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We define a sequence of tree-indexed processes closely related to the operation of the
QuickSelect search algorithm (also known as Find) for all the various values of n (the
number of input keys) and m (the rank of the desired order statistic among the keys). As
a ‘master theorem’ we establish convergence of these processes in a certain Banach space,
from which known distributional convergence results as n — oo about

(1) the number of key comparisons required
are easily recovered

(a) when m/n — o € [0,1], and
(b) in the worst case over the choice of m.

From the master theorem it is also easy, for distributional convergence of
(2) the number of symbol comparisons required,

both to recover the known result in the case (a) of fixed quantile o and to establish our
main new result in the case (b) of worst-case Find.

Our techniques allow us to unify the treatment of cases (1) and (2) and indeed to
consider many other cost functions as well. Further, all our results provide a stronger
mode of convergence (namely, convergence in L” or almost surely) than convergence in
distribution. Extensions to MultipleQuickSelect are discussed briefly.
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1. Introduction

QuickSelect (also known as Find), introduced by Hoare [11], is a randomized algorithm
for selecting a specified order statistic from an input sequence of objects, or rather their
identifying labels usually known as keys. The keys can be numeric or symbol strings,
or indeed any labels drawn from a given linearly ordered set. Suppose we are given
keys yi,...,y, and we want to find the mth smallest among them. The algorithm first
selects a key (called the pivot) uniformly at random. It then compares every other key
to the pivot, thereby determining the rank (call it r) of the pivot among the n keys. If
r = m, then the algorithm terminates, returning the pivot key as output. If r > m, then the
algorithm is applied recursively to the keys smaller than the pivot to find the mth smallest
among those; while if r < m, then the algorithm is applied recursively to the keys larger
than the pivot to find the (m — r)th smallest among those. More formal descriptions of
QuickSelect can be found in [11] and [13], for example.

Observe that, for fixed n and a given sequence (yi,..., y,) of keys, it is possible to build
the randomness needed to run QuickSelect for every value of m € {1,...,n} on a single
probability space, as follows. Let 7 denote a uniformly random permutation of {1,...,n},
and consider the sequence (zi,...,z,) with z; := y,, fori = 1,...,n. Regardless of the value
of m, choose z; as the initial pivot, and when the algorithm is applied recursively, apply
it to the appropriate sequence of z;-values listed in the same relative order as within
(Zl,...,Z”).

The cost of running QuickSelect can be measured by assessing the cost of comparing
keys. We assume that every comparison of two (distinct) keys costs some amount that is
perhaps dependent on the values of the keys, and then the cost of the algorithm is the
sum of the comparison costs.

Until recently, it has been customary to assign unit cost to each comparison of two
keys, irrespective of their values. We denote the (random) key-comparisons-count cost for
QuickSelect by K, ;. As we have explained, for fixed n one can use a single uniformly
random permutation of {1,...,n} to build a single probability space on which all of the
random variables K,,,, with 1 < m < n are defined. (Note also that the joint distribution of
Ky1,...,K,, does not depend on the initial sequence (y1,...,y,) of distinct keys.) Among
other things, this opens up the possibility of studying the distribution of max,, K,,,, the
cost of so-called ‘worst-case Find’, in which an adversary is allowed to choose the rank
of the key sought by the QuickSelect algorithm. Our motivation for this paper was to
investigate the large-n behaviour of worst-case Find for more general cost functions.

There have been many studies of the random variables K, ,,, including [2], [17], [10],
[14], [9]1, 3], [12], [4], and [6], and several corresponding studies, including [19], [15],
and [16], of the number(s) of key comparisons for an extension of QuickSelect called
MultipleQuickSelect that searches simultaneously for multiple order statistics. Griibel
and Rosler [10] analysed a modified version of QuickSelect that splits the collection
of keys into two sets, those smaller than the pivot and those greater than or equal to
the pivot, rather than into three sets (one of which has the pivot as its only element)
as considered in this paper. They studied (see especially their Theorem 4) the limiting
behaviour of this modified QuickSelect through the convergence (in distribution, in the
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Skorokhod topology on the space D[0, 1] of cadlag functions on the unit interval [0, 1]) of
a sequence Xy, X»,... of stochastic processes defined by X,,(«) := n*IKn,[mJH fora € [0,1)
and X, (1) := n~'K,,. Riischendorf [14, Examples 4.1-4.2] utilized the contraction method
to prove that the scale-normalized key-comparisons-count cost n~! max,, K, of worst-
case Find (the version considered in this paper) converges in distribution. Devroye [3]
presented an alternative proof of the latter result.

But unit cost is not always a reasonable model for comparing two keys. For example, if
each key is a string of symbols, then a more realistic model for the cost of comparing two
keys is the value of the first index at which the two symbol strings differ. To date, only
a few papers ([21], [7], and [8]) have considered QuickSelect from this more realistic
symbol-comparisons perspective. As in [8], in this paper we will treat a rather general class
of cost functions that includes both key-comparisons cost and symbol-comparisons cost.

In our set-up (to be described in detail in Section 2) for this paper, we will consider
a variety of probabilistic models (called probabilistic sources) for how a key is generated
as an infinite-length string of symbols, but we will always assume that the keys form
an infinite sequence of independent and identically distributed and almost surely distinct
symbol strings. This gives us, on a single probability space, all the randomness needed
to run QuickSelect for every value of n and every value of m € {1,...,n} by always
choosing the first key in the sequence as the pivot (and maintaining initial relative order
of keys when the algorithm is applied recursively); this is what is meant by the natural
coupling (see [5, Section 1]) of the runs of the algorithm for varying n and m. As explained
in [5, Section 1], the coupling allows us to consider stronger forms of convergence than
convergence in distribution, such as almost sure convergence and convergence in L?.

Whatever cost function is used for comparisons of two keys, let FIND(n, m) denote the
corresponding total cost of QuickSelect (under the natural coupling) in selecting the
mth-order statistic from the first n keys. Let m, € {1,...,n} for every n, and suppose that
my,/n — o € [0,1]. Fill and Nakama [8] prove, under certain ‘tameness’ conditions (to
be reviewed later) on the probabilistic source and the cost function, that n~'FIND(n, m,)
converges both in L? and almost surely to a limiting random variable. We complement
their result by proving analogous results for the cost of worst-case Find, namely,
max<mgn FIND(n,m). Our new results and (under somewhat stronger hypotheses than
assumed in [8]) the results of Fill and Nakama [8] are both obtained rather effortlessly
from a ‘master theorem’, Theorem 4.1, which establishes convergence in a certain Banach
space of a certain sequence of tree-indexed processes closely related to the operation of
QuickSelect for all the various values of n and m.

An outline for this paper is as follows. First, in Section 2, we carefully describe our set-
up and, in some detail, discuss probabilistic sources, cost functions, and tameness; we also
discuss the idea of seeds, which allow us a unified treatment of all sources. In Section 3
we state and prove a number of useful lemmas. In Section 4 (specifically, our master
Theorem 4.1) we prove that the ‘QuickSelect tree processes’ to which we alluded in the
preceding paragraph converge in a certain Banach space (described in Definition 3.10
and Proposition 3.11). Some consequences of Theorem 4.1 are provided in Section 5; the
highlight is Corollary 5.4, which gives sufficient conditions for L?-convergence of the cost
of worst-case Find. In Section 6, we use Theorem 4.1 to provide (under an additional
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restriction) very simple proofs of Theorems 3.1 and 4.1 in [8]; the latter concerns L?-
convergence of the cost of QuickSelect for fixed o. Finally, in Section 7, we complement
the LP-convergence result of Corollary 5.4 for the cost of worst-case Find by providing a
tameness condition under which the scale-normalized cost of worst-case Find converges
almost surely.

Remark 1.1. As recalled from [8] at the end of our Section 2.1, many common sources,
including memoryless and Markov sources, have the property that the source-specific
cost function f corresponding to the symbol-comparisons cost for comparing keys is
e-tame for every e > 0. Thus, for such sources, the conclusions of our two main results,
Theorem 4.1 and Corollary 5.4, hold for every p € [2, ), and the almost-sure convergence
theorem (Theorem 7.1) for worst-case Find also applies to all such sources.

2. Set-up

2.1. Probabilistic sources

Let us define the fundamental probabilistic structure underlying the analysis of Quick-
Select. We assume that keys arrive independently and with the same distribution and
that each key is composed of a sequence of symbols from some finite or countably infinite
alphabet. Let X be this alphabet (which we assume is totally ordered by <). Then a
key is an element of £* (ordered by the lexicographic order, call it <, corresponding to
(£, <)) and a probabilistic source is a stochastic process W = (W, W,, W3, ...) such that,
for each i, the random variable W; takes values in £. We will impose restrictions on the
distribution of W that will have as a consequence that (with probability one) all keys are
distinct.

We denote the cost (assumed to be non-negative) of comparing two keys w,w’ by
cost(w,w’). As two examples, the choice cost(w,w’) =1 gives rise to a key-comparisons
analysis, whereas if words are symbol strings then a symbol-comparisons analysis is
obtained by letting cost(w,w’) be the first index at which w and w’ disagree.

Since X is totally ordered, a probabilistic source W is governed by a distribution
function F defined for w € £ by

F(w) =P(W <w).
Then the corresponding inverse probability transform M, defined by
M(u) == inf{w € ¥ 1 u < F(w)},

has the property that if U ~ uniform(0, 1), then M(U) has the same distribution as W.
We refer to such uniform random variables U as seeds.
Using this technique we can define a source-specific cost function

p :(0,1) x (0,1) — [0,00)

by f(u,v) := cost(M(u), M(v)).
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Definition 2.1. Let 0 < ¢ < o0 and 0 < € < c0. A source-specific cost function /5 is said to
be (c, €)-tame if for 0 <u <t <1 we have

Blu,t) < e(t—u)™,

and is said to be e-tame if it is (c, €)-tame for some c.

For further important background on sources, cost functions, and tameness, we refer
the reader to Section 2.1 (see especially Definitions 2.3-2.4 and Remark 2.5) in Fill and
Nakama [8]. Note in particular that many common sources, including memoryless and
Markov sources, have the property that the source-specific cost function f§ corresponding
to symbol-comparisons cost for comparing keys is e-tame for every € > 0.

2.2. Tree of seeds and the QuickSelect tree processes

Let 7 be the collection of (finite or infinite) rooted ordered binary trees (whenever we refer
to a binary tree we will assume it is of this variety) and let T € 7 be the complete infinite
binary tree. We will label each node 0 in such a tree by a binary sequence representing
the path from the root to 0, where O corresponds to taking the left child and 1 to taking
the right. We consider the set of real-valued stochastic processes each with index set equal
to some T € 7. For such a process, we extend the index set to T by defining Xy =0
for 0 € T\ T. This convention allows us to define addition of any two such processes
componentwise, as well as scalar multiplication componentwise. In doing so, we obtain a
vector space I3 of such processes. We will have need for the following definition of levels
of a binary tree.

Definition 2.2. For 0 < k < oo, we define the kth level Ay of a binary tree as the collection
of vertices that are at distance k from the root.

Let

o= [J {01}

0<k<oo

be the set of all finite-length binary strings, where {0,1}° = {¢} with ¢ denoting the empty
string. Set L, :=0, R, := 1, and 7, := 1. Then, for 0 € ©®, we define |0] to be the length
of the string 6, and vy(n) to be the size (through the arrival of the nth key) of the subtree
rooted at node 0. Given a sequence of independent and identically distributed (i.i.d.) seeds
Uy, Uy, Us, ..., we recursively define

Ty = inf{i Ly < U < R()},
Lyo := Ly, Loy := Uy,
Ryo :=U,,, Ry1 := Ry,
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where 010, denotes the concatenation of 0,0, € ®. For a source-specific cost function f
and 0 < p < oo we define

Swo =Y WLy < Ui < Ry)B(U;, Us,),
I(}<f<n
b
I(x.a,b) == / B (u, )
a
IP,Q = IP(U‘L'()aL@: R@),
Iy :=1,p,

Cyp := (19, Uy, Lo, Ry).

In some later definitions we will make use of the positive part function defined as usual
by xT := x1(x > 0). Given a source-specific cost function 8 and the seeds Uy, U, Us,...,
we define the nth QuickSelect seed process as the n-nodes binary tree indexed stochastic
process obtained by successive insertions of Uy,...,U, into an initially empty binary
search tree.

Before we use these random variables, we supply some understanding of them for
the reader. The arrival time 7y is the index of the seed that is slotted into node 6 in
the construction of the QuickSelect seed process. Note that for each 0 € ® we have
P(t9 < o0) = 1. The interval (Lg, Ry) provides sharp bounds for all seeds arriving after
time 74 that interact with U,, in the sense of being placed in the subtree rooted at U,,. A
crucial observation is that, conditioned on Cy, the sequence of seeds U, 41, Uyyta, ... are
i.i.d. uniform(0, 1); thus, again conditioned on Cy, the sum S, is the sum of (n — 79)* i.i.d.
random variables. Note that when n < 7y the sum defining S, is empty and so S,p = 0;
in this case we shall conveniently interpret S,9/(n — t9)* = 0/0 as 0. The random variable
Sy is the total cost of comparing the key with seed U,, with keys (among the first n to
arrive) whose seeds fall in the interval (Lg, Rg), and I,y is the conditional pth moment of
one such comparison: If we let U ~ uniform(0, 1) independent of Cy, then

Ip =E[1(Lg < U < Ry)B"(U, Uy, | Col.

Conditioned on Cy, the term S,y is the sum of (n — 7y)" i.i.d. random variables with pth
moment [,g.

We define the nth QuickSelect tree process as the binary-tree-indexed stochastic process
Sy = (Sno)oco and the limit QuickSelect tree process (so called in light of Theorem 4.1)
by I = (Ip)oco-

3. Preliminaries

We first prove some elementary lemmas that will be integral to the arguments used in
the remainder of the paper. An important technique that will prove effective will be to
bound moments of I,y where 0 € Ax by an expression with geometric decrease in k. The
following lemma provides such a bound in the case of an e-tame source.
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Lemma 3.1. If S is (c,€)-tame with 0 < € < 1/s, then for each fixed node 0 € Ay and 0 <

r < oo we have
D€ o8 r 1 k
EIT, < .
sb (1 —se) (r—i— 1 —rse>

Proof. By e-tameness and concavity of the (1 — se)-power function,

Ry
Ip < c“/ [u— U, | du
L

0
C

s 1—se 1—se
) )]

256 S
< (R — Ly)' ™.
1 —se
Since Ry — Ly is distributed as the product of k independent uniform(0,1) random
variables, taking rth moments gives the desired bound. U]

As a consequence of Lemma 3.1, we have

Lemma 3.2. Let 1 < p < oo and consider a fixed node 0. If the source-specific cost func-
tion 8 is e-tame for some 0 < € < 1/p, then as n — o0 we have

Sn,0 Lr
— 19.

Proof. The proof essentially repeats an argument within the proof of Theorem 3.1 in Fill
and Nakama [8]. Conditioned on Cy, the random variable S,y is the sum of (n — )"
1.i.d. non-negative random variables with expectation Iy and pth moment I,y. The L? law
of large numbers (L’LLN) applies almost surely because El,y9 < co by Lemma 3.1 and
hence I,y < co almost surely. The L’LLN gives

Sn,9 - _IG

]E{ —_— Cg] —0 as. (3.1)
(n—19)
By convexity of the pth-power function,

Sn,0 —1 Sn,0 P p
E[ Cg} < {]EK(”—TO)*) Ce} o

(n—19)*
Sn,@ 4 < 1 Z l(L < U < R )ﬁP(U U )
(n_'f(-))Jr h (n—’E(-))+ 0 ! 0 i» Yty )s

14

r
_19

and also

itp<i<n

Sn,O P
EK( - m>+)

which implies

Ce] < Ipp.
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Therefore, we have the following bound:

Sn 0
E||l—
[ (n—1o)*

Recall that Lemma 3.1 implies that [EI, g < oo. Therefore, by (3.1)—(3.2) and the dominated
convergence theorem,

p

—1Ip cg} <27 (I +15) < 2%,y. (32)

14
Sn,9 +—19 — 0.

(n—10)

Now to complete the proof of the lemma we show that

Sn,0 _ Sn,O

E n (n—rtg)*

— 0.

By our convention for S,/(n — 79)" when n < 79, we have

Sn,@ o Sn,9 _ Sn,@ o Sn,@

p
n (n—1)t n (n—1)* Heo <.

By a simple calculation,

p 14

Sn,9 o Sn,@
n (n—rtg)*

Sn,@
(n—1o)*

Taking expectations conditioned on Cy gives

Sn.o Swo |” ] 70 \" Swo |”
E = ———— | (g < Col =1(rp < — | E||l————| |C
{ n i) (to <n) J (to <n) p =) 0
p
To
< 1(7.'0 < n)(n> Ip,() < Ip,Os
and, in particular,
Sn 0 SnO P
E ~————1 |C 0 as.
{ no (n—1p)* I
Thus, again by the dominated convergence theorem,
Sn() Sn() P
El——-——— 0.
n -] -

A Poisson binomial sum is a generalization of a binomial distributed random variable.
Let X; ~ Bern(p;), i =1,2,...,n, be independent, where Bern(p) denotes the Bernoulli
distribution with success probability p. Then we say that X := )", X; is a Poisson binomial
sum. The following lemma is a restatement of Theorem 4.4 (part 1) in [18]; we include a
proof for completeness.

Lemma 3.3. Let X =), X; be a Poisson binomial sum with

X; ~Bern(p;)) and EX = Zpi =L
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Then, for any § > 0 we have

ef K
PX > (1+ ) < |:(1+ﬁ)1+ﬁ:| .

Proof. The result is trivial for f =0, so suppose f > 0. For any t > 0, by Markov’s
inequality

P(X > (1 4 ﬁ),u) _ ]P)(elX > et(1+ﬁ)ﬂ) < e—t(1+ﬁ)HEelX'

Since X = >, X; and the X; are independent,

n

Ee'™ = [[Re™ = [][1 +pi(e' = 1)] <[] explpi(e' —1)] = exp[u(e' —1)].
i=1 i=1 i=1

Combining these two inequalities and choosing t = In(1 4+ ) > 0 produces the desired
bound. U]

Lemma 34. Let H,, =Y i"!, the mth harmonic number. If 0 € Ay with k > H,,, then

H k
P(‘E@ < m) < (ekm) e Hm

Proof. By symmetry, it suffices to consider 0 = 0F (the leftmost node of the binary
tree at level k). Then 7y is the arrival time of the kth record-smallest seed. If R, is
the number of seeds among the first m to be record-smallest upon arrival, then we
have P(t9 < m) = P(R,, > k). It is well known that R,, has the distribution of a Poisson
binomial sum:

R, = fjxi,
i=1

where X; ~ Bern(1/i), i=1,...,m, are independent and £ denotes equality in law.
(Consult, for example, [1, Problem 20.9].) This implies that

m

p=ER, =) i'=H,
i=1

Thus, for f = (k/H,) — 1 > 0, applying Lemma 3.3 gives
P(tg <m) =P(Ry > k) = P(Ry = (14 f)n)

ef K eHmka
<[] - (%) -

In the context of Lemma 3.4, we will use the following standard bound on harmonic
numbers to approximate H, by Inn up to a constant term.
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Lemma 3.5. Let y be Euler’s constant. Then, for n = 1,2,... we have

y < H,—Inn < 1.

The next lemma uses Lemma 3.1 in its proof and can be seen to generalize Lemma 3.1
(by letting a — 0 and then w — 1).

Lemma 3.6. Consider a fixed node 0 € Ay, and let 0 < r < o0 and 0 < a < oo be constants.
Let the source-specific cost function f§ be (c,€)-tame with 0 < € < 1/s. Then, for any v,w €
(1,00) such that v=' +w™! =1, we have

2sscs r 1 k/w
E —argr g
<TH 5’0) <1—se> (wr+1—wrse)

e—0k 1/v
{(nw/’ Fmﬁ+@]m> +w—mr“}
o va

Proof. By Holder’s inequality,

E(tyI50) < g llol5g -

We can use Lemma 3.1 to bound the second factor. To treat the first factor, we express
the expectation as an integral of tail probabilities, which we bound using Chernoff’s
inequality. Write

where 6, = e/k.

o0
Er,% = / Pty > t)dt
OOC
=1/ P(rg < [V ))dt =:J.
0
Using the change-of-variables o = t~1/(9) we get
Jz/‘Mm Lok ) (vak)o*=1 do. (3.3)
0

The next step is to use Lemma 3.4 to bound P(ty < |o*|). However, we need to check
that the hypothesis of Lemma 3.4 that

k> Hyg, (34)
is satisfied. By Lemma 3.5 we have the upper bound
Hpy <Inlof] +1 <klnoa+1,

so o < e!=(1/0 js sufficient for (3.4), as therefore is o < e[l — (1/k)]. Writing 6, = e/k, we
decompose the integral fOCC in (3.3) for J into

1 e—0y 0
L=l =L
0 1 efék
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When 0 < « < 1, we have P(ty < |o|) = 0 since 7y > 1. For the second integral we bound
this probability using Lemma 3.4, and for the third integral we use the bound 1:

e— 5k H
]g <€ Lok ] > H k) vak)ocf’“l‘ 1d0€+/ (vak —vak— Ly

k
- “ 6k<eHWJ> Hgy J(vak)o "t do 4 (e — 5) .

(eHwJYe (e(lnL kJ 1)) ~in[ot]
<[e(mer )] (o)

k
< Z[elnoH—ék] ’
04

By Lemma 3.5,

where in the last inequality we have used the fact that 2| x| > x for x > 1. Thus

=/ oH\ i \ K ‘ i olno+ o 1
/1 (kL0<J> e Hik) (vak)e "1 doy < 21)ak/1 {W} dov. (3.5)
Bounding |[I],||,, using Lemma 3.1 gives
D€ oS r 1 k/w

I < . 3.6

sl < <1—se) (wr—l—l—wrse) (3.6)

Combining (3.5) and (3.6) and using (x + y)"/* < x!/* + y!/* for x,y > 0 proves the lemma.
U]

The following elementary calculus lemma will prove useful in the proof of Theorem 4.1.

Lemma 3.7. The function f(x) := ex"'Inx has a unique maximum for x € (0,00), at X = e
with value f(X) = 1.

The following simple consequence of the triangle inequality will be used in the proof of
Corollary 5.3.

Lemma 3.8. Let (x;)ic; and (y;)ic; be two collections of non-negative real numbers indexed
by a common set I. Then

Isup x; — sup yi| < Suplxz Vils
iel iel

provided that at least one of the suprema on the left is finite (so that the difference of them
is well defined).

Our next lemma is a simple bound, used in the proofs of Theorem 6.3 and Lemma 7.4,
on the LP-norm of a maximum of a finite collection of non-negative random variables.
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Lemma 3.9 (Max Lemma). Consider random variables X, >0, m=1,...,M, and let 1 <
p < o0. Then

I max X, [l, < M7 max| X,

Proof. The key to the proof is to bound the maximum of the M random variables X7,
by their sum and then the sum of their pth moments by M times the maximum of the
pth moments:

|max X, ) = E(max X,,)” = Emax X},
m m m

m

< Y EX), < MmaxEX?

= M max|| X, . ]
m

Recall from the first paragraph of Section 2.2 the definition of the vector space 5.
Given any sequence of positive real numbers (a;) and any 1 < p < oo, we can define a
very useful functional on B as follows.

Definition 3.10. We define a real-valued function |[|-]|, on the vector space B of binary
tree indexed stochastic processes (Xy) by setting

o0
X :=Za max|| Xg|,.
WXl =3 a ool

Let

B = {X € B:[|X]||, < oo};in typical fashion, we identify two processes X and Y in
BYif || X — Y|, =0.

Proposition 3.11. B"” is a Banach space with the norm ||-||,. O

Proof. It is easily verified that B is a vector subspace of B and that [I/ll, is a norm on
B What remains is to establish that the vector space B is complete with respect to the
metric induced by |||-[|l,. Our proof of this is adapted from Section 6.10 in [22]. Suppose
X™ € B form a Cauchy sequence with respect to the norm ||-|,. Choose a sequence
{, — oo as n — oo such that for m;,m, > £, we have

mX(ml) _ X(mz)mp < 2N

This implies that for each 6§ € ®, the random variables X é") form a Cauchy sequence in
LP, and for m > /, and t > n we have

o0
“on  — (m) (1) —
X — x|, = k§_0 ax géekaX@ =Xyl <27
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For each 0, let X, be the L? limit of X}”. For m fixed and k = 1,2,..., define

4
fulk) = max | X" = X7,
and

k) = X" Xl
f(k) gg}\f\l 0 ollp

Since for every 6 we have Xé") X, Xy, for each k we have f,(k) — f(k) ast — co0. Let u
be the counting measure induced by (ai) on Z, i.e., u({k}) = ay for every k € Z,. Then
by Fatou’s lemma,

/liminfft du < liminf/fz du,
t—0o0 t—00
which, in the case of m > /,, simplifies to

1 = X[, < liminf X" — X)), < 277,
—00

where X € B? is the process of the Xy. Since this inequality holds for all m > /,, we get

X — X, — 0. O

4. Process convergence

Our main result is to show that the normalized QuickSelect tree process S,/n = (S,.0/n)
converges to a limit, namely, I = (Iy), in the Banach space (B, ]|[|,) described in
Proposition 3.11.

Theorem 4.1 (Master Theorem). For 2 < p < oo and e-tame source-specific cost function f§
with 0 < e < 1/p, as n — oo we have
S

=1
n

— 0,
p

with a = aip, = 2K/P in the definition of -1l -

Proof. By Lemma 3.2, for each 0 in the infinite binary tree, ||(S,0/n) —Igll, — 0, so that
by the dominated convergence theorem it suffices to find a sequence (by) such that

(i) for 0 € Ay we have [|(S,0/n) —Igll, < bk, and
(i) Do, 2K/Phy < o0,

Decomposing Iy into Igl(tg < n)+ Iyl(ty > n) gives

S S -
;ﬂ _10’ — ’( :" 1 nf"h))l(w <n)— %0101(10 <n)—Igl(tg > n) (4.1)

1
< IS0 — (n—o)lo[1(zg < n) + 1o, (4.2)
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Recall that, conditionally given Cy = (tg, Lg, Ry, U;,), the random variable S, is the i.i.d.
sum of (n — t9)* random variables with mean Iy. If we let U ~ uniform(0, 1) independent
of Cp and define Xy := 1(Ly < U < Ry)f(U, U,,), then by Rosenthal’s inequality [20] there
exists a constant ¢, depending only on p such that

:

1
< (w < m)f(n— t)E[|Xg — I[P | Co) + (n— )" (Var[Xy | Co])"*}

1 1
< epl(tg < n){np_lIEUXg —IglP | Co] + W(Var[Xe | CH])P/2}.

so that

Sn,@

—1Iy + [Hollp- (4.3)

p

1
< Hlsn,e —(n—19)ly|1(ty < n)
P n

1
E Llplsn,o — (n—19)ly|"1(tg < n)

However, by convexity of the pth-power function,
E[|Xo —Iol" | Co] <2771 (E[X] | Co] +1§) =27 (Ipg +1§) < 21,

and Var|Xy | Cyg| < Inp. Thus, utilizing the factor 1(zg < n) gives

1
E l:nplsn,() — (n—19)ly|"1(tg < n)

—(— —p/27p/2
CO] <62’ (7 "0 + Top/ I% )-

Taking expectations yields

14
<2 (E[ry" ") +E[5;"*155]). (4.4)

1
H|Sn,e — (n—19)Ig|1(tg < 1)
n 14

From (4.3), (4.4), and Lemma 3.1 (with s = 1 and r = p), we get

p
‘ on —1Iy
p
1 p
< H’ns”’o —(n—1o)lp[l(rg <n)|| + |I()|p:|
1 ' P
<ol [ ‘nISn,o —(n—=19)ly|L(zg <n)| + |10|Z]
p

2¢¢

1—e¢€

p
<27 o2 @5 ) + B[ + () G 1-pet] @
Because p + 1 — pe > p > 2, it suffices to prove geometric decay at a rate faster than 2%
for each of the two expectations in (4.5). (Note that when p = 2, the two expectations are
equal, so we can and do restrict to p > 2 in considering the first expectation but allow
p = 2 in considering the second.)
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To establish this geometric decay, consider E[c, " "1,9] first. For any v,w € (1,00)
satisfying v™! +w~! = 1, applying Lemma 3.6 gives

20ech 1 K
E —(P—l)l <
[TG p’()] 1—pe)\w+1—wpe

Ol olno+ 6 I/
{<2v —lk/ [alw l)k} doc) + (e — )P~ ”"}

The factor (w4 1 —wpe)/* here is bounded by unity, and the term involving (e —
)~ ?=V% in the bound on E[t, " VI,] decays at a geometric rate faster than 27%. So it
suffices to show that there exist v > 1 and n > 0 (each of which may depend on p, but
not on k or o € (1,e — d;)) such that

elno+ o
L{ (1) } Sl—=n

(4.6)

for all large k. Since oy /a!T*P~D < §, — 0 as k — oo, it suffices to establish (4.6) with
replaced by 0. By Lemma 3.7, we have

2 elno < 2v
ol to=D ) = 1 p(p— 1)

and the bound here is strictly less than 1 precisely when
20— 1

p>1+ (4.7)

Since 1 +v71(2* —1) —» 2 asv — 1, for any p > 2 a value of v > 1 can be found satisfying
(4.7).
Now consider E[ty~"/?I %2] Applying Lemma 3.6 gives

Bl 7})/2[!’/2 226 2 p/2 1 k/w
1—2e¢ (wp/2)+ 1 —wpe

0 eolno+ o 1 Iy
. — 5.\ Pk/2
X {(vpk/l { P ERTTYEY } doc) + (e — ox) }

As before, the term involving (e — d;) %/ poses no problem. It is therefore sufficient to
show that we have geometric decay in k for the following expression:

kv 1 kol /Hk elno+ ;1" do
(wp/2) + 1 —wpe 1 alt+or/2) '

When p > 2, arguing as before we need only find v and w satisfying v=' + w=! = 1 such
that the following expression is bounded by 1 — # for some # > 0:
2%elIna 1 2v 1

o +r/2) [w((p/2) — 1) + 1]/ S (p/2) + L [w((p/2) — 1) + 1]*/*
However, as v — 1 and w — co we have
2v 1 4
/2 + 1 ((p/2) = D+ 117 p+2’
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which for p > 2 is strictly less than 1. When p =2 and 0 < e < 1/2 is given, it suffices to
find a value of v > 1 such that
2v 1

— (4.8)
o+ 1t (1—2e)41]""

When v = (3/2) — €, the expression in (4.8) becomes

2(5/2)—€ 4

Loy (12 — Ty /2] .

S (4 —2e) 5= 26(2 €) : f(e).
One can easily check that f(1/2) = 1 and that f is strictly increasing on [0, 1/2]; therefore,
together they imply that (4.8) is satisfied when v = (3/2) —e. ]

5. Consequences of process convergence

Let T" be the collection of all non-empty paths (finite or infinite) from the root of the
infinite binary tree. For any path y € I, define |y| € {1,2,...} U {c0} to be the number of
levels visited by y, and let

Spy = ZS,,,() and I, = Zlo.

ey ey

Let p € [1,00), and let a; = ay, = 2/ be used in the definition of ||-|,.

Proposition 5.1. Let 1 < p < oo and suppose that
S

‘ 21|l -o0.
n p
Then as n — oo we have the LP-convergence
Sny
sup|— —1I,||| — 0.
yel'| 1 p
L]
Proof. Consider a path y € I" and let y = (0o, 0y,...,0,,—1) if |y] < oo and y = (0,01,...)
if |y| = co. Then
Sn"/ Sn O
—r IM J— > —1
s r|-| 2 (-,
0<k<Iy|
Sn .
=| > k< y|>( & —Ie,i)‘
0<k<oo n
S
< D0 Mk <P~ Ty (5.1)
0<k<oo
where 0y is defined arbitrarily for k > |y| if |y| < co. Moreover, for any k we have
Sn Ok SnH P
— —Jp | < =~ —1 . 5.2
| 0 (Z 0 (52)

ey
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Note that the bound in (5.2) does not depend on which path y € I' was chosen. By
combining (5.1)—(5.2), we get the following bound:
p>1/p

0<k<oo <6€Ak
p> 1/p
p) 1/p
P

>z

0<k<oo 0y
n

Y g Sn,(?

v

N

sup
yell

n

p p

Sn,F)

N

p

Sn,()

z(z

0<k<oo MOEA

< 2K/P max
Z 0eAk
0<k<oo
Sy
n

4

O

14

Remark 5.2. The same proof shows that Proposition 5.1 continues to hold when I' is
enlarged to include all random paths defined on the same probability space as the seeds U;.

We now focus our attention on the analysis of worst-case QuickSelect. Let

T, =n" FIND 53

ni=n"" max FIND(n,m), (5.3)

where FIND(n, m) is the cost for QuickSelect to find the mth smallest element of the first
n keys. Note that T, has the following representation:

Sny S
T, =sup —L = supz né (5.4)
yel' N yell 0cy
Define
T :=supl,. (5.5)
yell
Corollary 5.3. Suppose that
& —1I||| —0.
n p
Then as n — oo we have
LP
n
Proof. By Lemma 3.8, we have
S
1Ty =Tl = [Jsup > —supr,|| < | sup| 222 — ||
yel' N yel » yel'| 1N »
and the result follows from Proposition 5.1. U]
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Corollary 5.4 (L?-convergence for worst-case Find). Let 2 < p < oo, and suppose that the
source-specific cost function f is e-tame with 0 < e < 1/p. Then, recalling (5.3)—(5.5), the
scale-normalized cost T, of worst-case Find satisfies

T, -5 T.
Proof. Combine Theorem 4.1 and Corollary 5.3. L]

6. QuickSelect for fixed quantile(s)

6.1. QuickVal and QuickQuant
Fix o € [0,1] and let (m,) be any sequence of integers satisfying 1 < m, < n for every n
and m,/n — « as n — oo. Consider the algorithm QuickQuant(n, ), defined as Quick-
Select(n,m,) applied to the first n keys. Vallee, Clément, Fill and Flajolet [21] introduced,
and Fill and Nakama [8] further studied, an algorithm QuickVal(n,«), closely related to
QuickQuant, described briefly as follows (see, e.g., [8, Section 2.3] for a fuller description).
While QuickQuant(n,a) searches successfully for the sample a-quantile among the first n
seeds Uy,..., Uy, the algorithm QuickVal(n,«) searches (unsuccessfully, with probability 1)
through the seeds Uy,..., U, for the value o.

Let y(x) € T be the infinite path from the root seed to seed o in the infinite binary
search tree of seeds. By combining Theorem 4.1 and Remark 5.2, we obtain the following
result.

Proposition 6.1 (L?-convergence for QuickVal). Let 2 < p < oo, and assume the source-
specific cost function f is e-tame with 0 < e < 1/p. Then the cost V, of QuickVal(n,o)
satisfies

V., rr

" —> Iy as n — oo,

Remark 6.2. (a) This result is obtained effortlessly from our master Theorem 4.1 but is
slightly weaker than Theorem 3.1 in [8] in two ways. First, we require p > 2, whereas only
p > 1 is assumed in [8]. Second, our tameness hypothesis of 0 < e < 1/p is sufficient (but
not necessary) for the hypothesis

> (Ely)"" < oo
k>1

of [8, Theorem 3.1], y(x) = (04, 03, ...) being the random path traversed by QuickVal(n,).
(Note the adjustment in indices needed to align notation with [8].) This sufficiency can be
proved as follows. As argued at the start of the proof of Lemma 3.1,

2pecP -
Iy, < fl,e(Rok —Lo) "
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But according to [8, Lemma 3.5] we have

72— 2(1p6)>k

(R — Lo < (255

and the fraction [2 — 27(779)] /(2 — pe) here is strictly smaller than 1.

(b) Similarly, the next result is Theorem 4.1 in [8], but is proved there assuming only
p=1l

Theorem 6.3 (L?-convergence for QuickQuant). Let 2 < p < oo, and assume the source-
specific cost function f is e-tame with 0 < € < 1/p. Then the cost Q,, of QuickQuant(n, )
satisfies

O,

o L) as n — 0.

Proof. For each n, let y, = yu(a) = (040, 0n1,042,...,0,,) be the random path taken
by QuickQuant(n,o) and let y = y(x) = (0, 01,...) be the random path taken by Quick-
Val(n,a). It follows from the random-paths extension of Proposition 5.1 mentioned in
Remark 5.2 that

o |l — 0.

P

Therefore, by the triangle inequality for LP-norm, it suffices to show that

0

I, =Ll < Y Ik < |paDlg,, —Ig ||, — O.
k=0

As an easy consequence of the strong law of large numbers, for each k we have almost

surely that

1(k < |yal)g,, —Ig, =0 for all large n.

Therefore by applying the dominated convergence theorem twice (first for expectation
and then for counting measure), we finish the proof. It suffices to show that the upper
bound in the inequality

10k < Mo, I, < 2lmax o],

is summable over k. Indeed, by applying Lemmas 3.9 and 3.1 we get the bound

c2¢ p+1—pe\ P
Io|| < 2k/p Ioll, < )
Imax Iy, max|[Loll, (1_6)< > )

Since € < 1/p and p > 2, we have that p + 1 — pe > 2, which ensures summability over k.
U
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6.2. MultipleQuickQuant

We will be very brief in this subsection. Consult, for example, [16] for a description of
the algorithm MultipleQuickSelect(n;my,...,m,) for finding simultaneously the keys of
rank my,...,m; in an input sequence of length n.

Now fix a positive integer ¢ and, for i = 1,...,t, values &' € [0,1] and sequences (m!)
of integers satisfying 1 <m) <n and m!/n— o« as n— co. Consider the algorithm
MultipleQuickQuant(n;al,...,of), defined as MultipleQuickSelect(n; m),...,m}) ap-
plied to the first n keys. Let 7 = y(a!,...,a’) be the union of the sets y(o') described just
before Proposition 6.1, and let I, := ., Iy. The next theorem generalizes Theorem 6.3.

Theorem 6.4 (L?-convergence for MultipleQuickQuant). Let 2 < p < oo, and assume the
source-specific cost function f is e-tame with 0 < € < 1/p. Then the cost M, of Multiple-
QuickQuant(n;al,...,a!) satisfies

M, L

P
— I, as n — 0.
n

In the interest of brevity, the proof is omitted. We also leave the statement (which by
now should be rather obvious) and proof of LP-convergence for worst-case Multiple-—
QuickSelect to the reader.

7. Almost-sure convergence for worst-case Find

Theorem 7.1 (almost sure convergence for worst-case Find). If the source-specific cost
function f is e-tame with 0 < € < 1/4, then, recalling (5.3)—(5.5), the scale-normalized cost
T, of worst-case Find satisfies

T, — T as.as n— oo.

Remark 7.2. Devroye [3] proved this almost sure convergence in the special case f = 1
of key comparisons.

Proof of Theorem 7.1. For 0 < / < oo, let I'(#) be the set of 2/ paths from the root to
a node at level /. For 0 < / < oo, define

T() = L, V() = Iy,
(4) max T, (7) k§>/ max Iy
Sl‘l" Sl‘l

T,({) :== max —-, Vu(l) == max -7,
vel(4) n = 0eA, n

Then we have the following inequalities for T and T),:

T.(7) < T < Tu(4) + Val(0),
T/)<T < T()+ V()
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and hence
< n(/) +ITu(2) = T()| + V().
We prove that T, —» T almost surely in three steps. First, we show for each fixed /
that T,(/) — T(/) a.s. as n — oo, then we show that V (/) — 0 a.s. as / — oo, and lastly

we show that limsup,_, . limsup,_,, V,(¢) = 0 almost surely. Therefore the result follows
from Lemmas 7.3-7.5. U

Lemma 7.3. We have
T.(/)— T(l) as.asn— oo.

Proof. Let 0 € ®. Condition on the random vector Cy; recall that S,y is then the sum
of n — 1y 1.1.d. random variables and hence

Sn,H

— Iy as. (7.1)

Since (7.1) holds conditionally for (almost) every value of Cy, it also holds unconditionally,
by Tonelli’s theorem. Therefore (summing over 0 € y), S,,/n — I, as. for each path
y € I'(£) because each such path is finite. Then, taking the maximum over the finite set of
such paths, we conclude the desired result. L]

Lemma 7.4. If f§ is e-tame with 0 < e < 1, then

V() — 0 as.as / — oo.

Proof. Let p € [1,00). Using Markov’s inequality, for any > 0 we have P(V (/) > 1) <
EV(£)?/nP. Therefore, by the first Borel-Cantelli lemma, it suffices to show that

»
S EV(/Y <
/=0

However, applying the definition of V' (/), the triangle inequality for (and continuity of)
[-Il,, the Max Lemma (Lemma 3.9), and Lemma 3.1, we find

2 k/p
Iy e

k>

for a constant C not depending on /. This implies that

© © ) {/p © 2 k/pqP
EV/PgCP - —
; ) Kp+1—p6> Z<p+1—p6) ]

S ) ) T
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Choosing p so that e < (p — 1)/p, we have
S BV <o O
7

Lemma 7.5. If f is e-tame with 0 < € < 1/4, then

limsup limsup V, (/) =0 as.

/—0 n—o0

Proof. First observe that V,(£) < V(/) + 17,1(/), with

Swo (n — 1'0>10
n n

In light of Lemma 7.4, it is sufficient to prove that limsup,_, . limsup,_,, V,(/) vanishes
almost surely. In fact we will prove the stronger result that Va(/) = 0 as. as n — oo for
each /. Using the technique of Markov’s inequality and first Borel-Cantelli lemma as in
Lemma 7.4, it suffices to show that for some 2 < p < oo we have

17,,(/) = r()nz/t\x{
ks

1(7p < n)] .

S EVA(Y < .

0
n=1

Arguing as in the proof of Lemma 7.4, we have the following bound for any p €
[2,00):

p
EV, (/) < 2K/P max h(n, ,0} ,
@ LE; max h(n, p, 0)

where h(n,p,0) is the first term on the right in inequality (4.3). By the arguments
following (4.3) in the proof of Theorem 4.1, we have the following bound on h(n, p, 0):

21, Ié’,ﬁfﬂ

np—1 nP/2

hnp. ) < cpE[lm < n)(

So we have the following bound:

/2 1/pqP
_ P I’ P
EV.(/F < ¢, [Z (2%[1(% < n)< s nif;)]) ] ,

k>

where 0, € Ay is chosen arbitrarily for each k. Choose p such that e < 1/p < 1/4 and
then a such that 1 < a < (p/2) — 1. After factoring out n%, we are left with the following
bound for EV,,(£)?:

/2 1/pqP
_ P 17 P
EV, (/) < cpn“b :<2"E[ pl (pff)ﬁ D ] . (7.2)

k>¢ Ty T,

Note that the only dependence on n in this bound for EV,(/)” is in the factor n~*.
Therefore, since a > 1 it suffices to prove that, for any 7, the sum over k in (7.2) is finite.
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This can be done by two applications of Lemma 3.6, just as in the proof of Theorem 4.1;
the remaining details are routine and omitted. U]

Note that the tameness condition € < 1/4 imposed on f§ for almost sure convergence
of worst-case QuickSelect in Theorem 7.1 matches the condition imposed for almost
sure convergence of QuickVal proved by Fill and Nakama in [8, Theorem 3.4] for fixed
quantile o.
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