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Abstract

In this paper we treat a pure death process coming down from infinity as a natural
generalization of the death process associated with the Kingman coalescent. We establish
anumber of limit theorems including a strong law of large numbers and a large deviation
theorem.
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1. Introduction

The number of lineages in the Kingman coalescent [5] instantaneously comes down from
infinity by jumps n — n — 1 atrate A,, = (g) As a natural extension of the Kingman setting,
we consider a pure death process (Z(¢), t > 0) absorbing at state n = 1 and having death rates
(A, n > 2) such that Z;’;zkgl < 00. Assume that Z(0) = oo and denote, forn > 2,

T,=inf{t: ZO) =n—-1}=X, + Xp1 +---,

where X7, X3, ... are independent exponentially distributed holding times with EX; = A, I
Since the mean values A, = ET, = Z?in Ai_l are finite, we have A, — 0 asn — o9,
which implies that the process instantaneously comes down from infinity, in that P(Z(t) <
o0 | Z(0) = o0) = 1 forany ¢ > 0.

In this paper we are interested in the asymptotic properties of Z(¢) as t — 0. In view of the
relation {Z(¢) > n} = {T,, > t}, the step function

o
v(t) = Zn Lia,,40@®) + 114,000 (0),

n=2

being a generalized inverse of the sequence (A,), gives the speed of coming down from infinity
for the process Z(t); see [2]. Recall that for the Kingman coalescent, A, = 2/nand v(¢) ~ 2/t
ast — 0.

Our main results, Theorems 1-3, are presented in Section 2. In Theorem 1 we neatly
summarize limit theorems for 7,, that, with some additional effort, can be deduced from more
general results recently obtained in [1] for birth—death processes. We give direct concise proofs.
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Death processes coming down from infinity 721

In Theorem 2 we deal with Z(¢). In particular, we show weak and strong laws of large numbers

40)

v(t)
which improve their counterparts from [1]. Theorem 3 is an explicit large deviation theorem
generalizing a recent result in [4] obtained for the Kingman coalescent.

Our results can be also interpreted in terms of an explosive pure birth process N(u) =
Z(T> — u) obtained from the pure death process (Z(¢), 0 < ¢t < Tp) by time reversing. The
time-reversed process N (1) can be viewed as a model for the number of neutrons at time u in
a nuclear chain reaction exploding at a finite random time 73; see [7] and [9]. Knowing the
speed of explosion v(¢) and the current population size N (u#), one can hope to predict the time
t = T, — u left to the explosion event; see [8].

-1, t — 0, (D

2. Results

Consider a pure death process with finite A, = ET7,,, and set 82 Z?O 2 and C; 3 =
i A ~3_ In this paper we use a natural notational agreement of the type Anx :— Alnx]- We
start by mapping the connections among various conditions on the death rates appearing in our
limit theorems. Besides condition B, = 0(A,), we will mention a group of related conditions
requiring the existence of a limit for A, /A, 1, or existence of a (possibly infinite) limit for
Ay, or

A, inf A — o0, n — oo forall x > 1. 2)
k>nx

Also, the following two pairs of conditions are important:

o
D a7PAT? < oo, 3)
i=2
o
Y 17?457 < oo forallx € (0, 1), )
Apx =0(A,) forallx > 1, (®)]
. Anx
lim sup <1 forallx > 1. (6)
n—oo n

Condition A, /1,41 — « € [0, 1) is equivalent to A, A, — 1/(1 — &), due to the recursion
Ay = 1+ (Ay/Angr1)An+1An+1. Under this condition, we have A,4+1/A, — «, which
implies (5), which implies (6).

Condition 1, A, — o0 is equivalent to B, = 0(A,) and holds, in particular, if A,,/A,+1 —
1. Indeed, for an arbitrary small ¢ € (0, 1), if B, = 0(A,) then, for sufficiently large n,
A2 < B2 < &2A2, implying that A;' < e(A; ! + A,11). Thus, A;! < e(1 —&)7'A,4; and
An A, — 00. On the other hand, given 1, A,, — oo,

32=2ZZA )\‘_22,\ Aip1 =& 'B2

i=n j=i+1 i=

for all sufficiently large n, which yields B,, = 0(A,).
Condition A, A, — oo implies (2), because infy~,x AxAr < A, infg=py Ax forx > 1.
Condition (3) implies B, = 0(A,) and (4), since A2Z ien _ZA_2 > B2

l
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Theorem 1. (i) If 1, /An+1 — « € [0, 1) then, for all x > 0,

1

00
P(A;ZITn <x)— Fy(x), n— oo, /0 e_“xdFa(x):nm.

i>0
(i) If B, = 0(A,) then A;lTn — 1 in probability as n — oo.
(iii) If (3) holds then A;IT,, — 1 almost surely as n — oo.
@Gv) If B, = o(A,) and C,, = o(By,) then, for x € (—00, 00),

P(T, < Ay + Byx) — ©(x), n — oo,

where @ (-) is the standard normal distribution function.

Theorem 2. (i) If either (5) holds, or (2) and (6) hold together, then (1) holds in probability.
(ii) If (4) and (6) hold then (1) holds almost surely.

@1ii) If An/dns1 — « € [0, 1) then, for eachk =0, =1,£2, ...,

P(Z(Ay) <n—+k)— Fyl@™), n— oo.
@iv) Let B, = 0(Ay) and C,, = o(By,). If b,, = o(n) is such that

A, — A
An — Antxb, - h(x), n — oo forall x € (—oo, 00),

Bn+xbn

then 7
1 —v(t
P(% < x) S ®(h(x) ast— 0 forall x € (—o0, 00).
v(t)
Parts (i) and (ii) of Theorem 2 improve the pure death case results of [1], which can be stated
in our notation as follows:

If either A, A, has a finite limit, or A, A,, — oo holds together with (6), then (1)
holds in probability. If A, A;, — oo together with (3) and (6) then (1) holds almost
surely.

Part (iii) has no counterpart in [1]. Part (iv) should be compared to the pure death case of [1,
Proposition 4.6].
An important class of pure death processes coming down from infinity is set out by the
constraint
dn = nPL0), B>1, (7

where the function L: [1, 00) — (0, 0o) is assumed to slowly vary at oco. For the Kingman
coalescent, this condition holds with § = 2. By the properties of regularly varying functions
(see [3]), condition (7) entails

Ap=n""PLim), Lim~@B-D"'L7'm), n— oo,

implying that v(¢) regularly varies at 0 with index 1/(1 — ). In this case, condition (6) holds
but not (5). By Theorem 2, if (7) holds then (1) is valid almost surely and the limit distribution
of (Z(t) — v(¢))/+/v(¢) is normal with mean O and variance 1/(28 — 1).
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Examples. We give five simple examples illustrating the wide range of regimes covered by
Theorem 2. For all our examples, the key condition Y o2 5A,; I < 00 is easily verified. We see
that the faster the decay of A, as n — oo, the slower is the speed of coming down from
infinity.

1. Let A, = (logn)™ for some a > 0. Then, as n — oo,

An ~a 'nlogn)!t, B, ~a 'n""?(logn)~'7¢,

Cp ~a 'n=3ogn)~'74.

1/

In this case, v(t) ~ ¢’ ' ast — 0. Since (6) is not valid, Theorem 2 does not apply.

2. If A, ~ cn'=P for some B > 1 and ¢ > 0, then condition (7) is valid and we obtain
v(t) ~ ¢ VE-D/B=D 55 ¢ 5 0. A special case with 8 = 2 is obtained when
Ap = (23” ), so that the process 2Z(t) describes a triplewise coalescent (in contrast to the
pairwise Kingman coalescent).

3. If A, = e for some p € (0,1) then v(¢) ~ (log(t_l))l/p as t — 0. This yields
an example when both A, /A,+1 — 1 and (5) take place. Observe that, for p € [%, 1),
condition (4) holds, while (3) is not satisfied.

4. Set A, = e /1987 Tn [1] it was shown that in this case, A;lTn — 1 in probability,
but not almost surely. Here v(¢) ~ log(t_l) log log(t_l) as t — 0. Since conditions (4)
and (5) are satisfied, we conclude that (1) holds almost surely.

5. If A, = e™" then the fast decay of A, ensures that 1,,/A,+1 — 1/e, and (1) holds almost
surely with v(¢) ~ log(t_l) ast — 0. For this example, condition C,, = o(B,,) fails and
the central limit theorem does not apply.

In the next results we focus on pure death processes satisfying condition (7). For a given
x > 0, define T = 7(x) as the solution of

/1 B-Dyp—7

Observe that 7(x) is a strongly increasing function with

lim 7(x) = —oo0, (1) =0, lim t(x)= (B8 —-1"L
x—0 xX—00
Define two families of functions by /(x) = —(8 — Dxt(x) — log(1 — (8 — 1)7(x)) and

J(x) = xI(xP~1), which are illustrated in Figure 1.

Lemma 1. The above defined functions I (x) and J (x) are both nonnegative and strictly convex
over x € (0, 00) with [ (1) = J(1) = 0. They satisfy the following asymptotical relations:

I(x)~ B -1, J(x) ~ (B =17k, x — 00,

I1(x) =c(B)x~YPD g — 1) Mog(x™") —loge(B) — p+o(1), x— 0,
J(x) = c(B) — (Blogx +1logc(B) + B)x +o(x),  x — 0,

where ¢(B) = {(1 — 1))/ sin(r/B)}¥/ =D,
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FIGURE 1: Three pairs of profiles for the rate functions 7 (x) (left) and J(x) (right). Parameter values
B = 1.3 (dotted lines), B = 2 (solid lines), and B = 3 (dashed lines).

Theorem 3. Consider a death process satisfying (7) with 8 > 1. If x > 1 then
n! loglP(T,, > xA,) — —1(x), n— 00, (8
v() MogP(Z(t) > xv(t)) »> —J(x), t— 0. )
On the other hand, if 0 < x < 1 then

n! log P(T,, < xA,) - —1(x), n— 00,

v() MogP(Z(t) < xv(t)) - —J(x), t— 0.

3. Proofs

We start with two lemmas. Lemma 2 is a version of Kolmogorov’s inequality used in the
proof of Lemma 3.

Lemma 2. Ifaninfinite sum&1+&Ey+- - - ofindependent zero-mean randomvariables converges
almost surely, and §, := &, + &,41 + - - -, then, for each ¢ > 0,

IED(Suplé“kl > 8) <e’EKg?,  n= 1.

k>n

Proof. 1t is easy to check that the sequence ¢, forms a backward martingale. Setting By =
{12k] = &, [Cks1] < &, [Ckan] < &, ...}, we obtain

o o (0.¢]
@D = Y B 1) = Y E@ 1) = 62 Y P(B) = *P(sup|ex] = ¢,
k=n k=n k=n k>n
using the submartingale property of ;,,2. ]
Lemma 3. If)" ki_ZAi_(%_g) < oo for some ¢ € [0, 1) then, for any § > 0,
Th — A
]P’(supu>8)—>0, n— 0o.
kzn Ak(1—e)

Proof. The following proof is an adaptation of the proof of [6, Proposition 1]. For a given n,
let u,, be the unique natural number satisfying 2-un—l Ap(l—g) <274, Clearly, u, < uy41
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and u, — oo. Setting v; = min{k: uy = j}, we obtain

]P’(sup Ao\ Tk — Adl = 5) <y P(kn;ai AT — Al = s)
k>n Sup=j

J=uy
Z]P’( max |Tx — Ax| > 277~ 1)
Sup=j
/>
=y (sup|Tk—Ak|>82 i- ‘)
J=up

Note that for some j the set of indices {k: uy = j} might be empty—in such a case the
corresponding maximum is assumed to be 0.

By Lemma 2 applied to & = X; — A, ! having centered exponential distributions, we see
that there is a positive constant ¢ such that

Z IP’(sup | Ty — Ag| > 277~ 1) < Z ceT24i1 Z A;2

k>v

J=up J=un kZUj
— CS_2 Z 4/+1 Z4—l Z ()\'kz—l)—z
J=un =3 k:ug=l
l
see?) ) AT ) Gudrame)
I>uy, j=uy k:up=I
Thus,
— 2 -2 2 -2
P(supAk(l olTi— Akl z ) sdee Y0 3 A =4ee? Y AR,
1>uy k: up=I k>K,

where K, = min{k: u; = u,}is v; for j = u,. By the monotonicity of A,, we have K,, — 0o
as n — 00, and the statement of Lemma 3 follows. [l

Proof of Theorem 1. (i) Observe first that, for any given ug > 0, the moment generating
function

o0

REetTn = l_[ Mo exp{ Zlog(l —uk; )} u € (=00, uol, (10)

Ai—u

i=n

is well defined for all sufficiently large n. Since (Aj4; Al > of(l —) foralli > 0, a
bounded convergence argument yields that, for each u > 0,

Ee—4Tn/An — l—[ v N H; n — oo.
e uOkA)T T L L ual (1 —a) + 1

(ii) Convergence in probability is easily derived using the Chebyshev inequality.
(iii) Almost sure convergence is a straightforward corollary of Lemma 3 with ¢ = 0.
(iv) Using (10) and the notation & = X; — A, 1, we find that, for each u > 0,

o0

Eexp{—u(éy +&+1+---)} = exp{— Z(log(l +urh — ux;l)}.

i=n
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Using the inequalities x — x%/2 < log(1 + x) < x — x?/2 + x3/3 available for x > 0, we
conclude that under condition C,, = o(B,,),

S B_l)u_l 2 2
EeXP{_“Bn_I(SnH+§n+2+-~-)}~exp{z%}:exp{%}. 0

i=n
Proof of Theorem 2. Observe that (1) is equivalent to Z(A,)/n — 1 as n — oo, since

Z(Am) _ Z(O) _ Z(An)
n “v@) T n

, n=uv().

(1) We first show that
P(Tu(i1e) > An) = 0, n—> o0, ¢ € (0, 1). (1)

If (5) holds then (11) easily follows from the Markov inequality.
Given (2) and (6), we fix arbitrary ¢ € (0, 1) and u € (0, 00), and observe that there exist a
8 € (0, 1) and an ng = ng(e, u) such that, for all n > ny,

A
% <8 Agu>Q2=810-=8"'u, k>n(+e),
n

so that the moment generating function
T, 1
EeXp{u TH)} = Il =G
n k>n(1+e) — (ApA)~'u

is well defined. By an exponential version of Markov’s inequality,

n

T,
P(Th14¢) > An) < exp{—u}E exp{w}

=exp{—u}exp{— Z 1og(1—(An,\k)—1u)}.

k>n(1+¢)
This together with (1 — x)log((1 — x)~1) < x for x € (0, 1), yields

(An)»k)_lu }

P(Ty(11e) > An) < eXP{_”}eXp{ > 1— (Ash)
- n

k>n(l1+¢)

gexp{—u}exp{(Z—S)Anlu Z )»k_l}

k>n(14¢)
< exp{—u(l — 8)%}.

Letting u — o0, we see that (11) holds also under conditions (2) and (6). Since
P(Z(An) = n(1 4 &) = P(Th1+¢) > An),

we derive from (11) that P(Z(A,,) > n(1 +¢)) — 0. Similarly, P(Z(A,) <n(1 —¢)) - Oas
n— oo.
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(ii) It suffices to prove Z(A,)/n — 1 almost surely or, in other terms,

Z(Ap) — k Z(Ay) — k
Psup(k—)ze — 0, Pinfig—e — 0, n — oo.
k>n k k

k>n

To check the first convergence, observe that

Z(Ap) — k
P(sup % > 8) = P(there existk > n: Z(Ay) > (1 +&)k)

k>n

= P(there existk > n: T(14e)k > Ak>

T —A A
= ]P’(there existk > n: (A+e)k (+e)k > — (H_S)k).

A A
By condition (6), it follows that, for some § € (0, 1) and all n > ngp(e),

Z(Ay) — k T —A
P supLza <P thereexisthn:M>8
k>n k Ay

. Ty — Ay
< P|thereexistk >n(l+¢): — > 4§ |.
Ak/(1+¢)

Given (4), we can apply Lemma 3 and obtain the first required convergence. The second
convergence is verified similarly.
(iii) This follows from Theorem 1(i) in view of the relations

Tn+k An
>
Antk An+k

MZMMzn+%)=P( ), Ansic) Ay — o

(iv) This is obtained from Theorem 1(iv) using the equality

]P’(Z(A") —-n
b(n)

T, —A A, — A
> x) _ P(Tn+xb(n) > An) _ P( n+xb(n) n+xb(n) > n n+xb(n)>.

Bn+xb(n) Bn+xb(n)
This completes the proof. ]

Proof of Lemma 1. The function 7 (x) satisfies A’(t(x)) = x, where
o
Mmz—ﬁl%a—w—nw*w% w161

This yields 7/(x) = 1/A”(z(x)). Using integration by parts, we have

Ar(x)) = —fl log(1 — (B — D)y P)dy =log(l — (B — DT(x)) + BxT(x).

Thus, the defining expression for / (x) can be written as I (x) = xt(x) — A(r(x)) for x > 0.
It follows that I’ (x) = 7(x) and 1" (x) = 7/(x) = 1/A”(z(x)). In view of

A”()—/OO dy =0
e GBe D Y T

we conclude that 7 (x) is a convex function with a minimal value /(1) = 0.
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On the other hand, J (x) = xI (x#~1)is also a convex function with minimal value J (1) = 0.
Indeed,
J' ) =B - DxP P 4 1657 = RGP,

where R(x) = (B—1)xt(x)+1(x). Inparticular, J/(1) = R(1) = 0. To verify that R’ (x) > 0,
observe that

R'(x)=(B—Dt(x)+ (B —Dxt'(x) + t(x) = Br(x) + (B — Dx7'(x).
We have R'(x) = t/(x)r(t(x)), where t/(x) > 0 and

r(u) = pul”(u) + (B — DA ()

=/°° Bu dy +/°° (B—Ddy

o B=D7yP—w? )y B-DyP—u
_/°° OF +u)dy

i (B-D7yP—w)?

Clearly, r(u) > 0 for u > —1, and it remains to show that r(—u) > 0 for u > 1. To see this,
observe that in view of

r<—u)=/°° OF — w0 dy :ul/ﬁfl/oo oF = Ddy
L B—D P +u) - (B= D TyP £ 17

we find that, using MATHEMATICA® software, for B>1,

_ * (y# —Ddy
_ 1/B=1¢8 _ 12 S A A
r(—u) >u B-1) fo (yﬂ+ﬂ—1)2_

Turning to the stated asymptotics as x — 0o, observe that

0 dy
A//(M) :/
1 (B=1D71yP —u)?
(-2 /°° dy
i (OF =D/ h+1)?
GRS /°° (L+zm!VF
o Jo D2 T
where h =1— (8 — l)uand z = (y/3 — 1)/ h. This yields
(,3 - 1)2 -1
ANy~ ———r>—, u—>1-8"".
B — (B —Du)
Therefore, using L’Hospital’s rule, we find that, as x — oo,

o L BT B—1 B
xlogl = (B = DT )~ T T ) T A = B=De)  B—T1

This implies that

xTx) =—B—-Dtx) —xogl — (B — D1(x)) - —1 + % = ﬁ
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The last assertion of the lemma yields an asymptotic as x — 0. We prove it by first noting
that (again using MATHEMATICA)

N(—u) = ul/P- 1/ __ 4
s B— Dy 4 1
—-1/B

_ 1/,371'/ dy 1Bl /u dy
o B-D7lyF+1 0 B-D"1yF+1

 Ap—la /g TIB -1

=u B-1 —sin(n/ﬂ) u  +o(u ') asu— oo,
and, therefore, as x — 0,

x =1t p 1)‘“% 21! + oz,

Solving the last equation, we obtain, as a first approximation,

n/p )W‘“ _ <)
sin(r/ ) RN

and then more exactly 7(x) = x ' —b(B)xP/B=D 4 o(x~ 1) as x — 0. Thus,
I(x) = —(B — Dxt(x) —log(l = (B — D1(x))

=c(B)x /B % log(x ") —loge(B) — B + o(1),

() ~ —b(Bx PPN b(p) = (B - 1)1/03“(

and J(x) = ¢(B) — (Blogx + logc(B) + B)x + o(x) asx — O. O

Proof of Theorem 3. Here we prove only the first half of Theorem 3 since the second half
is proved similarly. Our proof is more direct than that of [4] and uses the classical Cramer’s
device of ‘tilted distributions’.

Let x > 1. The required upper bound for (8) is obtained from

]P(Tn -~ xAn) — P(er(x)nA,le,, ~ exr(x)n) < Eer(x)nAngnefxr(x)n'

Indeed, using (10) we have

_ 7(x)
n IIOgP(Tn > xA,) < —; Zlog(l — m) —xt(x),

i=n

and it remains to see that, by the dominated convergence theorem,

o0 u
—— 1 1 1l—-— Auw).
Z og( AiApn— 1) /1 0g< )xynAnn”)dy = AW

Here the dominating function is found from the uniform bounds

Ay
1—g)yf <22
( < >

n

<4y n=noe), yell, o),

where n¢(¢) does not depend on y.
The lower bound for (8) is derived using the so-called tilted distributions. ]
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Lemma 4. Let (7) hold with 8 > 1, and set ):,-,n =X\ — t(xn)nA,j]. If x, — x then ):,',n > 0,
i > n, for all sufficiently large n. Moreover, as n — 00,

i B,\2 G\ 1
O n(A—) ~ A, n2<A—> - AT,

where Z,,, E,% and 52 denote the sums Z?in():i,,,)*j with j = 1,2, 3, respectively. There
exists a sequence x, — x such that A, = x A, for all sufficiently large n.

Proof. We suppose that x, — x. We have A,y ~ y#(8 — 1)7'A,; ! for y > 1. Since
T(x) < (B — 1)L, it follows that Xi,,, > ( for all i > n and sufficiently large n. Furthermore,
by the dominated convergence theorem,

1
_ -1
- ; riAgn=! — 1(xy)

_ /"" dy
1 )"ynAnn_l —T(xp)

- [ dy
LD -
= N

=X,

n(é)2 — /OO ! dy = A (t(x))
A, L GPB-D T2 T ’

n2(é>3 — /OO ! dy = lA’”(r(x)), n— oo.
An 1 OFB =D —1x)? 2

_ To prove the last statement of Lemma 4, take x, = u and consider the sequence a, (1) =
An/A, = floody/()»y,, A,n~'—1(u)). We know that each function a,, is continuous and strictly
monotone, and that a,(u) — u. Therefore, for the given x > 1 and a small ¢ > 0, if n is
sufficiently large, we have

SE

3 I3
x—28<an(x—8)<x—§<x+§<an(x+8)<x+28.

We conclude that there exists an x,, such that a, (x,) = x and x, — x. O

We return to the proof of Theorem 3. Besides the random variables X; with exponential
distributions Exp(;), we introduce their tilted versions X; i,n having exponential distributions
Exp(k, 1), Where A, n are defined according to Lemma 4 in such a L way that An =xA,. fF,(y)
and F, (y) are the distribution functions for 7,, = Z . Xi and T, = > Xin, then

1=n

o] ~ -
/ e dF,(y) = Ee"r
—0o0

zﬁA

i=n
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Ee+t()n/AnT,
~ TEeCn/ANT,
= o | O AR 0,
implying that
- et(ny/Ay
dF,(y) = WdF"(y)'
Thus, for any b > x, we obtain
00 bA,
P> xA) = [ aF0) = BB e [ aF ).

Lemma 4 yields an analog of Theorem 1(iv) stating that E(T < A + uB ) — ®(u). Since
A,, = x Ay, this implies that f A" dF y) — l , so that

liminf ™! logP(T,, > xA,) > A(t(x)) — bt(x).
n—>oo

To complete the proof of (8), send b — x. To prove (9), observe that

n! logP(Z(A,) > nx) ~ x(nx)_1 log P(T;,x > xﬂ_lAnx) — xI(xﬁ_l), n—oo. [
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