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A FLEXIBLE NONPARAMETRIC TEST
FOR CONDITIONAL INDEPENDENCE
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This paper proposes a nonparametric test for conditional independence that is easy
to implement, yet powerful in the sense that it is consistent and achieves n~!/ 2 Jocal
power. The test statistic is based on an estimator of the topological “distance” be-
tween restricted and unrestricted probability measures corresponding to conditional
independence or its absence. The distance is evaluated using a family of Generically
Comprehensively Revealing (GCR) functions, such as the exponential or logistic
functions, which are indexed by nuisance parameters. The use of GCR functions
makes the test able to detect any deviation from the null. We use a kernel smoothing
method when estimating the distance. An integrated conditional moment (ICM) test
statistic based on these estimates is obtained by integrating out the nuisance pa-
rameters. We simulate the critical values using a conditional simulation approach.
Monte Carlo experiments show that the test performs well in finite samples. As an
application, we test an implication of the key assumption of unconfoundedness in
the context of estimating the returns to schooling.

1. INTRODUCTION

In this paper, we propose a flexible nonparametric test for conditional indepen-
dence. Let X, Y, and Z be three random vectors. The null hypothesis we want to
test is that Y is independent of X given Z, denoted by

YLX]|Z.

Intuitively, this means that given the information in Z, X cannot provide ad-
ditional information useful in predicting Y. Dawid (1979) showed that some
simple heuristic properties of conditional independence can form a conceptual
framework for many important topics in statistical inference: sufficiency and an-
cillarity, parameter identification, causal inference, prediction sufficiency, data
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selection mechanisms, invariant statistical models, and a subjectivist approach
to model-building.

An important application of conditional independence testing in economics is
to test a key assumption identifying causal effects. Suppose we are interested in
estimating the effect of X (e.g., schooling) on Y (e.g., income), and that X and Y
are related by the equation

where U (e.g., ability) is an unobserved cause of Y (income) and 6y and 6; are
unknown coefficients, with ) representing the effect of X on Y. (We write a
linear structural equation here merely for concreteness.) Since X is typically not
randomly assigned and is correlated with U (e.g., unobserved ability will affect
both schooling and income), OLS will generally fail to consistently estimate 6.
Nevertheless, if, as in Griliches and Mason (1972) and Griliches (1977), we can
find a set of covariates Z (e.g., proxies for ability, such as AFQT scores) such that

ULX|Z, (€8]

we can estimate ) consistently by various methods: covariate adjustment,
matching, methods using the propensity score such as weighting and blocking,
or combinations of these approaches.

The assumption in (1) is a key assumption for identifying 6;. It is called a
conditional exogeneity assumption by White and Chalak (2008). It enforces the
“ignorability” or “unconfoundedness” condition, also known as “selection on ob-
servables” (Barnow, Cain, and Goldberger, 1981).

Note that the conditional independence assumption in (1) cannot be directly
tested since U is unobservable. But if there are other observable covariates V
satisfying certain conditions (see White and Chalak, 2010), we have

UlX|Z implies V L1X]|Z,

so we can test the assumption in (1) by testing its implication, V L X | Z. Sec-
tion 6 of this paper applies this test in the context of a nonparametric study of
returns to schooling.

In the literature, there are many tests for conditional independence when the
variables are categorical. However, in economic applications it is common to
condition on continuous variables, and there are only a few nonparametric tests for
the continuous case. Previous work on testing conditional independence for con-
tinuous random variables includes Linton and Gozalo (1997, “LG”), Fernandes
and Flores (1999, “FF”), and Delgado and Gonzalez-Manteiga (2001, “DG”). Su
and White have several papers (2003, 2007, 2008, 2010, “SW”) addressing this
question. Although SW’s tests are consistent against any deviation from the null,
they are only able to detect local alternatives converging to the null at a rate slower
than n~!/? and hence suffer from the “curse of dimensionality.” We will compare
our test with the LG, DG, and SW tests in our simulation study.
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Recently, Song (2009) has proposed a distribution-free conditional indepen-
dence test of two continuous random variables given a parametric single index
that achieves the local n~!/? rate. Specifically, Song (2009) tests the hypothesis

Y 1LX|40(2),

where Ay (-) is a scalar-valued function known up to a finite-dimensional
parameter ¢, which must be estimated.

A main contribution here is that our proposed test also achieves n~!/? local
power, despite its fully nonparametric nature. In contrast to Song (2009), the con-
ditioning variables can be multi-dimensional. The test is motivated by a series
of papers on consistent specification testing by Bierens (1982, 1990), Bierens
and Ploberger (1997), and Stinchcombe and White (1998, “StW”’), among others.
Whereas Bierens (1982, 1990) and Bierens and Ploberger (1997) construct the
integrated conditional moment (ICM) tests that essentially compare a restricted
parametric model with an unrestricted regression model, the test in this paper
follows a suggestion of StW, which is based on the estimates of the topological
distance between unrestricted and restricted probability measures, corresponding
to conditional independence or its absence.

This distance is measured indirectly by a family of moments, which are the
differences of the expectations under the null and under the alternative for a set
of test functions. The chosen test functions make use of Generically Compre-
hensively Revealing (GCR) functions, such as the logistic or normal cumulative
distribution functions (CDFs), and are indexed by a continuous nuisance param-
eter vector y. Under the null, all moments are zeroes. Under the alternative, the
moments are nonzero for essentially all choices of y . This is in contrast with DG
(2001), which employs an indicator testing function that is not generically and
comprehensively revealing.

We estimate these moments by their sample analogs, using kernel smoothing.
An ICM test statistic based on these is obtained by integrating out the nuisance
parameters. Its limiting null distribution is a functional of a mean zero Gaussian
process. We simulate critical values using a conditional simulation approach
suggested by Hansen (1996) in a different setting.

Our GCR approach requires bounded random variables. When any random
variable is not bounded, we first standardize it on the basis of estimated location
and scale parameters and then apply a bounded and invertible transformation to
the standardized data. The location and scale parameters can be the mean and
standard deviation or other more robust measures such as the median and in-
terquartile range, respectively.

The plan of the paper is as follows. In Section 2, we specify a family of moment
conditions which is (essentially) equivalent to the null hypothesis of conditional
independence and forms a basis for our test. In Section 3, we establish stochastic
approximations of the empirical moment conditions uniformly over the nuisance
parameters. We derive the finite-dimensional weak convergence of the empirical
moment process. We also provide a bandwidth choice for practical use: a simple
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“plug-in” estimator of the MSE-optimal bandwidth. In Section 4, we formally in-
troduce and analyze our ICM test statistic. In Section 5, we report some Monte
Carlo results, examining the size and power properties of our test and comparing
its performance with that of a variety of other tests in the literature. In Section 6,
we study the returns to schooling, using the proposed statistic to test an implica-
tion of the key assumption of unconfoundedness. The last section concludes. The
appendix contains the proofs of the main results and shows that the estimation
errors in the location and scale parameters have no impact on our asymptotic
theory.

2. THE NULL HYPOTHESIS AND THE TESTING APPROACH
2.1. The Null Hypothesis

Let X, Y, and Z be three random vectors, with dimensions dx, dy, and dz, respec-
tively. Denote W = (X', Y’, Z') e R¢ with d = dx +dy +d. Given an IID sample
{(X;,Y;,Z; };L:l, we want to test the null that Y is independent of X conditional on
Z,ie.,

Hy:Y1LX|Z, 2
against the alternative that Y and X are dependent conditional on Z, i.e.,
H,:Y L X|Z.

Let Fy|xz(y | x, z) be the conditional distribution function of ¥ given (X, Z) =
(x,2) and Fy|z(y | z) be the conditional distribution function of Y given Z = z.
Then we can express the null as

Fyixz(ylx,z) = Fyjz(yl2). 3

The following three expressions are equivalent to one another and to (3):

Fxyz(xly,z) = Fxjz(x|z), )
Fxy|z(x,y12) = Fx)z(x12) Fy|1z(¥]2), &)
Fxyz(x,y,2)Fz(z) = Fxz(x,2)Fyz(y,2), (6)

where we have used the standard notations for distribution functions.

The approach adopted in this paper is inspired by a series of papers on con-
sistent specification testing: Bierens (1982, 1990), Bierens and Ploberger (1997),
and StW (1998), among others. The tests in those papers are based on an infinite
number of moment conditions indexed by nuisance parameters. Consider, as an
example, the conditional mean function g (x) = E (Y | X = x). Bierens (1990)
tests the hypothesis that the parametric functional form, f (x, 1), is correctly
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specified in the sense that g (x) = f (x,8) for some fy € ®. The test statistic is
based on an estimator of a family of moments E [(Y — f(X,00))e” /X] indexed by

a nuisance parameter vector y . Under the null hypothesis of correct specification,
these moments are zeroes for all y. Bierens’s (1990) Lemma 1 shows that the
converse essentially holds, due to the properties of the exponential function,
making the test capable of detecting all deviations from the null. The similar idea
is used in Bierens and Wang (2012) for testing a parametric specification of the
conditional distribution function.

StW find that a broader class of functions has this property. They extend
Bierens’s result by replacing the exponential function in the moment conditions
with any GCR function, and by extending the probability measures considered in
the Bierens (1990) approach to signed measures. As stated in StW, GCR functions
include nonpolynomial real analytic functions, e.g., exp, logistic CDF, sine,
cosine, and also some nonanalytic functions like the normal CDF or its density.
Further, they point out that such specification tests are based on estimates of
topological distances between a restricted model and an unrestricted model.
Following this idea, we can construct a test for conditional independence based on
estimates of a topological distance between unrestricted and restricted probability
measures corresponding to conditional independence or its absence.

To define the GCR property formally, let C(F) be the set of continuous func-
tions on a compact set F  R?, and sp [H(/,] be the linear span of a collection
of functions H, (I"). We write @ := (1, w’)’. The definition below is the same as
Definition 3.6 in StW.

DEFINITION 1 (StW, Definition 3.6). We say that H, = {H : R?Y —
R|Hw)=¢ (lf)’y ) , 7 € I c R4} is generically comprehensively revealing
if for all T with nonempty interior, the uniform closure of sp|H,] contains C(F')
for every compact set F  R%.

Intuitively, GCR functions are a class of functions indexed by y € I' whose
span comes arbitrarily close to any continuous function, regardless of the choice
of I, as long as it has nonempty interior. When there is no confusion, we simply
call ¢ GCR if the generated H,, is GCR.

We now establish an equivalent hypothesis in the form of a family of moment
conditions following StW. Let P be the joint distribution of the random vector W,
and let Q be the joint distribution of W with Y L X | Z. Thus, P is an unrestricted
probability measure, whereas Q is restricted. To be specific, P and Q are defined
such that for any event A,

P(4) = /A dFxyz(x,y,2) = /A dFxyiz(x, y|2)dF2(2) 0
and
0(4) = /A dFx7 (512 Fy1z (012)d F2 ). ®)
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Note that the measure P will be the same as the measure Q if and only if the
null is true:

P(A) = /A dFxyiz (e, y)d Fz(2) 2 /A dFx2(x12)d Fyjz(y12)d F2() = Q(A)

for all Borel sets A. Testing the null hypothesis is thus equivalent to testing
whether there is any deviation of P from Q. It should be pointed out that the
marginal distribution of Z is the same under P and Q regardless of whether the
null is true or not.

Let Ep and E be the expectation operators with respect to the measure P and
the measure Q. Define

8o (1) = Ep [0 (') = Eo [0 (W),

where y = (y0,7{,77.73) € R'*? is a vector of nuisance parameters, W =
(1, W'Y, and ¢ is such that the indicated expectations exist for all y. Under the
null hypothesis, A, (y) is obviously zero for any choice of y and any choice of
¢, including GCR functions. To construct a powerful test, we want A, (y) to
be nonzero under the alternative. If A, (yo) is not zero under some alternative,
we say that ¢o can detect that particular alternative for the choice y =y . An
arbitrary function ¢o may fail to detect some alternatives for some choices of y .
Nevertheless, according to StW, if W is a bounded random vector, the properties
of GCR functions imply that they can detect all possible alternatives for essen-
tially all y € I' ¢ R!*¢ with I" having nonempty interior. “Essentially all” y € T
means that the set of “bad” y’s, i.e., theset {y e I': A, (y)=0and Y Y X | Z}
has Lebesgue measure zero and is not dense in I'.

Given that any deviation of P from Q can be detected by essentially any choice
of y eI', testing Hy: Y L X | Z is equivalent to testing

Hy: Ay (y)=0foressentiallyall y € I ©))

for a GCR function ¢ and a set I' with nonempty interior. The alternative is H, :
Hj is false.

A straightforward testing approach is to estimate A, (y) and to see how far the
estimate is from zero. However, there are two technical issues. First, the result
of StW requires W to be bounded. To achieve the boundedness, we can replace
each element V of W by Wy (V), where Wy is a bounded one-to-one mapping
with Borel measurable inverse. Define Wy (¥) = (¥, (Y1), ..., ¥y,, (Y4,)) and
define Wy (X) and ¥z (Z) similarly. Then Y L X | Z is equivalent to ¥y (Y) L
Yx (X) | Wz (Z). The equivalence holds because the sigma fields are not affected
by the transformation. So it is innocuous to assume that W has a bounded support.

In practice, we recommend choosing a bounded set, say [a,b]?, to closely
match the support of the GCR function we use. Depending on whether the random
variables have bounded supports or not, we can achieve this using a different
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transformation ¥. As an example, suppose that the support of V is a bounded
interval, say [0min, ¥max] for some known finite constants vyin and vmax. Then we
can take
V —0mi

Py (V) = at (b—a) L 0min) (10)

Umax — Umin
which obviously meets our requirement. If the end points of the support
are not known, we can estimate them by Omin = min;=;__, (V;) and Omax =
max;=1,.. . (V;) and plug the estimates into (10). Under some mild conditions,
Dmin and Dmax converge to the true endpoints at the fast rate of 1/n. As a result, we
can show that the estimation uncertainty has no effect on our asymptotic results.

When the random variable V has an unbounded support, we first standardize it

and then take

arctan ((V — uy) /o,) +0.57

Yy(V)=a+(b—a) - , 11)

where 1, and g, are location and scale parameters. For example, x, and g, can be
the mean and standard deviation of V. By construction, ¥y (V) € [a, b]. We can
also use other bounded functions such as Yy (V) =a+ (b —a)F (V — uy) /oy)
for a CDF F. The standardization ensures that ¥y (V) does not reside in a small
subset of [a,b]. See Bierens and Wang (2012) for more discussion. When y,
and o, are not known, we can estimate them by /i, and &, respectively and plug
them into (11). In Section A.2, we make the transformation explicit and show
that under some mild conditions including the /n-consistency of /i, and 6,, the
estimator errors in /i, and 6, have no impact on the asymptotic properties of our
proposed test. Here for notational simplicity we leave this transformation implicit
and assume that P(W € [a, b]d) = 1. Without loss of generality, we let a = 0 and
b =1 for our theoretical development.

The second issue is related to the nonparametric estimation of A, (y). It
involves a nonparametric estimator fz of the density f7z in the denominator of
the test statistic, making the analysis of limiting distributions awkward. To avoid
this technical issue, we compute the expectations of ¢ fz rather than those of ¢,
leading to a new “distance” metric between P and Q:

Bor () = Ep oWy f2(D)] = Eo [o(W'1) 12(2)].

Using the change-of-measure technique, we have

Apr(7)=C {EP* [co(W’y)] —Eg [w(W’y)]},

where P* and Q™ are probability measures defined according to

P*(4) = /A F2()d Fxyiz(x, y12)d F2(2)/C and

0* (A) = /A F2(2)dFxiz (x12)d Fyz (7]2)d F2 (2)/ C (12)
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with C = [ fz2 (z) dz being the normalizing constant. Under the null of Hy: Y L
X | Z, P* and Q" are the same measure, and so A,r(y) =0 forall y € I'.
Under the alternative of H, : Y Y X | Z, P* and Q™ are different measures. By
definition, if ¢ is GCR, then its revealing property holds for any probability mea-
sure (see Definition 3.2 of StW). So under the alternative, we have A, (y ) # 0 for
essentially all y € I'. The behaviors of A,z (y) under Hy and H, imply that we
can employ A,y (y) in place of A, (y) to perform our test.

To sum up, when ¢ is a GCR function, W has bounded supports, I" has
nonempty interior, and [ f% (z)dz < oo, a null hypothesis equivalent to condi-
tional independence is

Hy: Ayr(y) =0 foressentially all y € I'.

That is, the null hypothesis of conditional independence is equivalent to a family
of moment conditions indexed by y . For notational simplicity, we drop the sub-
script and write A (y ) := A,r (y ) hereafter.

2.2. Heuristics for Rates

When the probability density functions exist, the conditional independence is
equivalent to any of the following:

frixz(vlx,2) = friz(y12),
Ixiyz(xly,z) = fx)z(x]2),
fxv1z(x, y12) = fx1z(x12) fr1z(¥]2),
fxvz(x,9,2) f2(2) = fxz(x,2) frz(y,2), (13)

where the notation for density functions is self-explanatory. One way to test con-
ditional independence is to compare the densities in a given equation to see if
the equality holds. For example, Su and White’s (2008) test essentially compares
fxyz fz with fxz fyz. To do that, they estimate fyyz, fz, fxz, and fyz non-
parametrically, so their test has power against local alternatives at a rate of only
n~V/2p=d/4 the slowest rate of the four nonparametric density estimators, i.e.,
the rate for f Yvz. This rate is slower than n~!/% and hence reflects the “curse of
dimensionality.” The dimension here is d = dx + dy + dz, which is at least three
and could potentially be larger.

To achieve the rate n~'/2, we do not compare the density functions directly.
Instead, our family of moment conditions indirectly measures the distance be-
tween fxyz fz and fxz fyz, so that for each given y, the test statistic is based on
an estimator of an average that can achieve an n~!/? rate, just as a semiparametric
estimator would.

To better understand the moment conditions of the equivalent null, we write

AG) = / (') F2(2) frrz (e, v, 2) dxdydz

- / 0(@'7) frz(0,2) frz(x,2) dxdydz.
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Instead of comparing fxyzfz with fyz fxz, we now compare their integral
transforms. Before the transformation, fyyzfz and fyz fxz are functions of
(x,y,z), the data points, and those functions can only be estimated at a non-
parametric rate slower than n~!/2. But their integral transforms are now functions
of y . For each y, the transformation is an average of the data so that semiparamet-
ric techniques could be used here to get an n~!/2 rate. Essentially, we compare
two functions by comparing their weighted averages. The two comparisons are
equivalent because of the properties of the chosen test functions. That is, if we
choose GCR functions for our test functions, defined on a compact index space I
with nonempty interior, and we do not detect any difference between P* and Q*
transforms at essentially any point y, then P* and Q* must agree, and as a
consequence P and Q must agree. We gain robustness by integrating over many
points y.

2.3. Empirical Moment Conditions

With some abuse of notation, we write ¢ (yo+x"y1 +y' y2+2'73) =0 (x,y,2; 7).
Define

gxz(x.z7) = Elp(x,Y,:p)|Z = 2] = /¢<x,y,z; N frzGldy.  (14)

Then the moment conditions can be rewritten as

AY)=Elo(X,Y,Z;y) f2(2)] - Elgxz(X,Z;y) fz(2)].

The first term of A (y) is a mean of ¢ fz, where ¢ is known and f7 can be esti-
mated by a kernel smoothing method. The second term is a mean of gxz fz(Z2),
where the function gxz(x, z; y ) is a conditional expectation that can be estimated
by a Nadaraya—Watson estimator:

219 Y), 2 ) Kn(Zj —2)
-1 Kn(Zj=2)

8xz(x,z;7) =

Thus we can estimate A(y) by

) 1 n - . 1 n R A

Ban) = —= 3" [0 (W7) F2 (@0 | = = 3z (X0 Zis) f2(20)
i=1 i=l1

1

n B 1 n
= Z[ga (Wi’y) ZZK” (Zj —Zi)
i=1 j=1

1 n n
_n(n_l)ZZ(/’(Xz,Y],Zz,)’)Kh (Z]—Zl)

i=1j=1
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1 n n _ y
BEICED) ;E[‘” (W)= (Wis7) ] ki (2 - 2)
n n
= n('nl_ 5 Z Z {I:(/) (W{y) - (Wi/,j]/)] Ky (Zi — Zj)} , (15)

i=1j=1,j#i

where W/ 7 =70+ Xiy14+Y/y2+Z]y3 and Kj (u) is a multivariate kernel func-
tion. In this paper, we follow the standard practice and use a product kernel of the
form:

uj Ud,
R R

d,
1 u
Kp(u) = EK( ) with K (u1,...,uq,) =gk(u5),

where d,, is the dimension of u and & = h,, is the bandwidth that depends on .
Ay.5(y) is an empirical version of A(y). Foreach y e I', A, 5 (y) is a second

~

order U-statistic. When A, ;,(y) is regarded as a process indexed by y € I,
A,,,h (y) is a U-process. Note that [go(Wi’y )— go(Wi”j Y NKn(Z; — Z;) is not sym-
metric in i and j. To achieve the symmetry so that the theory of U-statistics and
U-processes can be applied, we rewrite An,h(y) as

~1
Ann(y) = (Z) > rna (Wi, Wisy), (16)
i<j
where
1 1244 144
ka2 Wi Wi ) =3 [0 (Wir) =0 (Wi,7) | K (i - 2))

1 744 744
+§ [cﬂ (W,-V) -9 (Wj,iy)] Kn(Zj = Zi) = kna (Wj, Wisy).

Our test statistic is related to what DG (2001, Sect. 5.2) propose but no formal
proof is given there. DG formulate the null hypothesis as

Hoy:L(y1,72,73) =0 a7
for all (y/, 75, yé)/ in the support of (X', Y’, Z") where
L(y1,72,73) = E{[lyz Y)—-E (lyz (Y) |Z)] Ly (X) 1y, (2) fz (Z)}

and 1, (V) = 1{V < v} is the indicator function. The DG statistic is based on the
following estimator of L(y1, y2,y3):

L (71,72,73)

1 n n
=T 2 [t =101, (X)L, (20 K (2= 2)

i=1j=1,j#i
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1 n n
=mz D[ X1, (V)1 (Z0) = 1, (X) 1y, (V) 1, (Z0)]
i=1j=1,j#i
x Ky (Zj—Zi)}.

Comparing this with An,h (y) given in (15), we can see that I:n,h (y) takes the
same form as An,h ).

The difference is that we use a GCR function ¢(x, v, z; y) while DG use the
indicator function 1,, (x)1,, (y)1,, (z). This has both theoretical and practical
implications. First, from a theoretical point of view, while the indicator function
is comprehensively revealing, it is not generically and comprehensively revealing.
An advantage of using a GCR function is that the alternative hypothesis can be
revealed by essentially all y. This property does not hold for the indicator func-
tion, i.e., there may exist a region of (y1, y2, y3) with nonempty interior such that
the moment condition in (17) holds but ¥ £ X | Z. Second, the GCR approach
requires bounded random variables while the DG approach does not. So in our
setting, the boundary smoothing bias cannot be avoided and has to be dealt with
explicitly and rigorously. DG assume unbounded supports and so they do not have
to deal with the boundary problem. Third, there can be a practical problem when
computing some functionals of I:n,h (y1,72,73). For instance, the Cramér—von
Mises statistic in DG (2001) takes the form

n
Co=D L, (Xi,Yi,Zi)
i=1
where by definition

. 1 n n
Ly, (Xi,Yi, Zi) = mz > {0 =1y, (v))]

k=1j=1,j#k
x 1x, (X) 1z (Z) Kn (Zj — Zk) } -

The DG test rejects the null when C,, is larger than an asymptotically valid critical
value. When the dimensions of X and Z are large, X; < X; and Zy < Z; fork # i
may never happen and 1, (Xx)1z, (Z;) may never be different from zero, even in
large samples. In this case I:ﬁ’h (Xi,Yi,Z;) is zero. This could have adverse ef-
fects on the size accuracy and the power property of the test in finite samples. This
is supported by our Monte Carlo study.

A desirable property of the DG test is that it is invariant to strictly mono-
tonic transformations of {X;} and {Y;}. To see this, let mx (X) = (mx1 (X1)5eees
MX, (Xay) )/ and my (Y) = (my, (Y1), sy, (Yay) )/ where all the univariate
functions mx, (-) and my, (-) are strictly monotonic. Then

[1y,(Yi) = 1y, (¥))] 1x, (Xz)
= [Lny (v (my (Y2)) = Ly vy (my (Vi) | Ly (x) (mx (X))
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As aresult, lA,ﬁ » (Xi,Yi, Z;) is invariant to strictly monotonic transformations of
{X;} and {Y;}. This is an appealing property that is not shared by the GCR test.

More broadly, one may argue that a conditional independence test should
be invariant to measurable and invertible transformations of all the variables
{Xi},{Y;}, and {Z;}. The DG test is not invariant under this stronger no-
tion of invariance. However, tests based on nonparametric estimators of some
divergence measures between probability distributions such as Shannon’s en-
tropy metric or Hellinger’s distance measure may be invariant in the stronger
sense. An example of such a test is SW (2008) which is based on a weighted
Hellinger distance between fxyz (x,y,z) fz (z) and fxz (x,z) fyz(y,z). Like
the GCR test, the omnibus tests of LG (1997) and SW (2007) are not in-
variant to measurable and invertible transformations or strictly monotonic
transformations.

While transformation invariance is a pleasant property, the invariance require-
ment is often invoked to reduce the class of tests under consideration so that
uniformly most powerful invariance tests (UMPI) can be designed. However, in
the present context, without specifying the direction of local alternatives, there is
no uniformly most powerful test even among the class of invariance tests. We
avoid choosing a direction in order to hedge against the possibility of having
no power in other directions. The lack of a UMPI test makes the invariance
requirement not as compelling as in some other settings where a UMPI test
exists.

We view the GCR test and other tests, invariant or not, as complementary. For
example, while the SW (2008) test, which is invariant, can be powerful in de-
tecting high-frequency alternatives, it suffers from the curse of dimensionality, as
discussed above. In contrast, the GCR test, which is not invariant, does not suffer
from the curse of dimensionality and is more powerful against low-frequency
departures. In addition, the GCR test may be made invariant to strictly monotonic
transformations if we convert the data {X;} and {Y;} to ranks before applying the
GCR test. A systematic study of this rank-based GCR test is beyond the scope of
this paper.

3. STOCHASTIC APPROXIMATIONS AND FINITE DIVIENSIONAL
CONVERGENCE

3.1. Assumptions

In this subsection, we state the assumptions that are required to establish the
asymptotic properties of A, ,(y). We start with a definition, which uses the fol-
lowing multi-index notation: for j = (ji, ..., j») With j, being nonnegative in-
tegers, we denote |j| = j14+jo+ -+ Jm, J = Jj1! - Jm!, u = u{n-u{,;", and

Dig(u) =Yg (u)/oul ---ouj)y.

DEFINITION 2. Gg (A, €, p,m), f > 1, is a class of functions g, (-) : R™ — R
indexed by a. € A satisfying the following two conditions:
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(a) for each a, g, (-) is b times continuously differentiable, where b is the
greatest integer that is smaller than f3;

(b) let Q,(u,v) be the Taylor series expansion of g, (u) around v of order b :

= 3 Py

J:ljl<b, j#0
then
g0 (1) — ga(v) — Qu (u, V)|l
sup  sup 7 =p
aeAlu—v|<e lu—ol

for some constants € > 0 and p > 0.

In the absence of the index set A, we use Q/; (e, p, m) to denote the class of
functions. In this case, our definition is similar to Definition 2 in Robinson (1988)
and Definition 2 in DG (2001). A sufficient condition for condition (b) is that the
partial derivative of the b-th order is uniformly Hoélder continuous:

sup sup |D’gu(u)—D/gy(0)| < €

acAllv—ul<e

for all j such that |j| = b.
We are ready to present our assumptions.

Assumption 1 (IID). (a) {W; € [0, 1]¢ }?_, is an IID sequence of random vari-
ables on the complete probability space (2, F,P); (b) each element Z, of Z is
supported on [0, 1]; (c) the distribution of Z admits a density function f7 (z) with
respect to the Lebesgue measure.

Assumption 2 (Smoothness of the Densities). (a) fz (-) € G441 (€, p,dz) for
some integer ¢ > 0 and some constants € > 0 and p > 0; (b) D’ f7 (Z) =0 for
all 0 < |j| <gq and all Z on the boundary of [0,1]%; (c) the conditional
distribution functions Fy|z, Fx|z, and Fyy|z admit the respective densities
frizOlz), fxiz(xlz), and fxy;z(x,ylz) with respect to a finite counting
measure, or the Lebesgue measure or their product measure; (d) as functions of
Z indexed by X,Yy, Oor (X, y) € A’ fX|Z(x|Z)3 leZ(ylZ)’ and fXYlZ(xlz) belong
t0 Gyt1 (A, €, p,dz) with A= 1[0, 11%, [0, 11%, or [0, 1]9xFdr,

Assumption 3 (GCR). (a) I' is compact with nonempty interior; (b) ¢ €
Gp(e, p,1).

Assumption 4 (Kernel Function). The univariate kernel & (-) is the gth order
symmetric and bounded kernel k : R — R such that

@) [k@)dv=1, [v/k@)dv=0forj=1,2,...,q—1;
(b) k(@)= 0((1+p|*)"") for some & > g2 +¢q +2.
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Assumption 5 (Bandwidth). The bandwidth & = h,, satisfies

(a) nhvz — 0o asn — oo;
(b) /nh? =0(1), ie., h=o0n""CD)asn— oo.

Some discussions on the assumptions are in order. The IID condition in As-
sumption 1 is maintained for convenience. Analogous results hold under weaker
conditions, but we leave explicit consideration of these aside.

Assumptions 2(a) and (d) are needed to control the smoothing bias. Under As-
sumptions 1(b) and 2(a), we have [ f% (z)dz < 00. So it is not necessary to state
the square integrability of f7 (z) as a separate assumption. In assumption 2(d),
the smoothness condition is with respect to the conditioning variable Z. It does
not require the marginal distributions of X and Y to be smooth. In fact, X and
Y could be either discrete or continuous. In addition, from a technical point of
view, we only need to assume that there exists a version of the conditional density
functions satisfying Assumption 2(d).

Assumption 2(b) is a technical condition, which helps avoid the boundary
bias problem, a well-known problem for density estimation at the boundary.
The GCR approach of StW requires the boundedness of the random vectors, so
we have to deal with the boundary bias problem. If Assumption 2(b) does not
hold, we can transform Z into Ze = (071(Z)), ®71(Z,),...,07! (Zdz))/,
where © : [0,1] — [0, 1] is strictly increasing and g + 1 times continuously
differentiable with inverse ®~!. Now

P{Ze <Z}:P{Zl <0O(z1),..., 24y, <®(Zdz)}
=Fz(®(Zl)""9®(ZdZ))’

and the density of Zg is fze (2) = f2(0(2))©'(21)...0 (za,) . Soif @) (0) =
0 (1)=0fori =0,...,q, then Assumption 2(b) is satisfied for the transformed
random vector Zg and we can work with Zg rather than Z. We can do so because
YL X|Zifandonlyif Y L X | Zg. An example of ® is the CDF of a beta
distribution:

_Bl,g+1,q+1)

®@w) = = ,
©) B(l,g+1,q+1)

1 1
—/ x?(1=x)4dx
B(g+1,9+1) Jo

where B(v,q+1,g+1) = f(;) x9 (1 —x)?dx is the incomplete beta function.

The idea of using transformations to remove the boundary bias has a long his-
tory; see Geenens (2014) and the references therein. However, our idea is different
here. In Geenens (2014) and the related literature, in order to reduce the boundary
bias, a transformation is employed to map a bounded support into an unbounded
support. This approach clearly is not compatible with the GCR framework we use
here. Our idea is to transform the data so that the probability mass around the
boundary is relatively small. This is a viable approach as long as our focus is not
the pdf of the original data per se. This idea may be of independent interest.
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Another often used approach to handle the boundary problem is to trim the data
when Z is boundedly supported. Let Z, be a proper subset of the support of Z sat-
isfying P[Z; € Z,] = 1 — ¢ for some ¢ approaching zero at a certain rate. In this
approach, we replace K;(Z; — Z;) in the definition of An,h(y) by Kn(Z; — Zj) -
1[ZieZ]-1 [Zj € Zg]. For example, this approach is used in Li and
Fan (2003, p. 745) in a different context. Note that the use of transformation or
trimming is more of theoretical importance, as they are necessary to achieve the
parametric /n rate of convergence of An,h (y) to A(y). In practice, transforma-
tion and trimming may or may not be important. When the probability mass near
the boundary is relatively small, they are likely to be unimportant. In this case, we
may skip the transformation or trimming and ignore the boundary bias in practice.

Assumption 3(a) is needed only when we attempt to establish the uniformity of
some asymptotic properties over I'. Like Assumption 2, Assumption 3(b) helps
control the smoothing bias. It is satisfied by many GCR functions such as exp (-),
normal PDF, sin(+), and cos (-).

The conditions on the high order kernel in Assumption 4 are fairly standard. For
example, both Robinson (1988) and DG (2001) make a similar assumption. The
only difference is that Robinson (1988) and DG (2001) require that & > g + 1,
while we require a stronger condition that & > g%+ ¢ + 2 in Assumption 4(b).
The stronger condition is needed to control the boundary bias, which is absent
in Robinson (1988) and DG (2001), as they assume that Z has an unbounded
support. Assumption 4(b) is not restrictive. It is satisfied by typical kernels used
in practice, as they are either supported on [0, 1] or have exponentially decaying
tails.

Assumption 5(a) ensures that the degenerate U-statistic in the Hoeffding de-
composition of An,h (y) is asymptotically negligible. Assumption 5(b) removes
the dominating bias of &n,h(y ). See Lemmas 3 and 4 below. A necessary condi-
tion for Assumption 5 to hold is that 2qg > dz.

3.2. Stochastic Approximations

To establish the asymptotic properties of An,h (y), we develop some stochastic
approximations, using the theory of U-statistics and U-processes pioneered by
Hoeffding (1948).

Let xp,1(w; y) = Exp2(w, W;y). Using Hoeffding’s H-decomposition, we
can decompose An,h (y)as

An,h (}’) = Ah(y ) + Hn,h(y ) + Rn,h (}’ )a

where
An(y)=Exn2 (Wj, Wisy) = Exp1 (Wisp) (18)
2
Hyp(y) = ;2@,1(%” (19)
1=
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-1
Run(y)= (Z) > Fna (Wi Wiy) (20)

i<j
and

K (Wisy)=wn1(Wisy) = Ap(y)
Kno(Wi, Wi, p) =rno(Wi, Wisy) —rn i (Wis p) —xn t (Wis )+ Ap (7).

The sum of the first two terms in the H-decomposition is known as the Hajek
projection. For easy reference, we denote it as

App ()= Dn(y)+ Hypn(y). (21)

By construction, H, ;(y ) and R, ; (y ) are uncorrelated zero mean random vari-
ables. We show that the projection remainder R, ,(y ) is asymptotically negli-
gible, and as a result An,h (y) and its Hajek projection An,h(y) have the same
limiting distribution.

For each given y and &, R, 5 (y) is a degenerate second order U-statistic with
kernel K, 2 (-, -; 7). According to the theory of U-statistics (e.g., Lee, 1990), we
have

var [Ro ()] = mmpsvar [ 2090, W),

B n(n

This can also be proved directly by observing that i, > (W;, W;, ) is uncorrelated
with &, 2 (We, Wi, y) if (i, j) # (€, m).

If h were fixed, then it follows from the basic U-statistic theory that R,, ;,(y ) =
op (l/ﬁ) for each y e I'. However, in the present setting, 7 — 0 as n — oo,
so the basic U-statistic theory does not directly apply. Nevertheless, we can still
show that R, j, (y) is still 0, (n_l/ 2) under Assumption 5(a). In fact, we can prove
a stronger result, as Lemma 3 shows.

LEMMA 3. Under Assumptions 1-5(a), if h > 0 as n — oo, then
SUp, cr v/ Run (7) = 0, (1).

We proceed to establish a stochastic approximation of the Héjek projection
An,h (7). Note that both Ay (y) and H, ;(y) depend on h. Using a Taylor ex-
pansion, we can separate terms independent of  from those associated with % in
Ap(y) and Hy, j,(y ). By using a higher order kernel K and controlling the rate of
h so that it shrinks fast enough, we can ensure that the terms associated with &
vanish asymptotically, as in Powell, Stock, and Stoker (1989).

More specifically, we first show that Au(y) = A(y) + O(h9), where ¢
is the order of the kernel k. Then we show that H, ,(y) = 2n~! >
{1 (Wisy) = Ex1(Wi; p)1} + O, (h9), where
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1 / / !
ki(Wisy) = §¢(yo+Xm +Y/y2+Z;y3) f2(Zi)

1

—5/¢(V0+X§V1+y’yz+zﬁy3) frz(y, Zi)dy
1

+§/¢(70+X’V1+Y/V2+Z£V3) fxyz(x,y, Z;)dxdy

1

—5/<o(yo+x’y1+ygyz+z;y3) Frnr, Zo)dx,

Under Assumption 5(b), v/nh? — 0, which makes both the second term of Ay (y)
and the second term of H, j,(y) vanish asymptotically. The following lemma
presents these results formally.

LEMMA 4. Let Assumptions 1-4 and 5(b) hold. Then

@) /n[An(y)=A@y)]=o(1) uniformly over y € T';

(b) nHup(y) =2//n 2y {1 (Wis y) — E et (Wi )1} + 0p (1) uniformly
overy eI

It follows from Lemmas 3 and 4 that

V[ Bun() = 0]
= /nHy 1 (7)) + 1Ry p (7)) +/nlAr(y) = A(y)]

2 n
= VnHun(7) 40, (1) = EZ{M(WI-;V)—E[Kl(Wi;V)]Hop(l)
i=1

uniformly over y € I. So \/ﬁ[An,h(y)— A(y)] and 2/,
{ry(Wi;y)— E[xk1(W;; )]} have the same limiting distribution for each
yel.

3.3. Finite Dimensional Convergence

In this subsection, we view An,h (y) as a U-process indexed by y and consider its
finite-dimensional convergence.
Let I's = {y1,y2,..., 75} for some s < oo and y, € I, and define

Ap i (Ts) :=[Ann 1)y Apn(72), oos A ()1

Similarly, we define A(Ty) := [A(y1), A(y2), ..., A(ys)]. Theorem 5 below es-
tablishes the asymptotic normality of /% [An,h (Ty)— AT S)].

THEOREM 5. Let Assumptions 1-5 hold. Then

Vi[BuaT) = ATH] 5 N 0.9,
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where the (£,m) element of Q is
Q(l,m):=0aa(ye,ym) = 4cov k1 (Wi; ye), k1 (Wi ym)]. (22)
If, in addition, Hy holds, then A(y) =0, and

oA (e, ym) =4E[AWis ye) AW y)],

where
AWisp)= %E [60 (Wi/)’) f2(Z)IX;, Y, Zi] - %E [60 (Wi/)’) fz(Z)HX;, Zi]

2o (W) 2z, ]+ 5B [0 (W) 2z017:]. @3)
Theorem 5 is of interest in its own right. For example, we can use it to construct
a Wald test. There may be some power loss if s is small. When s is large enough
such that I'y approximates I' very well, then the power loss will be small. The
idea can be motivated from the method of sieves. We do not pursue this here but
refer to Huang (2009) for more discussions. Instead, we consider the ICM tests
in Section 4. Theorem 5 is an important first step in obtaining the asymptotic
distributions of the ICM statistics.
Observe that An,h (y) is not symmetric in X and Y, whereas the hypothesis
Y 1 X | Z is. However, \/E[A,,,h (y) — An(y)] is asymptotically equivalent to
2//n >0 k1 (Wisy) — Exy (Wi p)]. It can be readily checked that y (W5 y)
is symmetric in Y and X. Alternatively, we can follow the definition of gxz in
(14) and define gy z(y,z;7), 8z (z; 7). and gxyz (x,y,2;7) as

grz(y,.z7)=Elp(X,y,z;7)|Z =12]
gz(z;y)=Elp(X,Y,z;7)|Z =2]
gxyz(x,y,z;7)=Elo(x,y, ;7)) |Z=zl=0(x,y,2;7),

where the last equality is tautological. Then

1
Ki(Wiy) = E[gXYZ (X,Y,Z;y)—gxz (X, Z;y)
—gvz(Y,Z;y)+gz(Z;y)1 fz(2),

which is clearly symmetric in ¥ and X. If we construct another estimator, say
A}, (v), by switching the roles of X and Y, we can show that A , and A, 5 (y)

are asymptotically equivalent in the sense that ﬁ[ﬁ; "= A nh(y)]=o0p (1) uni-
formly over y € I'. So there is no asymptotic gain in taking an average of A i (P)
and AZ ;- This point is further supported by the symmetry of A(W;y)in X and Y.
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3.4. Bandwidth Selection

Although any choice of bandwidth / satisfying Assumption 5 will deliver the
asymptotic distribution in Theorem 5, in practice we need some guidance on how
to select h. Ideally we should select an 4 that would give us the greatest power
for a given size of test, but deriving that procedure would be complicated enough
to justify another study. Moreover, it would only make a difference for higher
order results. Thus, for the present purposes, we just provide a simple “plug-
in” estimator of the MSE-minimizing bandwidth proposed by Powell and Stoker
(1996).

Since the test statistic is based on An,h(y), which estimates A (y), it is ap-
pealing to choose an & that minimizes the mean squared error (MSE) of A ().
After some tedious but straightforward calculations, we get

MSE[Aun(7)] = (An(7) = A () +var[An ()]
= (E[Bs(W; 7))’ i*! +0(h*®) +var[ Ay n(y)]
= {E[Bs(W; 7)1 h*! +o(h*7)
+4n"Yvar k1 (W )1 +4n""Co () h? + o(n~"h?)
—4n"2var [k (W;9)]+2n2E[6(W; )] h™9
+0(n_2h_d2) —2n2A(y )2 +0(n_2),
where Bs is defined in (A.9) in the appendix, and d (W y) is defined by
E[||xh,2(w,~,wj,y)||2|w,~] = 5(Wisp)h™92 +6* (Wi, h; y), where
E (0" (Wi, s p)|) = 0(h™).
The term 4n~'var [k1 (W5 9)] — An"2par [k; (W; )] does not depend on h.
The term 272 A (y )*> must be of smaller order than 4n~'Coh?, and 4n~'Coh4
must be of smaller order than {E [Bs (W;y )]}2 h24; otherwise there would be a

contradiction to Assumption 5(b). So the leading term of MSE [An,h (y)] that
involves & is

MSE [An ()] = (E[Bs (W5 ))f 1 + 202 E[6(W; )1 h ™. 24)
By minimizing MSE;[A, 4(y)], we obtain the optimal bandwidth

dz-E[6(W;y)] V/@atd2) 172/ Qa+dz)
h*= ’ - .
[Q'{E[BS(W;V)]}Z] [ }

Now Assumption 5(a) is satisfied:

(25)
n

n (h*)dz = 7242/ Qatdz)  ,24=d2)/Qa+dz) 5 o given 2 > d.

And so is Assumption 5(b):

\/ﬁ(h*)q — p1/2=24/Q2q+dz) _ ,—(2q=dz)/2Q2q+dz) _ o(1), given2q > dy.
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The optimal bandwidth depends on the unknown quantities £ [6(W;y)] and
E[Bs(W;y)]. Here we follow the standard practice (e.g., Powell and Stoker,
1996) and use a simple plug-in estimator of A*. Let ho be an initial band-
width. Suppose E [ry2(W;, Wj;7)*] = O(hg”_z‘iz) for some # > 0, and let
o =max{n+2dz,2q+dz}. If ho > 0 and nhg — 00, then by Powell and Stoker
(1996, Prop. 4.2),

-1
6=0(ho) = (Z) > 7 [rne Wi, Wi, ) |* D E6(Wis )], (26)

i<j

and

>

A —A
Bs = n.eho (7) ”;Iho(y) for some 0 < 7 # 1 -5 E[Bs (W;7)].
(tho)? —hy

The estimator Bs given above is a “slope” between two points (hg, An,ho (y)) and
(rhg, Ay, zhy(7)). To get a more stable estimator, we could use a regression of

An,ho (y)on hg for various values of /¢. Given 6 and l§5, the plug-in estimator of
h* is

~11/(2q+dz) 2/Qq+dy)
~ dz -0 1 qTaz
h=| 222 H . 27)
‘1'352 n

In practice we can choose g large enough so that p = max{n+2dz,2q+dz} =
2g +dz; then we can choose the initial bandwidth to be g =0 (n_l/ (2q+dz )). The
data driven h depends on y. We may choose different bandwidths for different
y’s. This is what we follow in our Monte Carlo experiments.

Powell and Stoker (1996) mention one technical proviso: Ay (7; fz) is not guar-
anteed to be asymptotically equivalent to A 2 (y; k") since the MSE calculations
are based on the assumption that / is deterministic. The suggested solution is to
discretize the set of possible scaling constants, replacing h with the closest value,
ht, in some finite set. The estimation uncertainty in h' is small enough that it will
not affect the asymptotic MSE.

4. AN INTEGRATED CONDITIONAL MOMENT TEST

In this section, we “integrate out” y to get an ICM type test statistic, following
Bierens (1990) and StW (1998).

4.1. The Test Statistic and its Asymptotic Null Distribution

If ¢ is GCR, testing Hy : Y L X | Z is equivalent to testing Hyp : A (y) = 0 for
essentially all y € I'. In other words, if we view A, ,(y) as a random function
in y , we are testing whether its mean function A (y ) is zero on I'. If T is compact,
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we can show that /1 An,h (y) converges to a zero mean Gaussian process under
the null. Based on 4/n A, 5 (y ), we construct the ICM test statistic

My =n /r [RusDPdr (),

where u is a probability measure on I' that is absolutely continuous with re-
spect to the Lebesgue measure on I'. Here we integrate [A i (Y )12, which gives a
Cramer—von Mises (CM) type test. Alternatively, we could integrate |A i (IP,
1 < p < oo. The choice p = oo (which gives the maximum over I') yields a
Kolmogorov—Smirnov (KS) type test. We work with p = 2 for concreteness and
because CM-type tests often outperform KS-type tests.

To establish the weak convergence of M,,, we first show that \/ﬁ[ﬁn,h ) —
A (+)] converges to a Gaussian process. Define

2 n
G(y) = %l;{xl(wi,y)—E[xl(Wl-,m}.

Then Lemmas 3 and 4 imply that

VilBun) = 8] =) =0, (1),

sup
yell

Theorem 6 below shows that ¢, (-) converges to a zero mean Gaussian process and

50 does /n[A,u () — A ()]
THEOREM 6. Let Assumptions 1-5 hold. Then

@ &()S 20);

(b) \/ﬁ[An,h() —A ()] i) Z(-), where Z is a zero mean Gaussian process
on T with covariance function

cov (Z(y1), Z(y2)) =4cov [y (W5 y1), k1 (Wip2)l=0a (y1,72).  (28)
If Hy also holds, then
() = Vhoi() S 20,

Let M :C(I') = R™* be |||l continuous. Then the continuous mapping theo-
rem (Billingsley, 1999, p. 20) implies that

MIT, ()] 5 M[Z()]

under the null hypothesis. For example, with M [T, (-)] = fr [T (y )]2 du(y),
we have
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M, =MI[T,()] = / [T,(y)1du(y)
T

=”/F[An,h(y)]2dﬂ (V)i/r[z(y)]zdy(y)

under Hj.

4.2. Global and Local Alternatives

The global alternatives for our conditional independence test can always be writ-
ten as

H,: f72(2) fxyz(x,y,2) = frz(y,2) fxz(x,2) =a(x,y,2), (29)

for some nontrivial and nonzero function « (x, y, z). Then under H,, we have

A(y):/(p(d)/y)a(x,y,z)dxdydz.

This will be nonzero for essentially all y € I' provided that ¢ is GCR. It follows
from Theorem 6 that

lim Pr(M, > c¢,) =1
n— o0

for any critical value ¢, = o(n). That is, the test is consistent: as the sample size
increases, the test will eventually detect the alternative H,.
To construct a local alternative, we consider a mixture distribution of the form

Hyn: fxyz(x,y,2)= [(1—7) frizvlz) + fa(ylx Z)} fxz (x,z), (30)

where c is a constant and a(y|x, z) is a conditional density function of Y given
(X Z) such that ¥ A X | Z. By construction, a(y|x, z) is a nontrivial function
of x and z. That is, the distribution of W is a mixture of two distributions: one
satisfies the null of conditional independence and the other does not. The mixing
proportion is local to unity. Equivalently, we can rewrite the local alternative as

Hyp: fxyz (x,9,2) = fr1z(y,2) fXZ(X,Z)+a(x’—y’Z) (31)
NG

for o (x,y,2) = c[a(ylx,2) — friz(V|2)] fxz(x,2). Since a(y|x, z) depends on
x, a(ylx,z) — frjz(y|z) cannot be a zero function. Hence when ¢ is GCR and
c>0,

7y (7) ::/go(tb’y)a (x,v,2)dxdydz 0 32)

for essentially all y e T'.
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Under Assumptions 1-5 and the local alternative H, ,, we can use the same
arguments as in the proof of Theorem 6 to show that

an/m<y>]2dﬂ(y)i>/[Z<y>+n¢ P du ).
T T

The essentially nonzero mean is the source of the power of the ICM test against
the local alternative.

The above local alternative asymptotics can be used to guide the choice of the
weighting function x. Using Mercer’s theorem, we can represent the covariance
kernel o4 (y1,y2) as

o0
oa (71,72) = D Ajej(1)ej (72),
j=1

where /; is the eigenvalue of the covariance kernel and ¢ (-) is the corresponding
eigen function such that [oa (71,72)¢j (71)dy1 = ZAjej (72). {ej(-)} also forms
a set of complete orthonormal bases in L*(I). Boning and Sowell (1999) show
that choosing u to be the uniform density delivers a test with the greatest weighted
average local power against the set of local alternatives whose limiting local mean
functions {nw (y )} assign weights /1]2. to £e;(y ). This provides some theoretical
justification of the uniform weighting, which is used in our simulation study.

4.3. Calculating the Asymptotic Critical Values

Under the null, M), has a limiting distribution given by a functional of a zero mean
Gaussian process whose covariance function depends on the DGP. The asymptotic
critical values thus depend on the DGP and cannot be tabulated. One could follow
Bierens and Ploberger (1997) and obtain upper bounds for the asymptotic critical
values. Here, we use the conditional Monte Carlo approach suggested by Hansen
(1996) to simulate the asymptotic null distribution.

To apply this approach, we construct a process T,(-), which follows the de-
sired zero mean Gaussian process conditional on {W;}. The desired conditional
covariance function for 7, is

* * 4 - A A A
cov [T, (y1), T,y () {WiYi_, | = - E kna(Wisy1) kn,i(Wis p2) = 0a (71, 72)
i=1

where

n
fna(Wisp)=(—=1D7" > ra(Wi, Wi ).
J=Lj#

It is straightforward to show that under Assumptions 1-5 and the null hypothesis,

A~ P
oa (y1,72) = oa (y1,72)-
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A typical T,/(-) is constructed by generating {V;}7_, as IID standard normal
random variables independent of {W;} and setting

2 n
T, (y) = EZ@,I(W,»; Wi (33)
i=1

Following the arguments similar to the proof of Theorem 2 in Hansen (1996), we
can show that under the null hypothesis,

% * 2 d 2
Mn—/r[Tn(V)] dﬂ(V)—>/r[Z(y)] du(y),

provided that Assumptions 1-5 hold. Simulation results show that the empirical
pdf’s of M, and M, are fairly close. To save space, we do not report the results
here, but they are available in Huang (2009).

To approximate the distribution of M,,, we follow the steps below:

(i) generate {V;;}!_, IID N(0, 1) random variables;
(i1) set

. 2 .
T,() = T E kn,1 (Wi 7 )Vivs
i=1

(iii) set M}, = M[T?, ()] = [o[T, ()] du ().

This gives a simulated sample (M;,lr cees M;:, B), whose empirical distribution
should be close to the true distribution of the actual test statistic M,, under the null.
Then we can compute the proportion of simulated values that exceed M, to get
the simulated asymptotic p value. We reject the null hypothesis if the simulated
p value lies below the specified level for the test. As Hansen (1996) points out, B
is under the control of the econometrician and can be chosen sufficiently large to

obtain a good approximation.

5. MONTE CARLO EXPERIMENTS

In this section, we perform some Monte Carlo simulation experiments to examine
the finite sample performance of our conditional independence test.

For all simulations, we generate IID {(X;,Y;, Z;)}. We choose ¢(-) to be the
standard normal PDF, and k(u) be the sixth-order Gaussian kernel (¢ = 6). The
number of replications for each experiment is 1,000, and the number of replica-
tions for simulating M, is 999.

5.1. Level and Power Studies

We consider three data generating processes. Under DGP 1, the sample
{(Xi,Yi, Z;)} is generated according to
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Y=0X+Z+ey,
X=Z+Z%+¢y,

where

()~ (T 2) = (V)

and
Z~N(0,0%) =N(0,3).

When 6 = 0, the null is true; otherwise the alternative holds.

DGP 2 is a modification of DGP 1 that focuses on the consequences of fat-
tailed distributions. Under DGP 2, ¢x and ey are proportional to the Student #
with 3 degrees of freedom:

ex ~213, ey ~13, ex Ley.

DGP 3 is another modification of DGP 1. Under this DGP, we allow skewness,
choosing both ex and ey to be centered chi-square distributions:

SXN2(X12—1),SYN(XIZ—I),S)(L(S‘Y_

We transform each variable so that its range is comparable to the support of
the GCR function ¢ (-). For the standard normal PDF, the support is the real line
but the function is effectively zero out of the interval [—4, 4]. We transform each
variable to be supported on this interval. This can be achieved by using the trans-
formation below:

8 X;—X
X; = —arctan

™ JXi=%)? /1)

We transform Y; and Z; analogously. The conditional independence test is then
applied to the transformed data. We ignore the boundary bias here as our sug-
gested bias-removing transformation does not give rise to qualitatively different
results. Although any compact I" with a nonempty interior can be used, we take
I = [—1,1]*. This choice ensures that {Wlf y,y €'} can take any value in the
effective support of ¢(-).

To compute the ICM statistic M,, we need to compute the integral
Jr [T (y ))?du (y) where  is the uniform distribution. In the absence of a closed-
form expression, we recommend using the Monte Carlo integration method. For
each simulation replication, we choose 100 y,’s randomly from the uniform distri-
bution on [—1, 1]* and approximate the integral by the average > x10=01 Tn2 (75)/100.

https://doi.org/10.1017/50266466615000286 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466615000286

NONPARAMETRIC TEST FOR CONDITIONAL INDEPENDENCE 1459

We have also tried using 50 random draws, but the results are effectively the
same. Note that Tnz(yx) depends on the bandwidth parameter 4. In our simula-
tion experiments, we employ the data-driven bandwidth h (y5) in (27) with hg =
n~1/BQa+d2)] and © = 0.5. We use different bandwidths for different y ’s. Given

the bandwidth / (ys), we compute the statistic Tnz(ys) as T,?(ys) =n Ai Fo0) (ys5) .

The average of Tnz(ys) gives us the ICM statistic M,,.
We study the finite sample size and power of the test against conditional mean
dependence. We use

cov(X,Y|Z) 090)2( B 46
oX|20Y|Z ax\/ﬁzaf(—l—a% 2402 +1

Pxyiz =

to indicate the strength of the dependence between X and Y, conditional on Z.
Since both X|Z and Y| Z are normal under DGP 1, in this case p, ,, fully captures
the dependence between X and Y, conditional on Z.

We plot the power of the tests for p ranging from —0.9 to 0.9. For this, we
choose

0= — XN for p . =—09,-08,..,009.
2 (1 _p>2(,y|z)

Figures 1-3 report the size and power properties of our GCR test. The size and
power look fairly good for sample sizes as small as 100, and they look very good
when the sample size reaches 200. When the sample size is small, the levels of
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FIGURE 1. Power functions of the GCR test for DGP 1 with nominal size 5%.
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FIGURE 2. Power functions of the GCR test for DGP 2 with nominal size 5%.

the tests approach their nominal value from below, delivering conservative tests.
When the sample size increases to 200, our tests become fairly accurate in size.
The shape and location of the power curves are well expected. The power curves
are also close to be symmetric, reflecting the equal capacity of our test to detect
positive and negative dependence. The size and power of the test are close to each
other across the three DGP’s. This lends some support that the performance of our
test is robust to the data distribution.

0.8}

0.6

Empirical Rejection Frequency

O 1 1 L
-0.8 -06 -04 -0.2 0 0.2 0.4 0.6 0.8
Px,yiz

FIGURE 3. Power functions of the GCR test for DGP 3 with nominal size 5%.
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5.2. Comparison with Other Tests

We now compare our GCR test with other conditional independence tests. Su
and White’s (2008) test essentially compares fxyz fz with fxz fyz and can
detect local alternatives at the rate n~'/2h=4/4. Su and White’s (2007) test es-
sentially compares fy|x,z with fy|z and can detect local alternatives at the rate
n~1/2p=x+dz)/4 Qur test compares integral transforms and can detect local al-
ternatives at the rate n~!/2. We first compare all three tests using DGP1. Figure 4
shows the power functions when the sample size is 100. It is clear that our GCR
test outperforms the SW (2007) test, which in turn outperforms the SW (2008)
test. More specifically, while our GCR test has almost the same empirical size as
the SW (2007) test, it is more powerful than the SW (2007) test. The SW (2008)
test is very conservative and has almost no power when p is small in absolute
value. That is, when the departure from the null is small, the SW (2008) test is
less able to detect it, compared with our GCR test and the SW (2007) test.

Figure 5 shows the power functions when the sample size is increased to 200.
We see that the power of our GCR test improves faster than the power of SW
(2007), which again improves faster than the power of SW (2008). These results
are consistent with the local alternative rate results.

Finally, we compare the power function of our GCR test with the tests pro-
posed by LG (1997) and DG (2001, Sect. 5.2). Figure 6 reports the results for
DGP 1 with n = 200. We report only the results for the Cramer—von Mises type
test for each method, as the results for the Kolmogorov—Smirnov type test are
qualitatively similar. In the figure, “LG” and “DG” represent the Cramer—von
Mises type tests of LG (1997) and DG (2001, Sect. 5.2), respectively. The figure
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FIGURE 4. Power functions of the 5% GCR test, SW (2007) test, and SW (2008) test under
DGP1 with sample size 100.
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FIGURE 5. Power functions of the 5% GCR test, SW (2007) test, and SW (2008) test under
DGP1 with sample size 200.

demonstrates the clear advantage of our GCR test. It is as accurate in size as the
LG test but more powerful than the latter test. The GCR test has better finite sam-
ple performances than the DG test in terms of both size accuracy and local power
under the alternatives considered.

In all the figures, we also report the “gold standard” 7-test. This is as good a test
as one could want, in the sense that it is the parametric maximum likelihood test
for & = 0in a correctly specified linear model. Although our test is not as powerful

0.4

0.2

Empirical Rejection Frequency

-1 -08 -06 -04 -02 0 02 04 06 08 A1

Px iz

FIGURE 6. Power functions of the 5% GCR test, LG (1997) test, and DG (2001) test under
DGP1 with sample size 200.
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as the 7-test, which is reasonable since our test is fully nonparametric, our GCR
test does outperform all other nonparametric tests. On the other hand, the ¢-test
measures only linear dependence. In the presence of nonlinear dependence, the
t-test may be less powerful than the nonparametric tests. This is supported by
simulation results not reported here.

6. APPLICATION TO RETURNS TO SCHOOLING

As stated in the introduction, one important application of tests for conditional
independence is to test a key assumption identifying causal effects. In this section,
we provide an example.

In the literature on returns to schooling, the most widely investigated struc-
tural equation is a Mincer (1974) type semilogarithmic human capital earnings
function:

InY; =0y +60,S; +0:EXP; +03EXP? + U, (34)

where the subscript i indexes individuals, InY; is log hourly wage, S; is years of
completed schooling, EXP; is years of work experience, EXPi2 is work experience
squared, and U; represents unobserved drivers of InY;, centered at zero. The effect
of interest is 4y, the effect of an additional year of schooling on wage. In what
follows, we drop the i subscript.

Least squares estimates of the Mincer equation suffer from the well-known
ability bias problem, which is caused by the dependence of schooling on
unobserved ability. To make this explicit, let U = A 4+ ¢, where A represents
unobserved ability, and rewrite the Mincer equation as

InY =00+6;S+6EXP+03EXP> + A+e. (35)

One method empirical researchers have adopted to address the ability bias issue
is to find proxies Z for ability, for example IQ or AFQT scores, and include these
as regressors (e.g., Griliches and Mason, 1972; Griliches, 1977; Blackburn and
Neumark, 1993). Now consider the regression of InY on S, EXP, and Z :

w(S,EXP,Z)=E(nY | S,EXP, Z)
=E@@y+6\S+hEXP+O:EXP>+ A+¢|S,EXP,Z)
=0y +60\S +6EXP+0:EXP* + E(A+¢ | S,EXP, Z)
=00+ 015+ 0, EXP+03EXP* + E(A +¢ | EXP, Z).

The last equality is justified by a conditional mean independence assumption,
E(A+¢|S,EXP,Z)=E(A+¢ | EXP,Z).

If this holds, then we have

(0/0s)u(S,EXP,Z) =106,

so that the effect of interest, 61, is identified and can be consistently estimated.
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There is no reason a priori that the wage equation must have the specific Mincer
form, however. More generally, one can consider a nonparametric specification

InY =r(S, X,U),

where r is an unknown function; X contains observable factors determining
wages, including EXP, as well as other factors like job tenure, region, sex, race,
etc;and U = (A, ¢).

An important effect of interest here is

#1(S, X, U)=(8/0s)r(S,X,U),

the marginal effect of schooling on wage. This effect depends on all drivers of
wage, including unobservables, U, so ¢1(S, X, U) is not identifiable without
further potentially strong restrictions. Nevertheless, just as in the linear case,
it is possible to identify and estimate certain expectations of ¢ (S, X, U) given
suitable ability proxies Z, as
/08 )u(s,x,z)=(0/0s)E(InY | S=s5,X=x,Z=37)

=E{0/os)r(S, X, U)|S=s,X=x,Z=72)

=E@i1(, X, U) | X =x,Z=2) = 1(5,x,2).
The crucial condition justifying the third equality is conditional independence:

(A,e) LS| (X,2) (36)

This is called a “conditional exogeneity” assumption by White and Chalak (2008).
It implies the “ignorability” or “unconfoundedness” condition, also known as
“selection on observables” in the literature, ensuring identification of causal
effects.

Thus, if (36) holds, and even if the specific Mincer function (35) does not, we
can still identify the average marginal effect of schooling ¢ (s, x, z) and consis-
tently estimate this by various methods. If (36) fails, then the marginal effect of
interest is no longer identified (see, e.g., White and Chalak, 2008, Thm. 4.1).

We cannot test (36) directly, as A and ¢ are unobservable. However, following
White and Chalak (2010), if we can observe V such that

V=f(A,eX,Z,1) 37
nlS|(AX,2),

where f denotes some unknown function and # is unobserved, then

(A,e) LS| (X,Z) implies V L S| (X, Z).

Thus, we can test unconfoundedness by testing the implied condition

Hy:V LS| (X,2). (38)

Equation (37) provides some guidance about how to choose V. The conditional
independence requirement on # is particularly plausible when 7 is a measurement
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error, so that both Z and V could be error-laden proxies for ability. Here, we test
(38) using data from the National Longitudinal Survey of Youth 1979 (NLSY
79). In particular, we use the data from survey year 2000 and restrict the sample
to white males.! We use the age-adjusted standardized AFQT in year 1980 as Z.
V includes math and verbal scores for preliminary scholastic aptitude tests from
1981 high school transcripts. To satisfy (37), we use years of schooling beyond
high school as S, so that V is not affected by S. X includes actual work experience
in survey year 2000 and total tenure with employer in survey year 2000.

To implement the test, we choose ¢ (+) to be the standard normal PDF, and let
k(-) be the sixth-order Gaussian kernel. We choose y and other metaparameters as
described in the Monte Carlo section. Applying our GCR test, we find that we do
not reject the null hypothesis (38) at the 5% level. Thus, we do not find evidence
refuting the approach commonly used by empirical researchers.

7. CONCLUDING REMARKS

In this paper, we develop a flexible nonparametric test for conditional indepen-
dence that is simple to implement, yet powerful. It is consistent against any
deviation from the null and achieves local power at the parametric n~!/? rate,
despite its nonparametric character. It is also very flexible as it allows for a rich
class of GCR functions.

There are several useful directions for future research. First, we have assumed
that the data are IID. But this is not essential for the results. We may straightfor-
wardly extend the approach to a time-series framework, so that we could test, for
example, nonlinear Granger causality. Another extension could be to modify the
test so that it can be used when Z contains both discrete and continuous variables.
This is often relevant in applied microeconomics. This extension has been con-
sidered in Huang (2009, Chap. 3). A third direction is to further study the band-
width selection problem. Here, we choose the bandwidth to minimize the MSE
of A n.h (). Ideally, however, one should choose the bandwidth that optimizes the
trade-off between size and power.

NOTE

1. To restrict the sample so that it is suitable for estimating a wage equation for survey year 2000,
we drop those who were enrolled in high school or college in survey year 2000, and we exclude those
who were in active armed forces, self-employed, or working in a family business in survey year 2000.
We also drop those whose hourly wage was not in the range ($1, $1000].
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APPENDIX

A.1. Proofs of the Main Results

Throughout the proofs, we use C to denote a constant that may be different across different
equations or lines.

Proof of Lemma 3. For the pointwise result, we use Assumption 1 and the theory of
U-statistics to obtain

var [vnRyp (7)] =

2
TR [%n2 (Wi, Wj, )]

2 2 5
< T_l)var [Kh,Z(Wi, Wi, V)] < (117—1)E [K]Lz(Wi, Wi, V)] .

So it suffices to show that E [K}%,z(Wi Wiy )} =o(n). But

kn2 (Wi, Wi y)
1

lo (ro+Xiy1+Y/72+Zjp3) —p (V0+X§V1+Y,~'V2+ZEV3)] Ky (Zi—2;)
! X! Y/ Z' X' Y! Z' Ky (Z;—Z7;
1o+ X+ Y2+ 2Zi73) —p(yo+ X +¥v2+ Zjys3 )| Ki (2 = Zi),
and so
E [K}%’z(Wi, w;, V)]
2
<ElpGo+Xiy1 +Y/y2+Ziy3)Kp(Zi — Z))|
2
+E|oGo+ X{n + Yfra+ Zp)Kn(Zi - 7))

2
+E ‘¢(yo+X,’»y1 +Y[y2+Ziy3)Kn(Zj — Zi)

2
+E|p Qo+ X) 1+ Y92+ Z) 1) Kn(Z = Z0)

< 492 EKP(Zi - Z)), (A1)

where gmax = sup, er SUPyy [0, 114 @(W’y), which is finite under Assumption 3. Using
Assumption 2, we have

EK}(Z; - Z))

1
- /[0’]]01 h2dZ

1
< /[071]‘1 hTZ (/ KZ(M)fZ(ZZ-{-Mh)du) f7(z2)dz

721—22 2
K( A )‘ [z (z1) fz(z2)dz1dzp
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1
il o))
hdz ([ re@as) [ 2wian

1
hTzE [fz(2)] ( / Kz(u)du) + o / K2(w) llulldu, A2)

where f is the integral over the support of K (-). It follows from Assumption 4 that
d
[ K2(u)du = (ffooo kz(o)dv) ? <ooand

/ K2 (u) llull du
R 2 2 2
:/_Ook (uy)---k (udz) ”1+"'+udzdu1"'dudz

< V7 [ Ruy) x| fuldun +-dug,

el

=Jd?/kz(ul)~~~k2(udz)(|u1|+~~~+|udz|)du1~-~dudz

dz—1
=dZ\/cE(/k2(u)|v|dv) (/kz(v)dv) S,

Therefore

1
2

Combining this with (A.1), we have, using Assumption 5(a):

1
E|Khlj(y)| _O(hdz) _O(nxnhTZ) =o(n).

This implies that R,, , (y) = o0p (l/ﬁ) pointwise for each y e I'.

To show the uniformity result that sup,cr Ry p(y) = 0p (l/ﬁ), we employ
the theory of U-processes. In particular, we apply Proposition 4 in DG (2001)
with their k = 2. The class of functions under consideration is K =

{kno(W;,Wj,7):y eT}. Since |rp2(Wi, Wj,7)| < 20max we
can use K(W,,W ) = 2¢max |Kh (Z;—-Z; )| as the envelope function. As sets of linear

functions whose subgraphs are half planes, both {le y € I'} and {Wl j7YE I'} are
VC-type. Under Assumption 3(b), it is clear that {p(W;y):y € I'} and {(p(W,]y) 1y eI}
also are VC-type. Multiplying by a fixed function K}, (-) will not change their VC property
and the associated VC characteristics. Therefore {Khjz(Wi, Wi,y):y € F} is VC type
with VC characteristics independent of 4. Applying Proposition 4 in DG (2001), we have

nn—1)
n

2
E sup Run(y)| < CEK*(W;, W;)

yell
for some constant C that does not depend on /4. But EK2(W;, W;j)=0 (l/hdz), and so

2
Esupy eI ’ﬁRn’h(y)’ = 0(1/(nhdz)) = o(1). As a result, SUp, T \/ﬁRn,h(y) =
op(1). n
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Proof of Lemma 4. Part (a). We first establish an expansion of f[O 114z Kp(u—
2) fz (u) du, starting with ’

[y, Knta=0 7z @

_ 1 up—2z1 Ud, —2d,

(1=z1)/h (1=zay)/h
:/ / [k(Ul)"'k(Udz)

—z1/h —2dz/h
sz(zl+l)1h,...,zdz+l)dzh)]dl)1~~~dl)dz
dz [ r(1=z0)/h _
11|/ Kwdog | f2@)
(=1L —ze/h
DJ (1—=z¢)/h .
+ z hl]l fZ(Z) H |:/ k(l)[)l)é{[dl)[
0<ljl<q—1 e=1 L2/
DJ f7(2) (I=z¢)/ R j I
+ Z plil 21237 ’ H / k(w)v{}du{ +Cght!,
lil=q L R
where
(A=z)/h DJ £, (z+h .
ckl=| / DLIZEEOM kot o
ljl=q+1¢=1"~2t/h J!

< |: max max foz(z):| Z H/ ’k(l)[)l)[ ’dl)g <C.
J:

+1 dz
lj1=q+1z€[0,1] il= q+1

Here we have used Assumptions 2(a) and 4(b).
When z; € [h%, 1 —h?*] for some o € (0, 1), we have

(I=z¢)/h
/ k(ve)dvg ) f2(2)
—z¢/h

= f2)- ( / k(vf)dvf) 20— ( / k(ve)dvf) 2.
z¢e/h (I=z¢)/h

But under Assumption 4(b), we have, for some constants C and C,

0 0 _ [ 1 (- I
/ k (vg)dvg 5/ lk (vp)ldvg < c/ _dvp < ChI=0E=D),
20/ h ho-l o=l 14 Jogl®

and similarly ‘ S k(v[)dvg’ < Ch0=0CE=D) Hence

(I=z¢)/h 3
‘(/ N k(vf)dvf)fz(z)—fz(z) < cp=0E=D,
—z¢/h
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When z; € [0,h%), we have, for some z} € (0, z¢),

(I=z¢)/h
‘( / k (D[)d’)f) f2)
—z¢/h

(I=z¢)/h
= / k(e)doe | fz (2152205 ---2dy)

—z¢/h

& /(I—Z[)/h koo)ld (Z;)q+1
v )
e X7

where we have used Assumption 2(b). Similarly when z, € (1 —h%, 1],

(I=z¢)/h
( / k(vf)dvf)fz (z) < ChR™a+D),

—z¢/h

< Ch(l(l]-Fl)

If we choose a € (qqﬁ, 1- 7). which is feasible, then

qz+

(I=z¢)/h
sup ( / k(ve)dve) f2@ = f2 @)

z€[0,1192 |\/ —z¢/h

< Chq+e

for some e > 0. Repeating the above arguments for other elements of z, we obtain

dz [ r(1=z¢)/h
sup H[/ f k(”é’)dvf} fz @)= fz ()| < Chite,

2e[0,1197 |pZy L/ —2e/h

By the same argument, we can show that under Assumption 4 and 2(a)(b):

D]fZ(Z) (I=z¢)/h

swp |3 AL H [, Hoonfang <
2€l0,117 | j:0<| jl<g—1 a/
and

D/ fz(Z) U=ze)/h

supd Z ’ ‘ H / I k(l)g)l)/dl)[

z€[0,119Z ljl=q =1 —z¢/
dz
_He Zaqu(Z) hd 5Chq+e,
q! =1 612

where

Uqg :/vqk(u)du.

We have therefore proved that

dz
u 0117 (z
swp | [ K= fzdu={ 20+ 52| S T2 e
zel0,119z /10,1192 |3 9%
< Chite, (A3)
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Using the above result, we have
Elp (yo+X[y1+Y/y2+Ziy3) Ky (Zi — Zj)]
=E{E[o(X;,Yi,Zi;7)Kn (Zj — Zi) IW;]}

ZE{(D(Xi,Yi,Zi;V)[/
[0,119z

>

Knw—2;)fz (M)dM“

01 Zi
SRR A PACARS ) DIt S VO B

=E[p(X;,Yi, Zi;7) f2(ZD)]+h1C1(7) + o0 (h?),

where

dz
o1 7(Z)
C](V)— E (0(X1,YuZuV) E qt
= 9%Zie

and the o(h?) term holds uniformly over y € T'.
Next, let

v@RED= [ e GED frz(uady
[0,119Y

be a function of z indexed by (%, Z,y). Since ¢(X,y,Z;y) and fyz(y,z) are bounded, we
can exchange differentiation with integration to obtain

D! v (@ %,27)] =/ 0, y.2,7)D! [ frz(v,2)1dy,
[0,119Y

where Dg [-] is the partial differentiation operator with respect to z. So according to As-
sumption 2(a) and (d), y (z; X, Z, y) is ¢ + 1 times continuously differentiable with respect
to z. Furthermore, under Assumption 3 and for j with | j| = ¢, we have,

w0l [o (O5n)] Bl [ (915.50)]

X1,21,) Hzm_zm | <e

= s [ @50l 200 0)]

X257 (o) —z@) | <€/
- D! [fyz(y,z(z))]‘dy

< Pmax  Sup /[0 iy ‘D’ [fyz(y 2(1))] D! [fyz(y 2@ ))]‘dy

|:0—z@ | <e

:¢maX[O,l]dY p (HZ(I) —2(2) H)dy

< pPmax X HZ(I) —Z(Z) H

for some constant 5 > 0. Therefore w (z;%,2,7) € G441 ([(), 11dx+dz F,e,,ﬁ(/}max).
In addition, note that

w(zX,2,7) = [/[owfy rﬂ(i,y,i;y)fmz(yIZ)dy]fz(z),
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which, combined with Assumption 2(b), implies that Dg w(Z;X,Z,y) =0 for all Z on the
boundary on [0, 119z . Given these two properties, we can follow the same steps in showing
(A.3) to obtain

/ Kp(u—2)y (u;%,2,7)du
[0,1192

fﬁqw(u;i,i,y)

q
=1 6u{,

he+o(h?)

=V/(Z;i,2,y)+ﬂi
q! By

U=z

—p@ERa 4 Z/cﬂ(xyz y) LIrz(2) f”(y D ay | n 109

uniformly over y € I' and (x,2) € [0, 1]dX+dZ. Using this result, we have

E[p(X;.Y}. Zi:7)Kp(Zi — Z)]

:E{/Kh(u—z,~>[/¢(xi,y,zi;y)fyz(y,u)dy}du}

=E{/Kh(u—z,-mu;xi,z,-,y)du}
=Ey(Zi;Xi,Zi,p)+ Ca(y)h9 +o0(h?)

uniformly over y € I where

dz
u 0 fYZ(y,Z)
C)=—TE{> /(/)(Xi,y,Z)iZq y
=

By definition, v (Z;; X;, Z;,y) = gxz(X;, Zi5 7). So
E[p(Xi,Yj, Zi; 7)) Kp(Zi — Zj)| = Egx z(Xi. Zis y) + Ca(y )hd +0(h)

uniformly over y € I.
Let C3(y) = C1(y) — Ca(y), then

8r() = E[Ann()]
=E{lo(X;, Y, Zis ) Ki(Zi = Z)) —9(X;, Y}, Zis ) K (Zi = Z))}
=E[p(Xi,Yi, Zi) f2(Z)]+ C1(y)h? +o(h?)
—{E[gxz(Xi, Zi; )|+ C2(y)h? 4+ 0(h?)}
=A()+C3()h? +o(h?)

uniformly over y € I'. It then follows that under Assumption 5(b)

E[Aun)]=a0)+0(n72)

uniformly over y €I
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Part (b). By definition

2 2 —
Hy p(y) = ;Zkh,l(WiQJ’) = ;Z{Kh,l(Wi;V)— A},
i=1 i=1
where «j, 1 (Wi 7) = E [ (Wi, Wj; 7)|W; ] for j # i. Using the same arguments in prov-
ing part (a), we have
sup  sup < Cchite,
7€l w; 0,114

1
p 1 (Wisy) — |:K1(Wi§V)"‘EBS(Xi,YiaZi;V)hq]

where
k1 (Wisy)

1 1
= S0V Zis ) f22) = 5 [0y Zisy) iy 20, Zdy

1
+3 [0tz ferz ey Zdsay

1
=5 [0 ¥ 2y fxzte z, (a9
Uq &, o9 f7(Zi)
Bi(Xi,Yi, Zisy) = =10 (Xi, Yi, Zisy) D — =g, (A5)
7 -1 92
= 1
Hq & o fyz(y,Z;)
By(X;, Zi3y) = —,Z/(p(xi,y,zi;y)iqdy, (A.6)
q! 07"
=1 il
dz
Iz o1 o(x,y, Zisy) fxyz(x,y, Z;)
B3(Zi37) = —‘{Z/ [ s N eay. (A7)
E— 9Z;;
dz q .
M 0 (P(X,Y',Z‘,)’)fxz(xaz')
B4(Yi,z,»;y)z—‘,12/ Lot Yi. 2, - 2PN (A8)
E— 0Z;
and
Bs(X;,Yi, Zi;y)=B1(X;,Y;,Zi57) = Bo(Xi, Zis p)
= By(Yi, Zisy) + B3(Zis p). (A9)

It is easy to see that Ex{(W;;7) = A(y). So

n

2 1
Hy p(y) = ;Z{Kl(WﬁV)‘FiBS(XiaYisziW)hq} —Ap(y)
i=1

22 1<
=;Z[KI(W:';V)_EKI(Wi§V)]'f‘;zBS(Xi,Yi,Zi;V)hq

i=1 i=1
—(Ap ()= A)) +o(?),

where the o(h?) term holds uniformly over y € T'.
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Since Bs(X;,Y;,Z;;y) is continuous in yp, Esupyer|B5(X,~,Y,~,Z,~;y)| < 0,
(X;,Y;,Z;) is 1ID, and I' is compact, we can use a standard textbook ar-
gument to show that a ULLN applies to n_12?2185(Xi,Yi,Zi;y). That is,

SUp, et ‘n_l :-1:1 Bs(X;, Y, Zisy )’ = O(1). Combining this with part (a), we have

n

2
Han(r) = =3 {1 (Wis p) = E [ (Wi 1) [} + 0p ()

i=1
! |
=;;{Kl(wi;y)—E[Kl(Wi;y)]}+0p (ﬁ)

uniformly over y € I. n

Proof of Theorem 5. As a direct implication of Lemmas 3 and 4, we have

n

A 2
Vi Run(T) = ATH] = =3 {1 Wi o) = E [iy (Wi T) ]} 0, (1)

i=1

uniformly over y € I'. The asymptotic normality now follows by applying the Lindeberg-
Levy CLT.
If in addition H{ holds, then A(T'y) =0 and

1 1
k1 (Wisy) = E(/’(Xi,Yi,Zﬁ " fz(Zi)— E/¢(Xiay’zi§V)fYZ(y,Zi)dy

1
+5/¢(x,y,z,~;y)fxyz(x,y,zl-)dxdy

1
- §/¢(ani,Zi§ P fxz(x, Z)dx,

1
(under Hp) = 5E[<o (Xi.Yi,Zisy) f2(Z))Xi. Yi, Zi

1
—-Elp(Xi,Yi. Zisy) f2(Z)|Xi, Zi]

— N

+§E[¢ (Xi,Yi, Zisy) f2(Z) Zi]

1
—5E lo (Xi,Yi, Zisy) f2(ZDVY;, Zi ]
=AWisy).
Thus, given Hy we have
Q(l,m) =4E[AWis 7)) AW ym)]. u

Proof of Theorem 6. Given Lemmas 3 and 4, it suffices to prove part (a). Theorem 5
shows that for a finite number of y’s, {¢ (y1), (n(2), ..., Cn(ys)} is asymptotically nor-
mal. Also, y e I' C R'*4 with T a compact (hence totally bounded) set. To complete the
proof, we need to show that ¢, (y) is stochastically equicontinuous (e.g., see Andrews,
1994). For this, we use Theorems 4—6 in Andrews (1994). In view of the definition of
x1(W;; ) in (A.4) and Theorem 6 in Andrews (1994), we only need to verify that each of
the four terms satisfies Ossiander’s L2 entropy condition.
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For the first term in (A.4), ¢ (W;; 7) fz(Z;) belongs to the type IV class if we can verify
that

E{[fz(Zi)]2 H sup | |¢’(Wi§71)_¢(Wi§3’)|2} <Cv¥ (A.10)
Yy —=yIii<v

for any y €I, for any v > 0 in a neighborhood of 0, and for some finite constants C > 0
and y > 0. Under Assumption 3, ¢ (W;; y) is differentiable in y . Given that

2

E < 00

f2(Z) suga[co (Wisy) /oy ]
ye

and I is bounded, we can show that (A.10) holds by the mean value theorem and Cauchy—
Schwarz inequality.
Similarly, we can show that the other three terms in x1(W;; y) also belong to the type

IV class. Hence ¢, (+) i) Z (). |

A.2. Standardization with Estimated Location and Scale
Parameters

In this subsection, we show that the estimation errors in the location and scale parameters
do not affect the first order asymptotic properties of our GCR test.

Suppose that our raw data is (X;,Y;, Z;). For notational simplicity, we assume that
each of random variables X i I?,-, Z,- is a scalar. Let u and oy be the location and scale
parameters of X ; and let jz; and Gy be their sample or estimated versions. Define uy, uz,
oy, and o7 and their sample versions similarly. Let

PR S
X; :ly(’”x) X :lP(’”x)
Ox Ox

where YV is a function mapping R into a bounded set [a, b]. Then (X;,Y;, Z;) € [a,b]3.
Our asymptotic development so far has been based on (X;, ¥;, Z;) which is not feasible
in general, as we do not know the location and scale of each random variable. In practice
we have to use the feasible version (X i Y, is 2,-). Define A n,h(y) in the same manner as

An,h(y) but with (X;, ¥;, Z;) replaced by ()A(,-, )A’,-, 21-), ie.,

An,h()’)
1

=———— [0 (ro+ Xy + P92+ Zjr3) =0 (vo+ Kip1 +jr2+213) |
nn-—1)

i,j
x Kp, (Z] —Zi).
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The question is whether the estimation uncertainty in the location and scale parameters
affect the asymptotic distribution of our GCR test. The answer is no, provided that the
following additional assumptions hold.

Assumption A.1.

(@) W(-) is three times differentiable with derivatives p (k) (-) satisfying
SUP, R “I’(k) (u)uk’ <oofork=1,2,3.

() ftp —uy = 0p (1/4/n) and 6, — o, = O) (1/4/n) forv =1x, y,z.

(¢) the kernel function k(-) is 'continuously differentiable with a bounded derivative
kD () and [ [k(l) (u)]J wkdu < oo for j=1,2and k = 1,2, 3.

(d) nhizt! -5 oo,

=

All of the above assumptions are mild. Assumption A.l(a) is satisfied for ¥ (x) =
arctan(x) and the normal CDF. If y,, and o, are the mean and standard deviation respec-
tively, then Assumption A.1(b) holds under some moment conditions. In the absence of
enough moments, we can let 4, and g, be the median and interquartile range respectively,
in which case Assumption A.1(b) can still hold under mild conditions. Assumption A.1(c)
holds for the commonly used kernel functions. Assumption A.1(d) is given for the multi-
variate case. It holds for the bandwidth rule given in (27) when g > dz /2 + 1. In particular,
when dz =1, we only need ¢ > 2, which holds for any symmetric kernel.

THEOREM A.1. Let Assumptions 1-A.1 hold. Then under the null and the local alter-
native given in (31), /n[A, 4 () — Ay p (7)1 = 0p (1) uniformly over y €T

Proof of Theorem A.1. We let

ov (X—;f‘—) 5 1
A o . _ * _ () i — Mx _ Ox
Gix (Xl)—Gl(Xuﬂx:O'x)— 8 (tix,00) ¥ ( ) _ Xi—ux

Ox
2 )V('_ﬂx

6(/1)6,0)6)8(/1)5,0)6)/

1 -
ox L Xi — ux
_Xio-_Zqu Oy ’ 0_%

Gox (i(l) =G (Xvi; Hxs Ux)

_ \I_,(Z) f(i — Hx
Ox

0 1
Ly Xiza i
Ox Lz(Xi_ﬂA)
of o}
and
é' _ ﬁ(/}x_ll’tx)
w =\ Vil —n) )

Under Assumption A.l(a), the elements of G, (), G2, (-) and the third derivatives of
Y ((x — pp) /op) with respect to u, and o, for v = x, y, z are bounded functions on R.
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It follows from Assumption A.1(a) and (b) that

1

Jn

uniformly over i. Similarly,

Glx (i(i)/érnx + %5;{le2)( (iz) Snx + Op (ﬁ) 5

X, —X;

A 1 < \/ 1 o 1
By~ 1= Gy (1) et iy Gy (1) s 4.0 (-2
and

1

Jn

uniformly over i.
Using Assumption A.1(d), we now have

Zi—Z; G, (Zi)/fanF%ff;szz (Zi)é"2+0p (%)

\/ﬁﬁn,h(y) - ﬁAn,h(V)

= 2o (7)o ()] i k0 (3~ 2) - - 2]
* n (nl— 1) ZZ]:{ [(p(l) (W’/y)]

X x/ﬁ[(ffz _Xi)/yl + (f/i - Yi)/V2+ (Zi —Zi)/ys] Ky (2,' —25)}
a n(nl— 1) Z {¢(1) (W;jy)

ij
x ﬁ[(X, _Xi)/yl + (f/j - Y./‘>/V2+ (Z’ _Zi)/V3i| Kp (2/ —Zi)}+017(1)

=01@)+ () +hy(y)+ L (y)+op (1)

aniformly over » € ' where
00)= o 2o (57) =0 (7)o 4 (2= 2) - ka2~ )

B = n(nl_l)g[v’“)(wﬁ)—w“) (752 [V (%= ) o | (2~ 2).
by () = n(nl_l)g{[w(”(wﬁ)ﬁ (%=1 120 () Vi (75 1,)
< K (zj_z,-)},

n(nl_ - > [(p(l) (Wl{y) —p® (Wl.{,.y)] Jﬁ(zi _ Zi)/y3Kh (Zj _ Z)

i,J

IZz(V) =
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We first show that sup,, < 111 (y )| = 0p (1) . Noting that under Assumption A.1(c),
Vnkp, (Zj - Zi)
o o /
Vi [zj-z [Glz(zj) _Glz(Zi)j| &z
h h + Jnh
62622 - G220 ]z |
+ nh P (nﬁh)

i (27 [61:2)=61(Z)] & . [62:(Z) — 622 [ére
h h * Jnh * nh

1
+0,(—
p(nh2>

NI VAR [Glz(Z/)—Glz(Zi)]/inz i,ﬁz[ézz(z/')_ézz(zi)]fnz
A Jh * nh

+op (1)
uniformly over y € I' where
G1,(Z) =G, (,uz o v (Z)) and Gy, (Z) := G, (,uz o v (Z)) ,
we have
VnKp, (2]' - 21') —VnKy (Z; - Z;)

1 Zi—7Z; ~ ~ /
_ g (JT) [61:(2) 612 20)] e

h2
1 Zi—Z7; ~ ~
+ Jnh? kM ( ! h l )fl;z [GZZ (Zj) -Gy (Zi)] Enz +op (1)
uniformly over y € I, where the op, (1) term follows from the Markov inequality. As a

result

L) =h1,e@)+ @)+ h3,e0)+o0p (1),

uniformly over y € ' where I} #(y) = I{l(y Vnz and Ijp ¢ (y) =& 112 (7 )énz with

g Sl () =0 (7)]

inj
x %K(l) (Zj ; z,») Gi2(2)) =G (Z) }

Ii(y)=

h
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and

112(?)=ﬁ2 [0 (Wi7) =0 (W7)]

i,J

11 z; -7\ 6 (2)) - 6 (2)
< 77K<1>( J )
S h h )

Without loss of generality and for notational simplicity, we consider the case when only
one of x4, and o has to be estimated. In this case, all of G, (-), G2 (), and &y are scalars.
Let

Z; —Zi) [Glz (Z;) _Glz(zi)]

- 1
Kh(ZjaZi):ﬁK(l)( Y 5 ,

and
on (Wi Wy.7) = 5[0 (W) =0 (W7) | B2, 21)
w3 [o (W) =0 (Wr)] (2.2
we can rewrite /11 (y) as
()= n(nl_l)%[tp (W{y) -9 (W,-’jy)] K (2. 2))
2

:meh (W,-,Wj,y),

i<j
which is a U process. Letting
wp,1 (w3 7) = Eawp (0, Wj;y)

and using Hoeftding’s H-decomposition, we have

n

2
) =EMG)+= > [ong Wisy) = Eony Wis )]+ R, (),
i=1
where
2
RY, (y)= 72[% (Wi, Wj,y) —awn1 (Wisy)
’ n(n—l)l_<j

—wp, 1 (Wj; y)-f—Ewh (W,‘,Wj,y)].
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We proceed to use the theory of U processes to evaluate the order of 711 (y ). To compute
EIy1(y), we observe that for & and &#* between 0 and u,

Egp (Wi’y) Kn(Zj,Z;)

! 1 -7 [GIZ(Z)_Glz(Zi)]
- Y. Ziy) kD (2
—E/O 0 (XiYi,Zi7) 7K ( Y ) fz (2)dz

h
G (Zi+uh) = G1: ()]

I
™

(1=Z)/h " [
/ 0 (XiYi.Zi,y)K ) (u) [z (Zi +uh)ydu

—~Zi/h h

(=Z)/h
i Yi.Z; () (1) () | s
E/—Z,'/h {(/)(Xl,YuZtaV)K (M)MI:GIZ (Zl_;’_u h)]

X[fZ(Zl)_i_fé(Zl"‘Izh)Mh]]du
:E(/)(Xi,yiszz’ ) lz)(Z ) f7z(Z; )|:/ K(l)(u)udu]+0(h)
and

Elo (W7 )| Ruzj i)

_E/ / - )%K(l)(z—zi) [GIZ(Z)_GIZ(Zi)]fYZ(y,Z)dZdy

h h
(1=Z)/h
_E/ / ly’ZiaY)
Zi/h

| I:Glz (Zi'f'uh)_élz(zi)]
x KD (u) - frz (v, Zi +uh) t dudy
(1 Z)/h -
/ /Z/h X; y,Zi,y)K(l) (u)u[Gglz) (Z,‘-}—ﬁ*h)]

x[fr2 (s Zi)+ Dz fyz (v, Z; + ih) uh] | dudy

1 N 00
- {E | oy 26 @ vz (y,zndy} [ &

+0(h), (A.11)

where the O (h) terms hold uniformly over y € I'. Under the null hypothesis, the expecta-
tion in (A.11) becomes

1
E [ oy 2 G @) friz 0,20 f 2y

= E/fﬂ(Xi,y, Zi,y )GE? Z) friz,x O1Zi, X;) f(Zi)dy

= Eo(X, Y;.2;.7)G\(2) f2(2).
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Under the local alternative hypothesis, we have

fxyz (x,y,2) a(x,y,z)
fxz(x,2) _fY|Z(y’Z)+\/7leZ(x,Z)'
That is
_ a(x,y,z2)
fY|X,Z(y|x’Z)—fY|Z(y,Z)+ﬁfxz(x,z)-

So the expectation in (A.11) becomes

1 ~
E [ ooy 2 G @) friz 0,20 £y
o (Xi,y,Zi)

1
~(D)
=F X; v,Z;,7)G5 (Z; |: | X;,Z;)—
/0 (A is?) 1z i) leX,Z(y i»Zi) «/ﬁfXZ(XiaZi)

= Ep(X; Y1, Zi.)G\Y (Z) f2/(Z))

1
— . . ~(1) . Oc(Xi,y,Z,-)
EA {(ﬂ(xz,ysZHY)Glz (Zl)|:«/ﬁfXZ(Xi,Zl’)fY|X’Z (y|X“Zl)i|

} f(Zi)dy

x fyix,z WXi, Z;) } dyf(Z;)

= Eco(xi,r,-,zi,y)éﬁ? (Z)) f2(Z)

1 (1 a(Xi,Yi, Zi)
——=EpX;,y,Z )G (Z)) ————~ [ (Z).
vn P Ixyz(Xi, ¥, Zp)" !
Therefore,
O (h) =o(1), under the null
yst;p [EL1 ()l = { O (1/y/n+h)=0(1), under the local alternative

Following the same argument for proving Lemma 3, we can show that

B 211/2
supR h(y)_Op( {E[Kh(zjazi)]} )

But
EK}(Z;,2;)

~ . 2
1trta - 201Gz (z2) — Gz (z1)
_Z/o /0 Z[K(l)(zthl)] [ - - ] 7 (1) fz (z2)dz1dz>

h2
1=z1/h 2
S e
h z1/h

3 By 2
I:Glz(Zl‘f‘Mh)_G]z(Z]):l
h

X

fz (z1) fz (zy +uh) t dudzy
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and hence sup,, ¢ Rr‘;”h (y)‘ = 0p (1/(nh)) =0,(1).

By definition,
1 -
op1 (Wisy) = EE{[(’D (XY, Ziy)— o (X0, Y, Zis )| K (25, Z) |Wi]

+ {E[(ﬂ(Xj,Yj,Zj;V)_(/’(Xj,Yi,ZjQV)]kh(Zjazi)lwi}-

| —

Note that

E{lo Xi Y, Zi)] Rn (27, 22) Wi |

1 1 —7:\ |G1: @) =G (Z)
=/0 [co(x,-,Y,-,z,-;y)]ﬁK“)(Zh )[ g ]fz(Z)dz

Gz (Zi+uh) = G (Z)]

1-Z;/h | [
=/ [0 (Xi, Y, Zis )] KD (u) ;
~Zi/h

fz (Zi +uh)du
=lo X1 Y;. 2 )] 122Gz [ /_ KO (u)udu] +0p(h)

uniformly over i and y € I'. Following the same steps, we can approximate other condi-
tional expectations in wy | (W;; y) and obtain

sup  sup oy (Wisy)—oy (Wisy)| = 0p (h),
7€l w; 0,114

where
) — ez % d
wl(Wt’V)—Kl(leV)G]Z (Z) K (u)udu
—00

and x1(W;; y) is defined in (A.4). Using this result and a uniform law of large numbers,
we have

2 n
;Z[a’h,l (Wisy) = Eop1 (Wis )]
i=1

2 n
=;Z[w1 (Wisy) = Eop (Wis )]+ 0p (h) = 0p (1).
i=1

This, combined with sup, cr|Elj(| = o(1) and supyer‘Rr‘f’h (y)‘ = op (1), yields
supy er 1111 ()l = 0p(1). Similarly, we can show that sup, cr |12 (7)] = 0p (1). So

sup, er 11 (7)1 =o0p (1).
Following the same arguments, we can show that sup,cr [/2 () = op(1) for
v =x,y,z. We have therefore proved that

sup ViR, () =y ()| = 0p (1)
yE

as desired. u
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