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We study the small data global well-posedness and time-decay rates of solutions to
the Cauchy problem for three-dimensional compressible Navier—Stokes—Allen—Cahn
equations via a refined pure energy method. In particular, the optimal decay rates of
the higher-order spatial derivatives of the solution are obtained, the
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1. Introduction

A fluid-mechanical theory for two-phase mixtures of fluids faces a well-known
mathematical difficulty: the movement of the interfaces is naturally amenable
to a Lagrangian description, while the bulk fluid flow is usually considered in
the Eulerian framework [10]. Recently, the phase-field methods, or sometimes
called the diffuse interface approaches, has been introduced to overcome this diffi-
culty by postulating the existence of a ‘diffuse’ interface spread over a possibly
narrow region covering the ‘real’ sharp interface boundary. Now, these models
become one of the major tools to study a variety of interfacial phenomena. As
the underlying physical problem still conceptually consists of sharp interfaces, the
dynamics of the phase variable remains to a considerable extent purely fictitious
[10]. Typically, different variants of Allen—Cahn, Cahn-Hilliard or other types of
dynamics were used to describe the models, see previous studies [1, 14, 20, 21] for
example.

One of the well-known diffuse interface model for two-phase flow is the coupled
Navier—Stokes/Allen—Cahn system. In this model, the interfaces between the phases
are assumed to be of ‘diffuse’ nature, that is, sharp interfaces are replaced by narrow
transition layers. These regions are located by a phase field variable y governed by
the Allen—Cahn equation, while the dynamics are described by the Navier—Stokes
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equations. In [2], Blesgen proposed this model and developed a thermodynami-
cally and mechanically consistent set of partial differential equations extending the
Navier—Stokes equations to a compressible binary Allen—Cahn mixture. As Bles-
gen [2] has pointed out before, the Navier-Stokes—Allen-Cahn model can be seen
as a first step towards incorporating transport mechanism into the description of
phase-formation processes.

During the past few years, many authors studied the properties of solutions for
the incompressible Navier—Stokes system with matched density. For example, Favre
and Schimperna [9] considered the existence of weak solution in three-dimensional
(3D) and well-posedness of strong solution in two-dimensional (2D), Xu et al. [29]
studied the existence of axisymmetric solutions, Zhao et al. [31] studied the vanish-
ing viscosity limit, Gal and Grasselli [11, 12] considered the asymptotic behaviour
and attractors. For the system based on the incompressible Navier—Stokes sys-
tem with different densities, Li et al. [18, 19] studied the local well-posedness and
blow-up criterion of strong solutions. Moreover, by using an energetic variational
approach, Jiang et al. [15] derived a different model of Navier—Stokes—Allen—Cahn,
then proved the existence of weak solutions in 3D, the well-posedness of
strong solutions in 2D, and studied the long-time behaviour of the strong
solutions.

As far as we know, there are also some classical results are available for the
initial-boundary value problem of compressible Navier—Stokes—Allen—-Cahn sys-
tem. In [10], for the initial-boundary value problem of 3D compressible model,
by using Faedo—Galerkin approximation, Feireisl et al. proved the existence of
global-in-time weak solutions without any restriction on the size of initial data
for the exponent of pressure v > 6. This result was extended to v > 2 in Chen
et al. [4]. Moreover, supposed that the boundary conditions of the model are
of mixed type (Neumann-Dirichlet) and may be nonhomogeneous, the density is
Holder continuous for instance, Kotschote [17] established the local well-posedness
of solutions for sufficiently smooth data, in a general C? bounded domain of
R™ (n > 1). Ding et al. [5, 6] proved the existence and uniqueness of global
classical solution, the existence of weak solutions and the existence of unique
global strong solution of the initial-boundary value problem of one-dimensional
(1D) compressible Navier-Stokes—Allen-Cahn systems for the initial data with-
out vacuum states. Recently, Zhu and his authors [22, 30] paid their attention
to the large time behaviour of solutions for the Cauchy problem and inflow
problem of 1D compressible Navier—Stokes—Allen—Cahn equations, respectively.
In [22], Luo, Yin and Zhu proved that the solutions to the Cauchy problem
of 1D compressible Navier—Stokes/Allen—Cahn system tend time-asymptotically
to the rarefaction wave, where the strength of the rarefaction wave is not
required to be small. In addition, for the inflow problem of 1D compressible
Navier—Stokes/Allen—Cahn system, Yin and Zhu [30] analysed the large-time
behaviour of the solution, proved the existence of the stationary solution and the
asymptotic stability of the nonlinear wave. However, to our knowledge, there’s no
result on the Cauchy problem for the 3D compressible Navier—Stokes—Allen—Cahn
system.
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In this paper, we consider the Cauchy problem of 3D compressible
Navier—Stokes—Allen—Cahn equations [2, 17, 28|

pt+ V- (pu) =0,
O(pu) + V- (pu@u) + Vp — pAu — (p+ )\ngivu
= (V- (VX ®Vx = |VX|113> ,
2 (1.1)
9e(px) + div(pxu) = —w,
9 (p, x)
oy
(psu, X)|t=0 = (po, 10; X0),

pw =—LAx+p

where p denotes the total fluid density, u implies the mean velocity of the fluid
mixture, x is the concentration of one selected constituent and the pressure p = p(p)
is a smooth function in a neighbourhood of 1 with p’(1) = 1, respectively. Moreover,
w is the chemical potential and I3 denotes a 3 x 3 identity matrix. ;4 and A are two
viscosity coefficients, which satisfy

>0, 2u+3\>0.

The specific free energy f(p, x) can be defined as

P XX
Bl ) — S X 1.2
b= (%), (12

where v > 1 is the adiabatic constant and the constant v/ denotes the thickness of
the interfacial region. In this paper, we take

9(p,x) P, 5

For simplicity, we let £ = 1 throughout the rest of this paper.

NOTATION 1.1. In the following, we use H*(R3 (k € R) to denote the usual Sobolev

spaces with norm || - || = and LP(R?), 1 < p < oo to denote the usual L? spaces with
norm || - [[z». We also introduce the homogeneous negative index Sobolev space
H~3(R3):

H™5(R®) = {f € L*(R®) : [[|§] £ (&)l| 2 < oo}

endowed with the norm || f||;_. == [||€]7*f(£)|| 2. The symbol V! with an integer
[ > 0 stands for the usual spatial derivatives of order [. For instance, define

Viz = {00zilla) = 1,0 =1,2,3}, 2z = (21,22, 23).

If I < 0 or [ is not a positive integer, V! stands for A! defined by
xfa) = [ lerfie emeeac, (1.3

where f is the Fourier transform of f (see [13]). Moreover, we use the notation
A < B to mean that A < ¢B for a universal constant ¢ > 0 that only depends on
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the parameters coming from the problem and the indexes N and s coming from the
regularity on the data.

For this system, we first show the local well-posedness in the following lemma.

LEMMA 1.1. Let the initial data(go,uo,X0) € H*(R3) x H3(R3) x H*(R?). Then
there exit positive constants vo >0 and T >0 depending only on | (oo, uo,
X0, Vx0)|lgs such that the system (1.4) has a unique solution

(0,u,x,Vx) € L®(0,T; H?), (u,x,Vx) € L*(0,T; H"),

satisfying

. 1/2
(2153 V) (), ( [ 196 vl dr)
0
< C()1(00,u0, X0, VX0)||53), Vt€]0,T).

Lemma 1.1 can be proved by using the Banach fixed point theorem. One will
sketch the proof in the second part of §2.
Next, denote o = p — 1, rewrite (1.1) in the perturbation form as

ot +divu = —pdivu — u - Vo,
up — pAu — (pp+ A\)Vdivu + Vo
= —u-Vu—h(o)(uAu + (1 + N\)Vdivu)
| i ? (1.4)
—mmV9—¢@MW<Vx®V%—J;|k>,
Xt — Ax = —u- Vx = ¢(0)Ax — ¢(e)(x* — x),
(0,1, X)|t=0 = (00, 10, X0) = (po — 1,20, X0),

m@:ﬁg,amzﬁﬂfk4,wm=]’,ﬂm=$iﬁv

The main purpose of this paper is to study the small initial data global well-
posedness and optimal decay estimates of strong solutions for system (1.1) in the
whole space R?. We use a general energy method, Kato-Ponce inequality and the
Gagliardo—Nirenberg interpolation techniques to obtain the global well-posedness
and the optimal time-decay rates of the solution to system (1.1) when the initial
data are sufficiently small.

Next, one state the global well-posedness and decay estimates of solutions for
system (1.4):
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THEOREM 1.1. Let N >3, assume that (go,uo,x0) € HY(R?) x HN(R3) x
HN+Y(R?), and there exists a constant &y > 0 such that if

lleollzzs + lluollzs + [Ixoll s + IV xoll s < do, (1.5)

then there exists a unique global solution (o,u,x) satisfying that for allt >0,
le@ Iz + llu@) I~ + I~ + VXl
t
+/0 UIVu(s)IF~ + Ixlzy + VX7~ ) ds
< Cllleollzrn + lluollzry + Ixollz + [IVxo0l7~)- (1.6)
If further, (0,uq, X0, Vo) € H5(R?) for some s € [0, 3), then for all t >0,
IA™e®)1Z2 + AT u@®)lIZ2 + [A™*X (D122 + [AT*Vx()ll72 < C, (L.7)
and
IV o)l vt + IV ()| v+ IV X (E) | v
+ IV | v S CA4+6)~ED20 for1=0,1,...,N — 1. (1.8)

Note that the Hardy-Littlewood-Sobolev theorem implies that for p € (1,2],
LP(R?) € H—%(R3) with s = 3(% —2) €[0,2). Then, on the basis of theorem 1.1,
we easily obtain the following corollary of the optimal decay estimates.

COROLLARY 1.1. Under the assumptions of theorem 1.1, if we replace the H_S(R?’)
assumption by

(QaUOaXOaVXO) S LP(R3)7 1 < p < 27
then the following decay estimate holds:
IV o)l v + V' u®) | v+ IV X)L + [V X (@) |
< C(14 1)~ BRAP=12D+/2 - for1=0,1,...,N — 1. (1.9)

REMARK 1.1. The compressible Hall-magnetohydrodynamics system [7] has the
following form:

pr + div(pu) =0,
(pu)y + div(pu @ u) + Vp — pAu — (A + p)Vdivu = (V x b) x b,
(V xb)xb
bi + VX (bxu)+Vx|———]=Ab, (1.10)
p
divb =0,
(p7u7b)|t:0 = (pOau()abO)a

where p is the density of the fluid, u is the fluid velocity field and b is the magnetic
field. In [7], the authors considered the local well-posedness, small initial data global
well-posedness and large time behaviour of strong solutions for system (1.10). It
is worth pointing out that the structures of systems (1.1) and (1.10) are different.
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Especially, the principle part of (1.10)3 is a linear term —Ab, however, it is a
nonlinear function —(¢/p)Ax in (1.1)3. One can’t use the tools of the dissipative
equation with linear principle part to study the properties of this equation. Here,
we borrow a linear term from the right-hand side of (1.1)3, rewrite this equation as
a second-order PDE

Xt — Ax = —u- Vx — (o) Ax — ¢(0)(x* — X), (1.11)

where 0 =p—1, ¢(0) =1/(0+1) and ¢(0) = (0(0 +2))/((e+1)?). It is worth
pointing out that there exists a linear principle part —Ayx in (1.11). Then, by
using the pure energy method, one can obtain suitable energy estimates. Moreover,
the right-hand term of system (1.1)9 is different from system (1.10)3. One can use
the usual Sobolev embedding inequality, Kato—Ponce inequality together with the
Gagliardo—Nirenberg interpolation techniques to deal with this term.

REMARK 1.2. There are some classical results on the initial-boundary value prob-
lem of compressible Navier—Stokes—Allen-Cahn equations in bounded domains,
for example [3, 5, 6, 8, 17, 24| and references therein. However, only a few
results related to the Cauchy problem. In terms of well-posedness of compressible
Navier—Stokes—Allen—Cahn equations on bounded domains, the known construc-
tions make use of some compactness properties in an essential manner, and more
specifically of the compact Sobolev embeddings. However, if we consider the equa-
tions in the whole space, such properties are no longer valid, it is more difficult
to obtain suitable a priori estimates to develop a general theory of well-posedness.
In this paper, we adopt the Gagliardo-Nirenberg inequality in R? (lemma 2.2),
negative Sobolev norm estimates and pure energy method, overcome this difficulty,
obtain the global well-posedness and the decay rate of higher-order derivatives of
strong solutions. We remark that since the decay estimate is same as the heat
equation, it is optimal.

The structure of this paper is organized as follows. In §2, we introduce some
preliminary results and give a brief proof on the local well-posedness. Section 3 is
devoted to establish some refined energy estimates for the solution. In § 4, we derive
the evolution of the negative Sobolev norms of the solution. Finally, the proof of
theorem 1.1 is postponed in §5.

2. Preliminaries

2.1. Useful inequalities

In this section, we introduce some helpful results in R3.
First of all, the following Kato—Ponce inequality is of great importance in our

paper.

LEMMA 2.1 [16]. Let 1 < p < oo, s > 0. There exists a positive constant C' such
that

IVl < CUF Lo IV2gllre + [V fllLar lgll Loz 2.1

where pa, gz € (1,00) satisfying % = p% + p% = q% + q%.
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The following Gagliardo-Nirenberg inequality in R was proved in [23].
LEMMA 2.2 [23]. Let 0 < m,« < I, then we have

IV fllze SNV ANV AU (2.2)

where 0 € [0,1] and « satisfies

O

Here, when p = oo, we require that 0 < 6 < 1.
We recall the following commutator estimate:
LEMMA 2.3 [26]. Let m > 1 be an integer and define the commutator
V™, flg=V"(fg) = fV"g. (2.4)
Then, the following inequality holds:
V™, fglle S UV Fllzen IV gllzes + 197 fllzes gl Lea., (2.5)

1 1 1
where p, pa, p3 € (1,00) and § = - + - = L+ L.

Wang [26], Wei, Li and Yao [27] introduced the following result:

LEMMA 2.4. Suppose that ||o||r= <1 and p > 1. Let f(o) be a smooth function of
o with bounded derivatives of any order, then for any integer n > 1, the following
iequality holds:

IV (f(eDlle S NV™ellze- (2.6)

We also introduce the Hardy-Littlewood—Sobolev theorem, which implies the
following LP type inequality.

LEMMA 2.5 [13,25]. Let 0<s<3,1<p<2and §+ 5= %, then
1l < Il (2.7)
The special Sobolev interpolation lemma will be used in the proof of theorem 1.1.

LEMMA 2.6 [25, 26]. Let s,k > 0 and | > 0, then

k

1 5 < I+k 1;9 0' ith @ = ——
19 Al < IV PO e with 0 =
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2.2. Local well-posedness

In the following, we give a brief proof of lemma 1.1 on the local well-posedness of
system (1.1), which is similar to the arguments in [7]. For completeness, we outline
the proof here.

First, consider the following system

pt+ V- (pti) = 0,
Oc(pu) + V- (pu@u) + Vp = pAu+ (p+ A\)Vdivu
[Vx|? >
—IV - | Vx @V ———I3 |,
' X ) X 9 8 (2.9)
9e(px) + le(mgt) = -w,
pw = —tAx + Z[(07 = 1x,

(/%%X)h:o = (P07U07X0)7

where (@, ) € R} are known functions with (a, ¢)(x,0) = (ug, o) and

T
R = {1} € H3| sup ||v]|%s +/ Vo35 ds < R} :
0<t<T 0

where R > 1 and T" > 0 will be decided later.
Note that (2.9); is linear with regular @. The existence and uniqueness are well-
known and we also have

t
0<p< o ot Ol + ol < Coxp (€ [ IVl as).
0

Then, if T is suitably small, we can obtain the estimates for p. Next, taking advan-
tage of the estimate for p and the classical theory of linear parabolic system, one
can get the existence and uniqueness of (u, ¢, Vo) by (2.9)2—(2.9)4.

Define a fixed point map F : (4, @, V~go) € Ry x Ry x Ry — (u, p, V). We will
prove that the map F' mapping R} X R} x R% into itself for suitable constant R
and small time 7" and F' is a contraction mapping on R} X R} x R}.. Thus, F' has
a unique fixed point in R} x R} x R% and prove the local well-posedness result.

First, in order to prove F' mapping R} x R} X R} into itself, one need to
establish some a priori estimates on (u, ¢, V). In fact, simple calculations show
that

| (w, 0, V)|l Los 0,131y + [[(t, 01, Vior) | Los 0, 1511)
+ [[(u, 0, Vo)l L2 0,7 m54) + | (uts 01, Voor) | 2 0,1:m2) < C,
for sufficiently small T' € (0, 1], and thus F maps R} x Ry x R} into Rk x R} x
RY.
Second, in order to show F'is contracted in the sense of weaker norm, one suppose
that (ps, ui, i, ) (i = 1, 2) are the solutions to system (2.9) corresponding to (1, ;).
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Denote
P = pP1— P2, U= up — uz, Y= P11 — P2,
W i=w) —Wwy, U:=1Up —Uz, @:= @1 — Po.
We obtain

pe+ V- (ptin) = =V - (p211),
p10yu + prin - Vu+ V(p(p1) — p(p2)) — pAu — (A +p)VV - u

B o Vxa|?
= —pOus — (P10 — patiz) - Vug — IV - [ Vx1 ® Vx1 — > I3

\V4 2
p+€V <VX2 (24 VXQ - | >2<2| ]I3> s (210)

P10 X + pdix2 + V - (piaﬂl + paxin + p2x2l) = —w,
pro + pwy = —LAX + 5p(X1 + DX — Dxa + 5o2(x + 10 — D

1 B 5 1 N N
P+ ?'DQ(XQ +1)(x = )x1 + 502(X2 +1)(X2 — 1)x2-

Testing (2.10)1, (2.10)2 by p, u, testing (2.10)3 by ¢ and Ay respectively, after
simple calculations, one obtains

| F (@1, &1, Vipy) — F(ii, Po, VNSD2)||L2(O,T;H1)
< O|[(ay — 2, p1 — P2, V@1 — Vol 20,151

where 6 € (0,1) is a constant and T € (0,1] is a small time. The above inequality
implies that F' is contracted in the sense of weaker norm.
Next, by using Banach fixed point theorem, we complete the proof of lemma 1.1.

3. Energy estimates

In this section, we derive the a priori energy estimates for system (1.4). Suppose
that there exists a small positive constant ¢ > 0 such that

&5 (t) = le@®llm= + lu®)lla= + IIx®lla= + IVX@)lm= <6, (3.1)

which, together with Sobolev’s inequality, yields directly

1
=< 1<2
g SO
Simple calculations show that
Ih(0)],19(0) < Clal, (32)
and
16 ), 19 (), 1P ()], 19" (0)] < C for any 1 >0, k>1.  (3.3)

Next, we establish the following energy estimates including g, u and x themselves.
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LEMMA 3.1. If \/E3(t) < 6, then for k=0,1,...,N — 1, we have

ST ol + IV ullts + IV + [VHOx32)
+ O(IVE e + VFF X T2 + VM VX([2)

S @+ )V ollEs + [V ullZe + IV X122 + VX T2). (34)

Proof. Taking k-th spatial derivatives to (1.1)1, (1.1)2 and (1.1)s, k + 1th spatial

derivatives to (1.1)3, multiplying the resulting identities by V*p, V¥u, V¥x and
VF#+1x respectively, summing up and then integrating over R3, we derive that

d

G L U7 2 9442 4 [T + [ 7432 da

N |

[ (TP 4 [TER 4 V) do
R3
= / {Vk(gdivu —u-Vp)-VFkp
R3
— V¥ [u -Vu+ h(o)(pAu + (1 + N)Vdivu)

. |VX|2 k
+9(0)Vo+ ¢(o)div [ Vx @ Vyx — - I3 )| - Vi

+V* (—u- Vx — (o) Ax — () (X* — x)) - V¥x

+ VR (—u - Vx = (o) Ax — ¢(0) (X* — X)) - V’““x] da

=> "I (3.5)

The right-hand side terms of (3.5) will be estimated one by one in the following. The
main idea is that we will carefully interpolate the spatial derivatives between the
higher-order derivatives and the lower-order derivatives to bound these nonlinear
terms by the right-hand side of (3.4). First, for I, by using Kato—Ponce inequality
(lemma 2.1), Gagliardo-Nirenberg inequality (lemma 2.2) and Sobolev embedding
theorem, we can estimate as

IS IV lles IV (oY - W) pers S IV ellLe (I1V 0l sl Vall 2 + ol oo [ VFH u| 22)
k/(k+1/2 1/2)/(k+1/2
5 ||vk+1Q||L2 (HkarlgnL/z( +1/ )||A1/2Q||(Lz/ )/ (k+1/ )”
><A1/2U|‘]Z/2(k+1/2)“Vk+1U||212/2)/(k+1/2) +||A1/29||L2||Vk+1u‘|L2)

1A 20| + 1Al 2) (1V*+ ol 2 + 75+ ] 2)

S
S OUIVE ol e + |V | 2). (3.6)
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Similarly, by using Kato—Ponce inequality (lemma 2.1), Gagliardo—Nirenberg
inequality (lemma 2.2) and Sobolev embedding theorem again, we estimate the
terms I and I3 as

Iy S V¥l o[ V* (- Vo)l ors S I1V*oll o (V¥ ull s [Vl = + llullosIV*+ el 2)
k/(k+1/2 1/2)/(k+1/2
< Hvk+1Q||L2 (||vk+1u||L/2( / )||A1/2uH(L2/ )/ (k+1/ )”
o A e TS P A s P

(1A 20l 2 + [AY2u] o) (IV*+ gl 2 + 9%+ 1)
S(IV** ol L2 + IV ul| 22), (3.7)

AR A

and

I3 S V™l oIV (u - V)| pors S 1V ull Lo (IVFul| s [Vl L2 + [l s [Vl £2)
< ||Vk+1u||L2 <||vk+1u||lz/2(k+1/2)HA1/2 ” (1/2)/ k+1/2)H

[l A [ PN Y et 1)
S IAY2ull 2 [ VF ) g2 S 6]V | o (3.8)
Next, for the term I, we do the approximation to simplify the presentations by
I =— [ V*h(o)(vAu+nVdivu)] - VFudr =~ — | V¥[h(0)V?u] - VFudz.
RS RS
(3.9)

If k=0, on the basis of the fact (3.2), Holder’s together with Sobolev embedding
theorem, we deduce that

lim= / (@ VPu-udz < [Vh(o)l|zl|Vullzallul o + oz~ [ Vul 2| a2
]R.
< (IVullzs + llell =) (IVall22 + | Vul|22)
< (1A% 2 + | Vol 15 1 A0l (1 Vel 22 + [ Vul|22)
< 6(IVol2e + || Vull22). (3.10)

If k =1, by the fact (3.2), integrating by parts, one obtains

Ii~— [ V[h(o)V?u] - Vuda %/ h(0)|V2ul? dz
R3

R3
1/2 1/2
S h(@) o= V2ulFe S Vel 2120l 22 I1V2ulFe S 8] V2ulfa  (3.10)
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If £ > 2, by using Holder’s inequality, lemmas 2.1 and 2.4 and Sobolev embedding
theorem, we deduce that

L S IVF | 2| V5 R(0) V2] | 2
S NIVE )| 2 (Vo) 22 A% 2| 2 + |V ol 62| Ao 162 V| 2)

k—3/2)/(k—1/2 1/(k—1/2 1/(k—1/2
< HkaUHL? (HkaQ”(Lz /2)/(k=1/ )||A3/2QHL/2( / )Hvkﬂu”L/z( / )H

k—=3/2)/(k—1/2 1/2 1/2
N o R NP PN T i 1

(1A% 20l 2 + A% 2ull 2 + [Vl 22 + | Aell2) (IV*F ul 72 + V¥4 0] 22)
S(IV* tullZe + V5 ol 7). (3.12)

Moreover, applying lemma 2.4, Hoélder’s inequality, the Kato—Ponce inequality
(lemma 2.1) together with Sobolev embedding theorem, the term I5 can be bounded
as

AR A

L=~ V¥(g(0)Vo) - VFuda < [[VFull 15[ VF(9(0) Vo)l 1o /2

S IVRul s (IVFg(0) | sV ll 2 + lg(o)ll s |V ol £2)
S <||Vk+1UHIz/2(k+l/2)“A1/2u||gz/2)/(k+1/2))

k/(k+1/2 1/2)/(k+1/2
« <||Vk+lg||L2||A1/2g||L/2( +1/ )||vk+19”([,2/ )/ (k+1/ ))

S (A2 oll 2 + |AY2ul| 2) (VF ol 72 + IV ull72)
SO(IVE ol 2 + [Vl 72). (3.13)
For the term Ig, since |¢(p)] < C, by using lemmas 2.4 and 2.1 and Sobolev

embedding theorem, we have

\ [¢(g)div (VX ®Vy — V;Q]Ig)]

Is < |IV¥ul| o

L6/5

2
VFdiv (vx ®Vy — W;Hg)

SIVE 2 [[6(e)ll

16/5

IV | 2|V b (o) | o

2
div (vx ® Vy — |V;‘| 113>

L3/2
SVl 2 [V s [V x L2 + V5l 2V el Lo [V x| s 192X | s
S IVl + IV X172 + 1IVE ol 72). (3.14)
Using Kato—Ponce inequality (lemma 2.1), Gagliardo—Nirenberg inequality

(lemma 2.2) and Sobolev embedding theorem, we can estimate I7 as

I;=— [ VFuV.-x) VFydz
R3

S IV o V* @V - X) | poss
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SUIVEX s IV )l 2o VL zz + [l s [ V5 ] 22)
S IVl ([0l 2 A 2 2 )

% A1/2X||fz/2(k+1/2)||vk+1X||(Ll2/2)/(k+1/2) + HA1/2u||L2||vk+1X”L2>

S (A2 g2 + A2 2) IV X 2 + 1994 | 2)
SO(IVH ez + IVl 2). (3.15)

For Ig, if k = 0, Holder’s inequality and Sobolev embedding theorem imply

Iy %*/ p(o) - V2x - xdz
RS
SIVe)l 2 IVxlicslixlize + ol Le VXl ze Vx| 22
So(IVallz + IVxIIZ2)- (3.16)

On the other hand, if £ > 1, employing the Leibniz formula and Hoélder’s inequality,
we arrive at

Iy = - / VE 1 [p(0) V] - VF y da
RS

k—1
_ 7ZCIIC—1/ Vk717l<p(g).vlv2x.vk+lxdx
1=0 R?

o/21-1
> GV IV ()l e IV e
=0
k—2
+ > GV e IV () e IV F 22
1=[k/2]

+/ o) VFH X [Pda . (3.17)
R3

l=k—1

Gagliardo—Nirenberg’s inequality (lemma 2.2) implies that

[k/2]—1
> VX s IVE T () e IV F X
=0
[k/2]-1
< Z ||VaX||1 ((141)/(k+1)) I+l (1+1)/(k+1) ol (1+1)/(k+1) I
=0

% Vk-i-lQHlL;((Hl)/(kJrl)) Hvk+1u”L2

SOV ollZa + [V XIZ2), (3.18)
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where « satisfies

f+2 1 (o L\ _ I+l (fk+l 1N I41
3 3 \3 2 E+1 3 2) k+1’

_3k+3€ §3
2k —21 277 )

Moreover, also by Gagliardo-Nirenberg’s inequality (lemma 2.2), we derive that

that is

k—2

Y Gl VX1V (o) oV 22

I=[k/2]
k—2
Z || ||1 ((1+3)/(k+1)) ||vk‘+1 || (143)/(k+1) ||va || (1+3)/( k+1)||
I=[k/2]

« vk+1g||2;((l+3)/(k+1)) ||Vk+1X||L2
SO(IVF ollZ2 + 1IVF T xI72), (3.19)

where « satisfies

k-1l-b L (o 1NI4£3 (k+l 1N/ 143
3 3 \3 2/k+1 3 2 E+1)’

3k:—|—3 3 3
21+6 '

For the last term of the right-hand side of (3.17), we have

that is

/RS ()| VM IX* da < [l VX7 < 8IVHH X, (3.20)

Combining (3.16)—(3.20) together, we easily obtain
Is S 0(IIVF oll7e + VF x)122).- (3.21)

Note that Iy satisfies

o=~ | V¥o(o)(x* = x)] - VFx da

(IV*[0()x N zors + IV [B(@)X]ll Lors) VXl s
(ol Ls VXN 22 + 11X s llx ] 2 [V * (o) | o

+ V¥ [(@)x] 1 Los) IV Xl 2

< (Tor + Joz + Io3)|| VFH x| 2, (3.22)

AR A

https://doi.org/10.1017/prm.2021.58 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2021.58

Compressible Navier—Stokes—Allen—Cahn systems 1305

where we have used Holder’s inequality and Kato—Ponce inequality (lemma 2.1) in
(3.22). Next, we first estimate I9;—Igo term by term:

Iy S ||Q||L3||XH%G”V’€X”L5
S IAY20) 2 IV X122 V5 X 2 S 8V xl 1, (3.23)
and
To S llollz=IIxllsllxll2 1V ol s
S IVl 192l 12 19 x 22 Il 22 1 9% ol 2
< 8VE o] . (3.24)

Since ¢(0) =1/(0+ 1), we obtain ((p) := \/é(0) =1/y/(0+1). It is easy to see

that ¢(p) is a smooth function of ¢ with bounded derivatives of any order. Hence,
lemma 2.4 holds for (o). By using Sobolev embedding theorem and Kato—Ponce
inequality, we have

Iog = [|[V*¢(0)X]ll ors = [IV*[C(0)¢ ()]l Lovs

S @1 zs IV xllze + [Ixllz2l1¢ (o) | ze V¢ (o) o
< llellzlIVell 2 V¥ Xl 22 + Ixll 2 [V el 22| Vol 2

SV ellre + IVET X £2).- (3.25)
Combining (3.23)—(3.25) together, we derive that
Iy 5 (8% + ) (IV** el zo + V5 Xz + IVF X 22). (3.26)

The term I;o satisfies
Iy = —/ VI u - Vy] - VF iy de
RS

S IV o lIVE - VX pos

SIVE e IVl 2Vl e + [lull s [V Vx| 22)

< (I9xllze + lull L) IV XN T2 + 1Vl lZ2)

S O(IVEVXI L + IVl ), (3.27)

where we have used Kato—Ponce inequality (lemma 2.1) and Sobolev embedding
theorem in (3.27). Similar to (3.27), ;1 and I3 can be bounded as

I = — Vi (o) Ax] - VR x dx
RS

< IV 2] 219 * () Ax] | 2

IV 2l 2 (le(@) o IVE ALz + | Ax 22 1V 0 (0) | 2o)

IV 22 (I el 1Vl 122 1V 2 e + (V3 XU V2 I+ el 22)
SOV 213 + [VE )13, (3.28)
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and

Lo=— [ VF'e(o)(x* — x)]- V! xda

R3
SIVEEXN 2 (IV* [0(X 2 + V¥ [é(e)x]l 2)
SIVEEXN 2 (el IVEXP N L2 + X2l VE é(e)l| o

+ (@216 ze VXl ze + Ixlz2lIC(@)lzeIVEC(D)Le).  (3:29)

It then follows from (3.23) that
V5P (lz2 < 0%V x| - (3.30)
Adding (3.29) and (3.30) together gives

Ly SIVE2x e (o)l VXl 22 + (IxlIZo + Ixzo) IV el 2)
< (0% +0) (IVMIXIIZe + VP21 + [VH ol 7). (3.31)

Summing up the estimates for I;—I12, we deduce (3.4), this yields the desired result.
O

We also need to derive the second type of energy estimates excluding g, v and y
themselves.

LEMMA 3.2. If \/E3(t) < 6. Then, for k=0,1,...,N — 1, the following inequality
holds:

d
IV ellZe + IVE e + VX e + IV XIZ2)
+C(IVF a2 + VHF2x 122 + [VFF2Vx[Z2)
S @+ IV oll7e + IVFF2ulfe + [VE2x 122 + [VM2VX(72). (3.32)
Proof. Taking k + 1th spatial derivatives to (1.1)1, (1.1)2 and (1.1)3, k + 2th spatial
derivatives to (1.1)3, multiplying the resulting identities by V¥*T1g, Vk+ly W1y

and V**2y respectively, summing up and then integrating over R® by parts, we
derive that

1d
gt (70l IVl [V (952

+ /RS(‘VIH_ZUF + |vk+2X|2 + |Vk+3x|2)dx
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= / [V’““(fgdivu —u-Vp)- Vil
R3

~V* 1 [w - Vu + k(o) (pAu + (u + N\)Vdivu) + g(o) Ve

2
+ ¢(p)div <VX ® Vx — |V;<| E3>:| A vian

+ VA (—u - Vx = o(0)Ax — ¢(0)(X* — X)) - VT x
+ V2 (—u - Vx = (o) Ax — ¢(0)(X* — X)) - VF2x] da

=> K. (3.33)

We will estimate the term K;-K71 on the right-hand side of (3.33) one by one.
First, through Holder’s inequality and lemma 2.1, we arrive at

Ky = —/ VEH (odivu) - VE o da
R3

SIVE ollz [V (oY - w)| 2

S IV ollz (IV ol 2 | Vull e + [lollz [V 2ull r2)

< (IVull o + llellz=) IV ell72 + [ VF2ull72)

S OV ollge + V7 2ulZs). (3.34)

Next, for the term Jo, we utilize the commutator notation (2.4) to rewrite it, then
integrate by part and use Sobolev’s inequality, obtain the following inequality:

Ky = —/ VH (u- Vo) -V pda
R3
= —/ (- VVFH o+ [VEFL 4] - Vo) VE T pda
RS
k+1 |2
_ / R A
R 2

+ IVl [V*Vel 2 + IV ul 2 [ Vol Lo ) [V o 2

1
= [ V-ulVTPdx
2 Joo

+ (IVull L= V¥V ol 2 + V¥ ul| 12| Vol o) | VFH o] 2
SIVullL= [V ol32 + ([ Vul e + [ Vollz=) V¥ o172
S8V l|7. (3.35)

Integrating by parts, applying Holder’s inequality, Kato—Ponce inequality
(lemma 2.1), Gagliardo—Nirenberg inequality (lemma 2.2) and Sobolev embedding
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theorem, one estimates K3—Kg as

K3 = —/ VA (u - V) - V- ude
R3

= [ V¥u-Vu) V" 2ude
R3

SIVE2u 2|V (u - V) | 2
S ||Vk+2u||L2(||Vku||L6||VU||L3 + ||u||L3||vk+1u||L6)

(k—1/2)/(k+1/2) 1/(k+1/2
< Hvk+2 ” (Hvk+2 ” /2)/(k+1/2) ||A1/2UHL/2( +1/ )”
% A1/2u||(Lk2_1/2)/(k+1/2)||Vk+2uH2/Q(k+1/2) + HA1/2u||L2||vk+2uHL2>
S A2l [ VE P22 < 61Vl (3.36)

Ky~ — | VM r(o) V] - VFude
R3

~ VER(0)V2u] - VF 2 da
R3

< IV 2| [ V¥ (o) V2l | 2

IV 2ul| (V%R0 o V2l o + | A(0) | o V20 2)

SIVE 2|2 (VE o] L2 [V 20l 2 + [Vl [ [ Al 121V +2ul | 2)

S UVl 2 + [ Vellzz + | Aell ) (IVF 2ull22 + [ V5 g]132)

< O(IVH2u3s + [VEo]32), (3.37)

K5 = 7/ V" g(0)Vo] - VM uda
Rii

= [ V*g(o)Ve] - V- udz
R3

S IVE2ul| 2 (Vg (o) | 2o IV ell s + lg(@)l| o 17+ o]l =)

SIVE 2|2 (VE ol L2 [ A 20| 2 + IV oll 2% Al 22 V5 ol 2)
<IN 0]l g2 + [Vellze + [ Aelz2) (V¥ 2ul2e + [V* 2 ol|2: ]122)

< O(IVH2u3s + [VEof32)132), (3.38)

2
Kg = / vt [qb(g)div (VX ® Vy — ngﬂgﬂ VRl de
R3

S ||VI€+2U||L2

2
v {(b(g)div (vx @ Vy — W;dhﬂ

L2

IV 2l 12 6(0) 1~ .

2
VEdiv (vx ®Vy — |VX|H3>

L2
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. V|2
V2] 12 [ 6(0) o ||div (vww— VX Hg)

2
S IV 2|2 floll e VX ol VF 2l 2 + V520l 2]
x V¥ || 2 [Vl e Vx| o

S UV 2ullZe + IV IZ + IVE 2 0ll22), (3.39)

L3

K;=— | VF(u-Vy) V*lxda
R3

SV X e [V (u - Vx| pors

SV 2 IVl 2 VX s + llull s [V V) 22)
k+1/2 k+3/2 1/(k+3/2

5 ||Vlc-‘r2X||L2 (||vk+2u||§;2 /2)/( / )||A1/2’LL||L/2( / )”

k k k
% Vk+2X||2/2( +3/2)”A1/2X”22+1/2)/( +3/2) + ||A1/2UHL2Hvk+2XHL2>

S UAY2x 2 + A2 2) IV VX 22 + V920l 72)
SOV + IVF 2l 22), (3.40)

and

Ky = — / VEH [p(g)Ay] - VF Ty da
R3

S IV e(@) AX] | oss [VFH x| s

S (le@llzs IV Axll L2 + 1A s [IVF () [ 2) V2 x| 2

< (ol s [IVF 2 xl 2 + 192X s [V ol p2) [ VE 2 2
SOUIVFxNZe + IVFx7e + IV oll72). (3.41)

Next, we consider the term Kg. Holder’s inequality implies that
Ky = f/ Vo) (x* = )] -V x dz
R3

S (V" @)X Lors + IVEH[C(0)¢ (@)X Lors) IVE T x| o
=: (Kgl + K92)||vk+2x||L2. (342)

By using Kato—Ponce inequality of lemma 2.1 and Sobolev embedding theorem, we
arrive at

Ko1 = |V [$(0)x*] | oo
S 1@ s IV X + Il s IV () 2
< 6@z 126 1V x s + Il zoe 126 [V + ol 22
S IAY20l| e [V l22 1952 X 22 + IV XIS 1A IV X112 195+ ol 2
< BV e + IV o] 2). (3.43)
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Moreover, the term Kgo can be bounded as

Koo = |[V** ' [é(0)X]llLoss = IV* ()¢ ()]l ors
S ¢z 16 1ze IV xllze + lIxllzs 1< ()l zs [VET¢ (0) ]2
< llellz2 Vel 2 VM2 xl L2 + [ Vxllz2 Vel 22 [V ol | 2
SOV ollpe + IVF2x z2). (3.44)

Combining (3.43)—(3.44) together, we derive that
Ko 5 (8% +0%) (IV* el 22 + IVM2x]172). (3.45)

Next, employing Holder’s inequality, Kato—Ponce inequality of lemma 2.1 and
Sobolev embedding theorem, we estimate the term K, as

Ky = —/ VA2 - V] - VR 2y da
R3
SIVE2X s [VF2 (- V) | Lovs
S IV (IVF 2ull 22|Vl s + [l s [ V42 Vx| 22)
S (A2 x 2 + A2 2) (IVFF2 V12 + IVF 2| 72)
SO(IVE2VX 22 + IV 207 e). (3.46)

Using Holder’s inequality, Kato—Ponce inequality, Gagliardo—Nirenberg inequality
together with Sobolev embedding theorem again, we have

Kin == [ VoA - V*2xda
S IV 2 IV ip(0) A | 2
IV 2 (le(@) = IVEF Al e + 12X 2 IV (o) | 22)
SIVEEX 2 (1 el 21920l 57 I VE 2 x e
+ IV VPO 1R ol 2)
S O(IVE X2 + V5 oll32), (3.47)

and

Kip=— [ V"2[p(0)(x* —x)]- V¥ *xda
RS

S IVFEX (V0 ()x N e + IV C ()¢ ()X 22)
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IV (o e 136 IVFF X e + [z I VET ()l e
HIC@IZ IV iz + (@ Xl V5 F2¢ (0) 1 22)

S IVl (IVell 2 1Al 22 IV X3 1V e
IV AN IV oll 2 + Vol 22 19742 2
+ VX I AXIE I+ ol z2)

< (8 +8) (IVE3x )22 + IV + 0] 22). (3.48)

Summing up the estimates for K;—Kj2, we deduce (3.32), this yields the desired
result. O

The following lemma provides the dissipation estimate for p.
LEMMA 3.3. If \/E3(t) < 8, then for k=0,1,...,N — 1, we have

d .
= [ V- VM ode + C|IVE |2, < IVE T ulfTs + [V Pl 2 + (IVE 2

dt Jgs
(3.49)

Proof. Applying V* to (1.4)s, multiplying VV¥p, integrating over R? by parts, it
yields that

/ IV dr < - / Vg VR odz + Va4 o]
R R

+ ‘ VF [u - Vu+ h(o)(pAu + (p + N\ Vdivu) + g(0) Vo

: |VX|2 k+1
+1(p)div Vx®Vx—T]I3 (IV**ollzz. (3.50)

L2

For the first term of the right-hand side of (3.50), using (1.4)1, integrating by parts
for both the ¢t and = variables, one obtains

— Vkut . Vvkgdx

R3
= —i VFu - VVFoda — VEdivu - V¥, dx
dt R3 R3
S G VO VV*odr + ||VFdivul|2. +/ VEdivau - VFdiv(ou) dz.
dt R3 R3

(3.51)
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Employing Hoélder’s inequality, Kato—Ponce inequality and Sobolev embedding
theorem, we obtain

VEdivu - VFdiv(ou) dx
R3

k k k
SIVMull 2 (19 el e flullz + llell oo [IVE ull 2)

1/2 1/2 1/2 1/2
S IVE | 2 (V5 ol 2 |Vl 27| Aul 127 + Vol 327 [ Aol 21V | )
S (IVull gz + | Aull 2 + [|Vol 2 + [Aell) (V¥ a2 + [V o]|22)
SOV a2 + [ VEH 0] 2.). (3.52)

It then follows from (3.51) and (3.52) that

- VFu, - VVF*oda

R3
d
< T VEu - VVFRodz + C(|VF |2, + [V 2ul2.) + C6||VF o).
R3

(3.53)
Next, one need to estimate the last term of the right-hand side of (3.50). Note that

IV (- Ve < llull ol V5 ul s + [Vl 2 ]| VEul| o
< A 2ull gz + [|A2ul| =) (V5 | 2 + ([ V5420l 2)
S OUIVE g2 + [ VF 2| 2). (3.54)

We also have

V¥ (o) (uAu + (1 + \)Vdiv )] 2
~ [|V*(h(0)V?u 2
SRl IVF 2 ul| 22 + [V 23 | VFR(0) | s
S lellp= V¥ 2ull 2 + [V 2ul| s [ VF o] 2

SOOIVl 2 + [VF o)l 12), (3.55)
and

IV*(g(0)Vo)llzz S llg(o)llL= V¥ ollrz + Vol 2]V g(0) || s
S ol V¥ ol 2 + Vol 2 [|[VF T o] 2
S OIVFE ol e, (3.56)
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Moreover, Kato—Ponce inequality of lemma 2.1 and Sobolev inequality of lemma 2.2
imply that

Hvk [w(g)div <vx ® Vy — 'ngzug)]

L2

: Vil
Sl | v¥a (v vx- )
L6
: Vx|?
T e ) | ARG
L3

~ [0V VXl s + [1VXIIVE X 2o [ VEe (o) | e

S lelea VXl V2Vl e + VX 2o V2 X 2e [V 7 o] 12

SV ollpe + [VEF2V x| 2)- (3.57)
Combining (3.54)—(3.57) together, we easily obtain

HV’“ {u -Vu+ h(o)(pAu+ (n+ A)Vdivu) + g(o) Vo

2
+ 1 (0)div (VX ®Vyx — \V;d ]13)]

174+ ] 1
L2

< @ +0)IVF  ollzz + V¥ ull 2 + [ VE2ul g2 + [ VEF2 Vx| 2). (3.58)

Plugging the estimates (3.53) and (3.58) into (3.50), by using Cauchy’s inequality
and the smallness of §, we then complete the proof of lemma 3.3. O

4. Negative Sobolev estimates
In this section, we derive the evolution of the negative Sobolev norms of the solution.

LEMMA 4.1. If \/E3(t) < 6. Then for s € [0, 3], we have

A0l + 1A~ ullZa + IA~"X ]2 + 1A~ Vx32)
+ C(IVA= a3 + VA= X |2 + [VA~*x|2.)
< (ol + IVulZn + [Vx) %) (A~ oll > + [A=*ull 2
+ A=l ze + AV x]l22)- (4.1)
1 3

Moreover, for s € (5,3), we have

d —s —s —s —s
A7 ellZe + AT ulZe + A7 XIIZ: + A7 Vx][Z2)
+C(IVA™ ullf: + VAT X122 + VA X]72)
< ey VXU Ulell = + 1Vl + 9L + 19X r0)*/>~

+(IVellzn + I1Ax1Z2)]
X ([[A%llz2 + [A™ w2 + [[A™ Xl 22 + [AT°VX][£2)- (4.2)
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Proof. Applying A% to (1.4)1, (1.4 and (1.4)3, A=5V to (1.4)3, multiplying the
resulting identities by A™%9, A™%u, A7°x and A~*Vy, respectively, summing up
and then integrating by parts, we deduce that

1d

2t (A7 0+ AT AT 4 ATV d

# [ IATTuP 4 Ao TAP 4 AT do
R3
= / |:AS(—QdiVU —u-Vo) A%
R3

—A"® [u -Vu+ h(o)(pAu+ (n+ A\)Vdivu) 4+ g(o) Ve

V|2 ‘
+ ¢(p)div (Vx®Vx | ;d Hg)] “A"%u

+A™* (—u- Vx = p(0)Ax — d(0)(x* — 1)) - A%

+ ATV (—u- Vx — o(0)Ax — ¢(0)(x* — x)) - A*Vx| dz
- Z J;. (4.3)

The main tool to estimate the nonlinear terms in the right-hand side of (4.3) is
the estimate in lemma 2.5. This forces us to require that s € (0, 2). If s € (0, 3], we
easily obtain % + 5 <1and % > 6. Then, applying lemmas 2.5, 2.2 together with
Holder’s and Young’s inequalities, it yields that

J=— AoV - w)A % oda S [A %02 ||AT°(0V - uw)|| 12
R3

SIA ol 2 1oV - ullpraserers S A el 2 Mol oss |V ull L2

—s 1/2+s 1/2—s —s
SIA el 2 Vol 12 IIV2ell 2 IVullze < (1Vell3n + [Vull?:)l|A Qll(m- :
4.4

Similarly, by using lemmas 2.5 and 2.2 together with Holder’s and Young’s
inequalities, the term J,-J12 can be bound by

Jo = —/ A7 (u- Vo)A %odx S |AT0||2||A™%(u - Vo) || L2
R3
SIA ol pellu - Vol prrarzsss S IIA™ ol 2 (|ull L3/ [V oll 2
_ 2 _
S IA 02 | Vull 224 V2] 225 [ Vell e

< (IVullip + Vel Z) A el e, (4.5)
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Jg = —/ A7 (u- Vu)A uda S A u||z2||A™%(u - V)| 2
R3

SIA |2l Vall gz S IAull 2 ull o/ |Vl 2

S IAull 2 | Val 122192l 12 |Vl e S 1920 A5l 2, (4.6)
Jy=— /]RS A7 (h(o)(vAu + (v + n)Vdivu)) A udx

< A ull 2 A5 (h(e) (vAu + (v + ) Vdiva)) | 2

< IAull e [|h(0) (A + (v + ) Vdiva) | p/a/zeers)

< IA=ull e (@) v | Al 2

S IA™ull e [ Vol 12 V2l 161V %ul 2

< (IVall2 + IV2ull2) Al e, (4.7)
Js = / A (g0 Vo)A ude S A ul A (g(0) Vo)

S IATul 2 |lg(0) Vol piarzrss S IA™ ull2]|g(0)| ps/s[| Vol L2
—s 1/2+s 1/2—s —s
SNA™ul| 2V ol 12 1920l IV el e S IVl A~ ull 2, (4.8)
V 2
Je = / AT {(ﬁ(g)div (VX ®@Vx — |;<]I3)] A fude
R3
< A5 L2 A5 [6() Vx| V2x ]l 22 S 1A w22 | 6() Vx| [V 2| st 2o
S A ull 2 1V XNV2X N praasers S VX zore V2 2 (1A 2
1/2—s 1/24s —s
S IV IV eILE 2 92 e A ) 2
S (V222 + VX 22) 1A w2, (4.9)
Tr SIAT X2 1A (u - Vo) o2 S A xll 22l - Vxllzira e

1/2— 1/2 _
Vxlze S IVl V2] 15 Vx| 2 |A x| 2

S 1A= X gz llull s
< (IVulBe + IV%ule + [Vxl32)IA e, (4.10)

Jg = . A (p(0)Ax) - A x dw

SIA X2 1A (0(@) A1 22 S IA™ X2 (@) AXIl 1/ /2409

A Xl z2 (@)l o I AXIIz2 < IV ell 12~ IVl [ Ax I 2 A~ e

S UIVelzz + IV2ellz: + VX)) A Xl 22, (4.11)
Ty S 1A X2 (IA~* (6()xPllze + [A~*(C(e)¢ ()l z2)

SHIA XNz (16()X3 || Livasosers + [1C(@)C (@)X L1 s2sers)

< IA™ X2z (@) e lIxll e Xl 2 Xl pose + 1€(@) 1 poss 16 (@) s I 22)
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—s 1/2 1/2 1/2—s 1/24s
S 1A= xlze (19X IAXI 2 22 19X 21922
1/2— 1/2+s 1/2 1/2
+ Vel 2 IVl 2 IV ell 51 Ael I 2
S 6+ D(IVale + 18el7e + 19°x]72 + 19x072) 1A 2, (4.12)
Jio S AT VX 2 [AT* (V- Vi +u- Vx| 2
SIAT VX2 (Ve - Vil paraszees + lu-V2x psareess)
SIAT VX2 (19 v+ [Vl 22 + 19X 22l /)
SIATIxl 2= IV IV Va2

+ V2 e [V 22 92l )
SIAT VXL (12X + 193X + I Vull3e + [V2ul3), (4.13)
Jin S AT (0(0) VX + ¢ () VoV»X) | 2 [[A* Vx| 2
< (@) V3 Xl piaszrers + 1€ (0) VoV Xl p1/a/atera ) IAT Vx| 12
< (I3l zellell pose + 1V el 22192 x 1l o/ 1A~ Vx| 2
S (19Xl 221Vl Y2+ V2 12
+ Vel IV Xl IV ) A=V 2
S (19022 + [Vall2: + 1920]122 + 194 x122) 1A Vx| 2, (4.14)

and

Jie= ) A™[¢' (0)Vo(x® = x) + ¢(0)(3x* = 1)Vx] - A™*Vx da

SIAT VX2 ([[6/(0)Vox? | pivaressrs + |0/ (0)Vox| pisarersse
+ 16 X>V Xl pr/arzrers + 1€(0)C(Q) VXl Lr/aszisrs) )
S 1A=z (I3~ 1V ell= IV 192
+ Vel 1V x5 192"
X3 IVl 1920l 19 + IVl 1920 5 9l )
S A+ )AT Vx| = (IVel 7z +VxlTz + [IV2x72 +[[V20ll72)- (4.15)
Plugging the estimates (4.4)—(4.15) into (4.3), we obtain (4.1).
Next, if s € (3,3), we can estimate J1 Ji2 in a different way. Since s € (3, 2),

it is easy to see that 2 5t35<land?2 < < 6. Then, lemmas 2.5 and 2.2 implies
that

J1 S A ol 22 AT (eV - w2 S [IA %ol 2 lleV - ullp1/aszters

s—1/2 3/2—s
S 0llzzllell, 2 [Vullze S 1A el 2 el 2IVell3e I Vullze.  (4.16)
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Similarly, by using lemmas 2.5 and 2.2, the term Jy—J15 can be bound by

Jo

J3

Ju

Js5

Je

J:

-

Jg

Jo

é

S IA %0l 2 1A (- Vo)llze < A~ 0l 2 llull s [ Vol 2
S Aol e llull5 2Vl 325 Vol 2.
S IA™ g2 A= (u - V)| g2 S (1Al o lull s |Vl 2

s—1/2 3/2—s
S A= e [l 2 2V ul327 5 V| 2,
< A5 ul| g2 [|A 5 (h(0) (vAu + (v + 1) Vdivw))|| 12
S A=l g2 [P (0) ]| o+ || A 2
s—1/2 3/2—s
S A= ullzllell 522 IV ol357° V%0l 2,
SIA w2 [A* (g(0) Vo)l 2 S A ul 2 |lg(0) ] pose
s—1/2 3/2—s
S A= ullzzllell52 21V ol35 [V ol 22,
S A5 ull 2 VXV 2X N L asasers S IV Lo0s

1/2 3/2— _
SV IV 192X 2 A5l 2,

vQ||L2

VX 2 [[A™ ]| e

SIAT Xl ez llw - VXl pasevers S TAT Xl ez ull pa/s [V X 22

1/2 3/2— _
< Nl 2V ull32 2 19X 2 A X 2
S A X 2l Axllprasosern S AT X2l (o) Lo
1/2 3/2— _
< llells= 2 IVell32 1 Ax | r2 A~ 2,
S A X2 llo(0) (X — X) Il ivasatsss
S IA Xz 16(2) 2 (1x 3 + Dllxllovs
1/2 3/2— _
< lollzz(xliZe + Dl IVl 1A x| 22

s—1/2 3/2—s —s
< (0% + Dllellza Ixl15 219X 1A= 2,

AX||L2

§ ||A73VXHL2(HVU . VX||L1/(1/2+S/3) + ||u . V2X|‘L1/(1/2+s/3))

S AT VX L2 IV X pors 1Vl 2 + V2| 2 full a7+

S A Vxl 2 (19 x5 292 X355 Va2

1/2 3/2—
V2 e lull 52 2 V| 32270,

< (le(@VPxl prvarzsers + VeV X pararvers ) AT Vx| 2

< UIVPxlellellpors + Vel pors Vx| 2) AT Vx| 2
< (IV3xllzzllell2

s—1/2 3/2—s —s
+ IV 21Vl 52 2 IV 20l 352 ) AV x| 2,

s—1/2 3/2—s

HVQ”LZ
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(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

(4.25)

(4.26)
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and
Ji2 S AT Vxllz2 (19" (0)Ve(x® = x)llzrrarzrsre + 6(0)(3x* = D)Vxllpi/aszters) )
SIAT Ve (9 (@< (1 + [Ix2) Vel 2llx]| Lo+
+ (1 Ixlz)lell = 1Vxl z2)

—s s—1/2 3/2—s
S 1A Ve ((1+ IV ellaz Il 21,
s—1/2 3/2—s
+ 1+ Il 219 el 19l )

< (14 0%)[IAT* Ve (HVQ||L2||X||SLZU2HVX||%2_S

s—1/2 3/2—s
+ llellz= IV el 21Vl (4.27)

Plugging the estimates (4.16)—(4.27) into (4.3), we obtain (4.2). Hence, the proof
is complete. O

5. Proof of theorem 1.1

We first close the energy estimates at each I-th level in our weaker sense. Suppose
that N >3 and 0 <! <m —1 with 1 <m < N. Summing up the estimates (3.4)
from k =1 to m — 1, since /&3 (t) < 4 is sufficiently small, we arrive at

d k k k k
T > UVPeliz + IVFullfz + IVEXIF2 + IV VxI72)

I<k<m—1

+C > (IVFRull3: + IVExIZ2 + IV x132)
I+1<k<m

S@+0) D (IVFelliz + IVFRullFe + VX172 + IV xI72) - (5.1)
I+1<k<m

Moreover, let k = m — 1 in the estimates (3.32). Hence

d
V™ ellZz + IV ullZe + V7 xl[Z2 + V™ x[72)
+ OV ullZs + [V X T2 + IV 2x122)
S @ +0)(IV™ellze + IV ullZe + [V IXIZe + V™ 2xL2). (5:2)
Combining (5.1) and (5.2) together gives
d
T Y (UIVellze + IV ullze + IV xIZ + [VFVxI[72)
1<k<m

+C Y VRl + IV + IV X132)
I+1<k<m+1

SC@E 40 Y VRl (5.3)

I+1<k<m
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Summing up the estimates (3.49) from k = [ to m — 1, we obtain

d
% Z / VEu -V odr + Cy Z V¥ 0|3
I<k<m—17R? I+1<k<m
S Cy Do VR Y IVEVXE: | (5.4)

I+1<k<m+1 1+2<k<m+1

Multiplying (5.4) by C5 = 2C28(62 4 1)/C3, adding the resulting inequality with
(5.1), since § > 0 is sufficiently small, we deduce that there exists a positive constant
Cg such that for 0 <l <m —1,

d
T > UIVFallze + IVFulF: + IVFX32 + IVFVX122)
I<k<m
+C5 Z / VEu - Vo da
I<k<m—1"7R?

+Csq D IVl + D (IVMullZe + VX + IVF VX2

I+1<k<m I+1<k<m+1

<0. (5.5)

Define £™(t) to be 1/Cg times the expression under the time derivative in (5.5). It
is easy to see that since 0 > 0 is so small, £ (t) is equivalent to

IV el s + IVl s + IV XNt + IV VX

Then, (5.5) can be rewritten as that for 0 <1< m — 1,

d
T O+ 1V el s + IV s + IV X + IV VX <0
(5.6)
Taking I = 0 and m = 3 in (5.6), integrating directly in time, it yields that
lellZrs + llullZrs + IxlZs + 1VxllEs < £5(0)
< lloollzrs + luollzzs + lxollzzs + IV xoll7s- (5.7)

Then, by a standard continuity argument, this closes the a priori estimates (3.1)
if at the initial time we assume that ||go||5;s + |[uoll3s + [[x0ll3s + [[Vxoll3s < do
is sufficiently small. This in turn allows us to take { =0 and m = N in (5.6), and
then integrate it directly in time to obtain (1.6).
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Next, we prove the decay rate of solutions for s € [0, %] Define

E_s(t) = [IA"0llZ2 + A" ul|Z2 + |A™*X|[Z2 + [AT*Vx|[Z-.
Then, integrating in time (4.1), by the bound (1.6), we derive that

t
= (0)+C/ (lellze + IVull? + 1Vx[I7s) VE-s(r) dr

€-s(t) <
0
< Cy <1 + sup \/5_5(7')> ) (5.8)
o<t
which implies (1.7) for s € [0, 3], that is
(5.9)

A 0(®)]1Z2 + A" u(®)[|72 + [A™*x(®) 172 + [[AT*Vo(t)[Z2 < Co
Moreover, if [ =1,2,..., N — 1, we may use lemma 2.6 to have

IV fllz = OIS fl A Dot p| b /),

Then, by this facts and (5.9), we get

IV (u, X, VX7 = Co([V (u, x, V) |[72) /) (5.10)
Thus, for 1 =1,2,...,N — 1,
957 5 0 1 > Colll 7, T )05,
Thus, we deduce from (5.6) with m = N the following inequality
%S{V +Co (M) TV <0, forl=1,2,... N -1, (5.11)
which implies
(5.12)

EN() < Co(1+t)7'75, forl=1,2,...,N —1.

Hence, (1.7) holds.
On the other hand, the arguments for s € [0, 3] cannot be applied to s € (3, 3).
1

However, observing that g, uo, X0, Vxo € H~(1/?) hold since H—*(L? C H~ for
any s’ € [0, s], we can deduce from what we have proved for (1.7)—(1.8) with s = 3
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that the following estimate holds for  =0,1,..., N — 1:

IV 0ll s + 19"l 3+ [V X vt + 19V XNy < Co(1 1)~ /2
(5.13)
Therefore, we deduce from (4.2) that for s € (3, 2),

E (1) <E(0)+C / (IVol2n + 1AXIE) VE (7) dr

+0/ (o, us x, VXI5 2 N0l 22 + (Ve s
+ | Vx| + |\v2x|\H1>5/2—sm dr
SCO+C sup VE (1) +C 1+T) (/=62 dr sup /E_(7)

0<T<t 7€[0,t]
<1+ sup VE_s(7), (5.14)
T7€[0,t]

which implies that (1.7) holds for s € (3, 2), i.e.
IA™o(®)1Z2 + AT u@®)]IZ2 + [AT*X (D22 + [AT*V(B)l|7. < Co.  (5.15)

Since we have proved (5.15), we may repeat the arguments leading to (1.8) for s €
[0, ] to prove that they also hold for s € ( Therefore, the proof of theorem 1.1
is complete.
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