estimating M, ,(x) is analogous to that of F, ,(x). To begin

with,
Mz)u(x)
Supe( T e R )
nex ql(n-a) q|(n-a) q|(n-a)
qu% log™® x x3 log™® x<q£x% log® x q>x% log® x
= G1 + Gz + G3.

For each G;, the situation is a little bit different from M;. Shiu [Theorem 2][40] es-
tablished upper bounds of the right order of magnitude for some multiplicative func-
tions. For our special case of the multiplicative function |u(n)p(n)), it gives

i |p<p>|)
T el < S Toai (pz :

with (1, k) =1and k < x'"¢. Owing to the recent proof of the Sato-Tate conjecture of
Barnet-Lamb, Geraghty, Harris, and Taylor [2], it is easy to see that

> ()] ~

px Jlogx
with 6; = 82 = 3\/ . Then, by partial summation, we get
xlog‘sj_1 X
(1.7) lu(n)p(n)] <« —=<—
r;c (k)
n=l mod k

Obviously,

G, « 5 > u(mp(n).

1 n<x
x2 log™® x<q<x2 log® x ;=4 mod q

Assume that (a,q) = d, the change of variables a — Id,q - kd and n — nd with
(1,k) =lyields

G Y u(d)p(d)| 2. > lu(n)p(n)]

-, 1 1 n<*
d<x2 log® x x2 log~Bx k<22 logB x d
4 <KST™—3 — n=lmod k

« x(log* ™" x) loglog x.
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To treat G; and G3, we start to estimate

2 ‘ 2 u(n)p(n)

1 _ n<
q<x2log™® x " 424 mod q

< Y le@p@] 3 max

> u(n)p(n)

1 X
d<x? log™® 2 log™B n<y
xolos X S n=l mod k
-A
< xlog ™" x.
Hence, G, + G3 < xlog™* x. This completes the proof of Theorem 1.9. ]

Combining (1.5) with Theorem 1.9, we obtain the following corollary.

Corollary 111 ~ Let A¢(n) be the n-th Fourier coefficient of a holomorphic cusp form
f for SLy(Z). For a + 0, we have

> A(n))t?(n)d(n —a) = Ey(a)xlogx + O(xloglogx),

n<x

where E (a) is a constant depending on a.

The reader should take some caution with our use of the constant e. Any statement
including ¢ is meant simply as the claim that the statement is true for any sufficiently
small positive &, which may vary from one line to the next. Moreover, the meaning of
“the implied constants depend on F only” is that the implied constants depend only
on the Langlands parameters of F rather than other information.

2 Preliminaries

In this section, we sum up some known results on SL,,(Z) Maass forms and their L-
functions. As usual, denote by F(z) an even Hecke-Maass form of type v =

(v1,v2,...,Vm-1), which admits a Fourier expansion

(2 1) F(Z) _ AF(nl)'-~>nm—1)
. = . —

YeUn1(Z)\ SLu_1(Z) M2l nm—221nu#0 [T |ng|™ 2

ny... |T’lm_1|
y

x W, . zZ,v i

] m ( 1 >V Wl ..... 1, |"m—i‘ >

where U,,_1(Z) is the group of (m —1) x (m — 1) upper triangular matrices with 1s on
the diagonal and integral entries above the diagonal, Ag(ny,...,%,,-1) € C, and W}
is the Jacquet-Whittaker function. As for the symmetric-square lift F of an SL,(Z)
holomorphic Hecke eigenform f, its coefficients are given by

Ap(n,1) = > Ap(m).

ml2=n

Here, A¢(n) is the n-th Fourier coefficient of f.
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We assume that F is arithmetically normalized, i.e., Ap(L,...,1) = L It is well
known that the Fourier coefficients Ag(ny, ..., ny-1) satisfy

(22)  Ap(mny,...,npanl, ) = Ap(ny, ..., nm)Ap(ng, ... 0,1,
if (ny- gy, ny-only ) =1,
Ap(n,l,...,l)AF(nl,...,nm_l) =

nicm hN2C1 Nm-1Cm-2
Z AF s T ey T bl
T, co=n o1 C2 Cm-1

Cl‘nl ))))) Cm—l\ﬂm—l

AF(I’lm_l, ey 1’[1) = AF(I’II, ooy nm—l)-

See, e.g., Goldfeld [11, Theorem 9.3.11]. One of the open problems concerning Fourier
coeflicients is the Generalized Ramanujan Conjecture (GRC), which predicts that

(2.3) |[Ap(n,1,...,1)| < du(n),

where d,,(n) is the m-th dimensional divisor function. The up-to-date numerical
bounds towards the GRC are established in [20] and [27]:

(2.4) |Ap(n,1,...,1)| < n®"d,,(n),
where
7 5 9 1 1
2'5 8:7) 9:7: 9:7) 9 =< - —F 25.
23) 2T ea T T " m2ad (m23)

Obviously, Deligne’s impressive work [6] implies that the symmetric-square lift F =
sym? f of a holomorphic Hecke eigenform f satisfies the GRC.

We still need the theory of automorphic L-functions, among which the Godement—
Jacquet L-function is initially defined in the absolutely convergent half-plane by

L(s,F) = Z M

Then it can be analytically continued to an entire function that satisfies the functional
equation

nrr;ﬁr( V))L(S,F)zr[ (15) mr(il(‘)))L(l_s,ﬁ))

where F is the dual form of F and A;(v) are the Langlands parameters. Suppose that
x is a primitive Dirichlet character modulo q. The twisted L-function

L(s,F&y) - Z Ap(n,1,...,1)x(n)

ns
admits an analytic continuation to an entire function satisfying

(4)" T (* 52 s ren -

m =) s+ 8= N:(v ~
(;(\);)q) (%) HF(MZL())LU_&F@X)
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The L-function L(s, F) can be written as an Euler product over primes,
ar(p, i)y
LR =TI T (1-507)
p 1<j<m p

where {ap(p,j)},1< j < m, are the local parameters at p, satisfying the relation

€ —1terms
m—1 —_—
X"+ 3 (-DAp(L...,1,p, L., DX+ (-1)™ e C[X].
=1
This guarantees that
e-1

——

Ap(L..,Lp L. )= > ap(psji)...ap(psje)

1<ji<<je<m

forl<€<m-1
Statement (2.3) is equivalent to |ap(p, j)| = 1 for all local places pand j=1,...,m.
The numerical bound (2.4) is equivalent to

20 lar(p )l < p™
The logarithmic derivative of L(s, F) is given by
L’ oo A n oo A n)a n
27) _f(S’F):Z F(S ):Z ( )SF( )
n=1 n n=1 n

It is not hard to derive that ar(n) are multiplicative and satisfy
m
ap(p*) = 3 ar(p. )~
j=1

The reciprocal L-function L(s, F)™" is given as
L7(s,F) = - .“F(”).
(5.7 = 32 5L
Here
0 if p™*l|n,
‘UF(T’I) = ¢ . . .
[pen (1) Eicjicocjocm @r (P> j1) - ap(p, je) otherwise.

Clearly, up(n) is a multiplicative function.
Our proof is based on the Vaughan identity for the Godement-Jacquet L-function
L(s, F). We introduce

M(s)= > up(n)n™, N(s)= > Ap(n)n™.

n<M n<N

By comparing the following identities

Lf,(s,F) - (Lf,(s,F) + N(s)) (1-L(s, F)M(s)) = N(s)
+L'(s, F)M(s) + L(s, F)M(s)N(s),
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and

-1 1
L(s, F)™" = ( N

we have the following lemma.

- M(s)) (1-L(s, F)M(s)) +2M(s) - L(s, F)M(s),

Lemma 2.1 Assume M >1and N > 1. Hence, for any integer n > N, one has

As(n) = 55 (0)Ar( 1) g (7)

b<M

+ 20 HF(b)AF(C)AF( %,1,...,1)

beln
b>M,c>N

-2 #F(b)AF(C)AF( %11)

beln
b<M,c<N

Analogously, for any integer n > M, one has

F\n)= F b F CAF i,l,...,l
ur(n) hzmnz‘””“) (5001)

NS DA ().

beln
b<M,c<M

2.1 Fourier Coefficients of Automorphic Forms Over Arithmetic Progression

We intend to derive non-trivial bounds as sharp as possible for

> Ap(n,...,0),

n<x
n=a mod q

where (a,q) = 1. If f is an SL,(Z) holomorphic cusp form, Smith [41] first showed

that
(2.8) S Ap(n) < x5
nzunxif)d q

uniformly for g < x3. We have the following two propositions, which will be proved
in Section 2.1.2.

Proposition 2.2 Let (a,q) = 1, and let F(z) be an even Hecke-Maass form for
SL,,(Z) as in (2.1). Then we have

(2.9) > Ap(nl,.. 1) <

n<x
n=a mod q
x%(1+9m)+8 ifm= z’q «< x%(1+9m))
m (+0m)
q%x(l_miﬂ)(l+9m)dT(q)(log2 q) logz x ifm > 3) q < x:H-IHZHm ,
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where T is some positive constant depending only on m.

The result in Proposition 2.2 depends on the numerical value of the GRC. However,
the current admissible values of 8,, in (2.5) only give trivial bounds when m becomes
a slightly larger. The reason is that we have used it to estimate the short-interval sum

(2.10) > |Ar(n1,.. 1),

x<n<x+y

where y « x. In fact we can apply another method to estimate (2.10), which instead
gives nontrivial estimates for all cases in (2.9).

Proposition 2.3 Let (a,q) = 1, and let F(z) be an even Hecke-Maass form for
SL,,(Z) as in (2.1). Then we have

107 4 ¢ P 214
X297 iftm=2,q < x»7,
(2.11) > AL ) <A e, o s
n<x X m2+ qm if m>3, q<x (mZ+1) (m+1)
n=a mod q

The Voronoi formula in Lemma 2.7 is similar to the case where m = 3 in Lemma 2.6.
The Ramanujan conjecture for holomorphic cusp forms holds. Thus, by Proposi-
tion 2.2, we can establish the following proposition.

Proposition 2.4 Let (a,q) =1, and let F be the symmetric-square lift of a holomor-
phic Hecke eigenform of weight k for SL,(Z). Then we have

(2.12) Y Ap(nl) < x%dT(q)(log2 q)log’ x,

n<x
n=a mod q

where T is some positive constant depending only on m.

Proof This is very similar to the proof of Proposition 2.2 in the special case m = 3
with 83 replaced by zero. ]

2.1.1 Preliminary Lemmas

Voronoi summation formulas for GL(m) are powerful tools to study the distribution
of Fourier coefficients over arithmetic progression. In the case of full modular group
SL,(Z), Good [13] established such a formula for holomorphic cusp forms and Meur-
man [29] for Maass cusp forms. These can be generalized to arbitrary level and neben-
typus with obvious minor modifications. For the case of SL3(Z), Voronoi formulas
for Fourier coefficients of automorphic forms on GL(3) twisted by additive charac-
ters were first proved by Miller and Schmid [31] using the technique of automorphic
distributions. Later, a Voronoi formula was generalized to GL(m) with m > 4 by
Goldfeld and Li [12] and Miller and Schmid [32].

Lemma 2.5 If F(z) is a Hecke-Maass form and nonnegative Laplacian eigenvalue
1/4 + u* on SLy(Z), let g be a compactly supported smooth function on (0, 00). Then
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we have

> Ar(me( ") () = 323 Ar(eme( = 2) g* (),

+ n=1

where

& )=- 4n\c/ﬁ) d

_ Y, Y ,;

ccoshrr‘ufo ) {Yaiy + 2”}(
4coshm b 4, /Xy

g =—" £ fo g(x) Ko ( : )d

Here (h,c) =1, h denotes the multiplicative inverse of h mod ¢, and Y.y, Ky, are all
Bessel functions.

Lemma 2.6 Fix m > 3. Let F be an even Maass form for SL,,(Z) and let g be a
compactly supported smooth function on (0, co). Then we have

(2.13) iAF(l,...,l,n)eq(an)g(|n|)

pndmz,...,dz,dl
X T Ty :

n#0 d o m_2|}’l|

i)

qm

dilqd di dm— 2|d “dpy
X KLm_z((—l)mﬁ,n;d,q)G(

where (a, q) = 1, a denotes the multiplicative inverse of a mod ¢q, and KL,,_»(a, n;d, q)
is the Kloosterman sum
KLy->(a,n;d, q)
* aty * ?l 1
ST ) T ()
tl( mod ;1 ) a ( mod dldz ) ez

Fm—3tm— toe
R )

withd = (dy,...,du—2). Here G is an integral transform of g given by

~ 57(1_5)
(2.14) G(x )‘Tm fm B s,

26)= [t

is the Mellin transform of g and

pe) =PI,

where

(s) = HF( ml! (V))

https://doi.org/10.4153/50008414X19000129 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000129

942 Y. Jiang and G. Lu

It is known that the symmetric-square lift of a holomorphic modular form is asso-
ciated with GL3(Z) automorphic distribution, and so we will use the GL(3) Voronoi
summation formula proved by Miller and Schmid [31, Theorem 1.18]. The version
here is given in [10, Theorem 4.2]).

Lemma 2.7 Let F be the symmetric-square lift of a holomorphic Hecke eigenform of
weight k for SL,(Z). Let g be a compactly supported smooth function on (0, c0). Then

we have
(2.15) ZAp(l,n)eq((m)g(n)
n=1
A dy) d}
-3 3 AW @ mgae. (M)
dy|q n>1 9%
2
+ ZZAFndl a,nq/dl)G(nd),
d|q n>1 din 7

where for 1 € {0,1},

r( 1- s+k n ) r( 1—s+l§—1+11 ) r( 1—3-!2-1—71)

ds,
( s+k n ) F( s+k;1+11 ) F( s+;—t7)

G =5 [ F )

Gi(x) = 23/2(G0(x) zGl(x)),

G_(x) = - 3/Z(GO( x) +iGi(x)).

We also need alemma of Kiral and Zhou [24], which shows that the average of the
hyper-Kloosterman sum on the right hand side of (2.13) against a Dirichlet character
becomes a product of (m —2) Gauss sums. The following lemma is only a special case
of [24, Lemma 3.4].

Lemma 2.8 Let y be a Dirichlet character modulo c that is induced from the primitive
character x* modulo ¢*. Letd = (dy,...,dm_2) be a tuple of positive integers, and
assume that the divisibility condition d, - - - d—3d_2|c is met. To simplify notation, we
set

(2.16) §i =

Consider the summation

S:= > x(a)KLw—(a,n;d,c).
a mod ¢
(a,c)=1
The quantity S is zero unless the divisibility condition
c

dm—ZC* | dl.--dm73’
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is satisfied. Under such divisibility condition, S can be written as a product of Gauss
sums
S= g(X*’ (3 dl)g(X*7 fls dZ) o 'g(X*’ Em—?n dm—Z)g(X*7 Em—Z: 1’1),
where the Gauss sum of x is defined by
. mu
shem) = 3 xwe( =),

u mod ¢
(u,c)=1

and the standard Gauss sum for y* is given as T(x*) = g(x*, ¢*,1).

We formulate the asymptotic formula for the integral transform G(x) in the fol-
lowing lemma, which is a transcription of [36, Theorem 1.1].

Lemma 2.9 Let F be a Hecke-Maass form for SL,,, (7). Let m > 3 be an integer. Let
G(x) be defined as in (2.14) with g(y) = ¢( %), where ¢(x) is a fixed smooth function
of compact supporton [a,b] withb > a > 0. Then for any x > 0, xX > 1, and K > m/2,
we have

K co
G(x)=x) c fo (xxy)MGmIZA 2=k m g ()
k=0

% {ik+(m—1)/26( m(xy)l/m) i (_i)k+(m—1)/26(_m(xy)l/m)}dy
+ O( (xX)—K/m+1/2+£) ,

where ¢y, k = 0,...,K, are constants depending on m and {A;j(v)}j,...,
co = —1/5/m, and the implied constant depends at most on F, g, K, a, b, and «.

2.1.2 Proof of Propositions 2.2 and 2.3

Throughout this section, we choose a smooth compactly supported function g with
g(x) =1for x € [X,2X],g(x) = 0forx >2X + X/J and x < X - X/J, and g (x) <
(X/])77 for1< J < X and all integers j > 0. Here ] is a parameter that will be chosen
for optimizing the estimates later. Then we have

(2.17) o Ap(L..Ln)= Y Ap(LL...,n)g(n)
X

n=a mod q
n=a mod q

+o(( oow Y )|AF(1,1,...,n)|),
X-X/J<n<X 2X<n<2X+X/]
n=a mod q n=a mod q

where the condition n ~ X denotes X < n < 2X. Inserting (2.4), the error terms on
the right-hand side of (2.17) can be controlled by

X1+9m+s

Jq )

(2.18) o(
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We detect the congruence condition with additive characters in the smoothed sum
and obtain that

> Ar(L....1L,n)g(n) =

n=a mod q
1

Sy e(_‘fl)zn:AF(LL...,n) ( )g(n)

q c|g h mod ¢

We first consider the cases where m > 3. The Voronoi summation formula in Lemma

2.6 yields
Zd Ap(L,...,1,n)g(n)
nza'mod q
R R e
x Tm_l(—a,n;d,c)G(M),
where
Tpi(-a,md,c) = Y e( —“—h)KLm 2((-1)"h, 3 d, ¢).

h mod ¢

For our requirement, we will give an upper bound for the hyper-Kloosterman sum
on the right-hand side of (2.13) after averaging against an additive character, and ex-
pect that T,,_;(-a, n;d, ¢) cancels to order square root of the number of terms. In
fact, by using variable substitution,

Ty1(=a,m3d,¢) = KLy ((-1)""'a, n3do, ),
where d() = (1, d], e )dm—Z)-
Lemma 2.10 Let m > 3, and let T,,_1(—a, n;d, ¢) be defined as above. Then we have

Tmfl(_a> f’l;d, C) < (Em—Z: n){:,T:lz (10g Em—Z) dT(gm—Z);

where the definition of the symbols &,,_, is in (2.16), and T is some positive constant
depending only on m.

Proof The classical hyper-Kloosterman sum is defined as

S(at,...»amq) = Z* eq(aix; + -+ amxm),
x mod g

where [Tx; = 1 (mod g). We will use Weinstein’s version of Deligne’s result [46],
which states

(219) S(al,...,am,q)<2m+l V(q)quil(abam)q)%"'(am—l)amaq)%-
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Here v(q) denotes the number of different prime factors of g, and m"(? « d,,(q)
for any fixed m. The additive character e(— “—Ch) can be expressed in terms of the mul-
tiplicative ones by Gauss sums (see [16, Equation (3.11)]),

(- )=l ¥ an)(y).

¢ gD(C) x mod ¢

Note that the condition (ah, ¢) = 1 holds here. Hence, we derive that

(2.20) Tp-1(-a,md,c) =
1

> x(=a)r(x) X7 x(W)KLyoa((-1)"h, nid,c).

¢(C)X mod ¢ h mod ¢

By Lemma 2.8, the innermost sum on the right-hand side of (2.20) is zero unless
the divisibility condition c*|¢,,—, holds. And in this case, after changing the variable
(-1)™h — h, the summation over & mod c is equal to

(D)™ e d)g(x™s & da) - (x> Em—s> dm-2)8(X"> Em—2.1).
Combining with (see [34, Theorem 9.12])

st =) ) () (),

((C ) c*(c,a) c*(c,a) (c,a)
we obtain
(2.21) Tm-1(-a,n;d, ¢)
_ 1 i é . Em 2 5m 2
_c*;nzgo((si'";n)”(c*)”(c*) W Emm)
y . CEI"'Em—2 '(—1)"’+1an m
-2 A G )OO
Put the variable

ety &y (F1)mtlan

T R (e

Now our task is to estimate

(2.22) > X(®)r(x)™.

x* mod c*

Clearly, this summation over all primitive characters y* mod ¢* is multiplicative in
¢*. More precisely, if ¢* = ¢j¢5, (cf,¢5) =1, xi'» x> are primitive characters modulus
¢; and 3, respectively. We first have y* = x7 x3; further,

> X)) = Y me)()" X xi (b))

* * * * * *
x* mod ¢ X mod ¢ x5 mod c;

This property allows us to reduce the problem of evaluation (2.22) for any ¢* to that
for prime power moduli ¢* = p*, a > 1. By the definition of Gauss sum 7(x*) and
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changing the order of summations, we have

> X)) =

x* mod p®

S E(M) S x(bar--ap).

o
ai,...,a,, mod p® p x* mod p®

Using the orthogonality of characters, we infer a more general result ([16, Equation

(3.8)])
(2.23) > xm) = ¥ edu(Z).

x mod r d|(m-1,r)
if (r, m) = 1; and zero otherwise. By the relation above, we have
* *\m “ * G+ +am
> )= Ye@u(L) R e

o
x* mod p« d|p« ap,....a,m mod p* p

ar~an=b modd

=p(p) X ()

o
a,...,a,; mod p* p

—e(r) X ().

By (2.19), we have

* ay+---+a m+l m+1
> e(im)SZZmpzo‘.
44
ai,...,a,; mod p* p
ar+am=b mod p°
Moreover, we only need to deal with

Z* e(a1+-~-+am).

«
ar,....am mod p“ p

a1+am=b mod P~

When « =1, it is clear that

,,,,, a, mod p*

a;-am=b mod p“l

When a > 1, we first put a; = s;p* ! + t;,i = 1,2,..., m. Then the condition that a;
runs through a complete set of residues prime to p* is equivalent to

0<si<p, 0<t;<p*l, (ti,p)=L

https://doi.org/10.4153/50008414X19000129 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000129

The Bombieri-Vinogradov Theorem on Higher Rank Groups 947

Thus, we have

ar-am=b mod p"‘_' ftm=b mod p“"

To sum up, we get
(2.24) S ) ()" < d(c)e T,
x* mod c*
where T is some positive constant depending only on m. Finally, this lemma follows

from inserting (2.24) into (2.21) and trivial estimate ¢(n) > n/logn. ]

Our next task is to evaluate the exponential integral G(x) in Voronoi summation
formula (2.15).

Lemma 2.11 Let G(x) be defined as in (2.14) and g(x) as in the beginning of this
section. Then we have

]—A ifx > ]m+£X—1,

G(x) < ﬂ%l . X << X
(xX)"m  fX'<x< "X,
(xX)21]¢  ifx < X7\,

Proof After integrating by parts j times, the Mellin transform of g(x) satisfies

- . 1 oo . X’ ] j
- - ) s+j-1 2 (2
glo+ir) s-~-(s+j—1)f0 g7 () dx < J ((1+|T|))

for any j > 1. Moreover, for ¢ > -1, Stirling’s approximation gives

y(1-s) <, (1+ |T|)’”(%_"),
y(s)
so that
1
oy

G(x) Kn,j (xX) 7P [: (1+]
Choose a proper ¢ such that j = mo + 7 +1+ ¢ is an integer. Then we have
]m)”
xX

If x > J™*¢ X!, then G(x) can be made to be O(J~*) for A arbitrarily large by taking
o large enough.

G(x) <4 ]%”(
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For the second and third assertions, we learn from Lemma 2.9 that

gy (e(m(xy)w) + e —m(xy)w) )dy

+ (xX)_gJ’%”

for x > X!, K > m/2. Then we get by partial integration that
K 1 1 k+j . 1 K. 1
G(x) < Z(xX)E’fm‘T]J— +(xX) mtate

« (xX)7+m i

forany j> LIfJ"X ™' < x < J"* X", we take j = "2 when m is 0dd, and otherwise

j =% +1. However, G(x) is always less than J" in this case. If X' « x < J" X7},
we only require j = 1.

For smaller x < X!, we take ¢ = —1 (using the result of Jacquet-Shalika). This
gives G(x) < (xX)?J°. This gives a complete proof of Lemma 2.11. [

Now we continue the argument. By Lemma 2.10, we have

> Ap(L...,1,n)g(n)

n=a mod q
d'(q)logq « mn
« 726 3 Z Z Z
9 clq dile el duwalgrg
o5 ez A s doy ) (inln’" Cdp )’
n#0 Hlmlzd : |n| cr

It follows by Lemma 2.11 that the contribution from the terms with
m—2 .
|I’l| H dim—z/cm > ]m+sX—1
i=1

is negligibly small. For the smaller values of |n| [T/, d"~' /c™, we use the other esti-
mates in Lemma 2.11. Thus, we decompose the sum into three parts R;, R,, R; with

(C])m <|n|< (C])m+s

XHMdeJ_ Xl—[mzdml
Cm (C])m
MZm1S|n|< m-=2 gm—i
X152 d! XTI/ d!
and
m
Inl < —m 7w
XTI dr
respectively.

https://doi.org/10.4153/50008414X19000129 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000129

The Bombieri-Vinogradov Theorem on Higher Rank Groups 949

First we will estimate R;. We have

m—1 T m+1

m=1 d lo m+l 1

:R1<<]2MZCZ ZZ Z j

q clq dlcdly  duwoalgi— Tlin, d;”
2.2
( 5) « Z (fm—Z) n)|AF(n’dm—21~--$d2)dl)|
(C])m (£])m+£ |n| ’

XH;":IZ d,m—i S|n|S XH?‘:IZ d,m—i

By the multiplicative relation (2.2) of Fourier coefficients and (2.5), one has

m—2

em
|Ap(nydp_zs... da,dy)| g( I d;“-"|n|) dT(ndy_y - dady).

i=1
And from (2.29), it is easy to see that
(2.26) > |Ar(n, ..., 1) < x.
[n|<x
Hence, we have

Z (Em—z, 7’1)|AF(1’1, dm—Z: e >d2: dl)|

|n]<x
< Z l Z |AF(ll’l,dm_2,...,d2,d1)|
WEm—r |n|<x/1

< Z ) Z Z |Ap(rln,dm,2,...,d2,d1)|

Wemoz r|(didydm—al)>=  |n|<x/(|r|]),
(n,rdidzdm-2)=1

< Z I Z |A}:‘(T’l,dm_2,...,d2,d1)|
Uem-z r|(didzdm—21)>

x Y JAp(n,1,..., 1)
Inf<x/(|r|1)

m-2 .,
< [Td;" g d" (En-o)x.
i=1

For convenience, we have enlarged the power of d;, namely - ! instead of (1 —1)0,,.

This cannot make any difference to our final result. By partial summation for (2.25),
we get

Ry < ]mTf1 qmTilJr(”"dT(q)(log2 q)log].

Next we estimate R, and Rj3 similarly and obtain

m

Ry << ] q" *d"(q)logq, Rs << JoqT TOnre,
Joining the estimates of R;, R,, R, we have

> Ap(L...,Ln)g(n) < 77 g 7 0 4T (q)(log? q) log .

n=a mod q

2(1+0m) 2 20 .
For g < Xm+1+20m , we can choose J = X w1 (+0n) /g1+33% |swhich proves that

Yoo Ap(L...,Ln) < q%mlX(l’m%l)(lJre"')dT(q)(log2 q)log X.

n~X
n=a mod q
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On summing up all the dyadic intervals, it follows that

> Ap(L..Ln) < qfng%llx(l’rr'%l)(l*("”)clT(q)(log2 g)log” x.
n<x
n=a mod q
Since F(z) is an eigenfunction of all the Hecke operators,
Ap(n,1,...,1) = Ar(1,...,1,n).

So the proof of Proposition 2.2 for the cases m > 3 is completed.
If m = 2, using the Voronoi formula in Lemma 2.5, we have

(2.27) Y. Ap(n)g(n ZZZAF(JFn)S( a,+n;c)g*(n).

n=a mod q c|q:tn1

Observe that the greatest common divisor (g, ¢) is 1. We will make use of the usual
Weil bound for Kloosterman sum S(-a, £n;¢c),

S(-a,+n;¢c) < crte

We estimate g* (n) by successive applications of integration by parts and the relations

Ly =-z z izs z)) =2 2);
7(ZKS(Z)) = Ki1(2)s dZ( Yi( )) =2'Y1(2);

dz
Ki(z) <. 2%, Yi(z) <, 272, z> 0.
We get
cJ \it: X
(2.28) *(n) < s,
g <(=) "7

2+e
It suggests that we can neglect the contribution to (2.27) for these term n > %

The choice j = 1in (2.28) shows that the remaining terms (for which » are at most
2+¢
O( % )) contribute

1 1
SN Y ARt (m)] < Y TXT Y Ap(n)|n T
9 q In |<(EI)2“ clq [n|< D2 (CI)2+£

<<(q])%+£.

Taking J = X3(+%) /g yields

S Ap(n) < X310
n~X
n=a mod q
forg < X 5+6m) proposition 2.2 for this case follows by summing all the dyadic
intervals.
Now we turn to proving Proposition 2.3. Let L(s, Fx F) denote the Rankin-Selberg
L-function of F. It is defined by

Lis FxF)=¢(ms) 3 3 |AF<H1~--,nm O § Ani(n),

m1m2 s
P e () W
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where
AFxff(n) = Z ‘AF(nla---)nm71)|2.

—pym ym—1,m=2
n=ng'n""'ny " nm,

Then we derive by the refinement of Landau’s Lemma [3, Theorem 3.2] that

(229) S Aps(n) = cpx+ O(x5531),

n<x

for some constant cp > 0. Therefore, by Cauchy’s inequality we get

D |Ap(n,1,...,1)|<<(1+2)2( > |Ap(n,1,...,1)|2)2

X<n<x+y x<n<x+y
(2.30) n=a mod q

1

<<(1+Z)Z(x2<":"22+11> +y7).

When m = 2, inserting Lemma 3.1 and inequality (2.6) in [17], we obtain

Z |Ap(n)|® < x* Z z:|A1;(d4)|2 «< x£y+x%“.
X<n<x+y xX<n<x+y d|n
Further, we get

1

8

y ; 8
%l (1 2) (3 asor)

<n<x+ <n<
(2.31) nxzunm);dyq ey
7
VY8 24 e L
<1+ %= (xll6 +Xx yS).
(1:2)

Instead of (2.18), we insert the estimates (2.30) and (2.31) into (2.17), respectively; then
the corresponding result follows.

2.2 Prime Number Theorem for the Twisted L-function L(s,F ® y)

Let y be a primitive character modulo ¢, and let F(z) be a Hecke-Maass form for
SL,,(Z). Actually, y corresponds to a Hecke character of the idele class group A* /Q*
trivial on R}. We know from [5, p. 305] that F ® y is a cuspidal automorphic form
for GL(m) with central character y”. We apply [16, Theorem 5.13] to the twisted
L-function L(s, F ® x) and get

P n
(2.32) > Arpgy(n) :—%+O(q7xexp(—c\/logx)),

n<x

where f3 is the exceptional real zero, ¢ is a positive absolute constant and the implied
constant is absolute. Note that

Arpgy(n) = A(n)ag(n)x(n) = Ap(n)x(n).

If m = 1, Siegel’s famous theorem shows that L(s, x) has no zeros in the interval

c(e)
(2.33) [1— ?,1].
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This estimate implies the Siegel-Walfisz theorem, which states that for any fixed A >
0,g< logA X,

> A(n)x(n) < xexp(—c\/logx).

n<x

The existence of the exceptional zero, even the analog of Siegel’s theorem (2.33) does
not seem to be known for L-function of F ®  for all m > 1, but some cases are known.
It has been proved that the exceptional zero does not exist by Hoffstein and Ramakr-
ishnan [15] for m = 2 and by Banks [1] for m = 3. Moreover, Siegel-type theorem is
available by the works of Kim and Shahidi [22, 23], Kim [20], and Molteni [33, The-
orem 2.32] when m = 4,5 and F is the symmetric power lift of a Hecke-Maass form
for SL,(Z), which means that L(s, F ® y) has no zeros in the interval

_c(F,¢)
(2.34) [1 - ,1].

Therefore, together with (2.32), we will obtain the following proposition.

Proposition 2.12  Let y mod q be any primitive character, and let F(z) be a Hecke-
Maass form for SL,,(Z). Then we have

(2.35) > Ap(n)x(n) < 92 x exp(—cy/logx)

n<x

unconditionally for 2 < m < 3 and under the assumption that there exists no excep-
tional zero for m > 4.

Moreover, if F(z) is the symmetric power lift of a Hecke-Maass form for SL,(Z)
with m = 4,5, we have for any fixed A > 0, g < log” x,

(2.36) > Ap(n)x(n) < xexp(-c\/logx)

n<x
where the implied constant depends on F, A.

Proof Clearly, (2.35) directly follows from (2.32). For the assertion (2.36), taking
€ = 57 in (2.34), we have
(2.37) B<1-c(F,A)q 2 <1-c(F,A)(logx)"2,

due to q < log” x, where c(F, A) is some constant depending only on F and A. Thus,
(2.36) follows from inserting (2.37) into (2.32). [ ]

2.3 Estimates of Some Arithmetic Functions

In this section, we will use the Rankin-Selberg theory to evaluate sums of arithmetic
functions.
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Lemma 2.13  Assume that Hypothesis H holds. Let F(z) be a Hecke-Maass form for
SL,,(Z). Then we have

> d(n)|up(n)]® < xlogx,

n<x

> d(n)|Ap(n,1,...,1)]> < xlogx,

n<x

> d(n)lap(n)]® «< xlogx,

2 lur(m)l* < x,

n<x

where the implied constants depend on F only.

Proof To the arithmetic function d(n)|ur(n)|*, we attach the Dirichlet series

DWR9=§dWMwWWWS

We decompose the attached Dirichlet series D( i, s) into some functions whose prop-
erties are well known. From the definition of yr(n), we know that it is multiplicative.
Then Dirichlet series D(F, s) has Euler product

oy, 26O Bk )P | Dl (p™)P
D(#F’S) - I;I(l ps p2s pmS )

Here, ur(p) = - X7.; ar(p, j). We can treat this infinite series as a rational function
in p~°. In particular, the coefficient of p~ is

233" ar(p. e (pr ).

Recall that

O_wmﬂwmﬂ)l
1<j<m 1<i<m pf

Then we see that D(pp, s) has the same coefficients of p~* as L*(s, F x F). Write
D(pr,s) = L*(s, F x F)U(s).

Then a straightforward calculation shows that U(s) = [T, U,(s), where

W@‘“chhfﬂﬁ

Put #,, := %(1 -20,,—¢) > 0, where 6,, is given by (2.5) and ¢ > 0 is sufficiently small.
In view of (2.7), we see that

lap(p”)| < mp®
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for all primes p and integers v > 1. From this we deduce that, for any 0 > 1 - ¢,

DL CHISS S

vl (zmls2 7 P P v2[1/(2nm)]+2

<> >

P ov21/(2nm)]+2

1 1
e < %: W <1

Further, we derive that

log|U(s)| < Zlog|Up(s)| «y 3 lar )l

7 2 pVU

< > Z'aF]()Iv)a)'+1<<1

2<v<[1/(2nm)]+2 P

providing ¢ = 1 under Hypothesis H. Thus, U(s) converges absolutely in Res > 1. By
a standard use of the Wiener-Ikehara Theorem, we have

> d(n)|up(n)]* < xlogx.

n<x

Because we can prove other results in a similar way to the first assertion, we choose
to omit them completely. ]

3 Proof of the Theorems for the von Mangoldt Function

It follows from the definition of Ar(n), (2.4) and (2.6) that

3.1) S OAMAr(mL.. 1) = Y Ap(n) + O(g ka0t
nzunxi):)d q nzunlf"n)(c)d q
Set

We(x, x) = 32 Ar(n)x(n).
n<x
By using the orthogonality relation of Dirichlet characters and splitting the sum dyad-
ically, we get

) AF(n)—i Z (a) 20 Ap(n)x(n)

n<x ( mo n<x
n=a mod q

(32)
1 * _
< —=> D7 x(a)Wr(x, xx")|

¢(Q) rlg x mod r

where y° mod g is the principal character. For y mod r and x° mod q in the last
line,

Wr(x, xx°) = We(x, x) < Y. |Ap(n)| < x% (logq)logx <« x%n*¢

n<x
(n,q)>1
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Therefore, we can replace Wr(x, yx°) by Wr(x, ) up to an error x%»*¢. Hence, we
obtain from (3.1) and (3.2) that

Z max

> A(”)AF(H,I,...,I)’

q<Q (a Q) 1 n<x
n=a mod g
S| X k(@) Wi, )| + 2270
q<Q ¢(q) qu Xmodr
1 *
< (log?Q) Y =| X7 x(@)Wi(x, x)| +x270m.
r<Q xmod r
The term x2+%7*¢ is acceptable. By dyadic arguments, it suffices to estimate

> x(@)We(x, x)

x mod r

(3.3) >

r~R

with R < Q.
If R < log® x with an arbitrary C > 0, then by Proposition 2.12,
W (x, x) < x exp(—cy/logx)

for some ¢ > 0, and hence (3.3) is true in this case.
If log® x < R < Q, applying Vaughan's identity of Ap(#n) in Lemma 2.1 with X =
Y < x for Godement-Jacquet L-function L(s, F), we have

Z AF(H)X(I’I) = S] + Sz — S3 + S4,

where _
= Z;{AF(n)X(n),
Sy = bz pr(b) x(b) Z; Ar(c,1,...,1)logey(c),
<X c<x/b
S3 = bz Z;(dz/:b ‘Llp(b)AF(C)AF(d,l,,I)X(bcd)
=2 ( bZ HF(b)AF(C))X(m)dz; Ap(d,1,...,1)x(d),
m<X? bgc;crzx <x/m
S4 :bz > Z/: ur(b)Ar(c)Ap(d,1,...,1)x(bed)
>X c>X d<x/bc
= Z/ (5; Mp(b)AF(d,l,...,l))X(m) Z/ Ar(c)x(c).
<m<x/X b>:)?’l X<c<x/m
Put

bp(m) = Z ‘blp(b)AF(C), Cp(m) = Z ‘Llp(b)AF(d,l,,l)

be=m bd=m
b<X,c<X b>X
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By Cauchy’s inequality and Lemma 2.13, we can estimate the square moments of
Ap(m),bp(m) and cp(m)

(3.4) > |Ap(m)|2 « (log’x) 3> d(n)|ap(n)* « xlog’ x,

m<x n<x
2
(3.5) Solor(m)] < > Y |ur(b)PlAr(c)[Pd(m)
mex e bgh)c(TCnZX
< (log’x) 3> d(0)|ur(b)}* 3. d(c)lap(c)l?
b<x c<x/b
< xlog’ x,
and
(3.6) S lee(m)| < 3 ur(®)PIAr(d,1,... 1) Pd(m)
m<x mgxbéi;);(n
< Zd(b)|‘up(b)|2 Z d(d)|Ap(d,1,...,1)
b<x c<x/b
< xlog’ x.

First, to estimate the contribution from §;, we use Cauchy’s inequality and get,
from (3.4),

<R Y |Ap(n)| < szi( 3 |Ap(n)|2) ’

n<X n<X

> x(@)$:

xmod r

2,

(37) r~R

< R*Xlog’ X.

For the corresponding sum of S,, we split S; in the following way:

52:( Yo+ )//tp(b))((b) > Ar(e1,...,1) (logc) x(c)

b<H H<b<X c<x/b

e,
where H < X. We treat S; and derive that

68 Y| X @S| -

r~R x mod r

Z‘ > ur(b) Y. Ap(c1,...,1) (logc) Z* X(Ebc)‘.

r~R " b<H c<x/b xmod r

Since (r, abc) = 1, we know from (2.23) that the summation over all primitive char-
acters y is

> (7).

d|(abc-1,r)
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Inserting this into (3.8), we have

Y| ¥ xS -

r~R ymodr

> e(d)

r~R,d|r

>ooup(b) > Ap(el,...,1)logc|.

(bsgi c<x/b
b,r)=1

c=ab mod d

We can remove the smooth factor log n in the innermost sum by partial summation.
Then applying the classical estimate

(3.9) > dT(n) < xlongflx

and Proposition 2.2 (the bound for m = 2 is weaker than the one that the value m = 2
inserts into the corresponding result m > 3; we will only use the bound for m > 3 for
convenience), we deduce the following estimate:

>| X x(@s,

r~R xy mod r

« xﬁ(HBm)(logZx) Z dT(d)ler—fn‘)ﬁ (10g2 d) Z !ﬁf’(b”
r~R,d|r b<H b (1+0m)
(b,r)=1

« Xﬁ(lw"‘)(logzx)RH%(logT R)(1+ g ).

Before estimating S;', we recall a lemma of Vaughan [44].

Lemma 3.1 Letay,(m=12,...,M)andb,,(n=12,...,N) be complex num-
bers. Then

Y XX Xambay(mn)

q<Q xy mod g | m=1n=1
mn<X

« ((M+ Q)N+ Q)Y JanP Z|bn|2) Z

x (log Q) log(MNx).

In order to estimate S, splitting the range of summation over b into intervals of
the form b ~ M with H < M < X and applying Lemma 3.1, we get

Z Z* |S'2'| < logcx(x% +RM% +Rx%M’% +R2)
r~R y mod r

1

x(b%“,tp(bﬂz);( D |AF(C,1,...,1)2)2,

c<x/M

for some positive constant c. Inserting the estimate

(3.10) S lup(n)? < > d(n)|up(n)|* < xlogx,

n<x n<x
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and (2.26), we have
> Z* 1S, | << (log" x) x(x + R(Mx)? + RxM ™7 + sz%)
(3'11) r~Ry mod r

« (log" x) x(x + R(Xx)? + ReH™? + R?x3).
Combining (3.8) and (3.11), we obtain

(312 >

< (log" x) (x A (140n IR (14 H ™ (','Lfl""")).
r~R

> x(a)S,

x mod r

The treatment of S; is similar to that of S,. If we use the estimate (3.5) instead of
(3.10), then

B13) Y

r~R

2—(m-1)0 )

> %(a)Ss| « (log’ x) (x%}(”"m)Rz"%(lJr H ™ wn

x mod r

+x + RXx? + RxH ™3 + R2x1 ) .

The sum S is of the same form as S, , except the coefficients c(n) instead of s (1)
and Afp(n) instead of Ap(#n,1,...,1)logn. Thus, it follows from the estimates (3.4)
and (3.6) that
(3.14) S S 184] <« (log x) (x + RxX "2 + R%x7).

r~Ry mod r
Now we choose the parameters. We see that each of the estimates (3.7), (3.12),
(3.13), and (3.14) is << Qx log_A x, provided
X = xé, H= logZAx,
2—(m-1)0
log“x <R<Q-= mln{x2 log ™ x, x 29 log™ x}
Due to Kim and Sarnak, 0, = @’ so that Q = x? log_ xifm=2.1fm>3,

2 (m=1)0p,
Q X mH1H20, log X.

The proof of (1.2) in Theorem 1.2, Theorem 1.5, or Theorem 1.6 follows the
same approach as above, if we insert the bounds (2.11), (2.8), or (2.12) instead of
Proposition 2.2.

4 Proof of the Theorems Related to Mobius Function

To prove our theorems, we need some lemmas. By the definition of yr(n), it is clear
that up(n) is equal to u(n)Ar(n,1,...,1) at primes. For general positive integers,
they can transfer to each other by the following Dirichlet convolution.

Lemma 4.1 Let g(n) and h(n) be arithmetic functions defined over square-full in-
tegers with |g(n)|, |h(n)| < n®dT (n). Then we have

pe(n) = S (@ Ar(d 1, 0g(5)

d|n
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and

pAR(n L) = Y e ()h( )

d|n

where T is some constant depending only on m.

Proof We will achieve these two Dirichlet convolutions by comparing the Euler
products of the corresponding Dirichlet series

ﬁ and D(S)=§#(n)AF(n,1,...,1)n—s,

In fact, they admit Euler products

Ar(p,1,...,1) mo1 Ar(L...,Lp) 1
oy = L1(0- =00 () e (0" )

and

D(s) = H(I_M)

) P
Then we deduce that
Ap(l,p,l,...,l)
-— + cee
(4.1) L(S F) D) H ( p* )

= D(S)G (s),
where the omitted terms in the last brackets denote the higher power terms of p=*¢
with k > 3, and the Dirichlet series

G(s) = H(1+LPZ)+LP3)+...) :ig(n)‘

2 3
4 ps ps n=1 n’

Due to

g = > (DMAL...Lp,.. DAR( L. L)

k=ki+ky N———
0<ki<m, k>0 position k;
for k > 2 and the current estimates for Fourier coefficients, we have
k kOm 3T/ .k
lg(p™)| < p™md” (p")
for some constant T depending only on m. Thus, the arithmetic function g(n) is

defined over square-full positive integers and satisfies |g(n)| < n®»d” (n). Moreover,
(4.1) in the half-plane Rs > 1 is equivalent to

pr(n) =Y u(d)Ar(d,1,... ,l)g( g)

d|n

The second statement can be shown by the same method as employed in the first one
and so is omitted. ]
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Lemma 4.2 Let g(n) and h(n) be as in Lemma 4.1. Then we have
> lg(n)| « x2t0nogl x, > [h(n)| < x2+0nogT x,

n<x n<x

where T is some constant depending only on m.

Proof LetI(n) denote the characteristic function for the set of all square-full posi-
tive integers. It is well known from Lemma 4.1 that |g(n)| and |h(n)| are all less than

I(n)n?d" (n).
Hence, it reduces to estimating the sum

S 1(n)n®d" (n).

n<x

By using elementary methods, Erdés and Szekeres [7] proved that

OE (gzéi)xi +0(x}).

Taking (3.9) into consideration, we obtain by the Cauchy-Schwarz inequality that

S 1(n)n=d" (n) < me( 3 l(n)) ( 3 n%d”(n)) 2

n<x n<x n<x

1 47
< x2tOm log" x.

This completes the proof of Lemma 4.2. ]

Proposition 4.3 Let y mod q be any primitive character with g < log” x for any
fixed A > 0, and let F(z) is a Hecke-Maass form for SL,,(Z). Then we have for any
k 2> 1)

(4.2) > up(n)x(n) < d(k)xexp(—c(logx)%)

n<x
(k,n)=1

unconditionally for 2 < m < 3 and under the assumption that there exists no excep-
tional zero for m > 4, where the implied constant depends on F, A. When F(z) is
the symmetric power lift of a Hecke-Maass form for SL,(Z) with m = 4,5, (4.2) also
holds.

Proof Our strategy is to establish the relation between ur(n) and Ap(n) so that
Proposition 4.3 can be derived from Proposition 2.12. Similar to (3.1), we have

S A(p L., )x(p)logp =3 Ap(n)y(n) + O(x2*0n+e)
(4.3) p<x n<x

< X exp ( —c\/logx) .

Then we derive by partial summation that

(4.4) Y AP L., )x(p) < xexp (—c\/logx).

psx
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Now we further adopt the technique of Iwaniec-Kowalski [16, p. 124], which was em-
ployed in [18] to estimate the uniform bound for the sum associated with Mobius
function, additive characters and Fourier coefficients of GL(3) automorphic forms.
First we write

S ou(n)Ap(n, 1., )x(n) =1= > u(r)Ap(r,1,...,1)x(r)

n<x r<x
s (=1 (k,r)=1
X X Z Ap(p,l,-.-,l)X(P)>
pr<p<x/r
(k,n)=1

since (p,r) = 1, where p, denotes the largest prime divisor of m. Let w(r) > 0 be the
number of prime divisors of 7. Then the summation conditions imply /(") < p, <

w

[6)
x/r. So r < x*™+ . By using (4.4), the inner sum over p is

x\ Om
> Ar(p,L....)x(p) +d(k)(;)

pr<p<x/r

> Ar(p L. Dx(p) =
pr<p<x/r
(k.p)=1

(4.6) < d(k)%exp(—c\/logg)
/1
<<d(k)%exp( -c %)

< d(k)%exp( - c%(logx)ﬁ) exp(a)(r)g).

In the last step, we use the geometric inequality,

A
BF+ £ > Awn
B

for A, B > 0 and any fixed integer k > 0. On inserting (4.6) (k = 2) into (4.5), we
deduce from Cauchy’s inequality that
(4.7) > u(n)Ap(n,1,...,1)x(n)

n<x

(k,n)=1

) Z |Ap(r,1,...,1)|d?(r)

«<d(k)xexp( - c%(logx)%
r

«<d(k)xexp( - c? (logx)% ).
Here we used (3.9) and the inequalities

exp(w(m)) < 220(m < @2 (m),

> ‘Ap(r,l,...,l)|2 <x.

m<x
Finally, we turn to estimate the sum

> ur(n)x(n).

n<x

(k,n)=1
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By Lemma 4.1, we have

2 pr(n)x(n)= Y. g()x(1) 3, u(d)Ap(d,1,...,1)x(d).
(ky:; ;C=1 (kl,%:l (L]is; )/=ll

Breaking the summations into dyadic intervals, it suffices to estimate the sums of the
form

$(L, D) = Z {ONO) Z u(d)Ap(d,1,...,1)x(d)

(kl) 1 (kd) 1

with LD < x. By Lemma 4.2 and (4.7), we have

> up(n)y(n) < log’ xmaxS(L D)

n<x

(k,n)=1
«<d(k)x exp(—c(logx)%). -

Now we are ready to show the theorems for (7). Similar to the proof of theorems
concerning A(n), we have

> ﬂF(”)« Z > x(a) Z pup(n)x(n)|.

nzanrif)dq r|q x mod r (q n) )
Then we get
> max Yo ur(n)| <
q<Q (a’q):l n<x
n=a mod q
logQ Z max k— Z %¥(a) Z ur(n)x(n)|.
kr<Q (a,kr)=1 k1 x mod r n<x

(k,n)=1

It is convenient to work with the sum

Sk(R,x):= > max

sor (ar)=1

> xa) Y ur(m)x(n)

x mod r n<x
(k,n)=1

with KR < Q. Clearly,

(4.8) Z max > ur(n)| < log’ Q max - Z Sk(R, x).
: Q@o=] ik ReQ KR ¢k
n=a mod g

We evaluate Si (R, x) by the approach that has been used to estimate (3.3).
If R < log® x with an arbitrary C > 0, then by Proposition 4.3,

> up(n)x(n) < d(k)xexp(—c(logx)?)

n<x

(k,n)=1
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for some ¢ > 0, and hence

(4.9) Sk(R,x) <« R*d(k)x exp ( —c(logx)%).
Iflog® x < R < Q, applying Vaughan's identity of y(n) in Lemma 2.1 with X < x,
we have
Z; ur(n)x(n) = My — My + Ms,
(kyn)=1
where

> ur(m)x(n),

n<X
(k,n)=1

My= 3 > Y ur(b)ur(e)Ap(d,1,...,1)x(bed)

b<X <X d<x/bc
(k,b)=1(k,c)=1(k,d)=1

= X ( > MF(b)#F(C))X(m) >, Ar(d.1,....1)x(d),

m<X? bc=m d<x/m
(k,m)=1 b<X,c<X (k,d)=1

SO S ue()pp()Ap(d, 1., 1) x(bed)

b>X  ¢>X d<x/bc
(k,b)=1(k,c)=1 (k,d)=1

= X (Z#F(b)AF(d,L--wl))X(M) > ur(o)x(o).

X<m<x[X \ bd=m X<c<x/m
(k,m)=1 b>X (k,c)=1

Thus, we proceed as with the estimates of the contributions of S; with i = 1,3,4 as
before. We can easily find out

<

(4.10) Z > max

i1 r~R (@51)=1

> x(a)M;

xmod r
(log” x) (xﬁ(l+6'”)R2+% +x+Rxé + sz%) +Rxlog ™ x,
which implies that
(411) Sk(R,x) <« (log‘ x X0 R L Ryt 4+ R2x3) + Rxlog * x.
g g

By combining (4.9) with (4.11), we have

max — Z Sk(R, x)

KR<Q K
1
« max — Sk(R,x)+ max —— Sk(R, x
KR<Q KR z k( ) KR<Q KR,;;( k( )
R<log® x log® x<R<Q

« (log“x) (Q™ i x 1 (1O ") 4 Qx?) +xlog ™ x.
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It follows from (4.8) that

Z max

(max « (log“x) (Q' ok e (10 Qx%)+xlog7A x.
q<Q (@4)=1

> ur(n)
n<x
n=a mod q

Notice that

u(n)Ap(n,1,...,1) = %Mp(d)h( E)

as in Lemma 4.1, and h(d) satisfies some properties as in Lemma 4.2. Hence, we
obtain

max
q<Q (a,q)=1

> #(”)AF(H,I,...,l)‘

n<x
n=a mod q

< Y |h(d)| Z max

d<x q<Q da,q)=1

Y. ue(n)

n<x/d
n=ad mod q

<< log x max Z |h(d)] Y. max
q<Q (d“ q) 1

>, ur(n)
n<x/d
n=ad mod q

<« (log‘ x) QU i it (1O m(1+ x%) +xlog™ x.
Finally, on taking

2 (m=1)6p  (m+1)(1-20,) _B
Q =min< x m++20m X 20m+1+20,) log X,

we complete the proof of the theorems. Note that 8, = 0 when Ap(n,1,...,1) are
Fourier coefficients of SL,(Z) holomorphic cusp forms or its symmetric lifts.

Acknowledgment The authors would like to thank the reviewer for valuable sug-
gestions and comments.
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