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The flow tree formula for Donaldson—Thomas
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Hiilya Argiiz and Pierrick Bousseau

ABSTRACT

We prove the flow tree formula conjectured by Alexandrov and Pioline, which computes
Donaldson—Thomas invariants of quivers with potentials in terms of a smaller set of
attractor invariants. This result is obtained as a particular case of a more general flow
tree formula reconstructing a consistent scattering diagram from its initial walls.
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1. Introduction

Donaldson-Thomas (DT) theory is a topic at the intersection of algebraic geometry, symplectic
geometry, representation theory, and theoretical physics. Given a triangulated category C which
is Calabi—Yau of dimension three (CY3) together with a choice of Bridgeland stability condition
0 (see [Bri07]), DT invariants are defined by virtually counting #-semistable objects in C' (see
[DT98, Tho00, JS12, KS08]). In quantum field theory and string theory, they play an important
role as counts of Bogomol'nyi-Prasad—Sommerfield (BPS) states and D-branes [ABCT09].

Quivers with potentials [DWZ08] provide a natural source of examples of CY3 categories
coming from representation theory [Gin06, Kel08]. Owing to its more algebraic nature, DT
theory of quivers with potentials is an ideal setting to study and explore many questions which
are also of interest in the geometric incarnations of DT theory given by counts of semistable
objects in the derived category of coherent sheaves on Calabi-Yau 3-folds [Tho00] and by counts
of special Lagrangian submanifolds in Calabi—Yau 3-folds [TY02, Joy02].

A key phenomenon in DT theory is wall-crossing in the space of stability conditions: DT
invariants are constant in the complement of countably many real codimension-one loci in the
space of stability conditions called walls, but they jump discontinuously in general when the sta-
bility condition crosses a wall. The precise description of this jumping behavior of DT invariants
across walls in the space of stability conditions is given by the wall-crossing formula of Joyce
and Song [JS12] and Kontsevich and Soibelman [KS08], which is a universal algebraic expression
that contains some amount of combinatorial complexity.

By successive applications of the wall-crossing formula, one can show that the DT invariants
of a quiver with potential are determined by a much smaller subset of attractor DT invariants
defined by picking particular stability conditions [KS14, AP19]. In [AP19], Alexandrov and
Pioline conjectured, based on string-theoretic predictions, a new formula that expresses DT
invariants in terms of the attractor DT invariants as a sum over trees, called the flow tree
formula. Their conjecture reduces the general wall-crossing formula to an iterative application
of the much simpler primitive wall-crossing formula. The main result of the present paper is a
proof of the flow tree formula. In fact, we prove a version of the flow tree formula in the more
general context of consistent scattering diagrams.

The flow tree formula is a new tool to unravel some of the deep and hidden structures
in DT theory. For example, versions of the flow tree formula are a major tool in the recent
formulation of the conjectural proposal of [AP20] (see also [AMP20]) for the construction of
modular completions for generating series of DT invariants counting coherent sheaves supported
on surfaces inside Calabi—Yau 3-folds.

1.1 Background
A quiver with potential (@, W) is given by a finite oriented graph @, and a finite formal linear
combination W of oriented cycles in (). We assume that ) does not contain oriented 2-cycles,
and we denote by Qq the set of vertices of (. For every dimension vector v € N := Z9 and
stability parameter

0 € v~ C Mg = Hom(N,R), (1.1)
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where v == {6 € Mg |6(7) = 0}, the theory of King’s stability for quiver representations [Kin94]
defines a quasiprojective variety Mg , parametrizing S-equivalence classes of 6#-semistable
representations of () of dimension v, and a regular function

Tr(W)4: MJ — C. (1.2)
Assuming that 6 is y-generic in the sense that 6(7') =0 implies 4’ collinear with ~, the DT
invariant Qz is an integer which is a virtual count of the critical points of Tr(W)g. Applying

Hodge theory to the sheaf of vanishing cycles of Tr(W)g, the integer Q?y can be refined into a

Laurent polynomial Qz (y,t) in two variables y and t and with integer coefficients, referred to as
refined DT invariants [JS12, KS08, Reill, Reil0, MR19, DM15, DM20]. It is often convenient

to use the rational functions ﬁ:(y, t) € Q(y,t) defined as in [JS12, KS08, MPS11] by

=0 Ly—y
Lyt) = == (", 1Y), (1.3)
kyt—y
v eN
v=kv', k€EL>1

and referred to as rational DT invariants.

The DT invariants Qg(y, t) are locally constant functions of the v-generic stability parameter
6 € v and their jumps across the loci of non-y-generic stability parameters are given by the
wall-crossing formula of Joyce and Song [JS12] and Kontsevich and Soibelman [KS08]. Using the
wall-crossing formula, the DT invariants can be computed in terms of the simpler attractor DT
invariants, which are DT invariants at specific values of the stability parameter.

Let (—,—): N x N — Z be the skew-symmetric form given by

(1) = D (ai; — az)ni)s (1.4)
ivjEQO
where a;; is the number of arrows in () from the vertex i to the vertex j. The specific point
{(y,—) € v+ C My is called the attractor point for v (see [AP19, MP20]). In general, the attractor
point (7, —) is not y-generic and we define the attractor DT invariants Q27 (y,t) by

3 (y.1) = O (9, 1), (1.5)

where 0., is a small y-generic perturbation of (v, —) in 4 (see [AP19, MP20]). One can check
that Q7 (y,t) is independent of the choice of the small perturbation [AP19, MP20].

For an acyclic quiver @ (and so W = 0), or more generally for a quiver () with a non-
degenerate potential W admitting a green-to-red sequence [Moul9], the attractor DT invariants
are as simple as possible:

Q(y,t) = {

where 0;; is the Kronecker delta. Similarly, for a quiver with potential (@), W) describing the
derived category of coherent sheaves on a local del Pezzo surface, it has recently been conjectured
[BMP21, MP20] that Q(y,t) = 0 unless v = (0;5)icq, for some j € Qo or unless 7 is the class of
the skyscraper sheaf of a point. However, for quivers with potential (@, W) describing interesting
parts of the derived category of coherent sheaves on a compact Calabi—Yau 3-fold, the attractor
DT invariants are expected to be non-vanishing and to typically exhibit an exponential growth.
We refer to [DM11, MPS12, LWY12b, LWY12a, BBAB™12] for some explicit examples involving
n-gon quivers.

1 if v = (0i5)ieq, for some j € Qo

) (1.6)
0 otherwise,
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The rational DT invariants ﬁ:(y,t) for general y-generic stability parameters 6 € v are
expressed in terms of the rational attractor DT invariants ﬁ; (y,t) by a formula of the form

a9 B 1 0 S
Q’y(y)t) _Z Z |Aut({’yz}l)|F’" (717"'771”)1_‘[9%(?/)07 (17)
r2l {vihi<i<r i=1

Yo=Y

where the second sum is over the multisets {7;}1<i<, with v, € N and Y ;_;~; = . Here, the
denominator | Aut({~;};)| is the order of the symmetry group of {v;}: if m.,» is the number of times
that 7" € N appears in {v;};, then | Aut({~;};)| = [/ cy m+!. The coefficients FO(y1,...,7,) are
element of Q(y) and are universal in the sense that they depend on (Q,W) only through the
skew-symmetric form (—, —) on N. Our main result is the proof of an explicit formula, called
the flow tree formula and conjectured by Alexandrov and Pioline [AP19], which computes the
coefficients F9(vy,...,7,) in (1.7) combinatorially in terms of a sum over binary rooted trees,
and where the contribution of each tree is computed following the flow on the tree starting at
the root and ending at the leaves.

1.2 Main result: the flow tree formula

We introduce some notation which is necessary to state precisely the flow tree formula in
Theorem 1.1. We fix v € N, a v-generic stability parameter 6 € v, and ~1,...,7 € N such
that > . v =17.

An essential ingredient in the formulation of the flow tree formula for F?(vyi,...,~,) is
the choice of a generic skew-symmetric perturbation (w;;)i1<; j<, of the skew-symmetric matrix
({(vi,75))1<ij<r- The matrix (w;;)i<i j<r cannot be viewed in general as a skew-symmetric bilin-
ear form on the sublattice of N generated by ~i,...,7, because v1,...,7, are not necessarily
linearly independent in N. Nevertheless, the matrix (w;;)i<ij<r can always be interpreted as
a skew-symmetric bilinear form w on a rank r free abelian group N := €,_, Ze; with a basis
{ei}1<i<r and such that w;; = w(e;, e;). From this point of view, there is a natural additive map

p: N — N
(1.8)
e — Vi,
which enables us to define a skew-symmetric bilinear form 7 on N as being the pullback of (—, —)

on N, that is, n(e;, ej) == (7i,7;), and we consider a real-valued skew-symmetric form w on N
obtained as a small enough generic perturbation of 7. Let Mg := Hom(N,R) and ¢: Mg — Mg
be the map induced from p: N' — N by duality. We denote by

a:=q(0) (1.9)
the image in Mp of the stability parameter § € Mi by the map q.

The flow tree formula in Theorem 1.1 takes the form of a sum over trees. More precisely,
we consider rooted trees which apart from the root vertex have r univalent vertices, or leaves,
decorated by the basis elements ey, ..., e, of N. For such a tree T, we denote by V2 the set of
interior, that is, non-univalent, vertices. We endow each such tree with the flow from the root to
the leaves. Given a vertex v in a tree, the vertex adjacent to v coming before v along the flow
is referred to as the parent of v and denoted by p(v), and the vertices adjacent to v and coming
after v along the flow are referred to as the children of v, as illustrated in Figure 1.1. Any vertex
that comes after v along the flow is a descendent of v. Let 7, be the set of such trees which are
binary, that is such that each interior vertex v of a tree T' € 7, has exactly two children. For
every tree T € 7, and v a vertex of T, we define e, € A as the sum of all elements that appear
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The root vertex

- Parentofw

Children of v

€y =€y + ey =€y +e3+estes

FIGURE 1.1. A binary tree T with five leaves for N = Zei @ Zeoy @ Zes ® Zey ® Les,.

as decorations on the leaves which are descendent of a vertex v. We denote by 7, the set of trees
T € 7, such that n(e,, ey) # 0 where v is the child of the root and v’,v” are the children of v.

For every tree T' € 7,” and v a vertex of T" distinct from the leaves, we define 07; € Mg
recursively as follows: if v is the root vertex, then set 677 := av. If v is not the root, let p(v) be
the parent of v, and for any of the children, say v’ of v, and le,w = w(ey, —) € Mg, define

9%’“) (ev/)
052 = 05 )~ 7w(’;f:) e (1.10)

We show in Lemma 2.12 that this definition is independent of the choice of the child v of v.
Following [AP19], we call v — 9;5;) the discrete attractor flow.

For every tree T € 7;" and interior vertex v € V2, we fix a labeling v and v” of the two
children of v, and we define

sgn (07, () + sgn(w(ey, epr))
5%’,:) [ Tp(v)\"Y 5 v’ €v c {0’ 1, _1}7 (1‘11)
where sgn(z) € {1} is the sign of # € R — {0}. We show in §2 that for generic w € A*> Mg,

we have 0%’;’(0) (er) # 0 and w(ey,e,n) # 0 and so the definition of €7y indeed makes sense.

v
Our main result is the following flow tree formula, conjectured in [AP19], which enables us to
determine the coefficients F?(v1,...,7,) in (1.7) expressing the DT invariants ﬁg(y, t) in terms

of the attractor DT invariants ﬁ:ﬁ (y,1).

THEOREM 1.1. For every choice a small enough generic perturbation w € /\2 Mg of the skew-
symmetric bilinear form 7, the universal coefficient F?(v1,...,,) in (1.7) is given by the flow
tree formula:

Elmy-oom) = Y T eranntes,en)), (1.12)
TeT," veVR
where €7 is as in (1.11) and

X —T

(—1e LY

k() = ——

(1.13)

for every x € 7.

Theorem 5.5 presents a version of Theorem 1.1 in which we phrase more explicitly the
condition that w should be a small enough generic perturbation of 7.
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We also prove a variant of the flow tree formula recently conjectured by Mozgovoy [Moz22],
which relies on a perturbation of points in Mg rather than the skew-symmetric form. We first
remark that § € v implies that o € My defined in (1.9) satisfies a € (3°7_, ;). For 8 a small
perturbation of « in the hyperplane (3°;_, e;)*", we define 9?2 € Mg and egz € {0,1,—1} by
replacing o by § and w by 7 in (1.10) and (1.11).

THEOREM 1.2. For every choice 3 € (Y.i_, e;)* of small enough generic perturbation of o :=
q(0) in the hyperplane (3}_, e;)*, the universal coefficient FY(y1,...,7) is given by

Ff(’Yla-'-”Yr) = Z H 65{2'{(77(61;/761;”)), (1'14)

TeT," veVp
where €7y is as in (1.11) and & is as in (1.13).

In Theorem 5.6, we present a version of Theorem 1.2 in which we state more precisely the
condition that 8 should be a small enough generic perturbation of a.

1.3 Structure of the proof

The proof of Theorems 1.1 and 1.2 relies on the notion of a scattering diagram, introduced
in [GS11], based on the insights of [KS06], to provide an algebro-geometric understanding of the
mirror symmetry phenomenon in physics. To give the rough idea of a scattering diagram, which
we elaborate further in § 3.1, fix a nilpotent N*-graded Lie algebra g = D,.cn+ 9n- There is an
associated unipotent algebraic group G with a bijective exponential map exp : g — G defined
using the Baker—Campbell-Hausdorff formula. Given these data, a (N1, g)-scattering diagram
is defined as the collection of real codimension-one cones in Mg, called walls, which are deco-
rated by wall-crossing automorphisms, that are elements of G. We focus attention on scattering
diagrams relevant to DT and cluster theory, which have wall-crossing automorphism preserving
a holomorphic symplectic form as in [GPS10, GP10, KS14, Bril7, GHKK18, Moul9, Man21,
CM20, DM21], and not on the more general scattering diagrams that have wall-crossing auto-
morphisms preserving a holomorphic volume form, and which appear frequently in the context
of mirror symmetry [GS11, GHS22, AG20, KY19].

A codimension-two locus in Mg along which distinct walls intersect is called a joint.
A scattering diagram is said to be consistent if for any joint, the path-ordered product of all wall-
crossing automorphisms of walls that are adjacent to the joint is identity. It is shown in [KS06,
GS11] that there is an algorithmic prescription for constructing a consistent scattering dia-
gram from the data of an initial set of walls. This prescription is based on inserting new walls,
along with wall-crossing automorphisms, which order-by-order decrease the divergence of the
path-ordered products of wall-crossing automorphisms around joints from being identity.

Given a quiver with potential (@), W), Bridgeland [Bril7] constructed from the DT invariants
of (Q,W) a consistent scattering diagram in Mp, called the stability scattering diagram, whose
initial walls are determined by the attractor DT invariants. The stability scattering diagram is
a very useful tool to study DT invariants of quivers. For example, the transformation proper-
ties of DT invariants under mutations of a quiver with potential, conjectured in [MPS14] and
[MP20, Conjecture 3.14], are proved in [Moul9, Theorem 4.22] by a study of the corresponding
transformation of the stability scattering diagram.

The main technical goal of the paper is to prove Theorems 4.22 and 4.24: they are flow tree
formulas for consistent scattering diagrams which express as a sum over binary trees the wall-
crossing automorphism attached to a general wall in terms of the wall-crossing automorphisms

2211

https://doi.org/10.1112/S0010437X22007801 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007801

H. ARGUzZ AND P. BOUSSEAU

attached to the initial walls. In §5, we then derive Theorems 1.1 and 1.2 from the flow tree
formulas for scattering diagram applied to the stability scattering diagram.

The proof of Theorems 4.22 and 4.24 is given in §4 and consists of two parts. In the first
part of the proof, described in §4.2, we relate the (N, g)-scattering diagrams, which live in
Mg, to auxiliary (N1, h)-scattering diagrams which live in Mg, where § is a N "-graded Lie
algebra constructed from g. In the second part of the proof in §4.3, we show that the discrete
attractor flow naturally defines a embedding of the binary rooted trees inside the walls of the
auxiliary scattering diagrams in Mpg. The images of the trees in My are embedded graphs in
Mp with a balancing condition satisfied at each vertex distinct from the root, that is, essentially
tropical disks in Mg (see [NS06, Grol0, CPS22]). The generic perturbation of either the skew-
symmetric form or the position in Mp of the root of the embedded trees guarantees that the
vertices of the embedded trees are always contained in double intersections of walls, but never in
triple intersections. The iteration of the local consistency condition around double intersection of
walls determines the contribution of each tree. In the language of DT invariants, this reduces the
general wall-crossing formula to an iteration of the much simpler primitive wall-crossing formula.

We note in Remark 4.25 that the perturbation of the position in Mg of the root of the trees
used in the formulation of Theorems 1.2 and 4.24 is related to a way of perturbing scattering
diagrams going back to the work of Gross, Pandharipande, and Siebert [GPS10]. However the
perturbation of the skew-symmetric form used in the formulation of Theorems 1.1 and 4.22 seems
to be a completely new way to study scattering diagrams. Thus, most of the paper is focused
on the study of this perturbation of the skew-symmetric form and on the proof of Theorems 1.1
and 4.22.

1.4 Related work

1.4.1 Operads and wall-crossing. Very recently, while this paper was being completed,
Mozgovoy [Moz22] proved using an operadic approach to the wall-crossing formula, a differ-
ent formula for the coefficients F?(v1,...,7,), called the attractor tree formula and originally
conjectured in [MP20], following [AP20, AMP20]. The key differences between the flow tree
formula that we prove in this paper and the attractor tree formula proved in [Moz22] are the
following: the flow tree formula involves binary trees, requires a choice of generic perturbation,
and is naturally phrased in terms of Lie algebras, whereas the attractor tree formula involves
general (not necessarily binary) trees, does not require the choice of generic perturbation, and
is naturally phrased in terms of associative algebras. It is currently not known whether one of
these two formulas implies the other in a simple way.

Both the flow tree formula and the attractor tree formula, formulated precisely and proved
for DT invariants of quivers with potentials, are expected to have versions holding more generally
in DT theory as long as a global understanding of the space of stability conditions is available.
For example, the flow tree formula and the attractor tree formula play an important role in the
conjectural proposal of Alexandrov and Pioline [AP20] (see also [AMP20]) for the construction of
modular completions for generating series of DT invariants counting coherent sheaves supported
on surfaces inside Calabi-Yau 3-folds.

1.4.2 BPS states. From a physics perspective, a quiver with potential (@, W) defines a super-
symmetric quantum mechanical system with four supercharges [Den02] and the (refined) DT
invariants are counts of supersymmetric ground states, which often can be identified with super-
symmetric indices counting BPS particles in four-dimensional N' = 2 supersymmetric quantum
field theories [Fio06, CV13, ACCT14, ACC*13, CNV10] and BPS configurations of black holes
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in four-dimensional N = 2 string compactifications [Den02, MPS12, MPS11, MPS13, LWY12b,
LWY12a, DM11, dBES*09, BBdB*12]. In particular, the definition of the attractor point, as
well as the attractor invariants, is motivated by the attractor mechanism for BPS black holes in
N = 2 supergravity [FKS95, Str96]. The attractor invariants are closely related but not equal
in general to the single-centered invariants [MPS12], which are expected to count micro-states
of a single, spherically symmetric black hole, but whose conceptual definition is still mysteri-
ous mathematically. The flow tree formula conjectured by Alexandrov and Pioline [AP19], that
we prove in this paper, is motivated by the split attractor flow picture in N' = 2 supergravity
[Den00, DGRO1, DM11]. The idea that the supergravity attractor flow could be replaced by a
discrete attractor flow using sign functions was first suggested by Manschot [Man11].

1.4.3 Tropical curves and mirror symmetry. In [GPS10, CPS22, FS15, Man21], the perturba-
tion of scattering diagrams originally introduced by Gross, Pandharipande, and Siebert [GPS10]
is used to express general walls of a consistent scattering diagram in terms of the initial walls
using sums over tropical curves. The connection between scattering diagrams and tropical geom-
etry is particularly interesting from the point of view of mirror symmetry and connection
with Gromov-Witten theory, as shown in dimension two by Gross, Pandharipande, and
Siebert [GPS10] in genus zero and the second author [Bou20] in higher genus, and generalized
to higher dimensions in the work of the first author with Gross [AG20].

However, the point of view adopted in the present paper is different: the main interest of the
flow tree formula is that it is not written as a sum over tropical curves but as a sum over abstract
trees. The resulting formula is therefore entirely combinatorial, and more amenable to formal
manipulations, as exemplified in [AP19, AP20, AMP20]. In particular, the flow tree formula can
be easily implemented efficiently on a computer, as done in [Pio20].

1.5 Plan of the paper

In §2, we introduce our notation for trees and the discrete attractor flow, and we prove the
existence of suitably generic perturbations of the skew-symmetric form. In § 3, we first review
the reconstruction of consistent scattering diagrams from initial data, and then we state the flow
tree formula for scattering diagrams. The technical heart of the paper is §4 in which we prove the
flow tree formula for scattering diagrams. Finally, we prove in §5 the flow tree formula for DT
invariants of quivers with potentials by applying the flow tree formula for scattering diagrams
to the stability scattering diagram.

2. Trees and flows

In §§2.1 and 2.2, we introduce elementary notions on trees and skew-symmetric forms that are
used throughout the paper. In §2.3, we review the discrete attractor flow following [AP19]. In
§2.4, we prove the existence of sufficiently generic skew-symmetric bilinear forms to allow the
definition of the flow tree map in §2.5.

Throughout this section we fix a free abelian group N of finite rank r, and let M =
Homgy(N,Z) and Mg = M ®zR. We introduce the notation I := {1,...,r}, we fix a basis
{e;}icr of N, and we use the notation

NF ::{Zaiei\aizo, Zai>0}. (2.1)

i€l il
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€1 €1 €2 €1 €2 €3 €1 €3 €2 €2 €3 €1

FIGURE 2.1. Decorated binary rooted trees with at most three leaves.

We also fix a skew-symmetric bilinear form 7 € /\2 M on N, a subset J C I of cardinality |J|,

and let
ey = Zei. (2.2)
ied
Finally, for every non-zero n € N/, we denote by n* := {# € Mg |6(n) = 0} the corresponding
hyperplane in Mg.

2.1 Trees

DEFINITION 2.1. A rooted tree T is a connected tree with a finite number of vertices and edges,
with no divalent vertices, together with the additional data of a distinguished univalent vertex
referred to as the root. We denote by Vr the set of vertices of T, by Rt the set with the root
for unique element, Vi the set of interior vertices, which are vertices of valency greater than
one, and by V% the set of univalent vertices that are not the root, that is the set of leaves of T.
An isomorphism between two rooted trees T and T’ is a bijection ¢: Vi — Vv, which maps
adjacent vertices of T to adjacent vertices of 7" and the root of T to the root of T".

DEFINITION 2.2. A J-decorated rooted tree is a rooted tree T' endowed with a decoration of
the leaves of T by {e;}ics, that is, a bijection : VQI# — {ei}ies. An isomorphism between two
J-decorated rooted trees (T,1) and (1”,4') is an isomorphism of tree ¢: Vp — Vp compatible
with the decorations, in the sense that ) = v’ o .

DEFINITION 2.3. Let T be a rooted tree. The parent of a vertex v € Vp \ Ry is the unique vertex
denoted by p(v) which is adjacent to v and lies on the shortest path between v and the root.
A child of a vertex v € Vp is a vertex for which v is a parent, and a descendant of v is any vertex
which is either the child of v or is (recursively) the descendant of any of the children of v.

DEFINITION 2.4. A rooted tree T is binary if the root has exactly one child and each interior
vertex has two children.

Remark 2.5. We illustrate in Figure 2.1 some decorated binary rooted trees. Our binary rooted
trees are unordered in the sense that we do not fix an order on the set of children of a vertex.
In a binary rooted tree T, for every vertex v € V2, we denote by {v,v”} the set of the children
of v, without specifying an ordering. Nonetheless, for some constructions in what follows it is
sometimes useful to choose an ordering for the children. At any occasion where such a choice is
made we show that the result of the construction is in fact independent of this choice.

LEMMA 2.6. Let T be a J-decorated binary rooted tree. Then, T has 2|J| vertices and 2|J| — 1
edges.

Proof. The proof is by induction on the cardinality |J| of J. The result is immediate for |J| = 1.
For |J| > 1, write J = {io} U {i};c|»| wWith |J'| = |J| — 1. Removing from T the leg decorated
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by e;,, and erasing the resulting divalent vertex, we obtain a J'-decorated binary rooted tree T”.
The result follows because 7" has two fewer edges and two fewer vertices than T'. O

LEMMA 2.7. The set 7Tj of isomorphism classes of J-decorated binary rooted trees is of
cardinality (2.J] — 3)! = ]I/ " (2k — 1).

Proof. The proof is by induction on the cardinality |J| of J. The result is immediate for |J| = 1.
For |J| > 1, write J = {io} U {i};c|, with |J'| = |J| — 1. Removing from 7' the leg decorated
by ei,, we obtain a J'-decorated binary rooted tree 77 with an added divalent vertex on one of
its edges E. Conversely, given a J’-decorated binary rooted tree T’ and an edge F of T”, then
adding a divalent vertex v in the middle of E and gluing a leg decorated by e;, to v, we obtain
a J-decorated binary rooted tree. Therefore, we have a bijection between 7; and the set of pairs
(T', E), where T" € Ty and E is an edge of T'. By Lemma 2.6, a J'-decorated binary rooted tree
has 2|J'| — 1 edges, and so |7;| = (2|J'| — 1)|Tx| = (2|J] — 3)| 7| O

2.2 Skew-symmetric bilinear forms
We view elements w € /\2 Mp as R-valued skew-symmetric bilinear forms on A/, given by

w NxN —R
(2.3)
(v1,v2) — w(vy,v2).

DEFINITION 2.8. For every tree T' € 77, and a vertex v € Vp, we define an associated element

€ Nt referred to as the charge of v as follows: let Jr, C J be the subset of indices with
which the leaves that are descendant to v are labeled, that is, j € Jr, if and only if the leaf
decorated by e; is a descendant of v. Then, we set

ey =€y, = Z €;. (2.4)
’L'EJT)U

Note that if v is the leaf decorated by e;, then the associated charge e, = e;. For v € Vip, the
sets Jr, and Jy,» are disjoint, and we have e, = e,s + e,. If v is the root of T" or the child of
the root of 7', then Jr, = J and e, = e.

LEMMA 2.9. For every tree T' € T and interior vertex v € Vp, the linear form
/\ZMR — R
(2.5)
w w(evl7 evu)

is not identically zero.

Proof. As {e;}icr is a basis of N, the linear forms w — w(e;, e;) for ¢,j € I and ¢ < j form a
basis of the space of linear forms on A? Mg. We have

w(ey,eyr) = Z Z w(ejr,ejn). (2.6)

J EJT’U/j EJT’ 7

As the sets Jr v and Jp,,» are disjoint, each basis element w +— w(ejr, e;») with j' < j” appears up
to sign at most once in the sum (2.6). In particular, there are no cancellations and w — w(e,r, €, )
is not the zero linear form. ]

PROPOSITION 2.10. Let Uy C /\2 Mg be the subset of w € /\2 My such that for every tree
T € Tj and interior vertex v € V2, we have w(e,r, e,) # 0. Then, the following hold:

(i) Uy is open and dense in \* Mg;
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(ii) for every w € Uy, T € Tj and v € V2, we have w(ey, e,) # 0 and w(ey, e,r) # 0;

(iii) for every Jo C Jy C I, we have Uy, C Uy,.

Proof. By Lemma 2.9, U; is the complement of finitely many hyperplanes in /\2 Mp. Thus,
statement (i) follows. To show part (ii), observe that as e, = e, + ey, we have w(ey, e, ) =
w(eyr, ey ) and w(ey, eyr) = w(ey, eyr). Finally, part (iii) follows from the fact that every Jo-
decorated binary rooted tree can be realized as a subtree of a Ji-decorated binary rooted tree. [J

2.3 Discrete attractor flow
We review the description of the discrete attractor flow introduced in [AP19, §2.6].

DEFINITION 2.11. Fix a tree T' € T, a skew-symmetric bilinear form w € Uy C /\2 Mg and a
point « € e C Mg. We also fix a labeling v/,v” of the children of the vertices v € V2. The

discrete attractor flow for (T,w, «) is the map
07%: Rp UVp — Mg
a,w
UV — 9T7v

(2.7)

defined inductively, following the flow on T starting at the root and ending at the leaves, as
follows.

(i) For the root vertex v € Ry, we set

07, = a. (2.8)
(ii) For v € V2, and a child v’ of v, we set
90&,4&/ (e /)
ow _ gaw T 07
I = Or0) = L(en, o) L (2.9)

where p(v) is the parent of v, and for every n € N, 1,w = w(n,—) € Mg.

Note that because w € Uy, we have w(ey, e,r) # 0 for every v € V2 by Proposition 2.10, and
so (2.9) makes sense.

LEMMA 2.12. Using the notation of Definition 2.11, we have for every v € Vp:

07, € en Negr Cer, (2.10)
" oo _pow  OTpw)(@”)
GT,’U = HT,p(U) — Wbe“w' (211)

In particular, the discrete flow 037 defined as in (2.11) is independent of the choice of labeling
v" and v" of children of vertices v € V7.

Proof. We prove the result inductively following the flow on T starting at the root and ending
at the leaves. If v € V7 is the child of the root of T, then 67 is given by (2.9). By (2.8), we

have 6%, . = o and so
T,p(v)

e%w(ev') - a(e’u’) - Mw(eva ev’) = 0. (212)

v W(evv ev’)

On the other hand, as a € eﬁ, we have a(e,) = a(ey) = 0, and so, using e, = e,7 + e,», we have

afeyr) = —a(ey ). As we also have w(ey, €,/) = —w(ey, €,7), we finally obtain
ea,w ") = ” M n) = 0. 2.13
Tw (ev ) a(ev ) + w(ev’ev/)w(emev ) ( )
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Similarly, if v € V5 is not the root of T', then 67 is given by (2.9) and so

90(7(4) (6 /)
a,w a,w Tp(v)\7?
HT:U () = HT:p(v)(ev’) - %W(em ew) =0. (2.14)

By the induction hypothesis, we have 0;‘,’;’(1)) (ey) =0 and so, using e, = e, + e,7, we have

9(71“::(1;)(671”) = —9%2;@)(6@/). As we also have w(ey,e,) = —w(ey,eyr), we finally obtain (2.11)
and
90{,(.4.} (e ”)
o,w o,w T,p(v v
PR () = O o) + ey len ) =0 (219

O

2.4 Generic skew-symmetric bilinear forms
Recall that we are fixing a skew-symmetric bilinear form 7 € /\2 Mon N.

DEFINITION 2.13. We denote by 7' the set of trees T' € 7 such that n(e,, e,) # 0 where v is
the child of the root of T.

DEFINITION 2.14. A point a € Mg is (J,n)-generic if a € ef and for every tree T € T, we
have a(e, ) # 0, where v is the child of the root of T.

Note that for T € 7?}7 and v the child of the root of T', we have e, + e,» = e, = e, and so, if
o € e7, then afe,) # 0 is equivalent to a(e,~) # 0. Equivalently, a point a € e is (.J, 7)-generic
if v ¢ et, for every strict subset J’ of J such that n(e, e ) # 0.

DEFINITION 2.15. Let o € ef be a (J,n)-generic point. A skew-symmetric bilinear form w €
Uy € \* My is called (J, «)-generic if for every T € 7} and v € V3, we have

Oy (€0r) #0 and 0770 (eyr) # 0. (2.16)
We denote by Uyj C Uy the set of (J, o)-generic skew-symmetric bilinear forms.

LEMMA 2.16. Using the notation of Definition 2.15, for every T € ’Ztﬁ and v € V., we have

O p(w(ev) = 0 and 0370, (ev) = =077, (evr)-

Proof. As e, = e, + ey, it is enough to show that 0;’Z(v)(ev) = 0. If v is the child of the root,

then 0%’;’(0) = a by (2.8), and so, as « € eF, we have a(e,) = a(es) = 0. If v is not the child of

the root, the result follows by (2.10) of Lemma 2.12 applied to the parent p(v) of v. O
LEMMA 2.17. Let a € e5 be a (J,n)-generic point, T € 7], and v € Vp. Denote by vy, ..., um

the unique sequence of vertices of T' such that vy is the root of T', v,,, = v, and for every 0 < a <
m — 1, vgy1 is a child of v,. Then, the following hold.

(i) The elements ey, ...,e,,, are linearly independent in N.
(ii) For every 0 <a <m —1 and 0 < b < m, the map
Ujy— R

w— 077 (ev,)
is a rational function with R-coefficients, in the variables given by the linear maps
Uj— R
w > w(ey,,, ey, )

for 0 < a/,/ < m and min(a’,b') < a.
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(iii) For every 0 < a < m — 2, the map

Ujy—R

W 9%31 (eva+2)

is not identically zero.

Proof. (i) Assume that > " a;e,, = 0 with some a; # 0. Let imin be the smallest index ¢ such
that a; # 0. There exists j € JT’Uimin such that j ¢ Jr,, for every i >4, and so we obtain a
contradiction.

(ii) We prove this by induction on a from 0 to m — 1. For a = 0, vg is the root of T', and so
by (2.8) we have 9%% (ey,) = a(ep) which is constant as a function of w. Now, assume that the
result holds for @ > 0 and that a +1 < m — 1. Then, we have v,41 € V2, and so by (2.9),

Q%Zsa (e'Ua+2 )

oL,W o,w
GT:UaH (evb) = QT:’UE (evb) B w(ev +19 € +2)
a a

W(€uyyy s Cup)- (2.17)
By the induction hypothesis, 075 (ey,) and 077 (ey,,,) are rational functions in the variables
w(ey,, ey, ) with min(a’,0') < a and so, in particular, with min(a’,b’) < a+ 1. The only extra
variables appearing in 9%,’:;”1(@%) are W(ey,, ,Cev,.,) and w(ey, ,ey,), which are both of the
form w(ey,, , €y,,) with min(a’,d") < a + 1. This shows the result for a + 1.

(ili) First note that by part (i), the elements ey, ..., €, are linearly independent in N, and
so the linear forms w +— w(ey, , €y,) With a < b are linearly independent.

We prove the result by induction on a from 0 to m — 2. For a = 0, vg is the root of T" and we
have by (2.8) that 075 (ev,) = a(ew,), which is non-zero because T € T} and « is (J,7)-generic
(see Definition 2.14).

Assume that the result holds for a and that a +1 < m — 2. We have to show that the result
holds for a + 1. As a +1 < m — 2, we have in particular v,41 € V3 and so, by (2.9),

9%3 (Evgio)
’”—H)w(evaﬂ  Cars)- (2.18)

o,w o,w

’ e =0-" (e —
T,va+1( Ua+3) T,va( Ua+3) W(eva+1a€va+2
By Lemma 2.17(ii), w + 077 (ev,,,) and w— 077 (ey, ;) are rational functions in the linear
forms w +— w(ey,,, ey, ) With min(a’,d’) < a. In particular, they are algebraically independent of
W = W(€yyy s Cogrn) AN W = w(€y, 1, €y, 5). On the other hand, by the induction hypothesis,
w = 077 (€v,5) is not identically zero. We conclude that w +— 677 (ey, ;) is not identically
Zero. O

PROPOSITION 2.18. Let « € e§ be a (J,n)-generic point. Then the set Uj, C Uy C /\2 Mp
defined in Definition 2.15 is the complement of finitely many algebraic hypersurfaces in Uj. In
particular, U is open and dense in Uy, and so in /\2 Mg.

Proof. By Lemma 2.17(ii) and (iii), for every T € 7}/, v € V2 and v’ child of v, the map w

05 (ey) is a not identically zero rational function. Therefore, the set
Tp(v)

{w € Uy |03, (ev) # 0}

is the complement of an algebraic hypersurface in U;. By definition, U, is the intersection of the
finitely many sets of this form obtained by varying 7', v, and v". Hence, Uy, is the complement
of finitely many algebraic hypersurfaces in U and is open and dense in U;. By Proposition 2.10,
U; is open and dense in /\2 Mp, and so it is also the case for Uy ,. ]
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We end this section in a different direction: instead of fixing o € et and looking for
(J, @)-generic w € A* Mg, we look for all o € e+ such that the fixed 7 € N? Mg is (J, a)-generic.

LEMMA 2.19. Let T € 7} and v € V. Denote by vy, ..., vy the unique sequence of vertices of
T such that vy is the root of T', vy, = v, and for every 0 < a < m — 1, vqq1 is a child of v,. Then
for every 0 < a < m — 2, the map

€7 — M (2.19)
o — 9%’& '
is linear, and the linear form
ef — R
(2.20)

a7n
Q& 9T7fua (€vass)
is not identically zero.

Proof. The result is easily proved by induction on a, using Lemma 2.17(i) and the fact that the
linear form a — 677 (ey,,,) is equal to the sum of the linear form a — a(ey,,,) and of a linear
combination of the linear forms o — «(e,,) with b < a + 2. O

PROPOSITION 2.20. Let Vj, be the set of a € ex C Mg such that « is (J,n)-generic and 7 is
(J, a)-generic. Then Vy,, is open and dense in ej

Proof. 1t follows from Definition 2.14 and Lemma 2.19 that V}, is the complement of finitely
many hyperplanes in ej O

2.5 The flow tree map

Let b = @, car+ bn be a Lie algebra over Q which is N'*-graded, that is, such that [h,,, bn,] C
By, for every ny,ny € Nt. We say that b is finitely N -graded if its support Supp(h) == {n €
N7 b, # 0} is finite. Note that a finitely N't-graded Lie algebra is nilpotent. In what follows,
we fix h = @, cn+ bn a finitely N T-graded Lie algebra. For every « € R — {0}, we denote by
sgn(zx) the sign of x defined as follows:

1 if x>0,
sgn(x) = {_1 2 <0 (2.21)

DEFINITION 2.21. Fix a (J,n)-generic point « € er C Mg, a skew-symmetric bilinear form w €
Uja C /\2 Mg as in Definition 2.15, a tree T' € 7', and for every interior vertex v € Vr alabeling
v’ and v” of the children of v. We define a multilinear map

A5 T bes — b, (2.22)

iEJTﬂJ

for every v € V}“ U V7 inductively, following the flow on T' starting at the leaves and ending at
the root, as follows.

(i) If v € V., that is, if v is a leaf of T decorated by some e;, we define Aj’%v: Be; — be, as the
identity map.
(ii) If v € V2, we set
o

sgn( (€v)) +sgn(w(ey, eyr))
o = T,p(v) \"Y 5 0,1, -1}, (2.23)
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and
a,w oW o,w oL,Ww
AT = € [AG T Ay )y (2.24)
where [AS7 . AST ] is the composition of the maps AT7 - HjeJ ,be; — be,, and
Ai’;v,,: Hjeru be; — Be,, with the Lie bracket [—, —]: be,, X be ,, — be,1e,n = be, -

Note that by the definition of Uy, we have w(e,,e,) # 0 for every v € V2. Moreover, by
Definition 2.15 of Uj;,, we have 9;’;}(1})(61}/) # 0. Hence, both of the signs sgn(w(e,, e,)) and

s gn(G%:;’(y

LEMMA 2.22. Using the notation of Definition 2.21, for every v € Vi, we have

)(evl)) in (2.23) make sense.

sgn(&a’w (6 //)) + sgn(w(e ", e /))
A, = ———2—— AT s AT ) (2.25)

In particular, the map A7 is independent of the choice of the labeling of the children v' and
V" of v e Vp.

Proof. As the Lie bracket is skew-symmetric, we have [AT7 ., AT7 ] = —[AT7 . ATT ).
Moreover, because w is skew-symmetric, we have sgn(w(ey,e,)) = —sgn(w(ey, e,~)). Finally,
by Lemma 2.16, we have sgn(@%:;(v) (eyr)) = — sgn(ﬂ%::(v)(ev/)). O
DEFINITION 2.23. For every (.J,n)-generic o € e}, w € Uy, and T € T}, let
A7 [T bes — be, (2.26)
ieJ

be the linear map associated with T', defined by A%ﬁ = A?; »» Where v is the child of the root

of T. For every (J,n)-generic o € ej and w € Uy, we define the flow tree map A with initial
point «, by summing over all the trees in T}7 :

A9 = Y AGE (2.27)

TeT]

3. Scattering diagrams

In §3.1, we review the concept of consistent scattering diagram, mainly following [Bril7, KS14,
GHKK18]. In §3.2, we recall the notion of initial data for scattering diagrams. Finally, in § 3.3,
we make explicit the universal nature of the reconstruction of consistent scattering diagrams
from their initial data.

3.1 Consistent scattering diagrams
Throughout this section, we fix a free abelian group N of finite rank ¢, and let M := Hom(N, Z)
and Mg = M ®z R. We fix a basis {s;}1<i<¢ of N, and we use the notation

l l
Nt = {Zaisi\ai GZZ(), Zai >0}. (31)
=1 i=1

For every n € N — {0}, we denote n := {§ € Mg |#(n) = 0}, and for every subset 0 C Mg, we
use the notation 0+ := {n € N*|0(n) = 0 for every 6 € 0}. Finally, we fix a finitely N*-graded
Lie algebra g = @,,c y+ 9 over Q, that is, a N T_graded Lie algebra whose support

Supp(g) = {n € N*|g, # 0} (3.2)

is a finite set. In particular, g is a nilpotent Lie algebra.
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For us, a cone in My is a closed, convex, rational, polyhedral cone in Mp, that is, a subset
of Mg of the form

q
U:{Z)\imi‘)\iERzo}, ml,...,ﬂ’LQGM. (3.3)
=1

By definition, the codimension of a cone is the codimension of the subspace of Mg it spans.
A wall is a cone of codimension 1 and a joint is a cone of codimension 2. If 9 is a wall in Mg,
we denote by np the unique primitive element in N+t N 0L, referred to as the normal vector to
the wall. A face of a cone o is a subset of the form o N nt where n € N satisfies 6(n) > 0 for all
0 € 0. Note that every face of a cone is itself a cone, and every intersection of faces of a given
cone is also a face. Finally, a cone compler in Mg is a finite collection & of cones in Mg, such
that any face of a cone in & is also a cone in &, and the intersection of any two cones in & is a
face of each.

DEFINITION 3.1. For every finite subset P C N ', we denote by Sp the cone complex in Mg
whose cones are indexed by partitions P = P, U Py U P_ with Py non-empty and given by

o(Py, Py, P_):={0 € Mg |0(n)=0forn e Py, £6(n) >0 for n € Py }.
We denote by Wallp the set of walls in &p.

In what follows, we take for the finite set P C N in Definition 3.1 the support Supp(g) C N ™
of the Lie algebra g defined by (3.2).

DEFINITION 3.2. A (N, g)-scattering diagram is a map

¢: WallSupp(g) — 9
with the property that

s@)e P wmCy

neZZlna
for every 0 € Wallg,,p,(g)- For every n € Z>1n,, the projection of ¢(9) on g, is denoted by ¢(2);.
DEFINITION 3.3. A smooth path p: [0,1] — My is g-generic if:

(i) the endpoints p(0) and p(1) do not lie in any wall 0 € Wallg,pp(q);
(ii) p does not meet any cone of Ggupp(g) Of codimension greater than one;
(iii) all intersections of v with walls @ € Wallg,pp,(g) are transversal.

Note that, given a g-generic path p: [0,1] — Mg there is a finite set of points
O<ti <<t <1 (3.4)

for which p(¢;) lies in UaeWaIISupp(g) 0, and for each of these points ¢; there is a unique wall

0; € Wallgypp(q) such that p(t;) € ;. Given a (N, g)-scattering diagram ¢ and a g-generic path
p: [0,1] — Mg, we define the path-ordered product along p of ¢ by

Uyp = exp(exd(0k)) - exp(ex—10(0k—1)) - - - exp(e2(02)) - exp(e19(01)) € G, (3.5)

where ¢; € {£1} is the sign of the derivative of ¢ — —p(t)(no,) at t = t;, G is the unipotent group
associated with the nilpotent Lie algebra g, and exp: g — G is the exponential map.

DEFINITION 3.4. A (N, g)-scattering diagram ¢ is consistent if U, 4, = Uy, , for every two
g-generic paths p; and po with the same endpoints.
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Note that Definition 3.4 is equivalent to the definition of the consistency mentioned in the
introduction, which requires the composition of all wall-crossing automorphisms on walls adjacent
to a given joint to be identity. We set My = {0 € Mg|0(n) >0V ne NT} and My = {0 €
Mg |[6(n) <0V ne Nt} The cone complex Ggypp(q) is disjoint from My and My . Therefore,
if ¢ is a consistent (N7, g)-scattering diagram, we can consider the element ¥, , of G, where p
is a g-generic path with initial point in MH‘{ and final point in My . By consistency of ¢, ¥, 4 is
independent of the particular choice of p, and we set ¥y := ¥, 4 € G.

PROPOSITION 3.5. The map ¢ +— VU, is a bijection between consistent (NT,g)-scattering
diagrams and elements of the group G.

Proof. In the setting of scattering diagrams as cone complexes, this is exactly Proposition 3.3
of [Bril7]. In the setting of scattering diagrams as set of walls, this result is originally
Theorem 2.1.6 of [KS14] (see also Theorem 1.17 of [GHKKI18]). Note that Proposition 3.3
of [Bril7] in fact shows that these two possible points of view on scattering diagrams are, in
fact, equivalent. O

3.2 Initial data for scattering diagrams
From now on, we assume given a real-valued skew-symmetric bilinear form (—,—) on N such
that the finitely N -graded Lie algebra g = @, c v+ 9n satisfies

[8n1, 8ny] =0 as soon as (ny,n2) = 0. (3.6)

In this section we review the notion of initial data for a (N, g)-scattering diagram.
For every primitive m € N*, we have a direct sum decomposition g = gr + ® gm0 D gn,— of g
into Lie subalgebras

g — D o gmo— D o - P o (3.7)

neENT neNT neNt

(m,n)>0 (m,n)=0 (m,n)<0
It follows that, denoting by Gg 4 — exp(gn,+), Gno — exp(gn0), Gn,— — exp(gn,—) the cor-
responding subgroups of G, every element g € G can be written uniquely as a product

9 = 9n+9n,09n,— With gn + € Gn 1, gno € Gno, gn,— € Gn,—. We have a further decomposition

Il 1
gn,0 = Oz 0 @ 97,0 where

g%o = @ 9n, g%,(] B @ In- (3'8)
nE€Z>1n neN+t
B (m,n)=0
n¢Z21ﬁ
If ny + no = km with (7, n1) = 0 and (7, ng) = 0, then (n1,n2) = 0 and 8o [gn,, gn,] = 0 by (3.6).
In particular, we have [gg 0, g%,o] - 9%,0 Hence, 9%70 is a Lie ideal in gz and so the subgroup
G%',o — exp(g%’o) is normal. We denote by
m0: Gro — Gro/Grg = G%,o (3.9)
the quotient group morphism, where G%,o = exp(g%o). Given g = gn 4+9n,09n,—, set g%}o —
Tm,0(9gm,0). This defines a map
T G — G%,o

qgr— gyll,lp,

(3.10)
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PROPOSITION 3.6. The map

T G — H G%,o
meN (3.11)

n primitive
g+— (ma(9))m
is a bijection.
Proof. This is Proposition 3.3.2 of [KS14]. See also Proposition 1.20 of [GHKK18]. O

DEFINITION 3.7. For every n € N, the initial data I, of a consistent (NT,g)-scattering
diagram ¢ is the projection on g,, of

log(m(¥g)) €ghg= B aw, (3.12)

TL’GZZlﬁ

where 7 is the unique primitive element of N such that n € Z>17n, and Uy is the element of G
attached to ¢ as in Proposition 3.5.

PROPOSITION 3.8. The map ¢ — (Ig,),en+ i a bijection between equivalence classes of con-
sistent (N, g)-scattering diagrams and elements of g = DB,.cn+ 9n. In other words, for every
(Zn)nen+ € 8 = D,cn+ On, there exists a unique consistent (N, g)-scattering diagram ¢ with
Inltlal data (I¢7n)n€N+ == (In)n€N+

Proof. This is an immediate consequence of Propositions 3.5 and 3.6. O

The next Proposition 3.9 describes how to read the initial data I, of a consistent (N, g)-
scattering diagram ¢ from the walls.

PROPOSITION 3.9. Let ¢ be a consistent (N7, g)-scattering diagram, n € N¥, and let m be the
unique primitive element of N* such that n € Z>1n. For every wall 0 € Wallg,pp(g) With no =7n
and containing the attractor point (n,—) € Mg for n, we have

(@)n = Ipn- (3.13)
Proof. This follows from Theorem 1.21(1) of [GHKK18]. O

Note that in the context of Proposition 3.9 there are, in general, several walls 0 with np =7
and containing the attractor point (n, —). Proposition 3.9 implies, in particular, that ¢(9),, does
not depend on the choice of 0.

3.3 Universality of the reconstruction of scattering diagrams from initial data

The next proposition shows that the elements ¢(0) € g assigned to walls 0 € Wallg,,,(g) by
a consistent (N7, g)-scattering diagram ¢ are determined by the initial data (I, ),en+ via
universal formulas.

DEFINITION 3.10. A finite multiset I' = {7;}1<;<, of elements of N is a finite unordered collec-
tion v1,...,7, of elements of N* where multiple occurrences of elements are allowed. For every
n € N7, the multiplicity mp(n) € Z>¢ of n in ' is the number of occurrences of n in I'. Given a
multiset ', we denote by T the set of n € NT such that mr(n) # 0. The set of finite multisets
of elements of N is denoted by mult(N ™).
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PROPOSITION 3.11. For every I' € mult(N*) and 0 € Wallg,pp (), there exists a unique map

2
FIQ‘! : H On — anan’ (314)
nel’
which is a homogeneous polynomial map of degree my(n) in restriction to the factor g,, and
such that for every consistent (N, g)-scattering diagram ¢ and v € Z>1ny € N, the component
(), of $(?) in g, is given by

6@y = > FE((Ipn)per)s (3.15)
Femult(NT)
ZnEF n=ry

where the sum is over all finite multisets I' of N+ whose elements sum up to 7.

Proof. We first prove the uniqueness part. Assume that we have two collections (Flg’b)l and
(Flg’a)g of maps satisfying the conditions of Proposition 3.11. By Proposition 3.8, there exists a
consistent (N7, g)-scattering diagram for every initial data. Therefore, (3.15) implies the equality
of maps

oo = ) (F) (3.16)

Iemult(NT) Iemult(NT)
ZneF:’Y Z'nEF n=-y

For every I' € mult(NT) with }° .. n = 7, isolating on both sides of (3.16) the part homogeneous

of degree mr(n) in restriction to each factor g,, we obtain (F2%); = (F2°)s.
We now prove the existence claim. Let 6: N — Z be an additive map such that §(N ) C Z>;.
For every k € Z>q, we define the Lie subalgebra g7k = D ,.cn+ 9n C g. We prove by induction

o(n)>k
on k that for every k € Z>p, I' € mult(N ") and 9 € Wallg,pp(g), there exists a map
70 .
FEY: [[on — o5, ono (3.17)

nel
such that for every consistent (N7, g)-scattering diagram ¢ and v € Z>1ny, we have
¢0)y= Y.  F((Isn)per) mod g™". (3.18)

Femult(NT)
Znel‘ n=y

fe k _ PR g0 .__ 178,0

As g is nilpotent, we have g=* = 0 for k large enough, and so it will be enough to take F?° := F, kT
for k large enough.

For the base step of the induction, we have g% = g, so #(0)y =0 mod g0 for every ¢, 0,

v, and so we can take FOQ’IP = 0 for every I' and 0. For the induction step, fix £ > 0, and assume

that the existence of the maps F; 1?19 is known. We have to show the existence of the maps F; kgfl -
For every wall @ € Wallg, ;) and for every consistent (N *, g)-scattering diagram ¢, define

@)= Y FE(Usn)er): (3.19)
Femult(NT)
ZnGF "EZZI”D

By the induction hypothesis, we have
»(d) = ¢(d) mod g”*. (3.20)

2224

https://doi.org/10.1112/S0010437X22007801 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007801

FLOW TREE FORMULA FOR DT INVARIANTS OF QUIVERS WITH POTENTIALS

By [GHKK18, Definition-Lemma C.2], a joint j € Ggyupp(g), that is a codimension-two cone,
is perpendicular if for every wall 0 € Wallg,pp(g) containing j, the contraction tp, (—, —) = (10, —)
of (—, —) with the normal vector ny to 0 is not contained in the R-linear span of j. For every
perpendicular joint j € Ggypp(g), let Wall(j) be the set of walls 0 € Wallg,,,(g) containing j, and
let pj: [0,1] — Mg be a g-generic loop around j, intersecting only once each wall 0 € Wall(j)
and no other wall. For every wall @ € Wall(j), denote by t} € [0, 1] the point such that p;(t}) € 0,
and denote by €} € {£1} the sign of the derivative of t — —p;(t)(ny) at t = t}. We label 9y, ...,
the elements of Wall(j) so that 0 <t <--- <t} < 1. By Definition 3.4 the relation

exp(eh,, #(0m)) - exp(eh, , $(0m—1)) -~ exp(eh,d(22)) - exp(eh, o(01)) = 1 (3.21)
holds for every consistent (N1, g)-scattering diagram ¢. Therefore, it follows from (3.20) that
log(exp(e,, ¢(0m)) - -exp(eh, 6(01) = > gb, (3.22)
YyENT
3(7)>k+1

for some gjdw € gn. Using the Baker-Campbell-Hausdorff formula to compute the left-hand side
of (3.22), together with (3.19), we deduce that for every I' € mult(N*), there exists a map
G} Ceron — 1) SR which is a homogeneous polynomial map of degree mp(n) in restriction
to the factor g, such that for every consistent (N7, g)-scattering diagram ¢ and v € N* with
d(v) > k+ 1, we have

o= Y, GHUsn)per)s (3.23)

Femult(NT)
Yim1 =y

where the sum is over multisets I' = {~; };er for some index set I, whose elements sum up to 7.
According to Appendix C.1 of [GHKKIS8] (see the equations defining ®j41 and D[j] before
Lemma C.6), for every wall 0 € Wallg,,,(g) We have

60) =)+ > Iyn— D, > €hgs, modg (3.24)

YEZ>1m0 YEZ>1mp )
5(v)=k+1

where the sum over j is over the perpendicular joints j such that @ C j — R>o(nq, —), and where
0; € Wall(j) is the wall containing j and contained in j — R>q(no, —). Therefore, for every I' €
mult(NT) with Y- n € Z>1ny, we can take

,0 ,0 j j
FE p=Fdr+ L — Z e, Gt (3.25)
j
where IISH,F is the identity map g, — g if I' = {7} with v € Z>1ng such that 6(y) = k + 1, and

II?H,F = 0 otherwise. O

4. Flow tree formula for scattering diagrams
In this section we prove our main result, Theorem 4.22, which provides an explicit description

of the maps Flg’a in (3.14) in terms of the (specialization of the) flow tree maps.

4.1 (NT,p)-scattering diagrams

As in §3, we work with (N, g)-scattering diagrams. We fix a wall 0 € Wallgpp(g), an
element v € Z>1ny C NT proportional to the normal vector np to 9, and a multiset
I' = {7i}ier € mult(N*) of elements of N such that >, v =, where I = {1,...7} is some
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index set. Applying Proposition 3.11 to the multiset I' = {7; };er and to the wall 9, we obtain a
map
0
FPo: H On — G- (4.1)
nel
Our goal is to state a formula for the map FI‘?’D. As a first step to achieve this goal, we define in

this section another class of scattering diagrams, referred to as (N1, h)-scattering diagrams.
We introduce a rank-r free abelian group N := €, ; Ze; with a basis {e; };c7, and the additive

map
p: N — N
(4.2)
€ — Y-
For every J C I, let
ey = Z €. (4.3)
i€J

In particular, we have p(ey) = . Following the notation set up in § 2, we use the notation M :=
Hom(N,Z), Mr = M @R, and Nt = {3, ;a;ei|a; >0, >, .;a; > 0}. The map p: N = N
defines by duality a linear map

: Mp — M
q: Mg R (04)
0 +— Gop.

We define a skew-symmetric bilinear form 7 € /\2 M by

n(ei, e5) = (i, Vj) (4.5)
for every i,j € I. In other words, 7 is the pullback of (—, —) by p.

DEFINITION 4.1. We define a N T-graded Lie algebra h = DB,cr+ b as follows. First, we
introduce the finite set

N = {Zaiei eNt|a; e {O,l}ViEI} —{eyj|JCI, JAOCNT. (4.6)
i€l
Then, as vector spaces, we set b, = g, if n € N, and b, == 0 otherwise. For = € h,,, and y €
Bn,, we define the bracket [z,y] as being the bracket [z,y] in hn, 11y = Gp(ny)+p(ne) if 71, 72,71 +
ng € N;t, and as being zero otherwise.

One checks easily that this defines a Lie bracket on h and that the resulting Lie algebra is
finitely N "-graded: by construction, the support Supp(h) = {n € N | b, # 0} of b is contained
in AVF. Tt follows from (3.6) that [b,,, bn,] = 0 if n(n1,ny) = 0. Thus, we can consider (N, h)-
scattering diagrams as in Definition 3.2 and their initial data as in Definition 3.7, where N*, g
and (—, —) € A M are replaced by Nt b, and n e A\ M.

Let e € Wallg,pp(p) be a wall in Mg with normal vector n, = ey and which contains the image
q(0) of the wall 0 € Wallg,p,p(g) by the map ¢: Mg — Mg as in (4.4). Applying Proposition 3.11
to the multiset T'c = {e;}ier € mult(N™") of elements of N'* and to the wall e € Wallg,,p(s), We
obtain a map

Fli);e: H be, — bess (4.7)
el

where we used that, as {e;};cs is a basis of N, we have T, = I'e = {e; }ic1-
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4.2 From (NT,g) to (N1, h)-scattering diagrams
The main result of this section, Theorem 4.9, provides a comparison of the map Flg’a in (4.1)

and the map FIE]: in (4.7). To prove it, we first need to compare the Lie algebras g and h. We
do this by going through an intermediate N T-graded Lie algebra,

defined using the map p: N” — N in (4.2) and the finite subset N;F C Nt in (4.6).

4.2.1 The Lie algebra g.

DEFINITION 4.2. Define the Lie algebra g as follows: as vector spaces, we set g, =g, if n €
p(N;F), and §,, == 0 otherwise. For = € §,, and y € gy,, we define the bracket [z, y] as being the
bracket [x,y] In §ny4ny = Gny+ny if n1,n2,101 + n2 € p(N7), and as being zero otherwise.

One checks easily that this defines a Lie bracket on g and that the resulting Lie algebra
is finitely N T-graded. It follows from (3.6) that [g,,,8n,] =0 if (n1,n2) =0. As v=p(e) €
Supp(g), there exists a unique wall 0 € Wallg,pp(g) such that 0 C 2. Applying Proposition 3.11
for (N, g)-scattering diagram to the multiset I' € mult(N*) and the wall 9, we obtain a map

FE% I 60 — 8o (4.9)
nel
PROPOSITION 4.3. The maps Flg’a in (4.1) and Fg’ﬁ in (4.9) are equal: FI§7D = Flg’a.
Proof. By definition of g, we have g,, = g, for every n € I' U {7}, and so the maps FIE”D and Fg’ﬁ
have the same domain and codomain. The result then follows from the fact that the algorithmic

construction of Flg’b reviewed in the proof of Proposition 3.11 involves only brackets [z, y] with
T € Gnyy Y € Ona,s [az,y] € Oni+ny and ni,ng,n1+ng € p(Ne+)' O

In what remains, we compare the Lie algebras g and §.
PROPOSITION 4.4. Let q: Mr — Mgy be the linear map defined in (4.4). Then:
(i) for every n € N, the preimage q~!(n') of the hyperplane n* C Mg by the map
q: Mr — Mg

is the hyperplane (p(n))* C Mg;
(ii) for every cone o € Ggypp(s), the image q(o) of o by q: Mr — Mg is a cone q(0) € Ggypp(p)-

Proof. Part (i) of the lemma follows immediately because we have 6 € ¢~!(n") if and only if
(q(0))(n) = 0 if and only if (p(n)) = 0.

To show part (ii), first note that by Definition 3.1, the assumption o € Ggypp (5 implies that
there exists a partition of the set Supp(g) C N into subsets Supp(g) = P, U Py Ll P_ such that

o:={0 € Mgr|0(n)=0forn € Py, £0(n) >0 for n € Py }. (4.10)

Define Qu = {n € Supp(h) |p(n) € P+} and Qo= {n € Supp(h)|p(n) € Po}. As Supp(g) =
p(Supp(h)), we have Supp(h) = Q+ L Qo LI Q—. Using that 8(p(n)) = (¢(8))(n) for every n € N,
we obtain g(o) = { € Mg |0(n) = 0 for n € Qo, £0(n) > 0 forn € Q+}. Hence, q(0) € Sgypp(p)
by Definition 3.1. U
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z

g

FIGURE 4.1. Paths around a codimension-two cone o.

PROPOSITION 4.5. For every n € N, the attractor points (p(n),—) for p(n) and t,n = n(n, —)
for n as in Proposition 3.9 are related by

q((p(n), =)) = tan, (4.11)

where n € N\* M is defined by (4.5).

Proof. For every m € N, we have

(¢({p(n), =)))(m) = (p(n),p(m)) = n(n,m) = (tnn)(m), (4.12)
where the first equality uses (4.4) and the second equality uses (4.5). O
4.2.2 The (N™*,g)-scattering diagram and consistency. In this section, we construct a
consistent (N, §)-scattering diagram ¢, starting from a consistent (N, h)-scattering diagram p.
Let p: Wallgypp) — b be a consistent (N*, h)-scattering diagram. Following [Moul9, §2],
we start by defining an extension p: Ggyppp) — b of p where the set of walls Wallg, ) 18

replaced by the set Ggypp(p) Of all cones. For a cone o € Sgypp(p), there exists by Definition 3.1
a decomposition Supp(h) = P U Py Ll P_ such that

o:={0 € Mgr|0(n)=0forne Py, +0(n) >0 for n € P.}. (4.13)
We use the notation
ot =={0€ Mgr|0(m) >0, Vme PLUP,, and f(m) <0, Vm € P_}
and
o ={0eMgr|0(m)>0,Vme Py, and (m) <0, Vme PyUP_}.

Let p: [0,1] — Mg be a h-generic path with p(0) € o and p(1) € o~ (see Figure 4.1). By (3.5),
we have the corresponding path-ordered product ¥, , € H := exp(h), and we define

plo) =log ¥, , €h. (4.14)
By consistency of p, this definition of (o) is independent of the choice of the path p.
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By Definitions 4.1 and 4.2, we have g = Ganep(/\/j) gn and h = @nEN;L 9p(n)- We denote by
v: h — g the natural projection map sending by, = gp(,) onto gym) = Gpn). We now define a
(N, §)-scattering diagram ¢,: Wallg,pp(g) — 8- For every wall o € Wallg,p(5), the image g(o)
of o by ¢ is a cone in Ggp,p () by Proposition 4.4(ii). Therefore, one can apply p to ¢(o) to obtain
p(q(0)) € b, and finally v: h — g:

¢p(0) = v(plq(0))) € @. (4.15)

LEMMA 4.6. For every consistent (N'*, h)-scattering diagram p: Wallg,po) — b, the (N, g)-
scattering diagram ¢,: Wallg,,, — @ defined by (4.15) is consistent.

Proof. Let p: [0,1] — Mg be a g-generic loop. Let q be a small generic perturbation of t — ¢q(p(t))
such that, for every o € Wallg,,,g) and ' € [0,1] with p(#') € o, the perturbed path t — q(t)
goes from (q(c))~ to (q(o))™, or from (q(c))™ to (¢(c))~, in a small neighborhood of ¢'. By the
definition of ¢, in (4.15), the group element ¥y, 5 is the image in G = exp(§) of the group element
U,, by exp(v): H— G. By consistency of p we have VU, , = id and, hence, ¥y, 5 = id. O

LEMMA 4.7. For every consistent (N, h)-scattering diagram p: Wallgpp() — b, the initial
data of p and of the (N'*, §)-scattering diagram ¢,: Wallg,p,z) — @ defined by (4.15) are related
as follows: for every n € Supp(g) = p(Supp(h)), we have

Iypn=Y_  vpm), (4.16)

m&Supp(h)
p(m)=n

where 1y, and I, are the initial data of ¢, and p as in Definition 3.7.

Proof. Let o € Wallg,,,5 be a wall containing the attractor point (n,—) for n and such that
n € Z>1n,. By Proposition 3.9 applied to ¢, we have

Iyn = (8(0))n. (4.17)

Let A C Supp(h) be the subset of primitive m € Supp(h) such that p(m) € Z>1n,. By
Proposition 4.4, for every primitive m € Supp(h), the hyperplane m=* contains the cone ¢(o) if
and only if m € A.

Let p: [0,1] — Mg be a h-generic path with p(0) € (¢(c))* and p(1) € (¢(c))~. For every
m € A, we have §(m) > 0 for every § € (g(c))" and 6(m) < 0 for every 6 € (q(c))~. Therefore, up
to straightening p, one can assume that for every m € A, the path p intersects the hyperplane m=*
exactly once. We can also assume that for every m € A, the intersection of p with m= lies in a wall
9, C m™* containing the cone ¢(o). For every m, m’ € A, we have n(m,m’) = (p(m),p(m’)) = 0,
and so [p(0), p(0,)] = 0. Thus, it follows from the definition (4.15) of ¢, that

Gp(@)n=" Y v(p@m)km)- (4.18)

meA, k’6221
p(km)=n

By Proposition 4.5, for every m € A and k € Z>; such that p(km) =n, we have t,n =
q((n,—=)) € q(o) C 0. We deduce from Proposition 3.9 applied to p that

POm)km = Lpkm.- (4.19)
Equation (4.16) follows from (4.17)—(4.19). O

DEFINITION 4.8. Given a map ¢: [[;c;be; — be;, the specialization of ¢ is the map

P Hnefgn_)% defined as follows. For (x”)nefennefgn’ define (yi)ier € [[;c7be; by
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Yi = Tp(e,), Where p: N'— N is as in (4.2), and set

G((zn)per) = @((Yi)ier)- (4.20)

THEOREM 4.9. Let 0 € Wallg,,nq) be a wall in Mg and T = {7;}ier € mult(N*') a multiset
of elements in N* such that ® C v+, where v =3,.;v. Let T'e = {e;}icr € mult(N'T), and
¢ € Wallg,,p,(p) @ wall in Mg such that e C et and containing the image q(d) of 0 by the map

q: Mr — Mp as in (4.4). Then, the maps F1§7D in (4.1) and FIL’; in (4.7) satisfy

1 A
FeY F‘%e’ 4.21
. Iln€N+ mF(n)! Le ( )

where FP; is the specialization of FP: as in Definition 4.8.

Proof. By Proposition 4.3, it is enough to show that

9,0 _ 1 h,e
RS | e (4.22)
Let A C Supp(h) be the subset of primitive m € Supp(h) such that p(m) € Z>1nz. As p(e) =,
we have e € A. By Proposition 4.4, for primitive m € Supp(h), the hyperplane m* contains the
cone ¢(?) if and only if m € A. Arguing as in the proof of Lemma 4.7, one can find a h-generic
path p: [0,1] — Mg with p(0) € (¢(0))F, p(1) € (¢(?))~, and such that for every m € A, the
path p intersects the hyperplane m' at a single point, lying in a wall 9,,, C m~* which contains
the cone q(?). We can also assume that 0, = e.

Let p: Wallg,pp5) — b be a consistent (N, h)-scattering diagram and ¢,,: Wallg,png) — @
the corresponding consistent (N7, g)-scattering diagram defined by (4.15). As in the proof of
Lemma 4.7, for every m,m’ € A, we have [p(9,,), p(0,7)] = 0 and so it follows from the definition
(4.15) of ¢, that

¢p(6)7 = Z V(:O(Dm)k:m)- (4'23)

meA, k‘EZZl
p(km)=y

We show in the following that the equality (4.22) follows from identifying on both sides of (4.23)
the terms homogeneous of degree mr(n) in the initial data Iy, .
By Proposition 3.11 applied to ¢,, we have

$p(0)y = > EE (L, )ver)- (4.24)
I={y'}emult(NT)
7' €Supp(9), > e V=Y

The only term homogeneous of degree mr(n) in the initial data Iy, , in (4.24) is obtained for

I'" =T and is equal to Fg’ﬁ((l%m)nep).
On the other hand, by Proposition 3.11 applied to p, the right-hand side of (4.23) is equal to

> > V(L™ (Ly g )er))- (4.25)

meA, k€Z>, I={n'}cmult(N1)

p(km)=y n’€Supp(h), X,/ 0/ =km

The only term homogeneous of degree 1 in the initial data I, ¢, in (4.25) is obtained for I'' = T',
and is equal to v(FP*((Ipe, ) 1<i<r))-
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Finally, by Lemma 4.7, we have for every n € I,

Iyn=>_ vllpe). (4.26)
eip(e;)=n

Note that the sum in (4.26) contains mp(n) terms. Therefore, (4.22) follows from the following
algebraic claim applied to (2:); = (I, n)n, (¥ij)ij = W(Ipe))is f = FE° and g = v(FY).
CLAIM. Let f((x;)1<i<s) be a polynomial function of s variables which is homogeneous of degree
a; in the variable x;. Write each variable x; as a sum of a; variables y;;: x; = E;“:l Yij, and let
9((yij)1<i<r, 1<j<a;) be the component 01"]"((2';":1 Yij)1<i<s) which is homogeneous of degree one
in each variable y;;. Finally, let §((x;)1<i<s) be the function obtained from g((vyij)i<i<s, 1<j<a;)
by the specialization of variables y;; — x;, for every 1 <i < s and 1 < j < a;. Then, we have

i((xi<i<s) = (ch) (7i)1<i<s)- (4.27)

Proof of the Claim. It is enough to prove the result for f=T[[’_,z". For f=][[,z, ¢

is the term proportlonal to I1; ;v in [1;02;vi)". Thus, g= (]I, az.)Hw y;; and so § =
(IL; ) 1L =i = (I]; ai!) f. Hence, the result follows. O

4.3 (NT,p)-scattering diagrams and flow tree maps
This section includes the technical heart of the paper, Theorem 4.14. The key result of the paper,
the flow tree formula in Theorem 4.22, will follow from Theorems 4.14 and 4.9.

4.3.1 Small enough generic perturbations of the skew-symmetric bilinear form. In this
section, we define small enough generic perturbations of the skew-symmetric bilinear form
n e N> M defined by (4.5).

DEFINITION 4.10. We denote by U" the set of w € \? Mg such that for every ny,ny € Nt with
n(n1,n2) non-zero, w(ny, ne) is non-zero and has the same sign as 7(n1, n2). We have n € U” and
U" is an open neighborhood of 7 in /\2 Mrg.

For a fixed (I,7n)-generic point o € e C Mg as in Definition 2.14, we call a perturbation w
of n generic if it belongs to the open dense subset Uy o, C /\2 Mg, as in Definition 2.15, and we
say that the perturbation is small enough if w belongs to the open neighborhood U" C /\2 Mp,
as in Definition 4.10. Hence, w is a small enough generic perturbation of n € /\2 M if

weUr,NU". (4.28)

4.3.2 Embedding trees in Mg wvia the discrete attractor flow. We fix a (I, n)-generic point

a € eIl C Mg as in Definition 2.14 and w € Uy, as in Definition 2.15. In this section we use
the discrete attractor flow defined in §2.3 to define an embedding of binary trees in Mg as
follows. For every tree T' € 77, where 77 is defined as in Lemma 2.7, we denote by T° the graph

obtained from T by removing all the leaves v € V{: , and extending the resulting open intervals
to unbounded edges. For every tree T' € 77, we fix a continuous map

g7l T — My (4.29)
such that:

(i) for every vertex v € Ry U V7, we have

g ) = 0% s (4.30)
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(ii) for every bounded edge E of T°, connecting vertices v and v, the image of the map j7*
restricted to E is the line segment in Mg with endpoints H%;J and H%f,;

(iii) for every unbounded edge E of T° obtained by removing the leaf decorated by e;, the image
of the map j7v* restricted to FE is the half-line 0%‘: + R>ote,w in Mg, where v is the vertex

in V7 incident to E.

Remark 4.11. For every tree T € 77, the embedded graph j7(T°) C Mg in (4.29) defined using
the discrete flow has a natural structure of tropical disks in Mg (see [NS06, GPS10, CPS22])
if w e A*M @z Q € A\? Mg: edges have then rational weighted directions of the form t.,w and
the tropical balancing condition at vertices distinct from the root follows from the relation
€y = €y + ey in Definition 2.8.

PROPOSITION 4.12. For every tree T € T;' and interior vertex v € V@, we have j3(v) ¢
J77¥(p(v)), that is, the edge connecting v and p(v) is not contracted to a point by j3*.

Proof. From the assumption w € Uy, and Definition 2.15 of Us,, we have 6;’;’(1}) (eyr) # 0, and

0 9;:;(1}) # 077 by (2.9). O

DEFINITION 4.13. We denote by F*“ the union of all the images of the trees T° by the maps
QW .
gy for T € 1"

F*% = 4 (T°) C Mg. (4.31)
TeT)

We view F'“* as a graph embedded in Mp. Note that we have o € F'** because « is the common
image by the maps j7 of the roots of the trees T' € 7.

4.3.3 Scattering diagrams via flow tree maps. Now we are ready to state our main theorem
of this section, that allows us to describe scattering diagrams in terms of flow tree maps. This is
the technical heart of this paper.

THEOREM 4.14. Fix a (I,n)-generic point a € e C Mg as in Definition 2.14 and a small enough
generic perturbation w € Uy, NU" of n as in §4.3.1. Let J C I be a non-empty index set, and
x € e+ a (J,m)-generic point such that x € F®* and the line segment (z + Ric,w) N F* is not
a point. Let 0 € Wallg,,,5) be a wall containing x and with normal vector n, = e;. Then for
every consistent (N'T,b)-scattering diagram ¢ constructed from initial data Iy, that satisfies
Iyn =0ifn & {e;}icr, we have

A(0)e; = AT ((Lp,e,)icr); (4.32)

where ¢(0)e, € be, is the component of ¢(c) € b in h.,, and A}* is the flow tree map with
initial point x as in Definition 2.23.

Proof. The proof is done by induction on the cardinality of the subset J C I. For the initial step
of the induction, let J be a singleton, that is, J = {i} for some i € J. Then by Lemma 2.7, 7;
consists of a single tree T', with one root and one leg connected by a single edge. Therefore by item
(i) of Definition 2.21, the map Ai’;: Je; — 0e, is the identity map. Hence, AT (I4¢,) = Ipe;- On
the other hand, let o be a wall with n, = e;. As e; does not admit any non-trivial decomposition
as a sum of elements of Supp(h) C N, it follows from the algorithmic construction of scattering
diagrams from initial data reviewed in the proof of Proposition 3.11 that ¢(o)e, = 4., for every
consistent (N1, h)-scattering diagram ¢. Therefore, we conclude ¢(o)e, = A (I4.,) and, hence,
the initial step of the induction.
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For the induction step, let J C I of cardinality |J| > 1. We assume that Theorem 4.14 holds
for every J' C I with |J'| < |J|. Let o € Wallgypp) be a wall such that n, =e; and let x €
F*“No be a (J,n)-generic point such that (z + Ree,w) N F** is a non-trivial line segment.

In the remaining part of the section, we show that the statement of the theorem holds for J,
x, and o in the following four steps.

Step I. We define a set of relevant joints J, and show in Lemma 4.15 that if two walls contained

in eff intersect along any joint that is not relevant, then the elements of the Lie algebra
h associated to these walls are the same. This enables us to partition the hyperplane eﬁ
into regions where any wall in a given region has the same associated element of the Lie
algebra, which we denote by ¢;_1; € b, in (4.34), for i € {1,...,k}, and ¢y 00 € be,
in (4.35).

Step II. Using the genericity of w, we prove Lemma 4.16 and we obtain (4.36), expressing the
difference ¢;_1,; — ¢;i+1 in terms of some Lie brackets. On the other hand, using that
w is close enough to 1, we prove that ¢y o = 0.

Step III. Using the consistency condition around the relevant joints and the induction hypoth-
esis, we determine explicitly the Lie brackets appearing in (4.36).

Step IV. Using the explicit expression obtained in Step III for the difference in (4.36), we
obtain the expression (4.35) for ¢(o)e,. This, together with ¢, o = 0 shown in Step II,
concludes the proof.

We expand each of these steps in the remaining part of this section.

Step I. We define the set J of relevant joints: a joint j € Ggypp(p), that is, a codimension-
two cone of the cone complex Sg,pp(p) is relevant if there exists a subindex set J' C J with
jC ej N eﬁ and n(ey, ey) # 0. Note that the point x is not contained in a relevant joint because
of the assumption that x is (J, n)-generic. Let 0 = tg < t; < -+ <} be an increasing sequence of
positive real numbers, such that the intersection points of the half-line x + R>qt. ,w with relevant
joints j € J correspond to points

Ti =T+ tite,w C e# C Mg, (4.33)
for i € {1,...,k}, as illustrated in Figures 4.2 and 4.3.

LEMMA 4.15. Let ¢ be a consistent (N1, )-scattering diagram, such that Iy,, = 0ifn ¢ {e;}ics.
Let 01,09 € Wallsupp(b) such that n,, = ny, = e;. Assume that the intersection o1 N o9 is a joint
not belonging to J. Then we have ¢(c1)c, = ¢(02)e,-

Proof. By consistency of ¢ applied around the joint o1 N o9, the difference ¢(c’)e, — ¢(0)., is
an element of h., equal to a sum of iterated Lie brackets in the elements ¢(dx), where d; €
Wallsupp(h) are the walls containing o N o9 apart from o and 3. As, by assumption, o1 N oy ¢
J, for every such wall 9, we have either ny, = e for J' C I not contained in J, or ny, = ey with
J' C Jandn(es,ey) =0.1f J' C I is not contained in .J, then [h. ,,h] Nbhe, = {0} and so in this
case the wall 0, does not contribute non-trivially to the sum of iterated Lie brackets. If J' C J
and n(ey,ey) =0, then n(ey,n) =0 and [ey, h,] = 0 for every n € N such that e; = ey +n,
and so also in this case the wall 9; does not contribute to the sum of iterated Lie brackets. We
conclude that ¢(o1)e, — ¢(02)e, = 0. O

By Lemma 4.15, for any i € {1,...,k}, if 01,09 are two walls with n,, = n,, = ey such
that o1 N (z + R>pte,w) and o2 N ( + R>pte,w) are non-trivial line segments contained in

2233

https://doi.org/10.1112/S0010437X22007801 Published online by Cambridge University Press


https://doi.org/10.1112/S0010437X22007801

H. ARGUzZ AND P. BOUSSEAU

/ )i \ 01,

FIGURE 4.3. Walls intersecting along joints (left panel) and the wall o;_1,; C e+ (right panel).

X+ [ti—1, ti]te,w, then ¢(o1)e, = ¢(02)e,. We denote this common value by

Pi-1,i € be,- (4.34)

Note that ¢(0)e, = ¢o,1. Similarly, for every walls o1, 09 with ny, = ny, = ey such that o1 N (x +
R>gte,w) and o2 N (z + R>gte,w) are non-trivial line segments contained in x + [ti, 00)te,w, we
have ¢(o1)e, = ¢(02)c,, and we denote this common value by

d)k,oo € heJ- (435)

Step II. In this step, we show that the differences between ¢;_1; and ¢; ;41 have the form given
by (4.36), and we prove that ¢, o = 0.

LEMMA 4.16. Let w € Uy as in Definition 2.15. Let J = J; U --- U Js be a partition of J in s
subsets such that x; € ei n---N ei. Then, we have s < 2.

Proof. If s > 3, then writing J| = Ji, J5 = Jo and Jj = | J;_3 Ji, we have J = J; U Jj U J; and
T; € ej N eﬁ, N ej. Thus, it is enough to prove that the case s = 3 cannot happen.
1 2 3
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FIGURE 4.4. A tree T as in the proof of Lemma 4.16.

Thus, we assume by contradiction that there exists a partition J = Jj U Jo U J3 such that
T; € ei N ei N 6#3‘ As we are assuming that (z + Ree,w) N F** is a non-trivial line segment,
there exists a tree T' € 7} and an edge E of T such that, denoting by v the vertex of T incident
to E on the path from E to the leaves, x is in the interior of j7*(E) and the charge e, as in
Definition 2.8 is given by e, = e.

We choose a tree T1a € Tj,1,y, such that, denoting by vi2 the child of the root of T2, we
have €y, = €J and Eult, = €Jy. We also choose a tree T3 € 7j,. We construct a new tree T e TI"
from T, Tio, and T3 as follows (see Figure 4.4). First, let T be the tree obtained by removing
from T all the edges and vertices descendant from v, so that v becomes a leaf of T. Then, we
obtain T by gluing the three trees T, Ti2, and Ts: we identify the leaf v of T with the roots of
T1o and T3. We still denote by v the vertex of T where T, T2, and T3 are glued together, and
by E the edge of T incident to v on the path from v to the root. We have e, = ey, and we label
v" and v” the children of v so that e,, = ey, +ey,, e,y = €y,, and (v') and (v')” the children of
v’ s0 that e(,y = ey, and ey = e,.

By (4.30), we have j;(v) = 9%‘: and it follows from Lemma 2.12 that j;(v) € (e, 4+ €4,) N

ef,-g. As we also have j#(E) C x4 Ree,w, we deduce that jz(v) is the intersection point of the
line  + Ree, with (6]10;};6]2)L N ei’ ang 80 J7(v) = x;. As we are assuming z; € ei N ei N ei,
we have in particular 6" (es;) =0, s0 0z (ewy) = 0, in contradiction with our assumption that

w € Us o and Definition 2.15 of Ut 4. O

For every i € {1,...,k}, we pick a relevant joint j; € J containing the point x;. By consis-
tency of ¢ around the joint j;, the difference ¢;_1; — ¢; 41 can be written in terms of the walls
containing j; as a sum of iterated Lie brackets. By Lemma 4.16, ¢;_1,; — ¢;;+1 only receives
contributions from two-terms decompositions ey = ey, + ej,. Denote by P, the set of {Ji, J2}
with Ji,Jo C J, J=J1UJs, j; C erl N ef,;, and n(ey,,ez,) # 0. Then, we have

Gi-1,i — Gijit1 = Z 95 g (4.36)

{J1,J2}€P;,

where gf}l 7, is a scalar multiple of a Lie bracket produced by the walls contained in the

hyperplanes ei and ei and intersecting along the joint j;. It follows from Lemma 4.16

that one can compute each term gf}' g as if the only walls intersecting along the joint j;

were contained in the hyperplanes erl, erQ and er. The precise form of gf}l 5, is given

in Lemma 4.18.
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PROPOSITION 4.17. For w € U", we have ¢y, o, = 0.

Proof. As the set of walls Wallg,p) is finite, there exists a wall oo € Wallg,pp(y) such that
Ne,, = €y and = + i, w C 0 for t large enough, as illustrated in Figure 4.2. As 0 is a cone
in Mg, this last condition is only possible if ¢, w € 0o. As Supp(h) C N, it follows from the
assumption w € U" and from the Definition 4.10 of U" that t¢,n € 0 indeed the condition
that w(ey,n) has the same sign as n(ey,n) for all n € N7 exactly means that there are no
hyperplane nt with n € N© and separating the points ¢, ,w and te,w. Therefore, we have by
Proposition 3.9 that ¢(0)e, = I¢,¢,. However, we are assuming that I, = 0 if n ¢ {e;};cr and
|J| > 1,50 Iy, =0. We conclude that ¢y oo = ¢(00)e, = 0. O

Step III. In this step, we apply the consistency condition for ¢ around the joint j; through
the point z; = = + t;te,w to compute the quantities gf}hJ2 appearing in (4.36).

We denote by o;_1; (respectively, o;;41) the wall containing j; such that n,, ,, =e; and
oi—1i C ji — R>ote,w (respectively, o;i+1 C ji + R>ote,w), as illustrated in Figures 4.2 and 4.3.
We have ¢(0i-1,) = ¢i—1,i and ¢(04,i+1) = Piit1-

Let {J1,J2} € P,. We denote by 21", 5", 99"* and 93"* the walls containing j; such that

nbiln == natlmt = €J;, nDiQn == nagut = €Jy,

o+ R>ote,, w, o i+ R>qte,,w (4.37)
09" Cji — Rote, w, 08" Cji — Ropte,, w. (4.38)
By Lemma 4.16, there are no non-trivial decompositions ey = ijl nj with n; € NF and
j; C ﬂjzlnj-, and so it follows from the consistency of ¢ around j; that gzﬁ(bcl’“t)e‘,1 = ¢(Diln)eJ1.

Similarly, we have ¢(0§"").,, = P (i)

€J2 .

LEMMA 4.18. Let p: [0,1] — Mgy be a h-generic oriented loop around j; intersecting successively
O i1, O, 09, 01,4, and " (see Figure 4.5). Then, we have

Thg = —sen(w(en, en) 01, $0F)e,,] (4.39)

Proof. Denote by €; (respectively, ez and €) the sign of the derivative of t — —p(t)(es,) (respec-
i in

tively, —p(t)(es,) and —p(t)(es)) at the intersection point of p with d}" (respectively, 03! and
0ii+1). According to (3.5), we have

Uy = o100 ey =i 1s,—2b)es, O ey it 20008 ey, (4.40)
Therefore, the consistency of ¢ around j; implies
e(Giit1 — di14) + e162[G(0)e,, , 9(05")e, ] =0 (4.41)
and so
T, gy = cc162[0(01)e,, , S(OF)e, ] (4.42)

We show —sgn(w(ey,,ey,)) = €e1ea in the remaining part of the proof. We work in the plane
transverse to j; spanned by i, w, te,,w, and we view (eg,,ez,) as coordinates on this plane. Up
to smoothly deforming p, one can assume that p intersects p3* (respectively, o; ;41 and 0}") at the
point j; + te,, w (respectively, j; + te,w and j; + Lejlw), which has coordinates (—w(e,,e€yJ,),0)
(respectively, (—w(ey,, es,),w(es, er)) and (0,w(es,, €1))). ,
By definition, €z is minus the sign of variation of the coordinate e;, when p crosses 03'.
When p goes from j; + te,,w to j; + te,w, the variation of the coordinate ey, is w(es,en),
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Oi—1,i

out
Dl

€1

€2

Tiit+1

o)

F1GURE 4.5. Consistency around the joint j;.

and so ey = —sgn(w(ey,,es,)). Similarly, one checks that e= —sgn(w(eys,eys,)) and
@1 = —sgn(w(es,.er)). -

LEMMA 4.19. We can apply the induction hypothesis to Ji, 0*, z; and Jo, 0, x;. Hence,

$(F) = A5 ((Tpe;)jen)s (4.43)
$(03") = AT ((Ipe,)jern). (4.44)
Proof. To show we can apply the induction hypothesis to Ji, Oif‘, z; and Jo, Dizn, x;, we need to

show that:

(i) the point x; is (J1,n)-generic and (J2,n)-generic;
(ii) the intersections (z;+Rie, w)NF** and (2; +Rie, w)NF** are non-trivial line
segments.

To prove part (i), first note that z; € j; C ei N ei. If there were J; C J; such that z; €
ei, then, writing J; = J; U J{, one would have e; = ey +egr+epandx; € ei N ei, N ei, in
contradiction with Lemma 4.16. Therefore, x; is (J1,n)-generic. Exchanging the roles of J; and
Ja, this also proves that x; is (J2,n)-generic.

To prove part (ii), we follow the same logic as in the proof of Lemma 4.16. As we are assuming
that 2 + Ree,w C F is a non-trivial line segment, there exists a tree T' € 7;" and an edge E of T'
such that, denoting by v the vertex of T incident to F on the path from E to the leaves, z is in
the interior of j7v“(E) and e, = e;.

We choose trees Ty € T, and T» € 7;,. We construct a new tree T e TI" from T, Ty, and
Ty as follows (see Figure 4.6). First, let T be the tree obtained by removing from 7' all the
edges and vertices descendant from v, so that v becomes a leaf of T. Then, we obtain T by
gluing the three trees T, Ty, and T»: we identify the leaf v of T with the roots of T; and Tb.
We still denote by v the vertex of T where T, Ty, and Ty are glued together and by E the
edge of T incident to v on the path from v to the root. We have e, = e; and we label v/ and
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TL E

€

FIGURE 4.6. A tree T as in the proof of Lemma 4.19.

v” the children of v so that e, = ey, and e,» =ey,. Let E’' (respectively, E”) be the edge

of T connecting v to v’ (respectively, v"). We have jz(e,) = 0‘%’:, and so by Lemma 2.12,

Jy(ey) € ei N ez. As we also have j;(E) C x + Ree,w, we deduce that j;(v) = z;. We conclude
that j7(E') C (z; + Ree, w) N F* and j7(E") C (i + Ree,w) N FY“. By Proposition 4.12,
J7(E") and j7(E") are non-trivial line segments and hence the proof of part (ii) follows. O

Thus, we can rewrite Lemma 4.18 as

95, 5, = —sen(w(es, en))[ATY AT (Tge,)jer)- (4.45)
By Definition 2.23 of the flow tree maps as sum over trees, this can be rewritten as
Gon== > D sen(wlesn,en))ATG AT (Tpe,)jes)- (4.46)

T GTJWI T2€7-Jn2
Step IV. As a final step, we show that
P(0)e; = Phoo + AT (Upe,; ) jes)- (4.47)

To prove (4.47), first observe that summing (4.36) side by side for all values i € {1,...,k}
we obtain ¢(0)e, = ¢k 00 + Zle Z{th}Epji 9%, ,- Then, using (4.46), we get

k
$0)es = koo =y . . > sen(wlen,en)A%G, AL ((Tse,)jes).  (448)

=1 {11, J2}EP, TI€T] ToeT ],

On the other hand, we have A" = ZTGTJ" A%% by Definition 2.23, and so, using Definition 2.21:

T,w Sgn(l‘(ev’ )) + Sgn(w(ev’ 761/’)) Tw .
AT ==Y T . (AT AT ], (4.49)
TeT] TeT]

where vp is the child of the root of the tree T, and v/, v/, are the children of vy.
Comparing (4.48) and (4.49), it remains to show that

k
S D D sen(wlen,en)) AT, AT (4.50)

=1 {1, J2}eP); TLeT] ToeT],

B Z sgn(w(ev/T))+Sgn(w(€y/T>€v;))

- 5 [AD9 A, (4.51)

JTwh “TJ Tl
TeT]
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\\\\\\“4’///// \\\\\\“~//////

€ €J,

FiGUurE 4.7. Trees Ty, T, and T

Given T € 7 and writing J; = Jp,,. and Jo = Jp,», we obtain a tree T} € Tj, (respectively,
il v
T, € Tj,) by considering the subtree of T' made of vy and its descendant through the child v/,
(respectively, v/.) (see Figure 4.7). If the contribution of T" in (4.51) is non-zero, we have in fact
Ty € T} and Ty € T} We claim that z(e,) and w(ey, , es,) are of the same sign if and only if the
intersection point of the line z + Re.,w with erl N er2 is contained in the half-line x + R>qtc,w.
Indeed, the intersection point of the line x + R, ,w with efl N ei is the point

‘T(eJl)

— e, W. 4.52
wles,eq) 7 ( )

Thus, if sgn(xz(ey,)) +sgn(w(ey,,er,)) # 0, the intersection point of the line z + Ree,w with
ei N ej; is equal z; for some 1 < i < k such that {Ji, J2} € j;, and we have

:L'(E(h) T,w
R St WA = ¥, 4.53
i w(eja €n ) st e ( )

Then, it follows from Definitions 2.21 and 2.23 that A?i% = A?;U’T and Aﬁ;“ﬁ = A”:C,:“F’v%
Conversely, for every 1 <i <k and {J1, o} € P, every Th € 7}771 and Ty € ’Z}Z are obtained in
this way. Hence, (4.47) follows.

From (4.47) together with Proposition 4.17, we obtain ¢(0)c, = A% ((Ie,)jes) and so
Theorem 4.14 holds for J, o, and x. Hence, this concludes our proof of Theorem 4.14. O

4.4 The flow tree formula for scattering diagrams
DEFINITION 4.20. A point 7 € v~ C Mg is y-generic if for every v/ € N, 6(7') = 0 implies that
~' is collinear with ~.

LEMMA 4.21. Let 7 € y= C My be a vy-generic point as in Definition 4.20. Then, the image
o :=q(T) €ef C Mg of 7 by the map q: Mg — Mg given by (4.4) is (I,n)-generic as in
Definition 2.14.

Proof. Assume by contradiction that « is not (I, 7)-generic, which means by Definition 2.14 that
there exists a tree T' € 7} such that a(e,) = 0, where v is the child of the root of 7. Thus,
we have 7(p(e,)) = 0, that is, 7 € p(e, )", and so the condition that 7 is y-generic implies by
Definition 4.20 that p(e,r) is collinear with v = p(es). Recalling that e, = ey, this implies that
n(ew,es) =n(ew,er) = (p(ew), pler)) = 0, in contradiction with the assumption that T' € 7;" and
the Definition 2.13 of 7. O
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Let 7 € - be a y-generic point as in Definition 4.20. By Lemma 4.21, the point o =
q(7) € ef is (I,m)-generic. Therefore, by Proposition 2.18 the set U, of (I,a)-generic skew-
symmetric bilinear form is open and dense in /\2 Mp, and for every w € Uy, the flow tree map
ATY: Tlies be; — be is defined by Definition 2.23.

Finally, we arrive at our main theorem of this section, the flow tree formula for scattering
diagrams I.

THEOREM 4.22. Let 0 € Wallg,,,(q) be a wall in Mg and T = {7;}ier € mult(N*1) a multiset
of elements of N such that ® C v+, where v = > icrVi- Let 7 €0 be a vy-generic point and
a = q(T) € My the image of T by the map q : Mr — Mgy as in (4.4). For every small enough
generic perturbation w € Ur o, NU" of 1) as in 4.3.1, the map Frg’D in (3.14) is given by the ‘flow
tree formula for scattering diagrams I’:

1

[Lnen+ mr(n)!

where fl?‘w is as in Definition 4.8 the specialization of the flow tree map A}"™ defined in
Definition 2.23.

F2° = AP (4.54)

Proof. Let ¢ € Wallg,,,(p) be a wall in Mg containing ¢(?) such that e C eIL. In particular, we
have « € ¢. By Theorem 4.9, we have

1 ~
F8° = mFﬁj. (4.55)
On the other hand, as « is (I,n)-generic by Lemma 4.21, we can apply Theorem 4.14 for J =1,
o =c¢, x = «, and we obtain
Y= AP (4.56)
The result follows from (4.55) and (4.56). O

We provide also a variant of the flow tree formula for scattering diagrams, the flow tree
formula for scattering diagrams II, which involves perturbing the points in My rather than the
skew-symmetric bilinear form, as in Theorem 4.22.

Note that from Proposition 2.20 that the set Vj, of g€ ell C Mg such that [ is
(I,7n)-generic and 7 is S-generic is open and dense in e%. For every 3 € Vi ,, we define the flow
tree maps A?’": [Licr be; — be as in Definition 2.23 and its specialization A?’": [T,er8n — 8y
as in Definition 4.8. For every 3 € Vi ,, we define FPBM as FO@ in (4.31) and replacing « with
B, and w with 1. We also define V< C eIL as the set of 3 € eIL such that there exists a wall
e € Wallg,pp) with e C e}- which contains both o and 8. We have o € V¢ and V¢ is an open
neighborhood of « in e}-. We say that 3 is a small enough generic perturbation of « in elL if

BeViaNV (4.57)

THEOREM 4.23. Fix a (I, n)-generic point « € eIL C Mg as in Definition 2.14 and a small enough
generic perturbation 3 € Vi, NV® of a in e}. Let J C I be a non-empty index set, and x € e#
a (J,n)-generic point such that € F5" and the line segment ( + R, ,w) N F?" is not a point.
Let o € Wallg,,p5) be a wall containing x and with normal vector n, = e;. Then for every
consistent (N, )-scattering diagram ¢ such that Iy, =0 if n ¢ {e;}icr, we have

$(0)e, = AT ((Lpe, )ier) (4.58)
Proof. The proof is analogous to the proof of Theorem 4.14, with «, w replaced by (3, n, respec-
tively, and with an extra simplification in Proposition 4.17: for ¢ positive large enough, = + tic ;7
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is contained in a wall 0, which thus necessarily contains i.,7 and so ¢ o = 0 follows from
Proposition 3.9. O

THEOREM 4.24. Let 0 € Wallg,pp(g) be a wall in Mg and T = {7;}ier € mult(N*1) a multiset
of elements of Nt such that ® C v, where v = > icrYi- Let T €0 be a vy-generic point and
a = q(1T) € My the image of T by the map q: Mr — Mgy as in (4.4). For every small enough
generic perturbation 8 € Vi, NV of a in e}-, the universal map Flg’a in (3.14) is given by the
‘flow tree formula for scattering diagrams II’:

1
HneN"" mr (n)'

Proof. Let e € Wallg,,,p) be a wall in Mg such that e C elL and containing both ¢(9) and S.
By Theorem 4.9, we have

F8° = A, (4.59)

1

FP=
[nen+ mr(n)!

oty (4.60)

On the other hand, as « is (I, n)-generic by Lemma 4.21, we can apply Theorem 4.23 for J =1,
o =c¢e, x =3, and we obtain

Rt = AP, (4.61)
The result follows from (4.60) and (4.61). O

Remark 4.25. We compare briefly the passage from scattering diagrams in N with scattering
diagrams in A and the perturbation of scattering diagrams introduced in [GPS10]. Using
our notation, the perturbation of [GPS10] consists in replacing the hyperplanes ’yiL ={f¢
Mg |0(;) = 0} by the affine hyperplanes {0 € Mg |0(~;) = €;} where ¢; € R are generic per-
turbation parameters. On the other hand, denoting by K the kernel of p: N' — N, we obtain by
duality a surjective map 7: Mr — Ky, where Ky := Hom(K,R). We claim that our scattering
diagram in Mp is a universal family of perturbed scattering diagrams in the sense of [GPS10].
Indeed, fixing € € K} is equivalent to fixing the perturbation parameters ¢; of [GPS10], and the
intersections of our scattering diagram in Mg with the fibers 771 (€) are essentially the perturbed
scattering diagrams of [GPS10].

The embedded trees j?’n (T°) used in the proof of Theorem 4.24 are all contained in the fiber
71 (7 (B3)) of 7. Indeed, all edges have directions of the form ¢, 71, and so for every k € K, we have
te,n(k) = n(ey, k) = 0 because n is the pullback of (—, —) by p. Therefore, these embedded trees
viewed inside 7! (7(3)) essentially coincide with the tropical curves contained in the perturbed
scattering diagrams considered in [GPS10] (see also [Man21, CM20]).

By contrast, the embedded trees j77 (1) used in the proof of Theorem 4.22 are not contained
in a given fiber of 7 in general: one cannot use the perturbed scattering diagrams in the sense
of [GPS10] and it is essential to work with scattering diagrams in Mg.

5. The flow tree formula for DT invariants

In §§5.1-5.2, we review the definition of DT invariants of quivers with potentials. In §5.3, we
state the flow tree formula, which computes DT invariants in terms of a smaller set of attractor
DT invariants. We prove the flow tree formula for DT invariants in §5.4 by applying the flow
tree formula for scattering diagrams to the stability scattering diagram introduced by Bridgeland
in [Bril7].
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5.1 Quivers with potentials
A quiver Q) is a finite oriented graph. A potential W € CQ for @ is a finite linear combination
of oriented cycles of ) in the path algebra CQ of ). We assume that () does not contain
oriented 2-cycles and we denote by Qg the set of vertices of @, and set N := Z%0, with dual
Mp = Hom(N,R), and

Nt :=N%\{0} c N. (5.1)
DEFINITION 5.1. A representation E of () is a finite-dimensional left-module over the path
algebra CQ), that is, the data of a finite-dimensional C-vector space E; for each vertex i € Qg
and of a linear map f,: F; — E; for every arrow a: ¢ — j in . Every non-zero representation
of @ has a dimension vector (dim E;);eq, € N ™.

DEFINITION 5.2. Giveny € Nt and a stability parameter § € v+ = {¢/ € Mg |0'(y) = 0}, arep-
resentation F of @ of dimension vector «y is 6-semistable (respectively, 0-stable) if for every
non-zero strict subrepresentation F' C E, we have §(F') < 0 (respectively, 0(F) < 0).

It is shown in [Kin94] that there exists a smooth quasiprojective variety Mg_“ parametriz-
ing isomorphism classes of #-stable representations of () of dimension vector 7, and a generally
singular quasiprojective variety Mf; parametrizing S-equivalence classes of #-semistable repre-
sentations of () of dimension vector 7. A potential W € C(Q) defines regular functions Tr(W)z on
the moduli spaces Mg as follows: given a representation £ = (Ej, fo)ia € Mg and an a oriented

cycle ¢ = a,...aq in @ starting and ending at the vertex ig € (g, the composition

fc = faro"‘ofao (5.2)

of the linear maps f,, along the arrows of the cycle is an endomorphism of E;,, and we define the
evaluation of the function Tr(c)?y on F as being the trace of this endomorphism. More generally,
W is a linear combination ), aicy of oriented cycles ¢, and we define Tr(W)z by linearity, that

is, Tr(W)g = ) Ok Tr(ck)g.

5.2 DT invariants of quivers with potentials and flow trees
Let (Q, W) be a quiver with potential, ¥ € N* a dimension vector, and § € = C My a stability
parameter. We assume that 6 is y-generic in the sense that 6(7') = 0 implies 7/ collinear with .
Then, the (refined) DT invariant of (Q, W) for the dimension vector 7 and the stability parameter
f is a Laurent polynomial

O (y,t) € Zly ™, ] (5.3)
in two variables y and ¢, and with integer coefficients. In the ideal case where ij is smooth and
the critical locus of Tr(W)z is non-degenerate, Qz(y, t) coincides with the (signed symmetrized)
Hodge polynomial of the critical locus of Tr(W)g. In general, the singularities of Mg and the
degeneracy of the critical locus require the use of the theory of perverse sheaves [BBD82] and of
the theory of vanishing cycles [DK73], respectively. We review the definition of Qg(y, t) following
the approach of [MR19, DM20] and referring to [DM20] for technical details.

We define the DT sheaf D’Tf on Mg by

- {qﬁTr(W)gucMg) if M0t £

0 otherwise,

(5.4)

where IC MY denotes the intersection cohomology sheaf on Mg and ¢Tr(W)§ is the vanishing cycle
functor defined by the function

Tr(W)9: MY — C. (5.5)
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The cohomological DT invariant DTg is then defined as the cohomology of the DT sheaf:
DT! = H*(MY,DT?). (5.6)

By Saito’s theory of mixed Hodge modules [Sai90], the graded vector space DT$ is naturally
endowed with a (monodromic) mixed Hodge structure, and so in particular with an increasing
weight filtration W and a decreasing Hodge filtration F. The Hodge—Deligne numbers of DT$
are

WP = "(—1)" dim GriGr)Y (H' (MS, DT?), (5.7)
i€Z

where Grj and Gr\V are the graded pieces of the filtrations F and W. The (refined) DT invariant
Q?/(y,t) is by definition a Laurent polynomial with coefficients the Hodge—Deligne numbers of
DT,? :
O (y,t) = hPUyPrar=a ¢ Z[y* 5], (5.8)
X

The flow tree formula is more naturally formulated in terms of the rational DT invariants
ﬁz(y, t) € Q(y,t) defined by

=0 Ly—y!
~'eNt
y=kv', k€Z>
It is proved in [DM15, DM20] that the dependence on 6 of the invariants Qz(y, t) is given by the
wall-crossing formula of Joyce and Song [JS12] and Kontsevich and Soibelman [KS08], and that

the invariants ﬁ:(y, t) coincide with those previously defined in [JS12, KS08] using the motivic
Hall algebra.

5.3 Attractor invariants and the flow tree formula
In this section we state our main result, the flow tree formula in Theorem 5.5, which expresses
the DT invariants in terms of a smaller subset of invariants, referred to as attractor invariants
and defined as follows.

Let (—,—): N x N — Z be the skew-symmetric bilinear form defined by

(V) = (ag — aji)v), (5.10)
4,5€Qo
where a;; is the number of arrows in () from the vertex ¢ to the vertex j.
DEFINITION 5.3. For every v € N, the rational attractor invariant ﬁfy(y, t) is defined by
Oy, 1) = 00 (y, 1), (5.11)
where ﬁ:” (y,t) is as in (5.9), and 6, is a small y-generic perturbation of the attractor point
(v, =) € M.

Remark 5.4. Definition 5.3 of rational attractor invariants is independent of the choice of the
small y-generic perturbation (see [MP20, Theorem 3.1]): indeed, if there is a wall of marginal
stability associated to a decomposition v =+’ 4+ v passing through the attractor point (v, —),

then (v,7") = 0 and so ﬁ:(y, t) does not jump through this wall according to the wall-crossing
formula. Replacing ﬁ:” (y,t) in Definition 5.3 by ng (y,t) in (5.8), we obtain the definition of
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an attractor invariants, which are related to rational attractor invariants via the formula (5.9).
In what follows, we often make use of the rational attractor invariants, which are better suited
to wall-crossing computations.

By iteration of the wall-crossing formula, the DT invariants ﬁ:(y, t) for any y-generic stability
parameter § € v can be expressed in terms of the attractor invariants ﬁ: by a formula of the

1
H= > m w---mHQ y:t), (5.12)

r21l {vihici<r
23:1 Yi="Y

form

where the second sum is over the multisets {;}1<i<, with 7; € N and >, ;7 = 7. Here, the
denominator | Aut({~;};)| is the order of the symmetry group of {i}: if m/ is the number of times
that 7' € IV appears in {7; };, then | Aut({:}:)| = [,y m!. The coefficients FO(yi,...,7,) are
universal in the sense that they depend on (Q, W) only through the skew-symmetric form (—, —)
on N. The flow tree formula gives an explicit formula for coefficients F?(v1,...,~,) as a sum over
binary trees. We state the flow tree formula in Theorem 5.5 after introducing some notation.

Let 71,...,7% € N such that > ;v =7. As in (4.2)—(4.4), we set I :={1,...,r} and we
introduce a rank-r free abelian group N' = @, Ze;, along with the map p: N' — N as in (4.2)
and the map q: Mg — Mg = Hom(N,R) defined as in (4.4). We also define a skew-symmetric
bilinear form n € A* M on N by n(e;, e;) = (vi,7;), and consider the image « of the stability
parameter 6 by g:

a = q(f) € Mg. (5.13)

By Lemma 4.21 the assumption that 6 is y-generic implies that a is (I, n)-generic and so we can
consider a small enough generic perturbation w € Uy, N U" of  as in Definitions 2.15 and 4.10.

In the following theorem we state our main result, the flow tree formula, which provides an
explicit description for the universal coefficient F?(71,...,7,) that appears in the formula (5.12)

expressing the DT invariants [0 +(y,t) in terms of the attractor invariants ﬁ:l (y,t).

THEOREM 5.5. For every small enough generic perturbation w € Ur,NU" C /\2 Mg of n €
N\? Mg, the universal coefficients FO(v1,...,7,) in (5.12) are given by the flow tree formula:

Flon,om) = > [ exennles,em)), (5.14)

TeT," veVp

where the sum is over binary trees as in §2.1, e’y € {0,1,—1} is as in (2.23) and

_ . yz _ y—z
k(z) = (—1) — (5.15)
for every x € Z.

The flow tree formula stated in Theorem 5.5 was conjectured by Alexandrov and Pioline
in [AP19]. The assumption w € Ur o N U" in Theorem 5.5 makes precise and explicit the condi-
tions ‘small enough’ and ‘generic’ which were left slightly vague in the statement of Theorem 1.1
given in the introduction and in the original formulation of the conjecture in [AP19]: w € U" is
the condition ‘small enough’, and w € Uy, is the condition ‘generic’.

We also prove a variant of the flow tree formula recently conjectured by Mozgovoy [Moz22]
in which one perturbs points in Mpg rather than the skew-symmetric form. Recall that we denote
er =Y ;e €- By Proposition 2.20, the set V7, of 8 € et C Mg such that 3 is (I,7)-generic and
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n is f-generic is open and dense in e%. Finally, we denote by V® the open neighborhood of «
in e7 defined by: 3 € V if and only if for every n € N;F such that a(n) is non-zero, 3(n) is
non-zero and of the same sign as «a(n).

THEOREM 5.6. For every small enough generic perturbation 3 € Vi, NV“ of a in eIL, the uni-
versal coefficient F9(vy, ... ,,) which appears in the formula (5.12) expressing the DT invariants

ﬁ:(y,t) in terms of the attractor invariants Q .(y,t) is given by

Fr('}’la--','}/r = Z H ETU ev’aev”))a (5'16)

TeT," veVp
where the sum is over binary trees as in § 2.1, e%"‘; is as in (2.23), and k is as in (5.15).

In Theorem 5.6, the assumption 3 € Vi, NV makes precise and explicit the expres-
sion ‘small enough generic perturbation’ used in the statement of Theorem 1.2 given in the
introduction: 3 € V¢ is the condition ‘small enough’, and 3 € V7, is the condition ‘generic’.

5.4 Proofs of Theorems 5.5 and 5.6
We derive the proof of the flow tree formula in Theorem 5.5 (and of its variant in Theorem 5.6),
from the flow tree formula for scattering diagrams in Theorem 4.22 (and from its variant in
Theorem 4.24, respectively). We do this by applying the latter formulas to the stability scattering
diagram, which is a (N7, g)-scattering diagram as in Definition 3.2, introduced by Bridgeland.
We roughly review its description here, and for details refer to [Bril7].

Let (Q,W) be a quiver with potential, and v € N* be a dimension vector. Define a
Nt-graded Lie algebra over Q(y,t) by

i= P Q.1)z", (5.17)

neN+
where the Lie bracket [—, —] is given by
[z 2"2] i= k((ng, ng))2™ "2, (5.18)
where k is as in (5.15). Let 6: N — Z be an additive map such that §(N*) C Z>;. Then
7= P Q.b)" (5.19)
neNTt
6(n)>6(v)
is a Lie ideal of g and we consider the quotient Lie algebra
0=/, (5.20)

which is finitely N*-graded. The support of g is Supp(g) = {n € N |d(n) < ()}
For every wall 0 € Wallg,,,(g), Pick a point 25 € 0 such that 2, ¢ 0’ for all 9 € Wallg,p(g)
distinct from 0. The stability scattering diagram

qb: WallSupp(g) — g (5.21)
is defined by
o)=Y Q1) (5.22)
k>1
5(kna)<é(7)

for every wall 0 € Wallg,pp(g), Where ﬁi;a (y,t) are rational DT invariants defined as in (5.9).
The definition of ¢ is, in fact, independent of the choices of the points zy: by the wall-crossing
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formula, the DT invariants QF (y, t) with §(n) < §(7) do not jump as long as @ stays in the interior
of a wall 9 € Wallg,,(g). The following key theorem is due to Bridgeland [Bril7, Theorem 1.1].

THEOREM 5.7 (Bridgeland [Bril7]). The stability scattering diagram is consistent.

More precisely, the main results of [Bril7] are stated in terms of the rational DT invariants
defined by Joyce and Song [JS12] using the motivic Hall algebra. The comparison with the
rational DT invariants defined as in (5.9) is established in [DM15, §6.7]. Moreover, [Bril7,
Theorem 1.1] is only stated for the ‘unsigned unrefined’ invariants (virtual Euler characteristics),
but the proof by applying an integration map to the Hall algebra scattering diagram immediately
generalizes to the case of the ‘signed refined’ invariants (virtual signed Hodge polynomials) (see
also [DM21, §7.1]).

By Theorem 5.7, we can apply Theorems 4.22 and 4.24 to the stability scattering diagram ¢.
By Proposition 3.9, the initial data of ¢ are given by the attractor DT invariants:

Iy = Qa(y,1)2", (5.23)
for every n € NT with §(n) <+, and so Theorems 5.5 and 5.6 follow.
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