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Abstract. We study the dynamics of towers defined by fixed points of renormalization for
Feigenbaum polynomials in the complex plane with varying order £ of the critical point. It
is known that the measure of the Julia set of the Feigenbaum polynomial is positive if and
only if almost every point tends to 0 under the dynamics of the tower for corresponding £.
That in turn depends on the sign of a quantity called the drift. We prove the existence and
key properties of absolutely continuous invariant measures for tower dynamics as well as
their convergence when ¢ tends to co. We also prove the convergence of the drifts to a finite
limit, which can be expressed purely in terms of the limiting tower, which corresponds to
a Feigenbaum map with a flat critical point.
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1. Introduction
Our main object of interest will be the Feigenbaum functions, which are the solutions of
the Feigenbaum—Coullet-Tresser fixed point equation [3, 7, 8]:

TH?*(x) = H(tx). (1)

H is assumed to be a smooth unimodal map on some interval, which contains 0 with the
critical point of order £ and normalized (following [5, 10]) so that the critical value is at
0 and its image at 1. It is well known (and very non-trivial, see e.g. [10] for a historical
account) that for each £ even and positive a unique solution (Hy, 7¢) exists and has the
form Hp(x) = Ep(x)¢ where E; isa real-analytic mapping with strictly negative derivative
on [0, 1] and with a unique zero x¢ ¢ (so that xq is the critical point of H, of order £).
Furthermore, by [6, 10], E; extends to a univalent map (denoted again by E;) from some
Jordan domain €2, onto a slit complex plane (see §2.1 for details). This implies in particular
that H, has a polynomial-like extension onto some disk D(0, R), R > 1 with a single
critical point of order £. Let J; be the Julia set of this polynomial-like mapping.
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For every ¢ even and positive the tower map (cf. [16]) T,: C — C is defined
almost everywhere as follows. Introduce the fundamental annulus A, = € \ r[lSZ_g
(geometrically, this is indeed an annulus domain, for every finite £). For every n € Z and
every z € T/ Ay, let

To(2) =t Het, " (2).

Note that fg(z) = Hf" (z) for n>0 and z € r[”Ag. By [5, 10], the quadruple
(Hy, te, 2¢, x0,¢), as £ — 00, has a well-defined non-trivial limit (Heo, Too, $200, X0,00) SO

that the limit tower f"oo :C— Cand Ao := Q00 \ ‘L’OZ)IQOO are defined as well.
The main results of the present paper are summarized in the following Theorems 1
and 2.

THEOREM 1. For any £ € 2N or £ = o0, there exists a unique measure |1y supported on

Ay, which satisfies the following conditions (1) and (2).

(1) e is absolutely continuous with respect to the Lebesgue measure on the plane and
wne(Ap) = 1 and with a density that is real-analytic and positive on Ay.

(2) [ug defined by j14(S) = we(ty S) for every Borel set S C I["Ag and everyn € 7 is
a o -finite measure on C, which is invariant under fg :C— C.

Define the level function sz : C — Z and the map Ty : Ay — Ay so that 7i(z) = n for
zet,"Agand Ty = ‘L’Zm °Ht 1, Then Theorem 1 means that ¢ is invariant under 7.

Let 0 < £ < oo be any even number. Since Ty is ju¢-ergodic and m o Hy is integrable, by
the Birkhoff ergodic theorem, for Lebesgue almost every z € C the following limit (called
‘drift’) exists:

1y = ; .
D) = 1\fh—r>noo ﬁm(Te (@) = Nh_r)noo v X{; mo He(T; (y)) = fAZ mo Hy(x) dpe(x),
i=
where y = té‘z € Ay, for an appropriate k € Z. It follows from here, similar to [15], that
the Lebesgue measure of the Julia set J, is positive if and only if ¢ (£) > 0.
We are interested in the behavior of ¥ (£) as £ tends to infinity.

THEOREM 2.

(1) The sequence of measures {jLg}ecoN tends strongly to o, i.e. the corresponding
densities converge in L1(C, Leby); moreover their convergence is analytic on some
disk that contains the critical point of Hy for all £ large enough.

(2)  The sequence of drifts {9 (£)}¢can converges to a finite number (the limit drift)

9 (00) = —

Hoo(z
1m/ log Mduw(z). 2)
08 Too =0 J Au\ B(xp.00.r) |z]

Note that this integral exists only in the Cauchy sense given above and is undefined on
Ao, see [10].

The present paper is a sequel of [10, 11, 13, 14] and particularly [15]. The problem of
[15] and the present paper can be tracked down to [2, 17], see [15] for discussions. In [15],
a formula for the limit drift, which is similar to equation (2) is proved in a class of smooth
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covering circle maps. The proof (in the present paper) for the class of Feigenbaum maps
follows similar lines, but is substantially more technical.

Reference [15] was a ground for a computer-assistant evaluation of the limit drift in the
class of circle covers. The result shows that the limit drift in this class is negative, which
implies in particular that those maps of the circle with high enough criticalities do not have
a wild attractor.

In a recent paper [4], the authors present a computer-assisted proof that the area of J; is
zero. The case of ¢ = 2 represents the opposite end of the range of possibilities compared
with our interest in £ that tend to co.

2. The Feigenbaum function

2.1. Review of known properties. We consider the Feigenbaum—Coullet-Tresser fixed
point equation with the critical point of order £ even and positive, set at some point xp ¢ €
(0, 1) and normalized so that the critical value is at 0 and its image at 1. The equation
has the form of equation (1) and H is assumed to be unimodal on some interval, which
contains 0 with Feigenbaum topological type.

It is well known that for each £ a unique solution (Hy, ;) exists. We will now describe
it following [10].

Hj is a holomorphic map defined on a domain €2,, which is a bounded topological disk
symmetric with respect to the real line and mapping into C. €2, can be split into two disks
by an arc tv,, which is tangent at xq to the line {z : Rez = xo} and mapped by H; into
the real line. One can further observe that the image of tv, is the positive half-line for ¢
divisible by 4 and the negative half-line otherwise.

The right connected component of €2, \ 1oy will be denoted by €2 , and the left one by
Q_ . We will also write Hy ¢ for Hy restricted to €24 ¢.

2.1.1. Convergence as £ — oo. When £ — oo triples (Hy, T¢, Xo,¢) converge to a limit
(Hoos Too» X0,00) Where 7o > 1, x0,00 € (0, 1) and Hy converge to Hs, uniformly at least
on the interval [0, 1]. Mapping H, is unimodal with the critical point at x¢., and
(Hwo» Too) satisfy the Feigenbaum equation (1).

Furthermore, Hy, has a holomorphic continuation, which is similar to H,. Namely, its
domain is Q,, which is symmetric with respect to R and is the union of two bounded
disks €24  with closures intersecting exactly at {xg o }. We then define restrictions Hi oo
to the corresponding Q24 .

2.1.2. Holomorphic continuation. These mappings can then be described by the follow-
ing statement.

Fact 2.1. For every £ even and positive, the mapping H, only takes the value 0 at the critical
point xg, while the image of H, avoids O at all. Subsequently, one can consider a pair of
univalent mappings ¢+ ¢, real and thus uniquely determined by the condition

exp (¢p+0) = Tg_zHi,K
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for £, which is even or infinite. Then each ¢4 ¢ maps the corresponding 24 ¢ onto the set
V%4
Iy = {z eC: |Imz| < 7} \ [0, +00)

and is univalent.
We can now formulate the convergence of mappings as £ — 00.
Fact 2.2. As £ tends to 0o mappings (¢+¢) ! converge to (¢+ o)~ ! uniformly on compact

subsets of [Ty, := C\ [0, +00).

For ¢ finite we will also consider an analytic continuation of mappings ¢4 ¢, which is
described next.

Fact 2.3. Transformations ¢ ¢ for £ finite each have two univalent analytic continuations,
one with domain equal to €2, N H and another one to €2, N H_ withranges{z € C: 0 <
Imz < fr}and {z € C: 0 <Imz < £x}, respectively.

2.1.3. Geometric properties of Q2+ ¢. Below we state a couple of properties that will be
used.

Fact 2.4. For any £ positive and even or infinite:

e QNR =y, texo] where yp < 0and He(t ™ yg) = tx0,5
o Q\ TR = {te - X0l

e Q,C DQ,1).

2.1.4. Associated mapping.

Definition 2.1. For any £ positive and even or infinite, define the associated mapping
Ge(2) = He(z; '2),
where z € 1,2,. We also define the principal inverse branch GZI, which is defined on
C\{xeR: x ¢]0, 1:62]} and fixes xg ¢.
We list key properties of the associated mapping.

Fact 2.5.

G has a fixed point at xg ¢, which is attracting for £ finite and neutral for £ = oo.
The range of the principal inverse branch Gzl is contained in Tp2_ 4.
. G, (@) =,

G, (¢ \ (—00,0]) = Q4.

‘L'[ng = HyGy on Q.

2.1.5. Coverings.

Fact 2.6. A holomorphic mapping ¥ : U — V, where U and V are domains on C, is a
covering if and only if for every v € V, every simply connected domain W, which contains
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v and is compactly contained in V and every u : (1) = v, there exists a univalent inverse
branch of i defined on W, which sends v to u.

2.2. Analytic continuations.

Definition 2.2. Fork : 0 <k <oocand 0 < £ < oo, let us define
k L . .
My :=1ze€C: |Imz| < > \({2jlogt;: j=0,...,k—1}U[2k log t¢, +00)).
Thus 17? = I1y in the notation of Fact 2.1, while

£
Hg’oz{ze(C: |Imz|<7n}\{2jlogr: j=0,1,...}.

PROPOSITION 1. For every k > 0 and every € positive and even or infinite, there exist
domains Q]i ; Where ng ¢ = St ¢, respectively. Furthermore ¢+ ¢ continue analytically

to the corresponding Qli ¢ With non-vanishing derivative and the claims below hold.:

. Qﬁ,e and Qkf’( are disjoint;
o fork >0,

Ak —1,8k—1
QL =6, (Q—,e )
for £ finite and
Qh =G (@) N1
for £ = oo, while for k > 0 one also has
Sk -1 .6k
QL =G, (24 )
for all £, where Gzl is the principal inverse branch, cf. Definition 2.1;
. ¢ QL N\ ((jlogtl: 0= j <k — IIf
is a covering.

Proof. The proof will naturally proceed by induction with respect to k. For k = 0 all claims
are known, in particular the second one follows from Fact 2.5 and the third from Fact 2.1.

In an inductive step from k — 1 to k, Q’; , are already defined by the second claim. The
first one is easy, since each of following inclusions implies the next one by the second
claim:

Sk oL
ze QL ,NQC,
A
Gi(z) e Q) nQt .
Ak—1 SNk—1
Gi(z) e Q47 nQt ),

obviously. Thus, we need to prove the third claim.
Let us begin with a lemma.
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LEMMA 2.1. For £ finite and even,
Ge: 1\ ({texoe} UG, ([T, 00))) — C\ ({0} U [1¢, 00))
is a covering. For £ = oo, the corresponding claim is that
Goo : TR0 = C\ ({0} U[12, +00))
is a covering.

Proof. Let us deal with the case of £ finite. Since Gy = Hgt[l, Gy can be viewed as
composed of two branches one defined on 7,€2_ ; and the other on 7,€2 ¢, which match
analytically on the common boundary t,tvy. By Fact 2.1, log G, is a univalent mapping
of its domain with 7,x¢ ¢ removed onto C with infinitely many slits of the form {x + iy :
y =2nk, k € Z, x > X} where Xy is log 7y or 2 log t; depending on which branch of
G acts. A projection by exp then yields the claim.

A similar reasoning works for £ = oo except that G already maps 7$2— o univalently
onto C \ [1:020, +00). [l

Mapping ¢4 4. Since Qk_}l NR C (—o0, x0,¢),
Ge: @, =G6,"@)H - &)\ o
is a covering. Since ¢_ ;(0) = log 1[2, it follows that
Ge: Q4 \(¢-r0G  (flog 7, *h — Q) \ ¢ (llog 7, )D

is a covering as well. Furthermore,

Ak— — 2j . — —
¢_o: QN (log ) s j=—1.. . k=2 — 117"\ {log 7, %}
=1} —21log 7

is also a covering by the hypothesis of induction.
To prove that their composition is also a covering, take z € U C [T, é“ —2log 7y and
recall Fact 2.6. The every inverse branch defined of ¢_ , defined on U into SAZIi_Kl has a

range that is a disk in SAZk:Zl \qb:,l@({log 1[2}), which therefore avoids 0. Since Gy is a

covering of lei Tel \ {0}, for every such disk one can find an inverse branch of G,. Hence,
A — 2j .
¢_00Gy: QL N\ @_roGo 'logr;’ : j=—1,....k=2}) > [Ty —2log 7
is a covering. By the functional equation

Gre=¢_p0Ge+2logty,

which completes the proof of the third claim for ¢ ;.
Mapping ¢—_ ;. The associated map G maps QF , univalently onto Qi,e so that

$re0Ge: QNG (T (Mog T 1 j =0, . k—1}) — 1T}
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is clearly a covering. By the functional equation

¢ =Py 000Gy,

which concludes the proof of Proposition 1. O
Let us state the main result about the analytic continuation of ¢4 .

THEOREM 3. For every £ positive and even or infinite there exist domains fzﬂ, disjoint,
simply connected and symmetric with respect to R. The following inclusions hold:

Qg CQ_ Ty,

Q¢ CQyp C 1,

Qi’oo C TOOQ—,OO'

Furthermore, ¢+ ¢ continue analytically to SAZi,g, respectively, with non-zero derivative
and mappings

A — 2j .
pie: Que\ oL, (logr,”: j=0,1,..}) — I
are coverings, cf. Definition 2.2.

Proof. From the second claim of Proposition 1 one easily concludes each of the sequences
(Q’j_L i—o is a non-decreasing sequence of simply connected domain, symmetric with
respect to R and contained in the appropriate component of the domain of G,. If we set

o0
A . Nk
Qiyp= U QL
k=0

then the only claim of Theorem 3, which is not obvious, concerns the maps being
coverings.
We will use the criterion of Fact 2.6. Fix z € I1;° and let U be its simply connected

neighborhood compactly contained in /77 and hence bounded. The U C IT, é‘ % for some
finite k. Then pick a preimage u of z, which is also contained in some Q]; , with ky finite.
Then by Proposition 1 there is an inverse branch of ¢£1g U — SAZTE (ko-kv) g range

obviously avoids the set ¢£1[({10g _L_(2j :j=0,1,...}). So, the condition of Fact 2.6 is
satisfied. O

2.3. Special considerations for £ finite.  We will write for 0 < k < oo Pek =C\ ({t,z2 I
0<j<k}U[r*, +oo)).

2.3.1. Coverings and slits. From Theorem 3 we derive the following corollary.

COROLLARY 2.1. For o =% mappings exp(¢o.oo): 2500 \ (¢J,oo)’1({t§<{ D j=
0,1,...}) > PZ are coverings and their domains are contained in TooQ2—_ .

Proof. The mappings are seen to be coverings by Theorem 3 using the criterion of Fact 2.6.
The inclusion of domains also follows from Theorem 3. U
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However, an analogous statement for finite ¢ instead of oo would be false for two
reasons. First, the inclusion of domains would fail since f2+,@ extends to the right of Tyx0.¢
and secondly exp is not a covering of the plane by a vertical strip. We will now address
these difficulties one by one.

2.3.2. Restricting the domain of Hy 4.

LEMMA 2.2. Suppose that G is either (—oo, 0] or [0, +00). Suppose ug € Q24 ¢ is mapped
into

M:={zel\&: [Imz| < x}

by ¢+ o. Then there is a covering of Tl by the analytic continuation of ¢ ¢ restricted to a
domain, which is contained in Q4 ¢ \ [Tex0,, 00) and contains uy.

Proof. Recall that ¢y = ¢_ 40 Gy + 2log ty. Then G, maps SA2+,@ NR = (xp, tgzxo)
into (0, t¢). Subsequently, (0, t¢) is transformed by ¢_ , 4 2 log 7, inasmuch as it fits
into its domain, into (—oo, 0). Hence, when & = (—o0, 0] the domain of the covering
does not intersect R and the claim follows.

When G = [0, +00), the [1 ={z € C: |Imz| < 7} \ [0, +00) is simply connected
and the covering is univalent. Clearly, ¢ ¢(uo) can be connected to any point x in the
negative half-line by a path inside IT, which is otherwise disjoint from R. The lifting of
this path by ¢4 avoids 9$2, except for the endpoint, which is the preimage of x by the
covering. Then this preimage must be in the closure of 2,, which avoids (tyxg, +00).
Neither is 7,xp¢ possible as the preimage, since it goes to —oo by ¢4 4. (]

2.3.3. Covering slit domains by t, " H+ . Now we will address the second difficulty.

PROPOSITION 2. Suppose that £ > 0 is even or infinite. Let V be any one of V¥, V=, V°
where

VT i=C\ ({r}’ : j=1,...}U (=00, 1)),
VT =C\ [0, +00),
V° :=C\ ([1, +00) U (-0, 0]).

Let o = =, ug € Q4 ¢ and suppose exp(¢q ¢(up)) € V.
Then there is a domain U, uog € U such that exp ¢ ¢ : U — V is a covering. U is
contained in:
o Q ,UQ ¢\ [xo4, +00) wheno = —;
o Qi UQ ¢\ ((—00, x0]U[Tex0, +00)) when o = +;
o C\ R provided that |Im ¢ ¢(uo)| > 7.

Proof. If |Im ¢4 ¢(uo)| > 7, then ¢4 ¢ (o) belongs to a horizontal strip of width 27, which
is mapped by exp univalently onto V* or C \ (—oo0, 0], which contains both V—, V°. U is
the preimage of the strip by ¢ ¢, which may require the use of the extension from Fact 2.3.
Accordingly, U C 2, N H. This implies the inclusions postulated by Proposition 2 and
the covering in this case is just a univalent map.

https://doi.org/10.1017/etds.2020.53 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.53

2436 G. Levin and G. Swigtek

A similar case is V = V7 since here again ¢, ¢ (1) is contained in a horizontal strip,
which is mapped onto V' by exp and U is constructed in the same way.

The remaining case is when |Im ¢ ¢(10)| <7 and V = V~, V°, which implies V C
C\ (=00, 0]. Then V is equivalent by log to a subset of I := {z € [1;° : |Imz| < 7} and
U is chosen as a subset of U’, where U’ covers I1 by ¢ ¢. By Theorem 3 such a covering by
¢ ¢ exists with U' C fzg,g. Moreover, by Lemma 2.2, U’ does not intersect [t¢xq.¢, +00).

]

2.4. Convergence estimates. Fact 2.2 states almost uniform convergence of mappings
¢;1£. That is not good enough for our purposes. The goal is the following statement.

PROPOSITION 3. Mappings ¢;le converge to ¢>;’loo uniformly, i.e.

| ) B ¢
Jim sup {Iqs;g(c) — Ikl lIme| < 2 ¢ [0, *”)} =0
Additionally,

lim ¢35 (¢) = X0,00-
[¢]—00

The proof will be achieved in a sequence of lemmas.

LEMMA 2.3. There exists Ry > O such that for every 0 < r < R there are ¢(r) > 0 and
£(r) < oo such that for every £ > £(r) even and every z € B(x0,00, Ro) \ B(X0,00, ) the
estimate |G%(z) — z| = e(r) holds.

Proof. For ¢ sufficiently large and z in a neighborhood of x¢ «, we can represent

G3(2) —z=aoe +arel +aet® + a3 + gar (), 3)

where ¢ := z — X000, d0¢, a1, az2¢ all tend to 0 as £ — o0, limy— o a3 ¢ = a3,00 < 0 and
g4.0(¢) are a sequence of analytic functions convergent in a neighborhood of 0 to g4 ~, see
Theorem 2 in [10].

Then Ry is chosen so that C(xp,0, Ro) fits inside the required neighborhoods and
|a3.00] > 3Ro sup{|g4.00(¢) = |¢| < Ro}. For £ large enough,

las,el > 2Rosup{|g4,¢($)] : [¢] < Ro}.
This implies that
las e + gae(©)¢* > Slaselr?

for¢ € C(0,r),r < Rp. Set e(r) = (r3/4)|a3,oo|. The proof is finished by choosing £(r)
so that, for all £ > £(r),

e(r)
lao,e| + la1,¢|Ro + laz,e| R <
lasel 3
|a3,oo| 4 O
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LEMMA 2.4. For all Ry, € > 0, there exist L(¢€), £(€) < oo, such that
£
forall€: £(e) <€ < o0, forall¢ : |Im¢| < g, dist (¢, [0, +00)) > L(e),
we have |G} o ¢\ (8) — 3 (O] <e.

Proof. If 0 <Im¢ < £m /2, then for any M if £ is sufficiently large and finite and the
distance from ¢ to the slit [0, co) is sufficiently large as well, then points ¢ and ¢ — log rez
can be surrounded by an annulus with modulus M in at least one of the domains

{ée(C\[O,—i—oo): |Im$|<%r} or @

{E€C\[0,400): 0 <Imé& < £m}.
When ¢ = oo the same is true and the first type domain, which is C \ [0, +00), suffices.
The first type domains are mapped by qb;’le univalently on 2. ¢ by Fact 2.1 and those of
the second type to ¢ N H by Fact 2.3. Also, G7 0 ¢, (¢) = ¢1 (¢ — log 77). Any of
those domains has a diameter bounded independently of ¢ by Fact 2.4. Hence, the distance
between G% o ¢;’IK(§) and ¢;’le(§) is less than € if M > M (¢). ([l

LEMMA 2.5. For all r > 0, there exist L(r), £(r) < 00, such that
£
forall £ > £(r), forall¢ : |Im¢| < 771’ dist(¢, [0, +00)) > L(r),
we have |¢;’1€(§) — X000 < 7.

Proof. Fix Ry from Lemma 2.3 and take any r : r € (0, Rp). From Lemma 2.3 we then
get e(r) and set € := ¢(r)/2 in Lemma 2.4. The bound ¢(r) can now be fixed so that
for £ > £(r) both lemmas apply and |xp¢ — X0,00| < ¥/2. Set also L(r) := L(€) given by
Lemma 2.4.

For any £ > £(r) we consider the set

¢
Sy = {; eC: [Im¢| < 7” dist (¢, [0, +00)) > L(e), 1¢L (&) — X000l < r}.

S¢ is obviously closed in {¢ € C: [Im¢| < £x /2, dist(¢, [0, 4+00)) > L(€)} and also
non-empty since limy_, o ¢;’1£ (x) = x0,¢. The proof is finished once we have shown that

S¢ is also open. If ¢ is a non-interior point, we must have |¢;’1£(§) — X0,00| = r. Then
by Lemma 2.3 we get |G2 0 ¢, (¢) — ¢1,(0)] > e(r) > €. But by Lemma 2.4, |G2 o
¢£ll(§) - ¢;1[(§)| > ¢g(r) < e forall ¢ € S;. Hence, there are no non-interior points. [
LEMMA 2.6. For any L, € > 0 define the set

V(L,e):={¢ €C: Re¢ <L, |Im¢| <m, dist (¢, [0, 00)) > €}.
Then the family (¢—¢)e, £ positive and even or infinite, is equicontinuous on V (L, €) and

converges uniformly to ¢:’loo.

Proof. Let us begin by proving that for each ¢, qb:’]g is uniformly continuous on
V(L, €). That is clear on the set V(L', L,€) :={¢ € V(L,¢) : Re¢ > L’} for any L’ by
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compactness and in particular since qb:’le extends through each line {¢ : Im¢ = £m} by
Fact 2.3. It remains to see that

pelim_$Z4(©) = xo.. )

This is the case when ¢ is real and any other sequence of points remains in a bounded
hyperbolic distance from R in an extended domain —%r{ <Im¢ < %71 or its symmetric
image.

Now equicontinuity will follow if we show uniform convergence. That again is clear
on V(L', L, ¢) for any L' by Fact 2.2. On the set V(L,¢)\ V(L/, L, €) we conclude
from Lemma 2.5 that for any r > 0 there is L’(r) sufficiently close to oo and £(r)
that ¢:1[(V(L, €)\ V(L' (r), L, €)) C D(xp,00,r) forall £ > €o(r). Uniform convergence
follows. O

Recall the principal inverse branch GZI, cf. Definition 2.1.

LEMMA 2.7. For any L, € > 0 define the set
W(L,e) :={zeC: |z] <L, dist (z, [T, 20)) > €} \ (=00, 0].

Then for some £y the sequence (Gzl)z?izo is equicontinuous and converges to Ggol
uniformly on W (L, €).

Proof. The basis of the proof is the representation
G, ' (2) = ¢}, (log(z) — log 77), (6)

where the principal branch of the log is used. Then uniform convergence follows from the
representation (6) and Lemma 2.6.

It remains to show uniform continuity of Gzl for each £. Here £( should be chosen so
that for £ > ¢ the difference |log tgo — log t62| is less than € /2. Then uniform continuity
also follows from Lemma 2.6 on a set where log(z) is uniformly continuous, which is
outside of D(0, ), n > 0. Additionally, by formula (5) GZI can be extended continuously
to 0 by setting Gzl (0) := xo,¢ and uniform continuity follows. [l

LEMMA 2.8. There exist £y and Lo, €9 > O such that for every L, e > 0 and £ > £y the
distance from the set GZI(W(L, €)) 1o [Too, OQ) is at least €y and the set is contained in
{ceC: Ret¢ < Ly}

Proof. We begin by observing that
G,' (W(L,e) C Q.

For £ = 00, Toc2— o is compactly contained in C \ 1, +-00) and hence the distance
from the claim of this Lemma is positive and is bounded from the right. By uniform
convergence from Lemma 2.7 this situation persists for all £ sufficiently large. ]
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COROLLARY 2.2. There exist £o, Lo < oo and €y > 0 such that for every L > Ly, € :
O<e<eyand ke Z: k > 0 the family (sz)gzgo is equicontinuous and uniformly
convergent in W (L, €).

Proof. This follows from an inductive use of Lemma 2.7 once we pick Lo, €y as in
Lemma 2.8. u

2.4.1. Wedge lemma. For every £ even, positive, and finite there is a repelling orbit of
period 2 under G,, which consists of points x4 € H; and x_, € H_. When £ — oo
points x4 ¢ tend to xp 0.

The key observation is that there are two inverse branches of G2, which will be written
as G;’ZK and transform Hi into itself, respectively. Then xt, are fixed points of the
corresponding G;?Z, which attract H..

The lemma below is stated for the upper half-plane without loss of generality.

LEMMA 2.9. Suppose that zo € Hy and 0 < n < Im zg. Furthermore, assume that %7‘[ <
arg(zo — X0,00) < %n. For every n > 0 there is £(n) < oo such that whenever £(n) < { <
00, then the forward orbit of zo under Gjrze is contained in D(xp ., eIm zp).

Proof. We choose €(n) so that for every £ > £(n) the stunted wedge {z € H : Imz >
n, %TL’ < arg(z — xp,00) < %J‘[} is contained in the wedge 20 := {z € H} : %71 < arg(z —
X4p) < %n}.

Then for any zop € 20 the hyperbolic distance in H; from zg to x4, is less than
log(Im zo/Im x4 ¢) + 2. It is not expanded by the action Gfe Given a hyperbolic distance
the maximum Euclidean distance is obtained when the real parts coincide, which yields
the estimate of the lemma. (]

A consequence of the wedge lemma is the following estimate.

LEMMA 2.10. For every r, H > 0 there exists K(r, H) and €(r, H) such that for every
£ > 4L(r, H) we get

¢.y {2 €C: Im¢| < H, Re¢ > K(r, H)}) C D(X0,00, 7).

Proof. Since for £ = oo the mapping d);’loo is a Fatou coordinate, it maps every horizontal
half-ray

{¢eC: Im¢=H,Re¢ >0}
to a curve convergent to xo oo and tangent to the repelling direction. Hence, given r, H for
some K (r, H) theset{¢ € C: |[Im¢| < H, Re¢ > K(r, H) —2log ‘L'go} is mapped into
{zeC: |z—x000] <r/10, arg (—(z - xo,oo)z) < 7 /10}. Now choose an integer k(r)

so that

(k(r) — 1) log 72, € (K (r, H) — 2 log t2, K (r, H)). (7
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On the other hand, for any ¢ consider
W(r H.0) = ¢, ,({¢ €C: |Im¢| < H, (k(r) — 1) log 7} <Ret < k(r) log 17})
=G,V ogll((c e C: Img| < H, —2log 1} <Re¢ < — log 2}).
By Corollary 2.2, for all £ sufficiently large

r T
W(r, H.0) C {z €C: [z =0l < 5. arg(—(z ~ X0e0)?) < 5}.

Then by Lemma 2.9 all subsequent images of W (r, H, £) by iterates of Gg_1 are contained
in D(x0 0, 7). But that means the entire set

¢1y({c € C: Img| < H, (k(r) — 1) log 77 <Re&}) C D(X0.00, ).

Recalling expression (7), we get the claim. O

LEMMA 2.11. For every r > 0 there is K(r) and £(r) so that for any £ > £(r) and ¢ :
[¢] > K(r), Im¢| < €m /2, ¢ ¢ [0, +00) we get ¢;fe(§) € D(x0,00, 7).

Proof. Let us begin with Lemma 2.5, which implies the claim for ¢ : |[Im¢| <
Lr /2, dist(¢, [0, +00)) > L(r).

Then invoke Lemma 2.10 with H := L(r) to conclude that the claim also holds on
the infinite half-strip {¢ € C: |Im¢| < L(r), Re¢ > K(r, L(r))}. What remains is a
bounded set. Il

Proof of Proposition 3. The limit at oo for (/)Lloo follows from Lemma 2.11. It remains
to check uniform convergence. Fix r > 0 By Lemma 2.11, for |¢| > K(r/2 we get
¢;t} (¢) € D(x0,00, r/2) for all £ large enough and hence |¢;’IE(§) — ¢;’loo(§)| < r. The
remaining bounded set after shifting by some multiple of log rozo is compactly contained
in C \ [0, +00). Hence uniform convergence follows from Fact 2.1 and Corollary 2.2. [

2.4.2. Diameter of tog. Recall the arc tv,, which for finite € separates 24 ¢ from Q_ .
t, N H is invariant under G;zz.

LEMMA 2.12. For every € > 0 there is £(€) such for any £ > {(€), even and finite, and any
z € oy NHy the hyperbolic diameter in H of the subarc of v between z and G%(z) is
bounded by €.

Proof. Let to(z) denote the segment of tvy between z and G%(z). Then its hyperbolic
diameter is bounded by the hyperbolic diameter of m(G%” (z)) for any n positive by
Schwarz’ lemma. On the other hand, tv, is a preimage of a line by an analytic mapping,
and hence a smooth curve at x ¢ tangent to the vertical line xp ¢ + (R. It develops that the
limit of the hyperbolic diameter of w(G¥ (x)) asn — 0o is —2 log GQ (x0,¢), which tends
to 0 as £ — oo. O

LEMMA 2.13. The following holds:

lim diam(tog) = 0.
£L—00
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Proof. 1t is enough to prove the claim for w, NHy. Fix r > 0 and suppose that for £
arbitrary large o, N H intersects C(x0,00, ') at zo. Then by Lemma 2.3 for £ > £(r) the
Euclidean diameter of the subarc of tvy between zo and G%(Zo) is at least £(r). But by
Lemma 2.12 the hyperbolic diameter of the same arc tends to 0 as £ — oo, which yields a
contradiction. ([l

3. Dynamics near an almost parabolic point
3.1. Elementary estimates.
3.1.1. Double wedge in 2.  Start with the following fact.

Fact 3.1. For any § > O there is r(§) > 0 such that the double wedge
(X000 + 50 (5] <78, larg ¢*| <7 —3)
is contained in Qqc.
‘We will now work to obtain a similar estimate for finite £, uniform in £.
Definition 3.1. For 6 > 0and 0 <r < R and s € {4, —, 0} we will write
WS, 7, R) i= {Xs00 +¢: 7 < |C] <R, |arg £?| <7 — 8}

LEMMA 3.1. For every § > 0 and s € {+, —, 0} there is r(8) > 0 and, additionally, for
every r1 > 0 there is £(8, r1) < oo such that

Jorallt > €S, r1), Ws(8,r1,r(8)) C Sy,
cf. Definition 3.1.

Proof. By Fact 3.1 for every ri > 0 and r(8) taken from that fact the set Wy (8, r1, r(3)) is
compactly contained in Q.. Moreover, for some €(rq, §) > 0,

U DGetoy

2eWp(8,r1,r(8))
remains compactly contained in Q4. By Fact 2.2, for £ large enough, the mappings
¢;1e 0 ¢+ send C(z, €(ry, 8)) to a Jordan curve, which surrounds z. By the argument

principle, z also has a preimage qb;,le (z). The claim for s = = follows since limy_, o0 |X0.0 —
xs,2| =0. O

3.2. Main theorem.

Definition 3.2. For an analytic function g, z, which can be forever iterated by g and o > 0
define

o]

P(g,z,0) =) D@’

k=0

We now state a general theorem whose hypotheses are satisfied by functions G, we
considered so far. In particular, the geometric condition of €2, follows from Lemma 3.1.
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Recall that a mapping g symmetric about R and defined in C doubly slit along the real
axis is in the Epstein class if its derivative does not vanish in R and has an inverse branch
defined on H; which maps into H or H_.

THEOREM 4. Suppose that (Gy) is a sequence of mappings, which are all defined by
C\ ((—o0, X11U [X32, 400)), X| < X», which are holomorphic, symmetric about R, and
in the Epstein class. Next, for some sequence (xo¢) of points contained in (X1, X2) and
convergent to X000 € (X1, X2), there is a representation

oo

k

Ge(z +x00) —Xo0 = ) ke
k=1

where for all £ a1 € (—1,0) and limy_, oo a1 = —1. Suppose finally that G, converge
almost uniformly in their domain.

For every ¢, let 2y be a domain, which is fully invariant under G, and assume further
that

s
there exists 8y > 7 there exists Ry > 0, for all r > 0, there exists Ly(r) < o0,

Jorall €>0y(r), {x000+2z: 71 <]|z| < Ro, |arg —z2| < 8o} C Q.

Then, for some Ry > 0, every £ and o > %,
/ P(G_z, x +y,0)dxdy
D(x0,00.R1\ 2

is uniformly bounded for all £, where Gzz is the inverse branch of G2, which fixes X0,

From these hypotheses for every £ we get a repelling periodic orbit of period 2, {x4 ¢}
under Gy.

The next lemma is stated H, without loss of generality, since by symmetry the
analogous statement holds in the lower half-plane.

LEMMA 3.2. For some § < 1 /4 there is ro > 0 such that for everyr . 0 <r < ro there
exists £(r) < oo so that the following claim holds.
Ifu e Hy N D(xy g, 7/2) and u ¢ 2, then for some positive n and all £ > £(r),

,
G%”(u) € {x+,g +1z e Hy : 3 <zl <r, largz| < 5}.

Proof. Initially choose £(r) so large that |xo ¢ — x4 ¢| < r/2 forall £ > £(r). Additionally,
when r is small enough and ¢ large, then G7(D (x4, r/2) N Hy) C Hy.

Consider the orbit of u under G%. First we show that for some n it must leave
D(x44,2r/3). Suppose not. Since G% expands the hyperbolic metric of H, the
orbit must eventually leave every compact neighborhood of xi,. It follows that
lim;,_, 5o Im G%” (u) = 0. By choosing r small, we can make sure that [xo ¢ — r, x0¢ + 1] C
Q, for all £. Thus, G%" (u) € ¢ which contradicts the hypothesis of Theorem 4 by which
Q¢ NH; is completely invariant under G%.
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Now we see that for some n > 0 we have

.
IGF" () — x40l =3,

r

but |G (u) — x| >5-

Since Gy — G uniformly on compact neighborhoods of xp ~, and the derivative is 1 at
that point, by choosing r small and ¢ large, we can have

G (u) — x40

2 1
GV w) — xy 0

1
> —.
2

Hence
G2+ () e {z cH, : % <z —xpel < r} \ Q.

The condition on the argument follows from the geometric hypothesis of Theorem 4 . The
possibility of arg z being close to 7 can be ruled out when £ is made sufficiently large so
that |xp¢ — x4 ¢| becomes small compared to r. O

3.3. Generalized Fatou coordinate. Let us write

o
-2 k
G, “(xo,e +2) —x00 = E ar ez -
k=1

For ay ¢ the condition of dominant convergence is satisfied and so it can be removed by
a change of coordinate, which for all ¢ belongs to a compact family of diffeomorphisms
of a fixed neighborhood of xg ~, see [17, proof of Theorem 7.2]. With a slight abuse of
notation we internalize this change of coordinate simply assuming az ¢ = 0.
Next, we write ajy = 1+ pg/4 where p; > 0. We also know that limy—, a3z =
a3eo > 0.Now x4 o = x0,0 + t/pe/4a3,E(L), where we shall write E(£) := exp (0(@).
Consider the development of GE_2 at xq g:

o0
Fe@) =1 (G (e +12) —xp0) = ) aredt,

k=1
where
ae=(1-5ew).
. 3
are =— 54/—a3,epg€(€), )

asy = —az€0).

Observe two features of I'y that make its analysis non-standard. First, the quadratic term
cannot be removed or neglected as £ — oo, i.e. no dominant convergence in the sense
of [17].
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3.3.1. Definition of the generalized Fatou coordinate.

Definition 3.3. Define ¢y : C — ® \ {0} by

Ce(z) = TZZZ ,

where Ay = —dsz /a1 + 3&%,6/&12,6 = a3 E(0).

Let us introduce a variable ¢ on the Riemann surface of the function ¢;, which means
that g“[l is well defined as well as y;(§) := ¢ o I'e(1/6/2Ay), where the principal branch
of the root is applicable since arg Ay is close to 0. Then

CzOFzOCg_l(i) = (yeo ) ©.

We get the representation

. 9 .
(Ce@) = (WO = a0+ 14+ 5o €OV + 0712, ©)

Observe that /7 is correctly defined by substituting

1
[ = ————.
Ve ¢ N (OV2ZAL

In particular, for Rez > 0 one should choose the principal branch of ./Z. When the
principal branch of /7 is used, we will talk of the principal branch y.

10)

LEMMA 3.3. There exist constants £y < 00, Ry, K1, K2, K3 such that forany z : |z] > Ro
and £ > £,

9
V() — & — pieC —\/Epeé“ -1
3/2

Proof. From formula (9) the linear term in y,(s/2) — ¢ is (&E? —1)¢ = peg + O(p," )L,
which gives rise to the term of order |¢| in the claim of the lemma.
The root term in formula (9) is

9 9
[ 5P €ONE = [ Zp/T + 0toey/i5D

and the O (|¢|~1/?) term is directly copied. [l

3/2 _
< K19, 121+ K2po /121 + K3l |72,

3.4. Dynamics in the ¢ coordinate. Although the goal of Theorem 4 is an estimate
uniform in £, the description of the dynamics will be split into cases depending on £:
the mid-range case of { = O(p, 1, which generally reminiscent of a parabolic point and
the far-range for larger ¢ where the true nature of the fixed point at x , becomes evident.

LEMMA 34. For any §: 0 <38 <m/2 and Q > 1 there are r(5) and £o(8, Q) such
that for every £ > £o(8, Q) if ¢ : r(6) <Re¢ < Q,o[l, larg ¢| < 8, then Re y;(J/T) >
Re ¢ + 3 and |arg y(V/7)| < 8.
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Proof. According to Lemma 3.3

9
V(O — ¢ = pet + \/ %C + 1 + corrections.

Both the linear and root terms are helping the estimate of the lemma, by increasing
the real part of the expression and bringing its argument closer to 0. So we ignore them.
What is left is 1 and the corrections. We make each of them less than §/30. For the K3
term this requires making ¢ sufficiently large depending on §. The next term is bounded by
K2/ 0 pl} /2 and requires £ large enough depending on §, QO and the first term is estimated

similarly.
Thus,
ye(\/E) —¢ =1+ E(@)+termsof Re > 0 and |arg| < §
with |E(8)| < 6/10. The claim of the lemma follows. (Il

LEMMA 3.5. With the same notation as in the previous lemma, for every § > 0 there are
r(6) > 0, L(Q) < oo such that if r(§) < Re¢, larg ¢| < § and for every j =0, ...,k
Re (ye o /) (¢) < Qp; ', then

Jorall € = €98, Q), |D¢(yeo N Q)] < L(Q).

Proof. We choose r(8) at least as large as in Lemma 3.4 and as a consequence of
Lemma 3.3 and Cauchy’s estimates we get

log(De ve(v/O)| < Kipe + Kapelt) ™% + K3z 732

for [¢], € greater than some constants.
By Lemma 3.3, ||yzj(\/f)|| >r(8) + j/2. If r(§) > 1, this leads to the following
estimate:

o
log(DEye(VO)| < Kikpe + Kopek +2K3 Y j~2.
j=1
At the same time, since Re yé‘({) < Qp, Uk < 200, ! which yields the claim of the

lemma. O

3.4.1. Far-range dynamics. Here |{| > Qp[l.

LEMMA 3.6. For every n > 0 there is Q(n) : 1 < Q(n) < oo and £y(n) such that for
every £ = Lo(m) and £ = 15| = Q(mp; -

Ve (VO = 1210+ p)' 7
o Dy (VO = (1+p)H"

Proof. From Lemma 3.3 we conclude that for |{| > Q,o[l, £ > 0,

Ve (\/Z) —1 9 172 3/2
WS — | — —K =1-K(, .
T > O pe— pe 20 0 "“p, (£, Q)pe
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where for all £y limg_ oo sup{K (¢, Q) : £ > £o} =0. For p; small enough and
K, Q) < 1 this leads to

ve (V?)
¢+ peg

and it suffices to choose Q(n) so that sup {K (£, Q(n)) : £ > £o} < n/2 in order to obtain
the first claim.
For the second claim, we similarly get from Lemma 3.3 that

/9 32
1D ye(VO) < 14 pr+ p 20 +K1,0g/

for ¢ and Q suitably bounded below. Similar to the previous case the right side can be
bounded above by (1 + po) 2K "(6.9) and the second claim follows. O

> (1+ py) K09

3.4.2. Joint estimates. We will now write general estimates on the absolute value and
derivative along the orbits in the ¢ coordinate, i.e. compositions of functions y; o N2

LEMMA 3.7. For every §: 0 <8 <m/2 there is ro(8) >0 and for every n >0
there are £o(8, 1), L(n), Q(n) > 1 such that forall £ > £o(8,n) forall € C: |¢]| >

ro. larg ¢| < & there exists k(. £) Re (ye o )*C0 () = Q(mp; -

o forall0 <k <k(z,£),Re(yeo J)k(g) >Rel +k/2;

o forallk =0, |(yeo HK@) = Re(yeo )minEkEO ())(1 + pp)maxk=kEHOA=0);
o forallk=0,|De(yeo NN < L1+ po)mXE-AEOOATD

Proof. By Lemma 3.4 when ¢ is chosen in the specified set, it will move inside the
same set by at least % to the right by each iterate of (y; o /), which then must be
the principal branch. Q(#n) is chosen by Lemma 3.6. The key point is the choice of
k(¢, £) where the smallest k£ for which Re (y; o \/)k({) > 0mp, ! Until that point the
dynamics is controlled by Lemma 3.4 and the estimate of Lemma 3.5 on the derivative,
while afterwards the dynamics becomes complicated, but simple estimates of Lemma 3.6
hold. O

Now we draw conclusions for iterates of GZZ.
LEMMA 3.8. For every § : 0 <§ < %T[ there is ro(8) > O and for every n > 0 and r :
0 < r < rg there are £o(8, n), L(n, r) such that
forall > £o(8,n),forallz e {ze C: r < |z—x44| <ro, |arg L_l(Z — x4 0)| <6}
there exists k(z, £),
o forall0 <k <k(z,0),|D,G;*@)| < L(n,r)(1 +k/2)73/2,
1 .
o forallk = kz 0,1D.G;* @] < L, r)p; (1 4 pp) 72730 mrEKEO0),
Proof. This is a consequence of Lemma 3.7 and the change of coordinate ¢ := ¢ (z), cf.

Definition 3.3. The derivative of that change of coordinate is bounded above in terms of
r and the derivative of the inverse change is bounded above by a constant times |¢|~>/2.
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The bound on the argument § doubles by the generalized Fatou coordinate, and hence
different values in the hypotheses of the lemmas. Now the claim follows directly from
Lemma 3.7, except that by taking r¢(§) small enough we guarantee Re ¢ > 1. (]

3.5. Estimates of the Poincaré series. Define a domain W(r,§) := {x4, +1z € C\
Qp:r/2 <|z| <r, |arg z| < 8} where § < 7 /4.
For z € W(r, é0), where §y comes from the hypothesis of Theorem 4, define

ook
Pz.o)=Y Y IDG, Y @ IDG;* ). (11)
k=1 j=1

LEMMA 3.9. For somerg > 0and0 < § < m /4, any 0 < r < ro and every £ > £o(r),

P(Ge—2,x+ty,o) dxdy < 2[ P(x + 1y, o) dxdy.

/D(XO,ooJ/4)\Qz W(r.8)

Proof. Constants rg and § are chosen from Lemma 3.2, which asserts that W(r, §) is a
fundamental domain such that every orbit, which starts in H; N D(x4 ¢, r/2) \ 2, passes
through it under the forward iteration by G%. For ¢ sufficiently large depending on r,
D(x0,00, /4) C D(x4 4, r/2). Taking into account the symmetry about R, the claim of
the lemma is reduced to

PG, %, x +1y,0)dxdy < / P(x+1y,0)dxdy.  (12)

»/D(er,g,r/Z)ﬂH_*_\Qg W(r,8)

By the fundamental domain property

/ P(G_2, x +ty,0)dxdy
D (xy,r /2)NHL\ Qg

o0
r8) o

Representing the Poincaré series from the definition, we evaluate the sum under the second
integral:

o0
3 PG GV (x4 19), )ID:G Y (x + )
j=1

o
3 ID.G G Y (e + o) IDGy Y (x4 )l
p

M

~
Il
-
Il
S

_ 27 _
ID,G; % (x + )| ID.G; ™ (x + )P0

o
WK

1 k=j

~.
Il

with k := j + p and estimate (12) follows by interchanging the order of summation. [

Proof of Theorem 4. The proof will follow from Lemmas 3.8 and 3.9. We begin by setting
the parameters, starting with § of Lemma 3.9. Given that, we choose 2r in Lemma 3.8 then
ro(8) as well as rg of Lemma 3.9.
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Now 7 is fixed so that 3n < %, and thus n := % will do. Then all the bounds
£o(8, ), L(n, r) of Lemma 3.8 become constants and will be written simply as £g, O, L.
Only the dependence of ¢ through k(z, £) and p,; remains.

By Lemma 3.8 for all z€ W(r,8),£ > £y and k >0, DZGZZk (z) are uniformly
bounded above. Then, by inspecting the formula of Definition 3.2 for g := Gz_2 we see
that increasing o increases the sum of the Poincaré series at most by a uniform constant
for any z € W(r, §). Hence, without loss of generality we can restrict our considerations
to % <o <?2.

Then

o0
P(z,0) <K ) kID.G;* ).
k=1

First we estimate the sum for k < k(z, £):

k(z,0) o 00 k —30/2 00
_ o o X 1-30/2
E kID.G, " (2)|” <L § k (1 + 2) <K E k < K(o)
k=1 k=1 k=1
foroc > 2

3
Now we deal with

o0
3 kDG F@I < L0 Y k(14 pp

k>k(z,0) k=0
usin e estimate of Lemma 3.8 wi =z.Since2>0 >3, p <p / where
g the estimate of L 3.8 with 5y = 1. Since 2 4, 0.7 < pF wh
o = %0 — 2 > 0, while L? is just another constant L’. For p; sufficiently small,

opt

(14 p0) B <1~ 5

Hence, for all £ sufficiently large,

Y KDG @I < Lt i k(1- %)"

k>k(z,0) k=0 ?

2 ’
= Lo (1- %) O\ B
¢ 9 ope) — o 7

which tends to 0 as £ — oo.

So, f’(z, o) is uniformly bounded for all z € W(r, , §) and £ large enough. For such £
Theorem 4 follows from Lemma 3.9.

For each of the remaining finitely many ¢ the point x4 ¢ is a hyperbolic attractor for
GZZ, so the Poincaré series is integrable as well. O

4. Induced maps
4.1. Induced mapping T;.

Definition 4.1. For every £ finite and even or infinite, consider the fundamental annulus
Ap = Qp \ r[lﬁg. We further define fundamental half-annuli A4y := Ap N Hy.
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For ¢ = oo, the fundamental annulus is not in fact a topological annulus since it is
pinched at xo. However fundamental half-annuli are always topological disks by Fact 2.4.

Definition 4.2. For any z € Ay define Ty(z) = 1" Hy(z) where n(z) is chosen so that
Ty(z) € Af U A_ . The domain of Ty is the set of all z € A for which such n(z) exists.

From the definition of the fundamental annulus at most one such n(z) exists for each z.
Moreover, it can always by found if the condition is relaxed to Ty (z) € ‘Ag. Hence, Ty is
defined on £2; except for a countable union of analytic arcs.

4.1.1. Branchesof T;. Since A4 ¢ is simply connected and avoids the singularities of Hy,
which are all on R, the mapping z, " H, has univalent inverse branches whose ranges for
all n cover the domain of 7. Thus, the domain of 7} is a countable union of topological
disks. The restriction of Ty to any connected component of its domain will be called a
branch of Ty. Any branch 3 := 35 5 4,p.¢ can be uniquely determined by its:
e side o, which can be 4+ or — depending on whether the domain of 3 is in Q4 or
Q_yg;
e sign s, which can be + or — depending on whether the domain of 3 lies in the upper
or lower half-plane;
e level n defined by 3 = 7/ exp(¢s,¢) where o is the side of the branch; and
e height p. To determine the height map the domain of 3 by ¢, ¢. Since the range of 3
that is equal to exp(¢s ¢) rescaled by a power of t; avoids R, ¢, ¢(Dm 3) is contained
in a horizontal strip {z € C: pm <Imz < (p+ 1)z} if thesigns =+, or {z € C:
(—p— D <Imz < —pr}ifs =—.
So, the range of 34 5.1,p,¢ is Ay ¢ if and only if s(—1)” = 1, since the statement holds
true for p = 0 and s = + and then flips each time s changes or p changes by 1.

Definition 4.3. A branch is called inner if its height is positive.
LEMMA 4.1. T; has no branches of side —, height 0 and level greater than 1.

Proof. Level greater than 1 means that the image of the domain of the branch by Hj is
inside €2¢. Also, the range of any branch avoids R by definition. Height 0 means that the
domain of such a branch touches the boundary of 2, N H;, where s is the sign of the
branch. However, the set B(Qg N Hs) \ R is sent by H_ to (1[2, ~+00), which is disjoint
from €2, and so the domain of each of those branches is adjacent to R and actually to
(—00, xp,¢) since the side is —.

Since G, maps €2; univalently onto €2\ (—oo, 0], it makes sense to consider
GZ] o Hy = uH[l o Hy, H[l is the inverse branch, which sends €2y N (0, +00) into
(—00, xp,¢). It follows that it cancels with H, on the domain of the branch, which is
therefore contained in ‘EK_IQ[, excluded from A by Definition 4.1. O

4.1.2. Generic branches. So far we consider the mapping 7, and its branches, which all
depend of ¢. However, since a branch is uniquely defined by its symbol (o, s, n, p) we

https://doi.org/10.1017/etds.2020.53 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.53

2450 G. Levin and G. Swigtek

can also talk of T as ‘generic mapping’ independent of £ and consider its generic branches
defined by their symbols. The only limitation is on the height p < £/2.

4.2. Extensibility of compositions of branches.

Definition 4.4. Define for any s € Z and £ positive and even or infinite:

Ze =10, 7, "TU{L, 1} U [¢f, +00),
Z4(s) := [0, +00),
Z_4(s) = Zy U (=00, 171,
Zo small,e (8) := (=00, 0] U [17, 4+00),
Zog(s) :=Zy U Zs sma e ().

LEMMA 4.2. Consider any composition of branches in the form

§ = dor.sknp.prol © 7 O dosinyprt-

Then, there exists s € 7 such that for every m € {+, —, o} and every § € Z there exists
€ {+, —, o} and the mapping & continues analytically to a covering of the set V" (s) :=
C\ Zm.¢(s) defined on a domain, which is contained in:

. Q,,g UQye\ ([xo,z, —+o00) U Zﬁl’g(f)) when o1 = —; or

° SA2+,4 UQ_,\ ((—oo, x0,¢] U [Texo,e, +00) U Zﬁl’g(f)) when o1 = +.

Furthermore, if the final symbol in the composition (o, Sk, Rk, px) = (+, £, 2, 0), then
the claim can be strengthened for m = o by saying that & continues analytically to a
covering of the set Verge,Z (s) :==CN\ Zo smaire (s)-

Proof. The proof will proceed by induction with respect to k.

Verification for k = 1. We begin by representing the branch as 7, exp(¢s, ) and
observing that V" (n) C z; V™ in the notation of Proposition 2. Also, Verge,(Z (n)=1Ve.
Hence, the claim of that the proposition holds regarding the existence of a covering and
inclusions of its domain. What is left to do is checking that the domain is disjoint from
Z5 ().

Inner branches. We set s := n. Since the branch is inner, [Im ¢, ¢| > 7 on its domain
and hence the domain of the extension from Proposition 2 is disjoint from the real line,
which contains any Zy ,(5).

Branches of height 0 and side —. By Lemma 4.1 they have positive level, which means
n < 1. We set s := n in this case, too. Then, by Proposition 2 there is a covering defined
on some domain contained in Q_,g U Q40 \ [x0.¢, +00). We need to choose m so that
this domain is disjoint from Z, ¢(5). The appropriate choice here is ™, +, since then
Zm.e(8) € [0, +00), The possible intersection of [0, +00) with the domain of covering
is at most [0, xp¢) whose image under rg exp(¢— ) is (0, 12—2] C Z;. This is always
contained in Z;.
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Branches of height 0 and side +. First, let us assume that § # 0. In this case we also
specify s := n and choose

By this choice,

Zs.0(8) N (xo,e, Texo,e) = {1}

and so 1 is the only possible point of Z, ,(5) in the domain of the covering. However,

tg exp ¢4+(1) = 12’72 € Zy. So, 1 is mapped by the branch outside of C \ Zy, ¢(s) and

the domain of the covering is disjoint from Z ,(5).
So from now on § = 0. The analysis is further split depending on n.

e 1 < 1.Inthis case, set s :=n and m := —. Then Z_ ¢(0) N (xo¢, T¢x0,¢) = (x0.e, 11.
The image of this under the branch is contained (0, r[l] C Z; and hence disjoint from
the domain of the covering from Proposition 2.

e 1 >4. We also set s :=n and now m := o. This leads to Z,¢(0) N (xo¢, TeX0e) =
[1, Tex0¢) being excluded from the domain of the covering by the claim of the lemma.
Indeed, this set is mapped by the branch to [z}’ -2, /) C Zs.

e n =2.In that case we will set s := 0. It is still true that Zy, ((0) D C\ ‘L'szm when
m = 4+, o, but not when m = —. Instead,

Z_4(0) = (=00, 11U {zg} U[r7, +00) D (=00, 0] U [t7, +00) = C\ 77 V°.

Hence, Proposition 2 is applicable again and a covering of V™ (0) exists by an exten-
sion of branch to a domain whose intersection with R is contained in (xg ¢, T¢x0,¢). We
must set m := — if m = — and M := o otherwise. Then

Z_¢(0) N (x0,, Texo,e) = (xo,¢, 11,

(13)
Z6,0(0) N (x0,e, Tex0,0) = [1, Texoe),

which are mapped by the branch to (0, 1] C Z_ ((0) or [1, tgz) C Zosmane(0) C
Zo4(0) C Z4+4(0), respectively. The additional claim of Lemma 4.2 concerns these
types of branches. Indeed, we observe that Vlzrge’@(O) C 1[2\/0 and the inclusion for
the image of Z, ¢(0) by the branch has already been observed.

e n =3. In this case s := 1 and as in the previous case one checks that Zy, (1) D
C\ IEV“‘ whenm =+, 0and Z_,(1) D C\ rgVO. We pick m = — if m = — and
o otherwise, as in the preceding case, which leads to inclusions (13). Then the branch
maps (xo,¢, 1] to (0, 7¢] C Z_¢(1) and [1, texoe) to [, 7)) C Zog(1) C Zy (1),
respectively.

The inductive step. We decompose & = £’ 0 3. By the inductive claim applied to &’,
C\ Zm(s) is covered by an extension of &’ restricted to a domain, which then itself is
covered by an extension of 3. This yields a covering by Fact 2.6 whose domain is contained
in the domain of the extension of 3. O

Let us conclude with a technical observation.
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LEMMA 4.3. Forany s € Z each of the sets Z+ 4(0), Z, ¢(0), Z_ ¢(0) U [t¢, +00) contains
Zwm o (s) for some m, where m is generally different for each of the three cases.

Proof. Certainly Z 4(0) D Z4 ¢(s) for any s since this domain is independent of s. When
s <0, Z_4(s) = (—o00, t[l] U{l, e} U [1'[2, +00), cf. Definition 4.4. This is contained
in both Z,,(0) and Z_ ;(0). When s = 0 the statement is obvious. For s > 0 we get
Zoy(0) D Zoy(s)aswell as Z_ ;(0) U [te, +00) D Zo 1 (5). [l

4.2.1. Univalent extensibility. While Lemma 4.2 provides a general statement that was
suitable for a proof by induction, the goal of a dynamicist is to work with univalent
extensions. We will proceed to derive them.

Definition 4.5. For 0 < 6y, 01 < w define the domain

V (60, 61)
:=C\ ([0, r[l] U [t¢, +00) U {r exp(—tbp) : ¥ = 0} U {1l +r exp(—tby) : r = 0}).

By definition, V (6, 61) is the connected component of \7(90, 01), which contains H .

PROPOSITION 4. Let & be any composition of branches of Ty with the range equal to A 4,
without loss of generality. Suppose that the domain & is contained Q4 ¢, 01 = +, —. Then,
for any 0 < 6y, 61 < m the branch & has an analytic continuation that maps univalently
onto V (6y, 01) and the domain of the extension satisfies the inclusion from the claim of
Lemma 4.2.

Proof. As a consequence of Lemma 4.2 and Lemma 4.3, £ has three different covering
extensions: & with the range C\ Z ¢(0), & with the range C\ Z,,(0), and &_ to the
range C \ (Z,,g ) U [y, +oo)). The domains of those extensions satisfy the inclusions
from the claim of Lemma 4.2. Since each of the ranges is a simply connected domain, each
covering reduces to a univalent map. They all coincide on the preimage of H., .

Now V (6, 61) \ H. splits into three connected components: V_(6p, 81), which con-
tains the interval (1, t¢), V,(69, 61) containing (1:[1, 1), and V4 (69, 81), which contains
(=00, 0). Define the domain of the desired extension as the union of & _1(H+) and
&njl(Vm(Go, 91)). Since all three extensions coincide on the preimage of H; and map
the remaining parts of the domain into disjoint sets, the extension of £ on this domain
is analytic and one to one. It is also proper, since each of the three extensions was a
homeomorphism, and thus univalent. O

This concludes the proof of Proposition 4.

4.3. Uniform tightness. In this section we consider a generic mapping S induced by the
generic mapping 7.

Definition 4.6. A generic mapping S induced by 7T is a collection of finite sequences of
symbols (o, s;,nj, p j);: 1~ Given £ < oo the induced mapping S is obtained first by
defining the return time rs ¢(z) as the length r of the longest sequence in S, which observes
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the limitation 0 < p; < £/2 and such that the composition
50')"asra"rapr O---0 501 5S1,11,P1
is applicable at z. Then one obtains the induced mapping Sy : S¢(z) := T"5¢@(2).

For example, T itself is the collection of all possible sequences (o, s, n, p) of length 1
and the empty collection determines the identity map.

Definition 4.7. A generic induced mapping S will be called uniformly tight if for every
€ > 0 there is £y(¢) and finite set of generic branches 3(S, €) of S such that if we define
we(3) := U;,e3(s,e) Dm(3¢), then for all £ > £y (¢),

/ rse(x +1y) dxdy < e.
Qe\we(3)

4.3.1. A fact about convergence in measure.

Fact 4.1. Suppose that (W,), n =1, ..., 00 are bounded open sets and W, > W in
the Hausdorff topology. If |0 W| = 0, then

fim |(Woo \ W) U(Wa \ Woo)| = 0.

Proof. Consider an open neighborhood with arbitrarily small measure that contains 0 W.
O

LEMMA 4.4. The following holds:

lim / ”XQLZ - XQi,oo” dLebZ =0
{—o00

and likewise if 3 1= 3op.sp.mpr © * * * © da1,51.n1,p1 then

lim / |XDm(3z) — XDm(3o0) dLebz =0.
£— 00

Proof. By Proposition 3 we observe that the closures of the sets under consideration
converge in the Hausdorff topology and the claim follows from Fact 4.1. O

COROLLARY 4.1. For any generic induced mapping S and for every € > 0 there is £o(€)
and finite set of generic branches 3(S, €) of S such that, for every £ > £,

Y IPmGo)l <e.
3¢3(S.€)

Proof. This is an easy consequence of Lemma 4.4. (]

4.3.2. Uniform tightness under composition.

Definition 4.8. We recall that a univalent mapping ¢ : U — V has distortion bounded by
Q onto Z C V provided that sup{log |D¢(z1)/D¢(z2)| : 21,22 € ¢~ (Z2)} < Q.
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The next lemma immediately generalizes by induction to any finite composition of
uniformly tight mappings.
By the domain of an induced map we understand the set where its return time is positive.

LEMMA 4.5. Suppose S1, S» are generic mappings induced by T and for every € > £ the
image of every branch of S1, contains the domain of Sy ¢; moreover there is Q such that
the distortion of every branch of Sy ¢, for every £ > £q is bounded by Q.

Then, if S1, S> are uniformly tight, so is Sy o Sy.

Proof. Fix an e > 0. Let i« denote the Lebesgue measure of the domain of S. The hypoth-
esis of uniformly bounded distortion implies that Sy transports the Lebesgue measure with
a Jacobian uniformly bounded above by Ky exp(Q) and below by Ko exp(—Q), where
Ko > 0is aconstant. By the uniform tightness of S; and Corollary 4.1 given any €1, €2 > 0
we find a finite set 3, of branches of S, such that for all £ sufficiently large

> IDmGo)| < Q7' ey,
3¢32

/ rs,e(x +1y) dxdy < 0 ' ue,.
Q\Uje3, Dm(30)

Now for every branch 3¢ of S, the preimages of the domains of branches not in 3,
occupies at most Qeq-part of Dm(3). We get the estimate

[ a5+ 1) dxdy < (e17s,0(DmG) + €2) IDm (o)l
Dm(30)\3, (Ume32 Dm(rvy))

Summing up over all branches of 3, of S| we arrive at

/ Fsyos, (6 + 1) dxdy < € / rs,.o(x + 1) dxdy + €2 12|
Qe\Urpe3, Dm(togoze) Qe

Uniform tightness of S implies that sz s, ¢(x 4+ ty) dx dy is uniformly bounded for
all ¢ large enough. Hence, €] and €, can be chosen so that

forall £ > €, / rsyos,.(x + ) dxdy < <. (14)
Q/z\Umggz Dm(rogo3¢) 2

Now use the uniform tightness of S; to find a finite set 3 of its branches such that

Y- IDm(30)| < €3,
3¢31

€ (15)
rs;e(x +1y) dxdy < T

'/;ZZ\U;,Q:")] Dm(ﬁ)

Since 3, is a finite set, the return time of all its branches is bounded by R, < oo. Hence,
for any branch 3 ¢ 31, we estimate

/ 1 55086 (x +1y) dxdy < (rs, ¢(Dm(3¢)) + R2) [Dm(3¢)],
Dm(3e\s; (Ures, Dm(toe))
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which after summing up over all 3 ¢ 3; leads to

/ rsyo8;.¢(x +ty) dxdy
U:,gé}l Dm(ﬁl)\UmE32,3¢31 Dm(mloﬁﬂ)

€
<[ e+ o) dedy + Ry Y IDmG)| < &+ Rocy
Uses, Dm(s) 3#31
where the final estimates come from inequalities (15). We now take €3 so small that Rye3 <
€/4 and together with estimate (14) we obtain

/ rsy08,,6(x +1y) dxdy < €. 0
Q(\Ume:iz,ge:%l Dm(twgo3¢)

4.4. Post-singular branches. The singular value of many branches, which is contained
in the fundamental annulus, is 1. That singular value is adjacent to the domains of two
branches 34+ +20¢ for all £. These branches will be described as post-singular and will
require special attention if we want to induce a uniformly hyperbolic map.

Post-singular branches both have the form 7, Hy. One quickly sees that this is conjugated
to the multiplication by t; by Hy:

HZI‘E@HZZ = HZI‘L’(H@G(‘L'[ = HZIH@‘I,'@ =1,

where HZI is the inverse branch defined on C \ ((—oo, 0] U 162, +00)).
Define exit time at Egne ¢(z) as the smallest non-negative number of iterates of 7, H,
needed to map z outside the union of domains of the post-singular branches.

LEMMA 4.6. There exists a constant K such that for some £o, all £ > Lo and all z € C,
1
Gsing,ﬁ () <K 10g max <ﬁ; 2) .
7 —

Proof. For ¢ large enough HZI maps 24 ¢ for £ into D(0, Rp), for a fixed Ry, and with
uniformly bounded distortion. Then the exit time is bounded as follows:

log(Ro/IH, ' (2)])
log ¢ '

esing,/é (Z) <

Since |H21 (z)| > K]z — 1| with K| > 0 because of the bounded distortion, the estimate
of the lemma follows. (]

Definition 4.9. Define the generic post-singularly refined map Tne as consisting of
sequences (cf. Definition 4.6), which begin with any symbol other than (4, %, 2, 0) and
followed by any, possibly empty, sequence consisting of the two post-singular symbols
(+, £, 2,0).

Dynamically, Tsing is T restricted to the complement of the domains of the post-singular
branches followed by the first exit map from the union of the domains of the post-singular
branches.

Our main goal will be the following.
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PROPOSITION 5. Mapping Tying is uniformly tight, cf. Definition 4.7.
For convenience, in the proof we will use

Dsing (0) :=Dm@G,42,0,0) UDMG+ —20,0),

i.e. the union of the domains of the post-singular branches.

4.4.1. Reduction to pointy branches. A natural way to approach the proof is by using
Lemma 4.5. Here Sy is the first exit map from Dging(£). S2 is uniformly tight by
Lemma 4.6, however S; cannot be made 7, since not all branches of 7; map onto
Dging (£) = Dm(S5,¢) with distortion uniformly bounded for large £.

Since exp(¢4+ ¢) extend to coverings of C \ ({0} U {1:62" :n=0,1,...}) by Theorem 3,
all branches of odd level can be continued univalently to map onto €2, . The same
can be said of all branches of positive level or non-zero height. Thus, if in 7 one
eliminates all symbols except for (£, £, —2k,0) : k =0, 1, ... such amap S for every
¢ large enough will map onto Dging(£) with uniformly bounded distortion and S; o Sy is
uniformly tight by Lemma 4.6. For the proof of Proposition 5 it will suffice to demonstrate
that S o S| is uniformly tight where S| consists of sequences of length 1 of ‘pointy’
symbols (£, £, —2k,0) : k=0, 1,.... The use of the adjective ‘pointy’ is based on
the fact that the domains of those branches for any ¢ are exactly those that touch the
cusps in the boundary of €2y. Those cusps are critical points, or essential singularities
in the case of ¢ = oo, of analytic continuations of those branches for which 1 is the
critical, respectively asymptotic, value. Since the limiting singularities are flat, the uniform
integrability Esing e 0 S i ; 18 far from obvious and will require estimates.

4.4.2. A uniform estimate with respect to £.  Let us write

Q0 ==z € : Reg_ () < —, Im_(2)] < 7).

LEMMA 4.7. There exists £y < oo such that

lim sup / Re ¢_ ¢(z) dLeba(z) = 0.
2000 > 04 J 9 (h,0)

Proof. The problem of uniformity with respect to £ here is different from the situation

treated in the proof of Theorem 4. It is described in the literature as ‘dominant conver-

gence’, see [17, Theorems 8.1-8.3]. The result in our notation can be stated as follows.

Fact 4.2. For every K > 1 there exist A(K) > 0 and £y(K) < oo such that the map-
ping 1/¢_ ¢(z) on the set {z € Q_,: Rep_((z) < —A(K)} for all £ > £y takes form
1/p—e(2) = Y¢(2Cyz?) where Cp = —D3Gy(x0, £) > 0 and Yy is a K-quasi-conformal
mapping of o fixing 0, 1, co.

This will now be used to estimate the Lebesgue measure of Q(A, £) for A > A(K).
The image I of the set {u € C: —21 < Reu < —A, —7 < Imu < 7} by the complex
inversion is easily seen to have measure bounded above by K11 ~3. Consider now the set
Y, ().

¢
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Since T, belongs to a compact family of quasi-conformal mappings the constant in the
change of area theorem of Bojarski, see [9, Theorem 5.2], is uniform and the measure of
that set is bounded above by K 1)7% for all £ > £y(K) provided that K > 1 was chosen
close enough to 1. Additionally, by the Holder continuity of quasi-conformal mappings in
the usual sense, that set is disjoint from D (0, ng_%).

Next, we take a preimage of the same set by the mapping y = 2Cyz> observing that Cy
is bounded below by C,/2 > 0 for all £ large enough.

The Jacobian of the inverse mapping is equal to 1/8C¢|y|, which is bounded above by
K4X% . This leads to

190, 6\ Q24 0)] < Ke ™1

for all £ > £(, which by summing up a geometric progression leads to

120, £)] < 2KeA" . (16)
Let us write gg(X) = }Q(A, E)|. Then the integral in the claim of the lemma can be
written as
%) 00 1
/ Re ¢_ ¢(z) dLeba(z) = f Adge(Ah) = /\qg(/\)ﬁ"; — / ge(A) dr =0, ")
9 (ho,6) X0 2o
independently of £ > £( by estimate (16). O

4.4.3. The primary pair of pointy branches. In this fragment we consider the generic
induced map S> o 34+ +0,0. It consists of sequences of symbols that begin with (+, £, 0, 0)
and are followed by a sequence of post-singular symbols (+, £, 2, 0) of any positive finite
length. For any Z,

3+.4£000¢ = T[lHJr,e =H_ yo0Gy=H_yoH o T[l- (17
LEMMA 4.8. The generic mapping Sz o 34 +.0,0 is uniformly tight.

Proof. The final action by H_; in the representation (17) with the image Dsing(£) has
distortion uniformly bounded in terms of £. Taking into account Lemma 4.6 we conclude
that Eing,¢ 0 3+,+,00(z) < K1 max(—Re ¢_’[(T£712), 1). Also, since the part of the border
Q4 ¢ adjacent to Txo ¢ consists of preimages of segments in the positive half-line, we have
|Im¢_,g(r€_1z)| < forallz € Dm 34 4+0,0,-

By Lemma 4.7, for some £( < 0o any € > 0 there exists r(€) > 0 and all for all £ > £,

/ (singt - Xie11<r0)) © 34.00¢(2) dLeb(2) < €.
Dm 34 100

By Lemma 4.6 there is an upper limit K3, independent of £ sufficiently large, on Egjne ¢
for branches not contained in D(1, r(¢)) and since only two post-singular symbols are
allowed that translates to a number of branches bounded depending on € for all such £. [J

Proof of Proposition 5. All remaining pointy branches have the form 7, " H for n > 1
and hence are in the form 34 4+ 00 © Gz‘_l. Since G¢ maps as a covering of C\ ({0} U
[rzz, +00)) and its post-singular set under iteration on 7,€2_ is contained in [0, 1], the
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mapping by iterates of Gy onto Dm 34 + 00, has distortion uniformly bounded indepen-
dently of ¢ sufficiently large. Thus, for any particular pointy branch its composition with
S, is uniformly tight by Lemma 4.5. On the other hand, the closures of domains of pointy
branches for £ = oo converge to {xg ~} in Hausdorff topology so for £ > £(¢) only a fixed
number are not contained in D (x( o, €) and hence their joint measure is bounded by e,
As a corollary to Lemma 4.8 the integral fDm et 000 Csing,e 0 34.+,0,0.¢(2) dLeba(z) < K
for all £ sufficiently large. Consequently, on the domain of any pointy branch the integral of
the return time of 7giyg is bounded by K> times the measure of that domain of the branch.
Hence, all pointy branches except for finitely many can carry an arbitrarily small integral
of the return time. O

4.5. Parabolic branches. Another pair of branches that cause problems are parabolic
branches with symbols (—, £, 1, 0). They have the form t[l Hy, which is just Gy
conjugated by 1, and has a period 2 point r[lxi,g, which is on the boundary of the domain
of such a branch. Hence the name, since when £ — oo this period 2 orbit bifurcates into a
parabolic fixed point xg .

We will proceed to get rid of them by inducing, much in the way we dealt with the
post-singular branches, except that now Tijn, rather than 7 is our starting point.

Define Dpar(£), £ < 00 as the union of the domains of two parabolic branches. Next,
the exit time €pyr ¢(2) as the smallest non-negative number of iterates of r[l H_; needed
to take z outside Dying(£).

Definition 4.10. Define the generic parabolically refined map Ty, as consisting of
sequences of Tging, cf. Definition 4.9, which begins with any symbol other than a parabolic
one (—, %, 1, 0) and is followed by any, possibly empty, sequence consisting of the two
parabolic symbols (—, £, 1, 0).

Our goal is to prove the following.
PROPOSITION 6. Mapping Tpa, is uniformly tight, cf. Definition 4.7.

The proof begins by noting that S; := Spa is the first exit map from the parabolic
branches, given by all non-empty sequences of parabolic symbols (—, &£, 1, 0) and S is
Tsing restricted by excluding sequences with initial parabolic symbols as in Definition 4.10.
Since after such an exclusion the distortion of the map is uniformly bounded, then we are
in the position to use Lemma 4.5.

The bounded distortion follows from the additional claim of Lemma 4.2 by which the
branches of Tiing (€) extend univalently onto Vlzolrge, ,(0), which compactly contains Dy, (£)
and the nesting is uniform for large ¢ by Proposition 3.

Hence, Proposition 6 is reduced to the uniform tightness of Sp.

4.5.1. Connection with Theorem 4. That theorem will be our main tool, since after
conjugation by 7, the pair of parabolic branches becomes G¢ and 7¢ Dp,:(£) is contained
in the complement of €2,.

For N natural define Dpar(E, N, €) := {z € Dpar(£) NHx : Epare(z) = N}

https://doi.org/10.1017/etds.2020.53 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.53

Limit drift for complex Feigenbaum mappings 2459

LEMMA 4.9. For any r > 0 there are £(r), N(r) < oo such that for every £ > £(r) the
inclusion Dy (£, N(r), £) C D(x0,00 To_ol’ r) holds.

Proof. If not, then by taking convergent subsequences we construct a point zoy whose
complete forward orbit by G is contained in a bounded set and avoids a wedge {xo 0 +
¢ larg ¢?| < /4,0 < |¢| < R} with some R > 0. This is not consistent with the action
of G in a half-plane under which every bounded orbit tends to xo ~ tangentially to the
real line. (]

Denote by G, = ‘EZ_IG[Q and write Gl_é for its principal inverse branch, cf.

Definition 2.1. Now estimate, for any n > 1,

/ Epar,e(z) dLeba(z)
Dpar(+.,1,£)U Dpar (—,1,€)

= (n — D(|Dpar(+, n, O)| + | Dpar(—, 1, £)])

o0
+ Y " (IDpar(+. 1+ k. O] + | Dpar (=, 0 + k. £)])
k=0

=n- 1)(|Dpar(+, n, O] + |Dpar(_, n, £)|)

o0
+ 3 1G (Dpar(+: 1, 0) U Dpar(+, 1.+ 1, 0)))]
k=0

oo
+ ) 16 (Dpar(=, 1, ) U Dpar(=, 1 + 1, 0)|
k=0
< (n = D(Dpar(+ 1, O] + | Dyar (= 1, O)])

o0 o0
+2 3 1GT (Dpar(, 1, ) +2 ) 1G] (Dpar(—, 1, 1))
k=0 k=0

= z:[m—wnqmmnmn+2/

P(G;},z,2) dLebs(z) (18)
s=—+,— Dpar(svn»i) ’

introducing the Poincaré series, cf. Definition 3.2. By symmetry, we will fix s = + in the
final estimate of equation (18) and show that the quantity tends to 0 as n — co.

LEMMA 4.10. Suppose that0 < n’ < n and n — n' is even. Then, for any £,
n—n +2 _
e Dyt 0 < [ P(G2,2,2) dLeba(2).
2 Diar(+1'.0) ’

Proof. By the change of variable formula

|%MﬁmM:/ P(G{}.2.2) dLeby(2).
Dpar (+,1,0)\ Dpar (+,1+2,£)

For the same reason, for k > 0,

/ P(G7}.2,2) dLeby(2)
Dpar (+:1—2k,0)\ Dpar (+,n—2k+2,0) ’
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>

/ P(G72 2.2) dLeby(2)
Dpar(+.1,6)\ Dpar (+,1+2,0) '

and Lemma 4.10 follows. O
COROLLARY 4.2. Forn > 2,

(1= DlDpe(om. 0] <5 [ P(G}2.2.2) dLebs (o).
Dpar(+,[n/2],0)

The main estimate is given by the next lemma.

LEMMA 4.11. We have

n—oo

lim sup / P(G{},2,2)dLeby(z): £=2,4,...,003 =0.
Dpar("r,”,z) '

Proof. Let o be either 2 or 2 — § for some 0 < § < % Using Lemma 4.9 fix N to use
Theorem 4 and assert that for all £,

/ P(G2.2.0) dLeba(z) < K. (19)
Dpar(+,N,£) ’

For £ > £y all sets Dpar(+, N, £) are contained in a compact subset of H . Since Gf%
for £ < oo is a contraction in the Poincaré metric of H, with the limit x ¢, by taking
convergent subsequences we get that lim,,_, o, d, = 0, where

dy == inf{|D.G"(2)| : 2 € Dpur(+. N £), £=2.4, ... 00}.

For n > N and of the same parity and every £, we get

/ P(G{7,2,2) =
Dpar('h”f) '

On the other hand, for§: 0 < § < %, cf. estimate (19),

Ki> / PG2.2.2—5)
Dpar(+,N,0) ’

/ DG} (2)|* dLeba(2).
kZ(n—N)/2 Dpar(‘hN,l)

v

/ |D-G| " (2)[*~° dLeby(2)|
520 ¢ Dpar(+.N.0)

n—N
sup {d,;‘s cm > } /D o DG} ;*(2)]* dLeb (2).
par (T 4V,

v

2

Since d;, — 0, Lemma 4.11 follows. ([

4.5.2. Conclusion of the proof of Proposition 6. By formula (18), Corollary 4.2 and
Lemma 4.11

lim sup / Cpare(2) dLeba(z) : £ =2,4,...,00¢ =0.
n—00 Dpar (+,1,£)U Dpar(—,n,€)
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There are only 2"~ ! ways to compose parabolic branches with return time less than 7.
Uniform tightness thus follows.

4.6. Outer branches. Mappings Tp,:(£) already have uniformly bounded distortion by
Lemma 4.2, since for any branch and s it is possible to choose m so that its domain is
uniformly nested in V" (s). However, we would like to have a uniform expanding Markov
structure. Such a structure is suggested by Proposition 4 since any composition of branches
can be extended univalently to map onto a slit plane C \ (—oo, t[l] U [1, 400)).

Let us choose a finite set B of branches T that contains symbols (+, £, 2, 0) and
(—, £, 1, 0), which correspond to post-singular and parabolic branches discussed before.

Definition 4.11. Define the generic hyperbolic induced mapping Thyp(*B) as consisting of
sequences that begin with any symbol not in ‘5 and are followed by any, possibly empty,
sequence consisting of exclusively of symbols from 5.

For any ¢, the domain of Tjy,(*B)¢ is the subset of A, with domains of the branches
from B removed.

Let Vhyp be a bounded Jordan domain with smooth boundary chosen so that xp,.c0 € Vhyp
and

Vayp C C\ (=00, 7, 'TU 1, +00))

for all £ > £(Vhyp), where £(Vyyp) < 00.

THEOREM 5. Fix any domain Vyyp as specified above. Also choose a finite set of branches
B that contains post-singular and parabolic branches. Then the following properties hold.
o Thyp(B) is uniformly tight, cf. Definition 4.7.

e Forevery l > £(Vyyp) any composition of branches of Thyp (£) extends univalently onto

C\ ((—o0, 7; "TU 1, +00)).

o There exist a compact set Fnyp C Vhyp, a particular choice of B and £y < o0 such that
for every £ > £y and every branch § € Thyp(°B), the inclusion 5[1(Vhyp) C Fhyp holds,
where 3[1 should be taken in the sense of the univalent extension of 3 postulated by
the previous claim.

4.6.1. Uniform tightness of exit maps. Recall that for any generic branch j the first exit
map from 3 consists of sequences that repeat the symbol of 3 an arbitrary number of times.

LEMMA 4.12. If 3 is not post-singular or parabolic, then the first exit map from j is
uniformly tight.

Proof. For any ¢ let the block mean the union of domains of 3, and the adjacent branch of
the same side, sign and level and height greater by 1. Use Proposition 4 to verify that 3,
maps with distortion that is bounded independently of 3 and ¢ onto the block. Indeed, in
the proposition choose 6y = 6 = = /2 with the sign depending on the sign of 3. Then by
Proposition 3 the distance from the block to the slits is uniformly bounded away from O.
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But then the measure of the set of points, which do not exit by the nth iterate of 3,
shrinks uniformly exponentially with # and uniform tightness follows. (]

Proof of the first claim of Theorem 5. One can construct Ty, (‘B) by successively inducing
on branches one by one. That is, we set T (0) = Ty, and then T'(n + 1) is the first exit map
from the next branch followed by T (n). Each of those maps is uniformly tight by Lemma
4.12 and Lemma 4.5 and since the set B was assumed finite, that includes Thy, (°B). O

Proof of the second claim of Theorem 5. This follows immediately from Proposition 4
taken with 6p = m, 6; = 0. O

Proof of the third claim of Theorem 5. Vyyp has a finite hyperbolic diameter in C\
((—o0, t[l] U [1, 4+00)) and therefore 3’1 (Vhyp) has bounded hyperbolic diameter in the
appropriate extension domain 2y \ (—o0, xo¢] or ¢ \ [xo,¢, +00), cf. Lemma 4.2. Note
that xp ¢ is on the boundary of that domain and hence Euclidean diameters of 37! (Vhyp)
tend to O as a uniform function of the distance from Dm(3), to xq . (I

By Proposition 3 for any r > 0 the domains of all branches of 7, except for finitely
many are contained in D(xg o, r) for all £ > £(r). By what was just observed, the same
holds for perhaps larger sets 5[1 (Vhyp)- We choose r so small that D(x0,00, ) C Vhyp and
set Fhyp 1= D(x0,00, 7).

As B we pick precisely the finite set of branches j characterized by the condition
there exists £ > £(r) 3[1(Vhyp) ¢ F.Then £y := max(£(Vhyp), £(r)).

5. Invariant densities
5.0.2. Choice of the domain. We fix some Vhyp in Theorem 5, which implies a choice
of ‘5. To unclutter notation, we will write Thy, for Thyp(B) and Thyp (£) for the instance of
Thyp for a particular £.

5.0.3. The Perron—Frobenius operator. For all £ sufficiently large the Perron—Frobenius
operator can be defined on L (Dm(Zhyp(£)), Lebz, R) by

Be)w) = Y 1Dz; ' w)PeGy " W),

3€Thyp

where we identified a generic induced map Thyp(£) with the set of its branches. The term
density will be used for a non-negative function with integral 1.

Fact 5.1. The operator 3, is stochastically stable meaning that there is an invariant density
gz?o and for any other density g € L1(Dm(Tpy,(£)), Leby, R), lim, .« [I'B} g — gg°||1 =0
holds. Additionally, if y € Li(Dm(Thyp(£)), Leby, R) is a fixed point of B¢, then y =
cgfo, ceR.

Our goal will be to show that densities g7° are real-analytic and converge analytically
to g5 when £ — oo.
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5.1. The transfer operator.

Definition 5.1. Let X denote the space of complex-valued holomorphic functions of two
variables defined on Vyp X Vhyp, continuous to the closure, and real on the diagonal:

forall z € Vpyp, forall f € X, f(z,2) €R.

Endow X with the sup-norm.
Then X is a Banach space over R.

Definition 5.2. The transfer operator Py : X — X is defined by

Pefw) = Y Dy '@D; ' w)fG (@), 5 w)),

3€Thyp(0)

where univalent extensions of branches onto Vjy,, are used, cf. Theorem 5.

It is not immediately clear that the transfer operator is continuous or even well defined.
Observe that, at least formally, when w = z, then

Pf@= Y Di'@Di'@fG .57 @)

3€Thyp(0)
= > D@Dy @ fG7 @5 @)

3€Thyp(0)

which means that acting on the diagonal y (z) := f(z, 2)|, Dm(Tiyp(0)) the transfer operator
reduces to the Perron—Frobenius operator By .

To establish basic properties of the transfer operator introduce branch operators for a
generic branch 3,

Pyef (2. w) = D3 @)Dz w) £ Gy ' (@), 37 (w)). (20)
Because of uniformly bounded distortion, cf. Theorem 5, we get an estimate
”P;,,K I < Knorm IDm(3¢)] 21

for all £.

LEMMA 5.1. For every generic branch j of Thyp and € > £(3), the branch operator P; g is
compact.

Proof. Let X; ¢ mean the space of functions f € X restricted to the domain of 5;1 (Wyp),
still with the sup-norm. Then, by formula (20), operator P; ¢ can be represented as the
composition of a continuous operator on X; ¢ and the restriction operator from X to X .
Since 313_1 (Wyp) is a compact subset of Vyyp by the last claim of Theorem 5, the restriction
operator is compact by Cauchy’s integral formula and Ascoli—Arzela’s theorem. O
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LEMMA 5.2. For some €y < oo and every € > £y the series in 5.2 converges in operator
norm and Py is a compact operator. Furthermore,

sup{[|P;ll : n =0, £ > £o} < oo.

Proof. The series satisfies Cauchy’s condition in operator norm by estimate (21). The
compactness of the limit then follows from Lemma 5.1.

As to the additional claim, observe that for any n > 1 operator P, is given by a
formula analogous to Definition 5.2 except that the summation extends over 3 € Th’;p. Since

estimate (21) is only based on bounded distortion, it extends to branches of Th”yp. ]

LEMMA 5.3. We have
lim [Py — Pl = 0.
{—00
Proof. Observe first that for every generic branch 3 branch operators P; ¢ converge in

operator norm to P; ~, cf. Proposition 3. By the uniform tightness of Thy, and estimate
(21) for every € > O there is a finite set of branches B (¢) such that for every ¢ sufficiently

large
H( Z 773,5) —Pe|| <e.
3€B
The claim of the lemma now follows by a 3€ argument. (]

5.1.1. Fixed points of transfer operators. Let us consider the Dy, which consists of
all f € X such that ys(2) := f (2, 2)|zeDm(Tiy,(¢)) is @ density when restricted to z €
Din(Thyp (£).

We use the following identity principle for two complex variables

Fact 5.2. Suppose that U is a domain in C and F : U x U — C is holomorphic. If
F(z,7) = 0 for all z in an open subset of U, then F vanishes identically.

This fact is a particular case of [1, Theorem 7, p. 36].

PROPOSITION 7. For every { large enough Py has a unique fixed point f;° € Dx.
Additionally, f°(z,7) = g;°, cf. Fact 5.1. Moreover,

Tim |7 2] =0

Proof. Let f € Dy. By Fact 5.1 functions P,y converge to g;° in Lj(Dm(Thyp(£))).
By the compactness and uniform bound of Lemma 5.2, sequence P} f is contained in a
compact subset of X. Take any two convergent subsequences PZ” f- Since their limits are
the same on the diagonal (z,7) : z € Dm(Thyp(¢)) they are the same in Viyp X Viyp by
Fact 5.2. Hence, the entire sequence P, f converges to a fixed point f;° of P;. Since the
transfer operator preserves Dy, then f° € Dy. The same argument based on the identity
principle shows that the limit is independent of f and hence unique for each £. Since the
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initial f can be constant on Vyyp, it also follows that the set { fgoo : £ > £p} is bounded by
some K.

It remains to show the convergence of f° to f3. Since P is compact, the set
{Poo f¢° : € > Lo} is pre-compact in X. Observe that

Jim [ Poof = £ < Jim [P = Pell K1 =0

by Lemma 5.3.
Let £ be the limit for any convergent subsequence £, of Pw f;°. Then, by what has
just been observed, > =lim,_, féf. Then for any p,

Poo ™ = foo = Poo(f™ = [+ (Poo = P, ) 2 + (75— ™).

Since every term on the right-hand side tends to 0 as p — oo, £ is a fixed point of P
and f*° = f3° by the uniqueness of the fixed point.
Proposition 7 has been proved. O

5.2. Invariant measures for original mappings Ty. The general construction for passing
from invariant measures for induced maps Thyp(€) to measures for Ty is well known. Let
ITip (3) denote the return time for branch j of Thyp, i.e. the number of iterates of 7, which
compose to 3. _

If penyp,¢ is an invariant measure for Thy, (£), which is piecewise equal to TZ , then

TThyp (3)—1

o J
K= Z Z (T}) Dm(s,))*Mnyp.e
=0

3€ Thyp

is immediately seen to be invariant under the push-forward by 7.
We will work in the spaces L, := L,(C, Leb,, R).

Definition 5.3. Given a set B of branches of Ty, the propagation operator

(BB,(Z : Lo — Ly

is defined by
TTyyp (3)—1 . '
Pregw) =Y Y DT, W@ xome) (T, @)
3€B  j=0

When B is not specified, it is assumed to be the set of all branches of Thyp.

The convergence of this sum will be addressed later.
Define simple propagation operators

B, jee@) = DT, W) (g - xpm) (T, W), (22)

where j is any branch of Thyp and 0 < j < rr;,, (3).
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LEMMA 5.4. For any branch 3 of Thyp, 0 < j < r(3) and € sufficiently large,
lim B, ;087" = F;.j.08%
{—o00

in Ly, cf. Fact 5.1.

Proof. By Proposition 7 densities g7°(u) extend to real analytic functions
8e(u) := £ (u, w),

which converge uniformly on Viy,. Replacing g7° with g in the claim of the lemma does
not change its meaning, since the characteristic functions of Dm(3,) force the restriction
to appropriate domains. In connection with formula (22) write

IDT, 7 12(8¢ - xomGe) © Ty ! — DT’ (800 - XDm(zee)) © Too”

— —J25 -Jj _ —J 215 —J .
= (DT, /g o T, = IDTs! Pldos © T )Xy omisy

+ (XDm(s) © Tz_j — XDm(3x) © Tz_])gi o Tz_j |DTe_J |2'

To see that the first term goes to 0 in L, observe gy, T[j — £oos To;j uniformly on
compact subsets of Vyyp. Next, 3¢ maps onto | J,, ¢ Dm(hy), cf. Theorem 5. For any fixed
h, XDm(hgo3,) CONVEIZES O XDm(hoooz00) 1N L1 by Lemma 4.12. Then the sums over all
also converge by the dominated convergence theorem.

After changing variables by T[’ , we estimate the Li-norm of the second term as
follows:

oG © Ty = xomigee) © Ty e 0 T, IDT, Pl
= [[(XDm(z0) — XDm(300)) 8011
Since g¢ are uniformly bounded, cf. Proposition 7, the second term goes to 0 as £ — 00

by Fact 4.1. (]

THEOREM 6. Mappings T; have invariant densities yy € L1(Leby), each supported on the
corresponding Dm(Ty). The convergence limy_, o ||Y¢ — Vooll1 = 0.

Additionally, for some Ranalytic > 0 and all £ sufficiently large y; extend to holomorphic
functions of two complex variables on

D(x0,00, Ranalytic) x D (x0,00, Ranalytic),
which converge uniformly on this set.

Here is the proof.

5.2.1. Proof of L1 convergence. Densities y, are given by y, := ?ﬁegfo. We will now
address the convergence of the propagation operator.

All inverse branches in formula (22) have uniformly bounded distortion since they map
into the domains of branches of Thy,(£), which are all contained in Fyyp. So, for some
Kpropag independent of 3, £, j,

||;B5,j,€||] =< Kpropag”XDm(u)”L
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If we sum this up over all j : 0 < j < rg,,(3) we get a factor rg,  (3) and if we further
sum up over all branches 3 in some set B, then since the domains are disjoint, we get

195,001 < Kpropae / Py (0) dLeba(u).
U 3€B Dm(ﬁ@)
Let € > 0 be arbitrary. By uniform tightness in Theorem 5, cf. Definition 4.7, there is a
set of branches B(¢) including all but finitely many branches of Ty, such that

”%B(e),ﬁ”l = Kpropag6 (23)

uniformly for all £ > £(€). Then we estimate
lim sup [Begf® — BoogX I
{— 00

r(3)—1
< lim sup Z Z (‘Bg,@gg — PBs.j.0085)

t=oo l3¢Be) j=0 :

+ Tim sup [R5 g2 — Boot Ll

{— 00

<0+ Kpropage(”g(?c}”oo + ”ggg”oo)’

where in the final estimate we used Lemma 5.4 and inequality (23). Since € was arbitrary
and ||g7°|loo are uniformly bounded, cf. Proposition 7, it follows that

lim [Pegd® — Boogllh = 0,
L—00

which is the first claim of Theorem 6.

To prove that claim about Ranaiyic start with the observation that Thy,(25) is the
first return map to union of the domains of branches not in 8. Then the formula of
Definition 5.3 implies that y, = g7° on the domain of such branches, since the only
possibility to get something other than O for u € Dm (zcg ré EB) is when 3 =1 and
J = 0. On the other hand, the set 5 was finite and disjoint from D(xo,¢, Ranalytic) for
some Rapalytic > 0. Then the yp = gjz’o continue analytically to fgoo and the second claim
of Theorem 6 follows from Proposition 7.

5.3. Geometric properties of the boundary of 4. Recall the arc to, that joins Xty to
xo,¢ and is invariant under G,. Define Hi ¢ = Hy \ top. We can also take Hi 0o = H.
Then Hi,g are swapped by the action of the principal inverse branch G, L

G (Ho) CH 5y, 0 ==

5.3.1. Fundamental segments in the border of C2y. Recall the point y, := Ge_l(rgxo,g).
The first segment of the boundary of Q2 , is composed of two arcs in the form G;,lzz [ye, 0)
where G;’l,é denotes the inverse branch that maps C \ [0, +o00) into H1 while sending
(ye, 0) into the border of €2 ;. Then the rest of the boundary consists of images of these
two arcs by G, " for n > 0.
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Definition 5.4. We will call all arcs in the form GZ" (G;,le [y¢,0),n=0,1,..., funda-
mental segments of 02, of order n.

LEMMA 5.5. There exists finite constants Ky, Lo and for everyn > 0 and £y < £ < o0 if
u is a fundamental segment of the boundary of 2, with endpoints u1 and us, then

diam(u) < Karcluy — us|.

Proof. For £ = oo arc of orders 2 and 3 is compactly contained in ]I:]IOO. This persists for
large £ by Proposition 3 and Lemma 2.12. For those arcs the estimate holds. Arcs of larger
orders are obtained by taking inverse branches GZI with uniformly bounded distortion. [

LEMMA 5.6. There are a constant Ks ¢ and an integer £s¢ with the following property.
Let £ > {56 and v belong to a fundamental segment of order n with endpoints uy, uy in
the boundary of Qs ¢ N Hy,, where o1, 02 = £. Then there is U € dQ_g, ¢ N Hy,, which
belongs to a fundamental segment of order n + 1 and

|0 —v| < Ksglup — usl.

Proof. Without loss of generality, n > 2 and let vy = G’g_z(v). By Proposition 3 for ¢
sufficiently large the fundamental segment of order 2, which contains vy, and a point
g, which belongs to the fundamental segment of order 3, can be enclosed in a disk of
fixed hyperbolic diameter in ]IC]I(,l)ngz. This configuration is then mapped by GZ"H with
bounded distortion, which yields the claim of the lemma. O

5.3.2. Action oszz near fixed points.

LEMMA 5.7. Choose £ and consider point u + xo¢ in the boundary of 2¢. Then, for every
€ > 0 and integer k, possibly negative, there is r(e, k) > 0 and for every r : 0 <r <
r(e, k) there is £(r, €, k) < 00 so that for every £(r, €, k) < £ < 00 the estimate

G, 2 + x0.0) = xo.0 — u(l + kalul®)| < €lul?
holds wherever r < |u| < r(e, k), where
a:=—185G oo (x0,00) = £ D G2 (x0,00) > 0.
Proof. We will first consider the case of k = 1. We have the expansion
G, (xo0 +u) — xo¢ = u + kau® + Yo ) +u* 04(1),

where |Oy(1)| is bounded for all 0 < |u| < ro and £ > £y while limy— oo Y r(#) = O for
all 0 < |u| < rp.

Since u + xo, o is in the boundary of ¢, by Lemma 3.1 for any > 0 there is () > 0
and if r < |u| < r(8) as well as £ > é(n, r), then |arg uw?>—ml <. Consequently,

12 + |uf?| < 2 sin g|u|2 <7 (24)

when 7 is small enough.
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Thus,
IGF2(u + x0,0) — x0.0 — u(l £alu®)| < nlul® + |¥er@)| + [ul*| 0 (D).

This leads to fixing r (e, k) so that for [u| < r(e, k) the last term is less than € /4|u|? and
in addition to r (€, k) < r(€/4) in the previous estimate. Then,

€
IGF2(u + x0.0) — x0.0 — u(l £ alul?)| < §|u|3 + Yok @)].

Now as soon as r has been specified in the claim of the lemma and |u| > r, |V i (u)]
can be made less than € /4|u|> by choosing £(r, €, k) suitably large. Additionally, we need
Lr,e, k) > ? (e/4, r), which was needed to secure estimate (24).

The general case follows by induction with respect to k. To fix attention, we will describe
the inductive step for k > 0. Let uy = Gzzk (4 + x0,00) — X0,00- Then

G2 (ux — x0,0) — X0,0 — u (1 + alugl?)| < e1lugl®. (25)
By the inductive step
lug — u(l + kalul?)| < e2|ul’.

In particular, ux and u differ only by O (Ju|*) and uy|uk|* = ulu|* + O (Jul’). Further-
more,

Juge (1 + alugl®) = u(l + (k + Dalul®)|
= lux (1 + alux|?) — auglug* — ku(l + kalu|®) + O(|ul’)| < exful’.
From formula (25), we get
G *(uk + x0.0) — x0.0 —u(1 + (k + Dalu®)| < er|ul* + e2lul* + O(ul).
Given € > 0, if we take €] = € = €/3 and u small enough, we get the claim. O

LEMMA 5.8. Consider a fundamental segment u in the boundary of 2y with endpoints
v and Gzz(v). Let r > 0. There are constants Ksg and £(r) such that if £ > £(r) and u
intersects C(xq, 1), then |v — Ge_z(v)| < Ksgr3.

Proof. InLemma5.7sete =aandk = 1.Let p := |v — xo¢|. To use Lemma 5.7 we need
to have p suitably small. This is true provided that the order of u is sufficiently large and ¢
is large as well, by Proposition 3. The estimate of the lemma can be easily met for finitely
many orders based on the same proposition.

Then for ¢ > €(p) Lemma 5.7 implies that

v =G, *()| < ap’. (26)
By Lemma 5.5
p(1 — aKyep®) <7 < p(1 + aKarep?).

Again, for p < /1/2aK s, this reduces to r/2 < p < 2r. Hence, we can replace the
condition £ > £(p) with £ > £(r/2) and rewrite estimate (26) as

v —G;%()| < 8ar. a
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5.3.3. Sections of 92y by circles. Fix 01,00 = & and r > 0. Then we will write
Xo1,00,0(r) :i=1{v € 0Q24, ¢ OHGZ D lv—x0el =1}

LEMMA 5.9. There exist r59 > 0 and an integer constant N5g < 0o with the following
property. For every r : 0 <r < rsg there is £(r) < oo and if £(r) <€ <00, 01,07 =
=+, then X, o,,0(r) is contained in some Nsg consecutive fundamental segments in the
boundary of Qg ¢ N Ho,.

Proof. Let vy be the point of X, o, ¢(r), which is furthest from x, ¢ in the ordering of the
arc. Suppose that ko is an integer chosen so that the fundamental segment, which contains
GZZkO(vo), also intersects X4, 4,,¢(r) and contains its point vy, which is closest to x4, ¢ in
the ordering of the arc.

Use Lemma 5.7 with u = v + 0 — X0 0 and € := a. For r sufficiently small and ¢ large
depending on r, kg, we obtain

G, % (vg) — x0.¢| < r(1 — (ko — 2)ar?).

Then the diameter of the fundamental segment, which contains GZZkO (vo), is at least
(ko — 2)ar3. On other hand, the diameter of any fundamental segment, which intersects
C(xo¢, r) for £ > £(r), is bounded by K 5.8 Karer in view of Lemmas 5.8 and 5.5. Then
ko < a 'K sgKue + 2 and Ns g is that bound increased by 1. U

Results on sections are summarized by the following proposition.

PROPOSITION 8. There exist Rg > 0, Qg < oo and an integer constant Mg with the

following property. For everyr : 0 < r < Rg there is £(r) < oo and if £ > £(r), then the

set X0 (r) = X0 (r) U X_ g (r) is:

e covered by fundamental segments in 02y N H, with orders that vary by no more
than Mg;

e contained in a Euclidean disk of radius Qgr>.

Proof. Letv € X_ 5 ¢(r) for definiteness belong to a fundamental segment of order n. By
Lemma 5.6 we find v in a fundamental segment of order n + 1 in Q24 ¢ with

lv— 0] < KsgKs6r°

provided that £ > £(r) by Lemma 5.8.

Again, by making r small we can ensure that |0 — x| > r/2. Then we use Lemma 5.10
with € = a. What we get is that when k > (Ks53Ks6/2a) + 1, then |GX (D) — xo¢| > r
while |Ge_k (0) — xo¢| < r provided r is small enough depending on k and ¢ is large enough
depending on k, r. In any case, a fundamental segment in 92 ¢ with order between n — k
and n + k 4 2 intersects C(xq,, r). In other words, X , ¢(r) intersects a fundamental
segment whose order differs from n by no more than k + 2.

Now the first claim of Proposition 8 follows from Lemma 5.9.
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The second claim is derived by Lemma 5.8, since X, ¢(r) can be connected by a
bounded number of fundamental segments and the interval from v to 0. 0

5.4. Konig’s coordinate. For £ < oo point x4 ¢ is an attracting point for GZZ and the

basin of attraction contains the entire H .
Definition 5.5. The Konig coordinate €¢ 1 is a univalent map from Hy into C given by
bee@) = lim [(DGF(xe.0)" (G (W) = x1.0)].
n— o0
It is worth noting that since x4 ¢ form a cycle under G, we get
DGj(x+0) = DGy(x40)DGy(x_¢) = DG (x+0)[?

since DGy(x4¢) = DGy(x—p).
We get the functional equation for u € Hy,

tr00 Gy ) = (DGe(xee) ™ o).

Our interest is in the behavior of Konig’s coordinate in D (x0,00, Ranalytic) \ €2¢. Recall
the arc to, that joins x4 ¢ to xp and is the common boundary component of 4 , and
invariant under Gy. It is convenient to restrict the domain of £, 4 to Hy \ w, and then we
take the logarithm log £ ,, which will map into some horizontal strip of with 27.

Set
log |DG(x+0)|”
ty 1= g—z (27)
log 7;
Then functions v, = log Hy, t, ! log £ ¢ satisfy the same functional equation
Ve o G2 (u) = e(u) —log 77 (28)

5.4.1. Repelling Fatou coordinate. ~'When £ = oo the Konig coordinate is replaced with
the exponential of the repelling Fatou coordinate denoted by €. .. The functional equation
is log Ei,ooGgoz =1+ log £ . In that case we put

Yoo := — log 'L'go log 4

and equation (28) will be satisfied. We will speak a generalized Konig coordinate to include
this case.

5.4.2. Estimates of the variation of the generalized Konig coordinate. We will write
d+ ¢ for the hyperbolic metric of H .

LEMMA 5.10. For every R > 0 there are €519 < 00 and Ks5.10(R) < oo for which the
Jollowing statement holds true for every £ > Us 1.

Fix a fundamental segment in the boundary of 2 NHy and denote its endpoints by
uy, uz. Let A be a disk ,which contains that fundamental segment and whose hyperbolic
diameter is less than R - d+ ¢(u1, uz).
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Then, whenever 71, 7p € A,

t; ' log €4 ¢(z1) — log €1 ¢(22)| < K5.10(R).

Proof. {519 should be chosen so that for every £ > €5 19 the hyperbolic diameter of the
fundamental arcs of order 2, 3 in the boundary of €2, is bounded by some K. Then the
same bound holds for all orders, since Gzz is a hyperbolic contraction.

Thus, the hyperbolic diameter of A is bounded by K R and so the distortion of log £ ,
is bounded on A in terms of R. Let u| and u» be the endpoints of the fundamental segment.
Then,

llog €+ ¢(z1) — log 4 ¢(22)] < K1(R)| log €4 ¢(u1) — log tx ¢(u2)| = K1(R)t; log t}

where the last equality follows from formula (27). (]

5.4.3. The filler map. %4y is defined up to a multiplicative constant. Let us choose it so
that 7,” ! log £+ ¢ and log H, are equal at an endpoint of the arc of order 2 in the boundary
of €. Then we get the following.

COROLLARY 5.1. There exists K51 such that every £ > €519 at every point u in the
boundary of 2y,

lt,; " log £1 ¢ (u) — log Hy(u)| < Ks.1.

This follows from Lemma 5.10 since it is enough to establish the estimate u in arcs of
order 2 and 3.

LEMMA 5.11. There are Rs11 > 0 and Ks1 and for every r : 0 <r < Rs1] one can
choose U511 (r) < oo with the following property.

Forevery £ : €511(r) < £ < oo there is an arc that contains the set X5 ¢(r), 0 = %, cf.
Proposition 8, so that for every two points on this arc t, ! log & ¢ differ by no more than
Ks.11.

Proof. By Proposition 8 the convex hull of X ¢(r) on the circle C(xp ¢, r) is contained in a
Euclidean disk A of radius 20gr3. On the other hand, if u € Xo¢(r) then lu — GZ_Z(M)| >
(a/2)r? provided that r is sufficiently small and ¢ large enough depending on r—just refer
to Lemma 5.7 with € = a/2. Additionally, the distance from u to R is bigger than r/2
under the same conditions on r, €.

Hence, t,” ! log £5 ¢ maps A with uniformly bounded distortion and the claim follows as
in Lemma 5.10. 0

5.5. The drift integral.  Let us recall the fundamental annulus Ay, cf. Definition 4.1. The
drift integral is

1
JOESS

He(u)
Re log ye(u) dLebs (u),
0og Ty A u

cf. in [15] Lemma 3.2, Definition 4.1.
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The function log(H, (1) /u) is bounded in A, except in neighborhoods of xq ¢. Its growth
there can be controlled by the functional equation Hy o Gy = t[zHg. This shows that for
£ finite the magnitude of that function exceeds M on sets, which are exponentially small in
M and hence the drift integral is well defined. For £ = oo this argument breaks down and
the drift integral has an undefined value, see in [14], Proposition 3.5. Our goal is to prove
the following result.

THEOREM 7. There exists a finite limit

. Hoo (1)
lim Re log Voo () dLeba (u).
10g Too r—0t Aco\D(x0,00.1) u

lim 9(0) = —
£— 00

For all £ > £(r) the complement of D(x( o, r) meets the domains of only finitely
many branches of 7. For that reason log(Hy (1) /u) * XA\ D(xg00,r) ar€ bounded uniformly
with respect to £ and converge to log(Hxo (1) /u) pointwise. By the Lebesgue dominated
convergence theorem and Theorem 6,

H
lim —— Re / log 1£1)
{— 00 log Ty Ap\D(x0,0057) u
_ 1 /‘ ) Hoo ()
102 Too J A\ D(x0.00.) u

ye(u) dLeba(u)

Yoo (1) dLeba (u). (29)

5.5.1. Stokes’ formula. We can assume r < Ranalytic, cf. Theorem 6, and hence all y,
are analytic.

Definition 5.6. Let ¥y (u) satisfy
e (u) = ye(u), (30)
normalized so that the linear part at x( oo 1S ¥¢(X0,00)% — X0,00-

Stokes” formula is [, F(u)y(u) dLeby(u) = (1/2i) [, F(u)y¢(u) du for F holo-
morphic in D and continuous to the closure.

Definition 5.7. For every £ including co define @, on some fixed neighborhood of x( o by

Hy(2) )
— f Qy,
Dy(2) = B

<
t; ' logtse(z) —logz ifz ¢ Q.

Then, let us also define

L

O¢(r) :=Re |:§ (/ Dy(u)e(u) du
C(x0,0057)

(3D
/ ( Hy(u) ) )]
+ log — @) | Yem) du ) | .
aQ¢ND(x0,¢,1) u
For ¢ < oo we claim that
Op(r) = — / Re @y (u)ye(u) dLeba (u). (32)
D(XOAOO’r)
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Observe first that the singularities of ®, and log H; at x5 ¢, 0 = 4, —, 0 are logarithmic
and therefore integrable. Then take into account that &, is discontinuous and hence
Stokes’ formula has to be used separately on €2, N D(xp 0, ) and D(xpc0, 7) \ $2¢. The
boundaries of those sets can be complicated, but add up to C(xg,cc, ) and subtract along
02¢ N D(xp 0, ¥), which corresponds to the second term in formula (31).

For ¢ = oo the convergence of ®, is not clear and will be shown later. Assuming it
holds, in all cases including £ = oo, we get for 0 < p < r,

O¢(r) — B¢(p) = / Re ®¢(u)ye(u) dLebs(u). (33)

{u: p<|u—xp,00l<r}

PROPOSITION 9. For every € > 0 there is r(€) > 0 and for every 0 < r < r(€) there is
Lo(r) < oo such that

forall € ty(r) <€ <00 = |0, (r)| <e.
This includes the claim that © () is convergent.

The proof of this proposition will require some preparatory estimates.

5.5.2. Estimates on circles.

LEMMA 5.12. For every r > 0 there is £(r) < oo so that for all £(r) <€ < oo and u :
|M - x0,00' = r)

[We(u) — Ve (X0.00) — X0.00| < Oy (1),
where Oy (r) is independent of £ and lim sup, _, o+ r=2 Oy (r?) < .

Proof. Change variables to z:=u — Xp,c0. By Definition 5.6 ¥,(z) = y¢(x0,00)Z7 +
Y¥r1,6(z) where the linear part of v, vanishes at z = 0. By the analytic convergence
claim of Theorem 6, it means that |11 ¢(z)| < K|z|? for all £ sufficiently large and z in a
fixed neighborhood of 0. Hence, |¢(2) — y¢(x0,00)2] < K1 1z|2. U

LEMMA 5.13. There exist a function oFatou(r_Z) : lim, o+ 2 0Fatou (r) = 0 and a positive
constant Cgyoy Such that

for all ue > 0 there exists r(e) > 0, forall 0 < r < r(e) there exists £(r) < o0,
forall £(r) < £ < oo we have

CFatou

m + OFatou(r %)
- ,00

log He(u) = —

Joru: |u—xoe0l=r, —m+e <arg(u — xo’oo)2 < 1 — €. In particular, it holds for u
in Q.

Proof. For £ = oo recall Fact 3.1 by which the arc of values of u in the claim of the Lemma
is a compact subset of €2,. Then the claim of the lemma follows from the form of the Fatou
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coordinate, with Cpyoy = —3 log 1020 /D3GOO()C(),[). For ¢ finite, write

log Hy(u) = 10g Hoo (¢35, 0 ¢ (10)).

When r has been fixed, the composition in parentheses goes to the identity uniformly
on a neighborhood of the arc u : |u — xp 00| =7, —T +€ < arg(u — )co,oo)2 <m —e€by
Proposition 3. Hence, by choosing £(r) large enough we can make |Hoo(u) — Hy(u)|
smaller than some o(r —2). ([l

LEMMA 5.14. For some Ky < 00 and every r > 0 there is £(r) < oo such that for all
£:4(r) <L <oocandu € QN C(xp00, ") the estimate | log Hy(u)| < Karer ~2 holds.

Proof. Under (/J):I_:,loo vertical lines are mapped to arcs, which tend to xo with tangents
at angle /4 with the real line. Hence, for L large enough and positive, the preimage
of L1 + R is in the domain of the repelling Fatou coordinate of G . Its image by the
repelling Fatou coordinate is contained in some right half-plane Rez > L;, L, > 0. For
n > 0 the image of L| + n log rgo is contained in Re z > L, + n. From the asymptotics
of the repelling Fatou coordinate, the preimage of L| + n log 7o by H is contained
in D(x0,00, K n~2). Hence the desired estimate for £ = oo follows on the set ¢£100({u :
Reu > L + log 1020}). For ¢ large enough it is then derived from Proposition 3. On the
other hand, when Re u is bounded, for ¢ sufficiently large the preimage by ¢ ¢ is contained
in the wedge |arg(u — x0.00)?| < %n and Lemma 5.13 applies with a stronger claim. [

LEMMA 5.15. For some Ks15 < 00 and every r > (O there is {s515(r) < oo such that for
all € : £515(r) <€ <ooandu € C(xp 0, r) the estimate | log $y(u)| < Ks 152 holds.

Proof. The term log u from Definition 5.15 is bounded and can be ignored. Now in view
of Lemma 5.14 the estimate needs to be established for u outside of €2;. But then the
difference between 7, lfi,g(u) and log Hy(u) at a point of X4 ¢(r), cf. Proposition 8, is
uniformly bounded by Lemma 5.11 and Corollary 5.1. O

LEMMA 5.16. In the setting of Proposition 9, for everye > 0,0 <r <r(e) and £ > £(r),

Re [i/ & () e (u) dui|
2 JC(xo,000r)

Proof. We pick an n > 0 having in mind the statement of Lemma 5.13 and then split the
arc C(x0,00, 1) into the sum of arcs C4, which are contained in the sector # : |u — X0,00| =
r, —m+¢€ < arg(u — xo,oo)2 < m — € and in Q¢ and cy+ which is the rest. The angular
measure of ¢+ does not exceed 7. If we take into account that [y, (u)| < K1lu — X0,00| by
Lemma 5.12 and combine with the estimate of Lemma 5.15, both holding when £ > £(r),
then for such ¢,

<

NS

= Kin. (34)

f Dy (u)re(u) du

We want to have K1n(e) = €/6, which sets a value n(e¢).
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Now we pass to estimating the integral along C. We will rely on Lemma 5.13, which
requires r < r(n(€)) = r(e).
Then, by Lemma 5.13,

Re |:L/ log Hy(u)Yre (u) du:|
Ct

+ CFatou’"_1 Oy (”2) + K2r20Fatou(r_2)~ (35)

z
Re I:L / Ye (xO,oo)CFatou_z dz]
Cy Z

The residual terms in estimate (35) tend to 0 as r — 0T and by r(¢) sufficiently small, we
can ensure that they add up to less than € /3. The main term is evaluated directly

Re [z / = dz:| — 2Re [l exp(—2t9)|gz:| , (36)
Cy < 2t !

where z = r exp(t0). 61 and 6, are in the form (/2 — n/2). Inserting £ /2 for 61, 6,

results in a purely real difference and hence zero contribution to the real part of the

main integral. What remains has absolute value bounded by 7. So, this time by possibly

decreasing n we get less than €/6. This, together with estimates (34) and (35), yields the

claim of the lemma. O

5.5.3. Length of the boundary arcs. Let us write w(o, s, £) for 0Q, ¢ N H where o, s
can be any combination of +, —. For r > |x4 ¢ — xo,¢| we will write w, (o, s, £) for the
smallest connected subarc of w(o, s, £), which touches x;, and contains w(o, s, £) N
D(xo.¢, 7).

LEMMA 5.17. For every ¢ > (0 there exist €(¢) <oo and r(¢) >0 so that for
every £ > {(e) and o,s =%, we get r(¢) > |x+¢ — xo¢| and the Euclidean length
|wr(8)(09 S, Z)' <é&.

Proof. We start by observing that the length of the basic arc G;}[ [ve, 0) is uniformly
bounded for all ¢ sufficiently large. That arc is the preimage under ¢, ¢ of the horizontal ray
X+t —o00 < x < log |yel|. For £ = oo it is an analytic arc of finite length. As £ — oo
¢;’lg converge uniformly to ¢, })o together with the derivatives, by Cauchy estimates.

Then w(o, s, £) is formed by taking images under the inverse map Gzl. These map-
pings all have uniformly bounded distortion for £ large enough and hence we can estimate
the length by taking the sum of absolute values of the derivatives DZGZ" (G;’lZ (ve)).

The requisite estimates are provided by Lemma 3.8. Point z in the lemma will be
chosen as

20,50 =G, "G L o). (37)

where s’ = + and is equal to s if and only if n(c, s) is even. This will do for n(o, s) and
£ large enough, since z needs to be close enough to x;, and then the condition on the
argument of z — x; ¢ is also satisfied by Lemma 3.1.

Then Lemma 3.8 specifies k(z(o, s, £), £), which will be written as k(o, s, £). First
look at the estimate for |DZGZ1 (z(o, s, )| for k > k(o, s, £). Recall that limy_, o p¢ =

https://doi.org/10.1017/etds.2020.53 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2020.53

Limit drift for complex Feigenbaum mappings 2477

0. Take n = % while  in Lemma 3.8 can be fixed since z(o, s, £) is given by formula (37).

For py small enough, (1 + ,O()_% < 1 — pg¢/7 and hence the sum of those derivatives is
bounded by 9L.,/p¢, which can be made arbitrarily small by taking ¢ large enough.

For k < k(o, s, £) the sum of the derivatives of iterates between k and k(o,s, ) is
bounded by L'/ f k. It remains to show that as r — 0 in the statement of the present lemma,
GZZkz(o, s, £) C D(xoz, r) implies k > IG(r) and lg(r) can be made as large as needed
by making r small. This is indeed so, since the hyperbolic distance between z(o, s, £)
and Gzz(z(a, s, £)) is fixed and then shrunk by iterates. Finally, the condition r(e) >
|X0,00 — X+,¢| can be satisfied by again specifying £(¢) sufficiently large. O

Proof of Proposition 9. In view of Lemma 5.16 it remains to estimate

H
/ (log GONS CD@(M)) du
0Q2¢ND(x0,00.") u

The integrand is uniformly bounded for all £ sufficiently large by Corollary 5.1. The length
of 02y N D(xp 00, ) can be made arbitrarily small for all £ large enough including co by
Lemma 5.17 by making » small. Proposition 9 has been established. (]

5.5.4. Integral of ®, outside of Ay.

PROPOSITION 10. For every € > O there is r(€) > 0 and for every 0 < r < r(¢€) there is
Lio(r) < oo such that

forallt, {Lo(r) <{ <00 =

/ |IRe @, (u)| ye(u) dLeby(u)| < €.
D(x0,00,7)\ A

Proof. For the complement of 2. Let Wy := Hy \ﬁg. For r small and ¢ large given r,
D(x0,00, 7) \ Ag contains two sets

Wie(r) := D(Xc0,0, 1) N Wiy,

We will prove the estimate of Proposition 10 first for these sets.

Let us consider the case of £ = oo first. Under the repelling Fatou coordinate W o, is
a strip of bounded horizontal width. Thus the measure of Wy = {u € Wy o(r): k=1 <
|t s 0o ()| < k}is O(k3). Thus,

[ onr dienw| <k Y K
Wi oo(r) k>k(r)

where k(r) is the smallest k for which Wy is non-empty. Since lim,_, g+ k(r) = oo this can
be made less than €/2 by taking r(¢€) small.

For ¢ finite we observe first that since log Hy is real on 92, then by Corollary 5.1, the
imaginary part of te_l log £+ ¢ is bounded on 92, as well as on the arc of C(xp o, 7),
which joins the components of 9€2, by Lemma 5.11. By the maximum principle for
harmonic functions the imaginary part is thus bounded on W4 ,(r) for £ large enough
depending on 7.
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The real part, on the other hand, by the functional equation is just the exit time from
W4 ¢(r) under G, up to constants. In the notation of §4.5,

IRet, ! log 4 ¢ (u)| < K2Cpare(t, 'u) + K.

The integral of this over u € Wy ¢(r) : |t[1Re £+ o(u)| > k(r) tends to O with k(r) —
oo by Proposition 6 and since lim,_, o+ k(r) = oo as in the case of £ = oo, the proof is
finished.

For r[ng. The rest of D(xp00,7) \ A¢ is the set fe_lQJ’_’[ N D(x0,00, 1)- log Hy is
defined in this sector. This time we will write wg(r) := r[l Q40N D(x0,00, F)-

The imaginary part of log Hy is bounded by 7 on w,(r) and the integral of the real part
of log H; = log 1452 + ¢_ ¢ over the set

Q0 =={ueQ_y: ReHy(u) < A, |Im Hy(u)| < 7}

tend to O uniformly with respect to £, cf. Lemma 4.7. Since for every A there is r(A) > 0
such that for all £ wy(r(1)) C Q(A, £), the integral can be made arbitrarily small for all ¢
by making r small enough.

Proposition 10 has been proved. O

Proof of Theorem 7. Convergence of the right-hand side. From formula (33) and Proposi-
tions 9,10 in the case of £ = oo we conclude that for every € > 0 there is ro(€) > 0 such
that whenever 0 < p < r < reo(€), then

Re Hoo (1)

< €.

Yoo (1) dLeby (u)

/{;: p<|u—x0,00|<r}NAcc

Hence, the limit of right-hand side of the formula in Theorem 7 exists and will be
denoted with ¥o.

Convergence for finite £. For finite ¢, the same Propositions and formula (32) it follows
that for every € > 0 there are r(€) > 0, then for every 0 < r < r(¢) there is £(r) such that
forall £ > £(r),

1 / Hy ()
Re
1og 7¢ J Ap\D(x0.00.) u

The link between finite and infinite £. Now take p : r(e) > p > 0 such that

¥y +

ve(u) dLeba(u)| < €. (38)

1 Hoo(u)
Yoo + Re Yoo () dLeba(u)| < €. 39)
10g Too J Ao\ D(x0.00.0)
By estimate (29) there is é(p) < oo such that if £ > ¢ (p), then
1 H,
_ / Re 76U () dLeby ()
log 7¢ JA\D(x,00.0)
1 H,
/ Re 2200 ) dLeby(u)| < €.
10g Too J A\ D(x0.00.0)
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When ¢ > max(£(p), i (p)), from the estimate above and (38) we conclude that

1 H
D / Re ﬂyoo(u) dLeby(u)| < 2e.
10g oo J Ao\ D(x0.00.0) u
When (39) is taken into account, we get |0}y — 0| < 3€ which ends the proof. ([l

5.6. Main theorems. Theorem | follows from the first claim of Theorem 6. The
convergence claim in Theorem 2 follows from the convergence in Theorem 6 and the drift
formula from Theorem 7.
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