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Abstract. We study the long-term behavior of injective piecewise contractions of the
interval. We prove that every injective piecewise contraction with n — 1 discontinuities has
at most n periodic orbits and is topologically conjugate to a piecewise linear contraction.

1. Introduction

A map f:[0,1)— [0, 1) is a piecewise contraction (PC) of n intervals if there exist
k € (0, 1) and a partition of the interval [0, 1) into n intervals Iy, ..., I, such that for
every i € {1, ..., n}, the restriction f|j; is k-Lipschitz.

In this article we address two aspects of the dynamics of a PC. The first issue concerns
an upper bound for the number of periodic orbits of a PC of n intervals. The first attempt
to find such upper bound was done in [2]. However, the upper bound proposed therein,
2(n — 1) for n > 2, besides not being sharp, holds only for typical elements of a special
class of injective PCs. In this respect, we prove that n is the sharp upper bound for the
number of periodic orbits of every injective PC of n > 1 intervals. The second issue is
related to the linearization of an injective piecewise contraction.

Before stating our main results, we need the following definition. A point p € [0, 1]
is an w-limit point of x if there is a sequence of positive integers n| <nz < --- such
that limg_, oo f"¢(x) = p. The collection of all such w-limit points is the w-limit set of x,
denoted by w (x). We say that f is asymptotically periodic if w(x) is a periodic orbit of f
for every x € [0, 1).

THEOREM 1.1. Every injective PC of n intervals f has at most n periodic orbits.
Moreover, if f has n periodic orbits, then f is asymptotically periodic.
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THEOREM 1.2. Every injective piecewise contraction of n intervals is topologically
conjugate to a piecewise linear contraction of n intervals whose slopes in absolute value
equal %

The upper bound n given in Theorem 1.1 is sharp. In fact, the PC of n intervals f
defined by f(x) = %x + %((i —D/n+12n)ifxel; =[( —1)/n,i/n),1 <i <n,has
n stable fixed points (and hence n periodic orbits). Although a typical injective PC of
the interval is asymptotically periodic (see [11]), there are examples of order-preserving
injective PCs of two intervals having irrational rotation number and no periodic orbit
(see [3, Remark, p. 1391]). In these examples, instead of a periodic orbit, the attractor
is a Cantor set. The second assertion in Theorem 1.1 says that if the PC has the maximum
number of periodic orbits allowed then no space is left for a Cantor set; thus the PC has to
be asymptotically periodic.

Theorem 1.2 is a generalization of [5, Lemma 3, p. 314] where it is proved that first
return maps to a transverse interval of some Cherry flows are, up to topological conjugacy,
piecewise linear contractions having no periodic orbit. The topological conjugacy can be
made smooth in many cases (see [6]).

Injective PCs of the interval also arise as Poincaré maps of strange billiards governing
switched server systems (see [1, 4, 9]), and in the study of a certain class of outer
billiards (see [8]). Within the framework of interval exchange transformations with flip, it
was proved in [10, p. 524] that periodic orbits are a typical phenomenon. Recently in
[12, Theorem A, p. 3] it was shown that n is the sharp upper bound for the number
of periodic components of every interval exchange transformation having n continuity
intervals.

We call attention to two articles which are related to our work. In [7], all the possible
itineraries of a piecewise contraction f : X1 U X, — X1 U X, were listed, where X; is a
complete metric space and f|y, is a contraction for i =1, 2. In [3], the dynamics of a
typical piecewise linear contraction of C was studied.

Henceforth, let f:[0,1) — [0, 1) be an injective PC with partition intervals
L, ..., I,. Assume that [;, 1<i<n, has endpoints at x;_; and x;, where
O0=xp<x1 <:--<xy-1 <x, =1. To simplify matters, suppose that every x;, | <i <
n — 1, is a jump discontinuity of f.

The proof of Theorem 1.1 is much easier in the special case where I; = [x;_1, x;) and
fl1; is increasing for every i € {1, .. ., n}. In this case, all the periodic orbits are attractive
and thus easily detected: we count them by counting the attractors defined by them.

Here we consider the general case where I; can be any of the intervals (x;_1, x;),
[xi—1, xi), (xi—1, xi], [xi—1, x;]. We also allow the restriction f|;, to be decreasing for
some i € {1, ..., n}. The general case turns out to be much more difficult to deal with
because a new phenomenon appears: the presence of degenerate periodic orbits which
attract no other points besides those in themselves; thus their basins of attraction have
empty interiors. Since such orbits cannot be detected through their basins of attraction,
our approach is to show that each such orbit rules out an attractive periodic orbit. That
is achieved through a Combinatorial Lemma (Lemma 5.1). Counting attractive periodic
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orbits in the general case is not as easy as counting them in the piecewise increasing case:
the result is only provided in §4, by means of Theorem 4.1.

Note that f(x;) € {f(x; ), f(x;r)} for every i €{l,...,n—1}, where f(x;)=
lim,_, o+ f(x; —€) and f (x;r ) =lim._, o+ f(x; +¢€). Theorem 1.1 states that, no matter
how we define f at its jump discontinuities, f has at most n periodic orbits.

This article is organized in the following way. Theorem 3.3 describes the geometric
structure of stable manifolds of regular periodic orbits of f. Theorem 4.1 provides the
optimal upper bound for the number of regular (and thus attractive) periodic orbits of f.
Lemma 5.8, which is obtained using Lemma 5.1, is a stronger version of Theorem 4.1.
Theorem 1.1 is a corollary of Lemma 5.8. The proof of Theorem 1.2 depends only on
Lemma 3.6.

2. Trapping intervals and trapping regions

For a set G C [0, 1), denote by int(G) the interior of G and by G its closure, with respect
to the topology of the real line R. The boundary of G is the set 3G = G\int(G). In this
way, if I C [0, 1) is an interval with endpoints at < b then int(/) = (a, b) and I = [a, b].
We omit double parentheses by setting f(a, b) = f((a, b)) ={f(x) | x € (a, b)}.

Let f° be the identity map on [0, 1) andlet f* = f o fo---o f bethe £th-iterate of f.
The orbit of a point p € [0, 1) is the set O (p) = {f(p) | £ = 0}. The point p is periodic
if there exists a positive integer k such that ffpy=p. fk=min{€>1] f¢(p) = p},
then p is called a k-periodic point. An orbit is periodic (respectively, k-periodic) if its
points are periodic (respectively, k-periodic).

A periodic point p is internal if p € (0, 1)\{xy, ..., x,—1}, otherwise p is an external
periodic point. Hence, an external periodic point is either O or a discontinuity of f. A
periodic orbit y = O ¢(p) is internal if y C (0, D\{x1, ..., x,_1}, otherwise y is said to
be an external periodic orbit. In this way, a periodic orbit is internal if it contains only
internal periodic points.

Throughout this article, interval means an interval with non-empty interior.

Definition 2.1. (Regular/degenerate periodic point) A periodic point p of f is regular
if there exists an interval J containing p whose iterates f E(J ), £ > 1, are intervals. A
periodic point is degenerate if it is not regular.

LEMMA 2.2. A periodic point p of f is regular if and only if every point in its orbit is
regular.

Proof. Let p be a regular k-periodic point. By Definition 2.1, there exists an interval

J such that for every i € {0, ..., k — 1}, the k-periodic point f?(p) is contained in the
interval f {(J). Moreover, fz (f {(J)) is an interval for every £ > 0. Thus f i (p) is also
regular. O

By Lemma 2.2, it makes sense to define regular periodic orbit.

Definition 2.3. (Regular/degenerate periodic orbit) An orbit y = O ¢(p) is regular if p is
a regular periodic point, otherwise y is said to be degenerate.

PROPOSITION 2.4. Every periodic orbit of f that contains no discontinuity is regular.
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Proof. Let y = Oy(p) be a k-periodic orbit of f containing no discontinuity. Firstly
suppose that y is internal, thus y is contained in the interior of the set A =
[0, )\ Ulz;(l) _l({xl, ..., Xxp—1}). Let € >0 be so small that J:=[p —¢€, p+ €] is
contained in A. Thus, for every £ € {0, ..., k — 1}, there exists i (£) € {1, ..., n} such
that f¢(J) is contained in the continuity interval I, ¢y Consequently, the first k iterates
f), ..., f k (J) of J are intervals. Moreover, f k(J) is an interval centered at p of
ratio less than «*e, where « € (0, 1) is the Lipschitz constant of f. Thus, fk(J) cJ.
Therefore,
FEI) € £Em9% (1) C Ligmodry  forevery £ 0.

In this way, f¢(J) is an interval for every £ > 0. Now suppose that y is external, thus y =

Of(0)and y N {x1, ..., x,—1} = 0. Therefore, there exists € > 0 such that J := [0, €] is
contained in A. By proceeding as above, we obtain that f¢(J) is an interval for every
£ > 0; thus y is regular. O

Besides the internal periodic orbits, there exist external periodic orbits that are regular.
We will prove later that regular periodic orbits are attractive (and thus have basins of
attraction with non-empty interiors), whereas degenerate periodic orbits may have basins
of attraction reduced to the periodic orbits themselves.

Definition 2.5. (Trapping interval) We say that an interval J containing a k-periodic
point p is a trapping interval of p if its iterates f(J), ..., fX(J) are intervals and
A cu.

Next we prove the existence of a trapping interval which contains every trapping interval
of p.

LEMMA 2.6. Let {J, : A € A} be the family of all trapping intervals of the k-periodic point
p, then | J, o Jy is a trapping interval of p.

Proof. By Definition 2.5, p € |, /i and f[(UxeA I =Ujea fE(J») is an interval
containing fl(p) for all 0<¢<k. Moreover, fk(U)LeA J) = UAeA fk(JA) C

Usea Y2 U

LEMMA 2.7. (Existence of trapping intervals) If p is a regular periodic point of f then p
admits a maximal trapping interval J .

Proof. Let p be a regular k-periodic point of f. By Definition 2.1, there exists an
interval K containing p such that the iterates f £ (K), £=0,1,2,... are intervals. Let
J=Up=0 F*,(K), thus f™(J) = U0 f™ % (K) is an interval for all m > 1. Moreover,
o Z_Ue>1 f%(K) c J. This pro;/es that J is a trapping interval of p. The existence
of the maximal trapping interval follows now from Lemma 2.6. O

Definition 2.8. We denote by J, the maximal trapping interval of a regular periodic
point p.

Definition 2.9. (Maximal trapping region) Let y be a regular periodic orbit. We call the
set Q2(y) = Upey J the maximal trapping region of y .
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FIGURE 1. Distinct types of periodic points.

PROPOSITION 2.10. (Trapping region structure) Let y be a regular periodic orbit. Then
its maximal trapping region Q2 (y) has the following properties:

(TR1) f(Q()) C Qy);

(TR2) y =2y fHRW));

(TR3) Q(y) is the union of k disjoint intervals, where k is the period of y.

Proof. We have that f & f(Jp)) is an interval for all £ > 0. Moreover,

P = AU € FUp),
and thus f(Jp) is a trapping interval of f(p), so f(Jp) C Jf(p). Therefore,

fQy) = f(U Jp> =J rupcan,

pey pey

which proves (TR1). Let p € y, thus p € mzzo T’Zk(Jp) and
T < k17,1,

where | - | stands for the length of the interval. Hence, [ >0 T ») = {p}, which proves
(TR2).
The item (TR3) follows straightforwardly from the Definition 2.9. O

Example 1. Figure 1 shows the graphs of three PCs f1, f> and f3. The points p; = é,
P2 = % and p3 = % are regular periodic points of fj. Their maximal trapping intervals are,
respectively, J,, =1[0, 1/3), Jp, =[1/3, 2/3] and Jp, =[5/6, 1). The existence of such
trapping intervals are ensured by Lemma 2.7.

The map f> shows that the claim of Lemma 2.7 is false for the degenerate periodic
point pg = %. More precisely, the point p4 is a degenerate external 1—periodic orbit of f>
that attracts no other orbit (there is another periodic orbit that attracts all orbits different
from {p4}).

The point p5 = 1/3 is an external 2-periodic point of f3 that is also degenerate.

Remark. The next example shows that it may happen that Q(y) N {xo, ..., x,} is a one-
point-set for some regular periodic orbit y.
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Example 2. Let g : [0, 1) — [0, 1) be the 2-interval PC defined by g(x) = —0.4x 4+ 0.6
if x € [0, 0.5), otherwise g(x) =0.2 (x — 0.5). The point p; = % is a 1-periodic point
of g whereas py = % is a 2-periodic point of g. Moreover, J,, = (J—P %) is the maximal
trapping interval of p; and Jp, = [%, 1) is the maximal trapping interval of p;. For y =
O, (p1) we have that W = J_p1 = [%, %]. Thus W N {xo0, x1, x2} = {x1}, where xo =
0,x; =4 andx; = L.

LEMMA 2.11. If y1 and y» are two distinct regular periodic orbits of [ then Q(y1) N
Q(y2) =0

Proof. The proof follows easily from Proposition 2.10. O

3. Stable manifolds of periodic orbits
The stable manifold (also called the basin of attraction) of a periodic orbit y of f is the
set

W (y)={xel0,1)|wx)=y} wherew) =[] {f'®)[L=m).

meN

The following lemmas are immediate.

LEMMA 3.1. Let y be a periodic orbit; then f(W*(y)) C W¥(y).
Proof. Letx € W¥(y). Then w(x) = y, that is, (),,cn {f¢(x) | € > m} = y. Hence,

o(f) = U@ [ L=m)= ) (ff@) [L=m} =y,

meN meN

and hence f(x) € W*(yp). O

LEMMA 3.2. If y1 and vy, are two distinct regular periodic orbits of f then W*(y1) N
Wi (y2) = 0.

Proof. 1t follows from the fact that regular periodic orbits are attractive (see Lemma 2.7).
O

The stable manifold of a regular periodic orbit y contains the trapping region of y, that
is, Q(y) C W¥(y). The stable manifold of a periodic orbit may also include finite sets or
intervals that are attracted by the trapping region.

Example 3. In Figure 2, the map h; : [0, 1) — [0, 1) is a PC of 4 intervals. The point
p= % is a fixed point of /1. In addition, the 1-periodic orbit y = Oy, (p) is internal and
hence regular. It is easy to show that W*(y) = [}1, %) U {%}.

In figure 2, the map &5 : [0, 1) — [0, 1) is a PC of 5 intervals having positive constant
slope. Notice that the 1-periodic points p; = % and pr = % are regular whereas the
3-periodic point p3 = % is degenerate. Moreover, the stable manifolds of y; = Oy, (p1)
and y» = Op,(p2) satisty W*(y1) UW*(y») =[0, 1)\y3. In Figure 1, y = {%} is a
degenerate 1-periodic orbit of f, and W¥(y) = {%}.

In general, the geometric structure of the stable manifold of a regular periodic orbit is
given by the next result, which turns out to be of paramount importance for the proof of
Theorem 1.1.
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FIGURE 2. Stable manifolds of periodic orbits.

THEOREM 3.3. If y is a regular periodic orbit of f, then the interior of W*(y) is the
union of finitely many open intervals.

We postpone the proof of Theorem 3.3 to the end of this section. Now we will describe
the key points necessary for its proof.

First, we will define a family of finitely many pairwise disjoint open intervals Fp, F»,
..., F, whose iterates fe(Fj) never meet the discontinuity set {xy, ..., x,—1} of f. In this
way, f[(Fj) is an interval for every j € {1, ..., r} and £ > 0. The next step is to show
that the union of the forward orbits O ¢ (F;) = U?io fUF /) covers the interval [0, 1) up
to a null Lebesgue measure set. In this way, eventually some of these intervals will enter
the trapping regions of the regular periodic orbits and stay there thereafter. As we show
in Lemma 3.7, the orbit of an interval F; can enter at most one trapping region. The time
that the interval F; takes to be captured by a trapping region 2 (y) of a regular periodic
orbit y is called the target time and is denoted by = (F;, y). We set t(Fj, y) =400 if
Or(F))NQy)=9.

Theorem 3.3 will then follow once we prove that for each regular periodic orbit y

T(Fj,y)—1
W () =in@onu J U rE
jeAly) =0
X (up to a null Lebesgue measure set), 3.1)

where A(y) ={j e{l,...,r}|t(F};, y) <+oo}
Hereafter, we will implement the key points described above in order to prove
Theorem 3.3.
Let E be the open set defined by
E =int([0, D\ £([0, 1)))
which is the union of at most n + 1 open intervals Ey, E3, ..., E;. Then the following
holds.

LEMMA 3.4. For every positive integer £, E N f*(E) = {.
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Proof. The assertion follows from the fact that E c [0, 1\ f([0, 1)) and f(E)=
FUFEHE) C 0, 1), 0

Now let B be the set consisting of those points of E which are taken by some iterate of
f into a discontinuity of f, that is:

+o0
B=En[J fx.....xa1). (3.2)

=0

LEMMA 3.5. The set B has at most n — 1 elements.

Proof. We claim that the set £ N UZ:OS ft(x 71) has at most one element for each j €
{1, ..., n — 1}, otherwise the injectivity of f would imply that there exist x, y € E, x #
y, and m > £ such that f™"(x) =x; = f4(y). Hence y = f"%(x). In particular, E N
f ’”_[(E ) # @, which contradicts Lemma 3.4. Therefore, the claim is true and B has at
most n — 1 elements. O

A measurable partition of [0, 1) into intervals is a denumerable family of pairwise
disjoint open intervals A1, As, Az, ... such that [0, 1)\ U?o:I A has Lebesgue measure
Zero.

LEMMA 3.6. The set F = E\B is the union of r < 2n pairwise disjoint open intervals

F\, F>, ..., F.. Moreover:

()  Fn fYF) = for every positive integer £;

(i) fYF;) €O, D\{x1, ..., xp_1}forevery€>0and je{l,...,r});

(iii) {fe(Fj) |€>0and je{l,...,r}} is a measurable partition of [0, 1) into open
intervals.

Proof. 1t follows from Lemma 3.5 that F is the union of r <2n disjoint intervals
Fi,...,F.. By Lemma 3.4, FN fY(F)c En fY%E) =4 for every £ > 0. Item (ii)
follows immediately from the definition of F. It follows from (i), (ii) and the injectivity
of f that the sets f*(F /) form a family of pairwise disjoint intervals. Let / =[O0, 1). It
remains to prove that I\ | J 0 f YF 1) has Lebesgue measure zero. Recall that the sets
U;:l Fj and I\ f(I) are equal up to a finite set. Let A be the set

A=1 \(U f‘f(l\fa))) :
>0

y e I\A & thereexistx € I\ f(I), there exist £ > 0 such that y = fz(x)
thus y € FE(D\ D).

Notice that

In this way,
NA= FEanN ) tus A= (1) £A).
>0 k=1

k

Since the Lebesgue measure of f¥(I) is not greater than «*, where xk <1 is the

Lipschitz constant of f, we have that A has null Lebesgue measure. Moreover, A and
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AN fY(F;) are equal up to a countable set; thus 7\ Ue,j FY(F;) has Lebesgue
measure zero. O

LEMMA 3.7. Let Q(y) be the maximal trapping region of a regular k-periodic orbit y. For
each j €{l, ..., r}andforeach >0, either fZ(FJ-) NQy)=">Bor fé(Fj) C Q2(y).

Proof. Suppose that f¢(F ) N Q(y) # Y. We claim the following.

(i) There exists £/ > £ such that f @/(F ) C Q(y). In fact, by (TR3) of Proposition 2.10,
dQ(y) is a finite point-set. By item (iii) of Lemma 3.6, f(F;), f**1(F;), .. .is a family
of pairwise disjoint open intervals. Hence there exists £’ > £ such that f e,(F ) NIL(y) =
?. By (TR1) of Proposition 2.10 and by the injectivity of f,

FEFNNQey) = U E) NQe) D TN F) NQ(y)),

and thus £ (F;) N Q(y) # @. This together with ¢ (F;) N 9Q(y) = @ yields f* (F}) C
Q(y), which proves Claim (i).

By Definition 2.9, Q(y) = Upey Jp. The hypothesis that fe(Fj) N Q(y) # @ implies
that there exists g € y such that J; N fZ(Fj) # (J; hence J, U fe(Fj) is an interval. We
claim that

(ii) The interval K :=J, U f YF /) is a trapping interval of g. Let m > 0 be an even
integer such that mk + £ > ¢’. By Definition 2.5, f*(J,) is an interval for every integer
o > 0. Moreover, f* (fé(Fj)) is an interval for every integer p > 0. Hence f”(K) is an
interval for every p > 0. By Claim (i) and by (TR1) of Proposition 2.10, f’”k(fe(Fj)) C
Q(y). By Definition 2.5, f’"k(Jq) C Jy. Hence, ™ (K) c J, UQ(y) CQ(y). Since
f™k(K) is an interval that contains g, it is contained in the connected component of 2 (y)
that contains ¢, that is, f mk(K ) C Jy. This proves Claim (ii).

Since J,; is a maximal trapping interval, by Claim (ii) we have that K C J,, and thus
fe(Fj) C J4 C L(y). This is the end of the proof of Lemma 3.7. O

COROLLARY 3.8. Let Q2(y) be the maximal trapping region of a regular periodic orbit y.
Then there exist £ > 0and j € {1, ..., r} such that f[(Fj) C Q).

Proof. The proof follows from item (iii) of Lemma 3.6 and from Lemma 3.7. O

Proof of Theorem 3.3. For each je{l,...,r}, let t(F;, y)=inf{{ e N| fZ(Fj) C
Q(y)}, where inf = +o00. Let A(y)={jef{l,...,r}|t(Fj, y) <+oo}. It follows
from Corollary 3.8 that A(y) # ¢J. Now Proposition 2.10 and Lemmas 3.6 and 3.7 ensure
that the following claims are true:

D fYUFEHNQy)=0if j € Aly) and 0 < € < T(F}, y);

() fY(F) CQy)if j € A(y) and € > T(Fj, y);

(D) Op(F)NQy)=0if j & A(y).

Let
T(Fj,y)—1
s=inonu J U riE.
JeAly) ¢=0
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By (TR3) of Proposition 2.10 and by item (iii) of Lemma 3.6, S is the union of finitely
many open intervals. By Claim (II) and (TR2) of Proposition 2.10, we have that S C
W*(y). In particular, S C int(W*(y)) because S is open.

It follows from item (iii) of Lemma 3.6 and from Claims (I)—(III) above that

Qy) = U U fZ(Fj) (up to a null Lebesgue measure set).
JEA(Y) €27 (F}.y)

Hence, S=J jeAw) U;ﬁg f YF ;) (up to a null Lebesgue measure set). This, together
with Claim (III), yields

+o0
wions=wo\ U Ui
JEA(y) €=0
r 400
= Ws(y)\ U U fe(Fj) (up to a null measure set).
j=11¢=0

By (iii) of Lemma 3.6, U;zl UZ:OS fE(Fj) has Lebesgue measure one, and thus
W*(y)\S has Lebesgue measure zero.

Suppose that int(W?®(y)) is not the union of finitely many open intervals. Then
there exist denumerably many pairwise disjoint open intervals Up, Ua, ... such that
int(Ws(y)) = U;’il U;. Moreover, because S is the union of finitely many pairwise
disjoint open intervals and S C int(W¥(y)), there exists a positive integer d such that
ScC U?: 1 Uj. Then W*(y)\S contains the open set Uy41, which is a contradiction since
W*(y)\S has Lebesgue measure zero. O

4. A tight upper bound for the number of regular periodic orbits
In this section we will present a proof of the following result.

THEOREM 4.1. Every injective PC of n intervals has at most n regular periodic orbits.

By Proposition 2.4, Theorem 4.1 asserts that an injective PC of n intervals has at most n
internal periodic orbits. The proof of the main Theorem (Theorem 1.1) is a variation of the
proof of Theorem 4.1. The steps necessary for obtaining it from the proof of Theorem 4.1
will be outlined in the next section.

Let y1, y2, ..., v be a collection of pairwise distinct regular periodic orbits of f. Set
W; =int(W*(y;)) for every j € {1, ..., m} and let W,,;1 =int([0, 1)\ U;’Ll Wj). By
Theorem 3.3, W;, 1 < j <m+1, is the union of finitely many intervals. Moreover,
U7 Wi =10, 11.

The claim of Theorem 4.1 is that m < n. Its proof follows straightforwardly from the
next lemmas.

LEMMA 4.2. Forevery j €{l,...,m+ 1} we have that f(W;) C W;.
Proof. First, let je{l,...,m}. By Theorem 3.3, W; is the union of finitely many
open intervals. Therefore, as f is injective and f|;, continuous for every i € {1, ..., n},

f(W;) is the union of finitely many intervals. Assume by contradiction that f(W;) N
(R\Wj) #1, thus there exist 0 <a <b <1 such that (a,b)C f(W;)N (R\Wj).
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Lemma 3.1 together with the definition W; = int(W* (y;)) yields
(a,b) C f(Wj) C f(W*(yj)) C W'(y;) and thus (a, b) C Wj,

which contradicts the fact that (a, b) C R\Wj. Hence, f(W;) C W] forevery 1 < j <m.

Now let us prove that f(W,,4+1) C Wy,41. Letx € [0, 1) and 1 < j < m. We claim that:
(@) if f(x) € W, thenx e W;.

As x € [0, 1), there exists 1 <i <n such that x € I;. Suppose that f(x) € W;. Since
W; is open and f'|;; is monotone continuous, there exists an interval I, C I;, with x € 1.,
such that f(I;) C W;. Then w(y) = y; for every y € I,. In this way, I, C int(W*(y;)),
that is, I, C W;. The fact that x € I, yields x € W, which proves Claim (a).

It follows from Claim (a) that if x € [0, 1)\ U'}’:l Wj then f(x) € [0, 1)\ U'}‘:l W;.
By Theorem 3.3, [0, D\ U7, W) = Wint1, which concludes the proof. O

LEMMA 4.3. Ifze W; N ijor some i # j then there exists an integer q > 0 such that
fl@)elxt, ..., xp1}NAW; NOW;.

Proof. We may assume that z & {x, ..., x,—1}, otherwise the proof is finished by
taking ¢ = 0. Thus, f is continuous in a neighborhood of z. By continuity of f and
Lemma 4.2, we have that f(z) € W; N Wj and the reasoning can be repeated. Hence,
we may assume that f(z) & {x1, ..., x,—1}, otherwise we set ¢ =1 and the proof is
finished. By repeating this reasoning over and over again, we obtain that either f9(z) €
{x1, ..., x4—1} for some g > 0 (and the proof is finished) or O s (z) N {x1, ..., x,—1} = 0.
This together with Lemma 4.2 yields Oy(x) C W; N W;. By Theorem 3.3, W; N
Wj is a finite point-set; thus Oyf(z) is a periodic orbit. By Proposition 2.4,
Oy(z) is regular periodic orbit, which contradicts O (z) CWiﬂWj. Hence, there
exists an integer g >0 such that f9(z) € {x1,...,x,—1}. By Lemma 4.2 and by
Theorem 3.3, W; N W; C aW; N aW,. O

LEMMA 4.4. The following statements are true:
1) fWny1 #Dthenm <n—1;
(i) if Wyt =0 thenm <n.

Proof. First, let us prove (i). Let W = {W1, ..., Wp4+1}. We will define an injective map
B:W— {x0,...,xp—1}. 4.1)
Sety; =inf W; forall j € {1, ..., m + 1}. By definition and by Lemma 3.2,

m+1
Wi, ..., W1 are pairwise disjoint and [0, 1] = |_] Wj. (4.2)

j=1
Let jo€{l,...,m+ 1} be the index that satisfies y;, =xo=0. Set B(W;;) =xo. By
equation (4.2) and by Theorem 3.3, yi, y2, ..., ym+1 are pairwise disjoint. Let i €
{1,...,m+ 1}, i # jo; thus there exists wo ew, w # Wi, such that y; € awd N

d W;. Moreover, for € small enough, we have

i — € y) C WD and (y;, yi +€) C Wi.
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Using Lemma 4.3, let ¢; = min{g >0: f9(y;) € {x1, ..., x,—1}} and set B(W;) =
SAECyi).

Now we show that the map g is injective. Let 1 <i, k <m + 1, with g; < gi, be such
that B(W;) = B(Wy). Itis easy to see thati = jo or k = jo imply i = k = jo. Thus we may
assume that i # jo and k # jo. By the injectivity of f,

FE () = i,
where 0 < gy — g; < gx. Notice that gy = 0 implies g; =0. In this case, y; = yx, which
contradicts g1, q2, . . ., gm+1 are pairwise disjoint. Hence, we may assume that g; > 1.

We have that f is continuous on a neighborhood of f/(y;) for every 0 < j < gqi — 1.
Therefore, by Lemma 4.2, {W;, WOy = (W, W(k)}. There are two possibilities: either
(@) W; =W or(b) W; = W® and Wy = w®., Suppose that (b) happens. If y; < yj then
by equation (4.2), there exists € > 0 such that (y; — €, y;) C Wi and thus inf Wy < y; <
Yk, which is a contradiction. By analogy, assuming y; < y; also yields a contradiction.
Therefore, (b) cannot happen and hence W; = Wj.. This proves that § is a well defined
injective map, and thus m <n — 1. To prove (ii), we neglect W, and define W =
{W1, ..., Wn}. By replacing in the above proof m + 1 by m, we obtain that m — 1 <
n — 1, and thus m <n. O

Notice that Theorem 4.1 is a corollary of Lemma 4.4.

5. Proof of Theorem 1.1

In this section we will prove Theorem 1.1. In this respect, the combinatorial lemma we
present now is going to be of paramount importance. We will keep the notation of previous
sections.

5.1. The Combinatorial Lemma. An s-chain is a sequence of s > 1 ordered pairs of
positive integers Ao = (ao, bo), A1 = (a1, b1), ..., As—1 = (as—1, bs—1), where a;_ €
{ae, by}, forevery 1 <€ <s — 1, and as—1 € {ag, bo}. Theset S={a,:0<l<s—1}U
{be: 0 <€ <s — 1} is called the set of coordinates of the s-chain whose cardinality is

denoted by #S.
Example 4. Let s > 1; then the sequence Ag=(1,2), A1 =(1,3), ..., As-1=(, s+
1) is an s-chain and its set of coordinatesis S = {1, 2, ...,s + 1}.

Example 5. The sequence Ag = (1, 2), A; = (1, 3), A» = (4, 1), A3 = (2, 4) is a 4-chain
and its set of coordinates is S = {1, 2, 3, 4}.

We would like to know how large the set S can be in the general case.

LEMMA 5.1. (Combinatorial Lemma) If Ag= (ag, by), A1 = (a1, by), ..., As_1 =
(as—1, bs—1) is an s-chain then #S <s + 1. Moreover, #5S =s + 1 if and only if ag =
a) =- - - =as_1 and the elements agp, by, b1, . .., bs_1 are pairwise distinct.

Proof. The assertion follows by induction on s. The claim holds for s =1. Now
assume that the claim holds for some s > 1. Let Ag = (ag, bg), ..., As—1 = (as—1, bs_1),
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A = (ag, bs) be an (s + 1)-chain and let S be its set of coordinates. We have to prove that
#S <s+2.

If a;_1 = ag or ag_1 = bo, then Ag, Ay, ..., As_1 is an s-chain, then by the induction
hypothesis the set U,Z O{Qe} U {b,} has at most s + 1 elements. Now if we add a; and by,
as at least one of them is also equal to ag or by, the set S must have at most (s + 1) + 1
elements.

Otherwise, as—1 # ag and as—1 # bg, thus by = as_1 and ag; = ag or ag = by which
means that § = Uj;(l){ag} U {b¢}. One of the coordinates of A;_; equals a;_>. Now we
replace the couple (as_1, bs_1) by the couple (ag, as_2), so the sequence

(ao’ bo)a (als bl)s AR (aS—Z’ bs—2)» (a()’ aS—Z)

becomes an s-chain. By the induction hypothesis, the set U‘E;é{ag} U {be} U {ap} U
{as_»} = Ue O{ag {be} has at most s + 1 elements. The set S of the (s 4+ 1)-chain
has in addition at most one more new element which implies that #S < (s + 1) 4+ 1. This
proves the claim. O

5.2. An application of the Combinatorial Lemma. In what follows, let y be a
degenerate k-periodic orbit of f and let x = min y. For the next results, we assume that

y C 10, D\Wpt1. (5.1
The hypothesis (5.1) will be removed in Lemma 5.7.

LEMMA 5.2, y C U1, aw;.

Proof. By equation (4.2), it is enough to prove that y C [0, D\W; forall j € {1, ..., m +
1}. Firstly we consider j € {1, ..., m}. In this case, there exists a regular periodic orbit
v;j such that w(y) = y; for all y € W;. In particular, if y N W; # ¢ and y € y N W; then
y =w(x) = w(y) =y}, which is a contradiction, because y is a degenerate periodic orbit.
Thus, y C [0, D\W; forevery j € {1, ..., m}. By (5.1), ¥y C [0, 1)\W,,41. Hence, y C
[0, D\ U7 W;. By equation (4.2), [ o 1)\ Ui wy = U aw;. O

LEMMA 5.3. There exist integers s > 1 and 0 <y <€) <--- < {€s_1 <k — 1 such that

Y N {x0s -y Xnm1 ) = {FO), fFO00), ..., fE 1)

Proof. The proof follows immediately from Proposition 2.4. O
Because [0, 1) = U’}:1 I;, for each £ € {0, ..., k — 1}, there exists a unique j(¢) €

{1, ..., n}such that f*(x) € I;().

LEMMA 5.4. Let{{g, {1, ..., L5_1} beasin Lemma5.3. Foreach?t € {{g, {1, ..., ls_1},

there exists a uniquely defined ordered pair (ag, by) € {1, ..., m+ 1} x {1,...,m+ 1}

satisfying the following conditions:

M) L) e int(Wa, U if £1(x) £0;

(i) f(x) € Wy, and ag = by if f*(x) =0;

(i) Ijey N (ffx) —e, flx)+e) C WW for small enough € > 0.
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Proof. Let € € {{o, €1, ..., s_1}; thus there exists a unique integer j(¢) € {1, ..., n}
such that f¢(x) € Iy N 31;¢). By Lemma 5.2, y C U’}Ijll d0W;. By Theorem 3.3 and
by equation (4.2), there exists a unique index a; € {1, ..., m 4 1} such that

Liy N () — €, fE(x) +€) C Wy,
for small enough € > 0. If f(x)=0 or if W_a[ contains the whole interval (f(x) —
€, f(x)+¢€), we set by = ay.
Otherwise, there exists a unique index by € {1, ..., m + 1}, by # ay, such that

(Fl@) —e fra) + e N Wy, #0

for all small enough € > 0. We have proved there exists a unique pair of indices (a¢, b¢) €
{1,...,m+1} x{1,...,m+ 1} which satisfies (i), (ii) and (iii). O

LEMMA 5.5. Let (ag, by), and0 <€y <€y <---<{ls_1 <k —1beasinLemmas 5.3 and
5.4. The following hold:

(i) Ao =(agy, bey), Ar=(ag,, be)), ..., As—1 = (ae,_,, be,_,) is an s-chain;

(i) #S<s,

(iii) ifOey then#S <s — 1.

Proof. Letr €{0, ..., s — 1}. For convenience we set £; = £ + k, ag;, = ag, and by, =
by,. Notice that, because x is k-periodic, f bi(x) = f o (x).

By Lemma 4.2 and by the continuity of f on f%(x) for all £€{0,...,k—
1N\ {€o, ..., €s—1}, wehave that f*+1(x) € W,, forallr €{0, ..., s — 1}. By the unicity
in the definition of (ay, |, by, ) (see Lemma 5.4), we have that ae, | = ag, or by, ., = ay, .
Thus, Ag, Ay, ..., As_1 is an s-chain. By Lemma 5.1, #S < s + 1, where S is the set of
coordinates of the chain. Moreover, if #5 = s + 1 then

Qegg=qg, ="+-=4ay, ,. (5.2)

By equation (5.2), there exists € > 0 and an interval U containing f%(x) such that
fEU) is an interval containing f¢+(x) for all £ € {0, ..., k}. Now there are two
possibilities: either (a) fKU) c U or (b) fXU)NU ={f%(x)}. Case (a) implies that
f%(x) is a regular periodic point, which contradicts the assumption that y = Of(x) is
a degenerate periodic orbit. In case (b) we have that as, = by,, which together with the
second statement of Lemma 5.1 implies that #S < s. Items (i) and (ii) of the assertion of
the lemma are proved.

Now suppose that 0 € y. By item (iii) of Lemma 5.4, a;, = b;,. Consequently,

Al = (aﬁla bf])’ e AS*] = (aes,p blsfl)

is an (s — 1)-chain. By the above, Ui;i{ar} U {b,} has at most s — 1 elements. Moreover,
as a;, € {a;,, by, }, we have that S = | JSZ3{ap,} U {be,} = JZ]{ar,} U {be,} and so #S <
s — 1, which proves item (iii). O

LEMMA 5.6. The cardinality of the set{j € {1, ..., m + 1} :inf W; € y}isatmosts — 1.

Proof. We claim that
#Hjell,...,m+1}:inf Wyey}=#ieS:infW; ey}, (5.3)
where § = Uf;(l){agr} U {bg, }.
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Suppose that inf W; € y; thus there existr € {0, 1, ..., s — 1} and £, < £ < £, 11 such
that fe (x) = inf W}, where for convenience we set £ = £y + k, ag, = ag, and by, = by,,.
Notice that, because the point x = min y is k-periodic, % (x) = f%(x). By Lemma 4.2
and the continuity of f at f¢(x) for every £ € {0, ...,k — 1}\{fo, ..., £s_1}, we have
that f4+1(x) € W; for every r € {0, ..., s — 1}. By the definition of (ay,,,. be,,,) (see

Lemma 5.4), we have thatay, ., = j or by.,, = j. Hence,

r+l1 r+1

inf W; € {inf Wazrﬂ’ inf szrﬂ} c{ieS:infW; ey},

which proves (5.3).
By equation (5.3), it suffices to prove that #{i € S : inf W; € y} <s — 1. It follows from
item (iii) of Lemma 5.5, that if O € y then

#ieS:inf W, ey} <#S<s—1.

Otherwise, 0 € y and f o (x) > 0. Moreover, there exists i(x) € S such that x € W;(,) and
inf W;(y) < x. This together with the item (ii) of Lemma 5.5 yields

#ieS:infW,ey)<#S—1<s—1. O

Let : W — {xo, x1, ..., xn—1} be the map defined in equation (4.1), where W =
(Wi, ..., Wy} if Wyq1 # @, otherwise W = {Wq, ..., Wy}

Let y1, ..., ym and y1, .. ., Vg be, respectively, collections of regular and degenerate
periodic orbits of f.

LEMMA 5.7. The image of the map B contains at most n — d elements.
Proof. Letf e {l,...,d}. We claim that
#(ye Nimage(B)) <#(ye N {xo, ..., xn—1}) — L. (5.4)

We split the proof of the claim into three cases.

Case 1. Wy41 #0 and y, C [0, D\W,,,41. Let x; € yp Nimage(B) and let j €
{1,...,m+ 1} be such that x; = B(W;). By the definition of x; and B, we have that
xi €Y¢ N Of(@inf Wj); thus Oy(inf W;) =y,. In particular, inf W; € yy. This together
with the fact that image(8) C {xo, . . ., x,—1}, Lemma 5.6 and the injectivity of § yields

#(ye Nimage(B)) = #({xo, . .., x,—1} N y¢ Nimage(p))
<#{jell,....m+1}:inf W; € )
S #()’;[ N {x()v e ey xn—l}) - ]7

which proves the claim in Case 1.

Case 2. W41 #0 and y, N W41 # . In this case, by Lemma 4.2, we have that
y¢ C Wit1. Moreover, as yp, N Wy, # @, we cannot have y; C dW,,+|. Hence, there
are two possibilities: either (a) Yo C Wy,4+1 or (b) ye N W1 NOW,, 41 # 0. In case (a),
because W, is open and image(8) C U'}':ll 0W;, we have that y, N image(8) = ¥, and
thus equation (5.4) holds. In case (b), by Lemma 4.3, y, N {xg, ..., xp—1} N OW;41 #
¢).  Moreover, by the hypothesis of case (b), there exists z € Wy,41 and x; € yp N
{x0, ..., xn—1} N OW,,41 such that f(z) =x;. If z € {x0, . . ., x,—1} then, by proceeding
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as above, we can see that z ¢ image(8) and so equation (5.4) holds. Otherwise, f is
continuous on a neighborhood of z and so x; € int(m). In this case, by the definition
of B, x; ¢ image(f), hence equation (5.4) holds. This proves the claim in Case 2.

Case 3. Wy,+1 = . The proof of Case 1 holds word-by-word for Case 3, provided we
replace {1, ..., m + 1} by {1, ..., m} in that proof.

By the claim, for each £ € {1, ..., d}, there exists x; € Yy N {x0, . . ., X,—1} such that
X¢ & image(B). Therefore,

image(B) C {xo, . .., xn—1 }\{X1, . . ., Xg}.
In this way, #image(8) <n — d. O

By Lemma 4.4, f has at most n regular periodic orbits; thus m < n. By Proposition 2.4,
every degenerate periodic orbit of f contains a discontinuity, and so d < n. Therefore, a
corollary of these two results is that the number of periodic orbits of f is bounded by
2n, that is, m +n <2n. By using Lemma 5.7, we provide now a stronger version of
Lemma 4.4.

LEMMA 5.8. The following statements are true:
Q) fWpr1 #Othenm+d<n-—1;
1) ifWypy1 =0 thenm+d <n.

Proof. By Lemma 5.7, the image of the injective map 8: W — {x¢, ..., x,—1} has at
most n — d elements. In case (i), W={Wj, ..., W,41} and so m +1 <n —d, that
is to say, m+d <n—1. In case (i), W={Wj, ..., Wy} and m <n — d, that is,
m+d<n. O

Proof of Theorem 1.1. By items (i) and (ii) of Lemma 5.8, f has at most n periodic orbits.
Moreover, by item (i) of Lemma 5.8, if f has n periodic orbits, then W11 = . In this
case, U;"Zl W; =10, 1]. For every x € W;, we have that w(x) is the periodic orbit y;. Now
if x € 9W;, then either Oy (x) N W; # @ (and so w(x) = y;) or O r(x) is contained in the
finite set | J!_, dW; (see Theorem 3.3), and thus O f(x) is periodic. a

6. Proof of Theorem 1.2

By item (iii) of Lemma 3.6, {fz(Fj) |£>0,jef{l,...,r}} is a denumerable family
of pairwise disjoint open intervals whose union G = ;> Uj=; f ‘(F;) has Lebesgue
measure one. Moreover, the subintervals of G generate the Borel o-algebra in [0, 1). Let
K C G be an interval; then there exist £ >0, 1 < j <r, and a subinterval J of F; such
that K = f¢(J). We set

| /]

26H17 | Fj|

1
v(K) =v(f'() = thus v(f(K)) = Sv(K). (6.1)

The set function K +— v(K) can be extended to a non-atomic Borel probability measure
positive on open intervals, as

4 1 "1
“(G)=ZZW=Z;=1~

>0 j=1 j=1
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In this way, the map 4 : [0, 1) — [0, oo) defined by

: if x=0,
h(x) =
v((0,x)) if O0<x<1

is continuous and strictly increasing. Moreover, i(1) = v((0, 1)) = v(G) = 1. Therefore,
h:[0, 1) = [0, 1) is a homeomorphism. Let f : [0, 1) — [0, 1) be the map defined by
f=ho foh™'. We have that f is continuous on [0, 1)\{A(x1), ..., h(x,—1)} and its
continuity intervals are I; = h(l;), 1 <i <n.
Let B C [0, 1) be an interval. Being Lispchitz, f takes v-null measure set onto v-null
measure set, thus v(f(B)) = v(f(B N G)). Now it follows from equation (6.1) that
v(f(B)) = %v(B) for every interval B C [0, 1). (6.2)
Let (4, v) C h(I;) be an interval. If f];, is increasing then

(Fh™r ), F @) = fF( W), k' w)). (6.3)
By equations (6.2) and (6.3),
f@) = f@) =h(f ™ @) — h(f (k™" )
= v((0, £(h~ ' ()))) — (O, fF(h~ " W))))
= v((f (b W), Fh™ W)) =v(f @), k™ (V)
= Jvh~ W), 7 () = 30, 17 () — v, A w))]
= 3[A(h~'(v)) — h(h™ W) = F(v — w).

Otherwise, f|j, is decreasing and
fw) = fa)y=-1w-u.

We have proved that f|i,~ is linear for every i € {1, ..., n}. a0
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