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Abstract. In this paper we prove bounds for ergodic averages for nilflows on general
higher-step nilmanifolds. Under Diophantine condition on the frequency of a toral
projection of the flow, we prove that almost all orbits become equidistributed at polynomial
speed. We analyze the rate of decay which is determined by the number of steps and
structure of general nilpotent Lie algebras. Our main result follows from the technique
of controlling scaling operators in irreducible representations and measure estimation on
close return orbits on general nilmanifolds.
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1. Introduction

By a general result of Green and Tao [GT12], all orbits of Diophantine flows on any
nilmanifold become equidistributed at polynomial speed. Their approach is an extension
of Weyl’s method, based on induction on the number of steps, but the rate of decay in
their theorem is not explicit and presumably far from optimal. Flaminio and Forni also
established estimates for the quadratic polynomial speed of equidistribution of nilflows on
higher-step nilmanifolds [FF14] called quasi-abelian (filiform). This is the simplest class
of nilmanifolds of arbitrarily higher-step structures, and it has an application in proving
the bound of an exponential sum called the Weyl sum. It is notable that the bound obtained
from Flaminio and Forni is established only almost everywhere but comparable with the
results by Wooley [T15] from number theory (see also [BDG15]).

In this paper we extend the result for quasi-abelian to a non-renormalizable class of
nilflows on higher-step nilmanifolds under Diophantine conditions on the frequencies of
their toral projections (see Definition 5.15).

For any o = (ay, ..., ®,) € R", forany N € N and every § > 0, let

Ry(N,8) ={r e [-N,NINZ | |ral; <8", ..., |ral, <38'/").

For every v > 1, let D, (v) C (R\Q)" be the subset defined as follows: the vector o €
D, (v) if and only if there exists a constant C(«) > O such that, for all N € N for all
§>0,

#Ry(N, 8) < C(a) max{N'~U/" Ns}. (1)

The Diophantine condition D, (v) contains the set of simultaneously Diophantine vectors
so that D, (v) has a full measure for sufficiently large v > 1.

For a set of generator &, of n, there exist an element X, € &, and a codimension 1
ideal J such that X, ¢ J C n. We assume that the Lie algebra satisfies the transversality
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condition if
(64) + Ran(ady,) + C3(Xq) =1

where C5(Xy) ={Y € J| [Y, X,] = 0} is the centralizer.

Under this hypothesis, the rate of convergence for ergodic average of nilflows (d)%a)
under Diophantine conditions « € D, (v) is polynomial for almost all points, as a function
of step size and total number of elements of Lie algebras.

THEOREM 1.1. Let (¢§(a) be a nilflow on a k-step nilmanifold M on n+ 1 genera-
tors such that the projected toral flow (q_bgfa) is a linear flow with frequency vector
a:=(,a1,...,a,) € R x R" Assume that the Lie algebra satisfies the transversality
condition and o € D, (v) for some 1 < v < k/2. Then there exists a Sobolev norm | - ||
on the space C* (M) of smooth function on M and for every € > 0 there exists a positive
measurable function K. € LP (M) for all p € [1, 2), such that the following bound holds.
For every smooth zero-average function f € C®°(M), for every T > 1, for almost all
xeM,

1 T
'7 / fodk (x)dt] < Ke(x)T =135 0% ¢y
0

where Sy (k) is a higher order polynomial determined by the structure of n. Specifically, if
n; is the number of elements in n with step size i,

Sn(k) =1 — Dk —=1) +natk =2) + - - + ng—1. 2)

In the general higher-step nilmanifold, no renormalization for nilflows is known.
Instead, based on the theory of unitary representations for the nilpotent Lie group (Kirillov
theory), it is possible to choose a proper scaling operator on the space of invariant
distributions. Compared to earlier work on the quasi-abelian case [FF14], the main novelty
of our results lies in generalization of the scaling method to the general Lie algebra
satisfying a transversality condition.

The transversality condition enables the measure estimate (§5) for the return orbit. This
condition is sufficient, and in principle there are no obstructions to a generalization to
arbitrary nilflows with Diophantine frequencies and all points x € M, except that this
would require new approaches to estimation other than a Borel-Cantelli type argument.
On the other hand, the necessity of the condition explains that the total number of elements
in the basis cannot grow too fast as the step size gets larger: it grows almost linearly in the
number of steps and generators.

We can view this phenomenon in the following way. If the growth of the number of
elements in lower steps (generated by basis) is too large, then it lacks the dimensions to
count the measure of the return orbit on the transverse manifold. For instance, we observe
this phenomenon in free nilpotent Lie algebras. Even a small number of generators creates
a large number of elements in the lower level under small steps of commutations, which
behave in a completely different way than strictly triangular and quasi-abelian. We present
such an example in the appendix to motivate our condition.
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The above theorem is supplemented by its corollary on the strictly triangular nilmani-
fold M ,gk). Let N, ,Ek) denote a step-k nilpotent Lie group on k generators. Up to isomorphism,

N ,gk) is the group of upper triangular unipotent matrices

[xle,---ann,-~~y,»(j)Y,-(j)---ZZ]3= oo . o xi,y-(j),ZER,

3)

with one-dimensional center. The next result states that the rate of equidistribution for
nilflows on the triangular nilmanifold M, ,gk) decays at a polynomial speed with exponent,
and cubically as a function of number of steps.

COROLLARY 1.2. Let (¢§(a) be a nilflow on k-step strictly triangular nilmanifold M on k
generators such that the projected toral flow (d_&a) is a linear flow with frequency vector
o:=(,0,...,ap_1) e R x RX=L. Under the condition that o € Dy, (v) for some 1 <
v < k/2, there exists a Sobolev norm || - || on the space C*°(M ,Ek)) of smooth function on
M,Ek) and there exists a positive measurable function K¢ € LP (M,Ek)) for all p e[1,2)
and for every € > 0, such that the following bound holds. For every smooth zero-average
function f € C°°(M,§k)),for almost all x € M and for every T > 1,

S K€(x)T—(l/(3(k—l)(k2+k—3)))+€”f”

17 ,
‘7/0 fog¢y, (x)dt

We also establish the uniform bound for the step-3 strictly triangular nilmanifold case.
The result holds for all points by counting arguments for linearly divergent close return
orbits under Roth-type Diophantine condition. The step-3 case (as well as the filiform case
[F16]) is a good example for deriving a simplified proof.

THEOREM 1.3. Let (¢;) be a nilflow on the 3-step nilmanifold M on three generators
such that the projected toral flow (qS%) is a linear flow with frequency vector v := (1, a, B)
of Diophantine condition with exponent v = 1 + € for all € > 0. For every s > 26, there
exists a constant Cy such that for every zero-average function f € WS(M), forall (x, T) €
M x R, we have

< TV £

‘1 ! ! dt
?/0 fo¢x(x)

In the last section, we present exponential mixing of hyperbolic nilautomorphisms as
a main application. Exponential mixing of ergodic automorphisms and its applications to
the central limit theorem on compact nilmanifolds was proven by Gorodnik and Spatzier
[GS14]. Their approach was based on the result of Green and Tao [GT12], and mixing
follows from the equidistribution of the exponential map called box map satisfying certain
Diophantine conditions. Our result also shows specific exponent of exponential mixing
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depending on the structure of nilmanifolds, which follows from equidistribution results
and a renormalization argument on partial hyperbolic automorphisms (hyperbolic on the
projected torus). However, they are limited to a special class of nilautomorphisms due to
lack of hyperbolicity on the group of automorphisms on general nilpotent Lie algebras (cf.
triangular step 3 with three generators).

Our work leaves open questions.

Problem 1. Can we find uniform bounds on the average width under the transversality
condition? That is, can we prove Theorem 1.1 with uniform bound for all points?

Problem 2. Give an effective bound on ergodic averages on any nilmanifold.

It is still conjectured that the result may hold for all points on any nilmanifolds.
However, our argument for averaged width can not be improved to control the slow growth
of displacement for the return orbit on general higher-step cases.

This paper is organized as follows. In §2 we define structures of nilmanifolds and
nilflows. In §3 we find Sobolev estimates on solutions of the cohomological equation and
on invariant distributions as an application of Kirillov theory of unitary representations
of nilpotent groups. In §4 we introduce the notion of average width and prove a Sobolev
trace theorem. In §5 we prove an effective equidistribution theorem for good points by a
Borel-Cantelli argument. In §6 we prove bounds on the average width of an orbit segment
of nilflows by gluing all the irreducible representations. In §7 we introduce a uniform
width estimate under a Roth-type Diophantine condition based on counting return time
directly without a good point argument for the width estimate in §5.4. Finally, in §8, as an
application, we prove the mixing of nilautomorphisms.

2. Nilflows on higher-step nilmanifolds
In this section we review nilpotent Lie algebras, groups and basic structures. We recall
Kirillov theory and representation theory.

2.1. Background on nilpotent Lie groups and Lie algebras. Let N be a connected, simply

connected k-step nilpotent Lie group with Lie algebra n with n + 1 generators. Let I" be a

cocompact lattice in N. The quotient N/ I" := M is then a compact nilmanifold on which

the left action of N is given by translations. Denote by p the N-invariant measure on M.
For j =1, ...,k letn; denote the descending central series of n:

np=nmnp=[munl....nj=[n_p,nl....,n CZw “)

where Z(n) is the center of n. In this setting, there exists a strong Malcev basis through the
filtration (ni)f?zl strongly based at the lattice I" (see [CG90]). That is, given a basis

1 k
F=ED, " oMy

with £ := &M e nj\ny and ’71@ e m\ny4 for i =1,...,n;, we have the following
assertions.
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(1) If we drop the first [ elements of the basis, we obtain a basis of a subalgebra n of
codimension /. ' .

(2) For each j, the elements in order ni" ). n%), . ngk), - 1) form a basis of an
ideal n; of n.

(3) The lattice I' is generated by {x, yf]), cee y,(,?} with

x=exp®), v i=expmi!).

For any nilpotent Lie algebra n, there exists a codimension-1 subalgebra J where
n=REPT.

Then 7 is an ideal and [n, n] € J (see [H73, Ch. 3, p. 12] and [CG90, Lemma 1.1.8]). For
convenience, we write dimension a = dim(J) =n; + - - - + ny and set n = nj.

Definition 2.1. An adapted basis of the Lie algebra n is an ordered basis (X, Y) :=
(X,Y,...,Yy)ofnsuchthat X ¢ Jand Y := (Yy, ..., Y,) is a basis of J.
A strongly adapted basis (X, Y) := (X, Y1, ..., Y,) is an adapted basis such that the
following assertions hold.
(1) The system (X, Y1, ..., Y,) is a system of generators of n, hence its projection is a
basis of the abelianization n/[n, n] of the Lie algebra n.
(2) The system (Y;+1, . . ., Yq) is a basis of the ideal [n, n].

2.2. Nilmanifolds and nilflows. Every nilmanifold M is a fiber bundle over a torus.
In fact, the group N®» = N/[N, N] is abelian, connected and simply connected, hence
isomorphic to R**!, and rab = ['/[T, '] is a lattice in N, Thus, we have a natural
projection pry : M — T+,

We introduce two fibrations of the nilmanifold M. Let M, >~ N,/ 'y with N, = exp(ny)
and its lattice I';. Then there exists an exact sequence

0— My — M 2L Tt 5 0, (5)

Another fibration arises from the canonical homomorphism N — N /N’ ~ (exp &). For

6 € T, the fiber My = pra~1(0) is a local section of the nilflow on M:
O—>M§—>M&>Tl—>0. (6)

On the nilmanifold M, the nilflow ¢§( generated by X € n is the flow obtained by the
restriction of this action to the one-parameter subgroup (exp # X);cr of N, with

Py(x) =xexp(tX), xeM, teR.

The projection X of X is the generator of a linear flow Vg = {1//%},611& on T"*! ~
R**I\T defined by

W;g(xl, co X)) = (1 1V -, Xl EUR1).

The canonical projection pry : M — T"! intertwines the flows ¢, and 1//%.
We recall the following result.
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THEOREM 2.2. [AGHG63] The following assertions are equivalent.

(1) The nilflow (¢%) on M is ergodic.

(2)  The nilflow (¢%) on M is uniquely ergodic.

(3)  The nilflow (¢';) on M is minimal.

(4)  The projected flow (w;-() on M = N /1% ~ T s an irrational linear flow.

Consider the set of indices

J={G. ) 1<i<n;1<j<k}
Te={G )iz, j=1)
JTi={G )11 <i <0y, j> 1),
Ti={G. )11 <i<n; j>2)

Leta = (al.(j )) e R/ and X := X, be a vector field on M defined

=log |[xtexp | D oyl || x=exp®). @
@i,)ed

and equivalently we write

v = —E 4 Z oz(]) (j) (8)

@i.j))ed

For 6 € T', let My = pra~1(#) denote a fiber over § € T! of the fibration pr. The
transverse section My of the nilflow {qb;(a }teRr corresponds to

a

{F exp(0£) exp ( > sm,-) | () € Ra}

i=1

- {F exp <e”d(05) Z Siﬂi) exp(0€) | (si)i—; € Ra}'

i=1

LEMMA 2.3. The flow (d)&(),eR on M is isomorphic to the suspension of its first
return map ®q 9 : My — M. For every (i, j) € J and r > 1, there exists a polynomial
pl.(i) (ar, 8) for s = (s;){_; € R such that the rth return map <I>:lﬂ is written as follows.

On the coordinates of s = (s[.(j))for I" exp(6§) exp(Z(l-,j)ej sl.(j)nl.(j)) € Mg,

e o(s) = T exp(68) exP< T (69 oty
@.et

[ Y s x ]+ Y S)n(n)’ ©)

(i.))el (i.j)el>
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and forr € N,

L, ,(s) = T exp(6¢) exp( > s +ra
@i,))ed

|: Z s(/) (/) X }-i— Z pl(’r)(a s)n(’)>. (10)

(i.))el (i.j)e]>

Proof. By (7), we have

exp< T 0 m) exp(Xa)_eXp< )3 (’)nf’)>x exp( T o (1))

@i,))ed @i,))ed @i,j)ed
= T exp(e® 3 500 exp< T o m)_
@i,))ed @i,))el

By the Baker—Campbell-Hausdorff formula, there exist polynomials pl.(j ) (o, s) with

exp < Z S(J) (J)> exp(Xqy) = x ' exp < Z (S(J) +a(}))n(;)

(i.j))et @i,j)et

+[ S s Xa |+ > pf’)(cx,S)nﬁ”)-

@i,j)et (i,j)e]?

Since x € I", we conclude

I" exp(6&) exp ( Z si(j)r;l.(j)> exp(Xq)

ij)ed
— T exp(6¢) exp< Y 69 4P + [ T s, X]
@i,j)ed @i,j)el
- pf”(%S)nf”)

(i,))es?

The formula implies that # = 1 is a return time of the restriction of the flow to Mg C M.
The formula for r € N follows by induction. O

2.3. Kirillov theory and classification.  Kirillov theory yields the complete classification
of irreducible unitary representations of N. All the irreducible unitary representations
of nilpotent Lie groups are parametrized by the coadjoint orbits O C n*. A polarizing
(or maximal subordinate) subalgebra for A € n* is a maximal isotropic subspace m C n
which is a subalgebra of n. It is well known that for any A € n* there exists a polarizing
subalgebra m for a nilpotent Lie algebra n (see [CG90, Theorem 1.3.3]). Let m be a
polarizing subalgebra for given linear form A € n*. Then the character xa m : exp m —
S! is defined by

XAm(exp ¥Y) = 20D,
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Given the pair (A, m), we associate the unitary representation

ma = Ind}, GO

where the induced representation m is defined by

TA(x)f(g) = f(g-x) forx e Nand f € Hy, .

These unitary representations are irreducible up to equivalence, and all unitary irre-
ducible representations are obtained in this way. It is known that A and A’ belong to the
same coadjoint orbit if and only if A m and 7w/ are unitarily equivalent and i is
irreducible whenever m is maximal subordinate for A. We write w >~ wa/ if A and A’ are
in the same coadjoint orbit.

Since the action of N on M preserves the measure (, we obtain a unitary representation
7 of N. The regular representation of L>(M) of N decomposes as a countable direct sum
(or direct integral) of the irreducible, unitary representation H,, which occurs with at most
finite multiplicity

L*(M,dp) = @ H,. (11)

The derived representation 7, of a unitary representation 7 of N on a Hilbert space H,
is a representation of the Lie algebra n on H; defined as follows. For every X € n,

7,(X) = lim (x (exp 1X) — D/1. (12)

We recall that a vector v € Hy; is of C*°-vectors in H, for representation 7 if the function
g €N m(g)v € Hy is of class C* as a function on N with values in a Hilbert space.

Definition 2.4. The space of Schwartz functions on R with values of C* vectors for the
representation 7/ on H' is denoted S(R, C*°(H")). It is endowed with the Fréchet topology
induced by the family of seminorms

(- Nlijvi¥o¥ | s j,m € Nand Yy, ..., Y, €'}
and defined as follows: for all f € S(R, C*°(H")),

£y Yot o= sup (1412727, (V1) o 2T fOO N, 1 R
reR

LEMMA 2.5. [FF07, Lemma 3.4] As a topological vector space
C*(Hy) = S(R, C*(H"))

where S(R, C*°(H")) is Schwartz space.

Suppose that n = RX @ J with its codimension-1 ideal J, and N = R x N’ with a
normal subgroup N’ of N. Let " be a unitary irreducible representation of N’ on a Hilbert
space H'. Each irreducible representation H is unitarily equivalent to L>(R, H’, dx),
and the derived representation of m, of the induced representation & = Ind%, (7r/) has the
following description.
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For f € L>(R, H’, dx), the group R acts by translations and its representation is
polynomial in the variable x. For any Y € v/,

dy
1 .
(N ) = @y (N f ()
j=07"
dv _ ‘
=Py(0) f(x) =1 ﬁ(A oad}Y)x/ f(x). (13)

j=0

We define its degree dy € N with respect to the representation m.(Y) to be the
degree of the polynomial. Let (d1, . . ., d;) be the degrees of the elements (Y1, .. ., Y,),
respectively. The degree of the representation 7 is defined as the maximum of the degrees
of the elements of any basis.

3. The cohomological equation

In this section we prove an a priori Sobolev estimate on Green’s operator for the
cohomological equation Xu = f of nilflows with generator X. Then we estimate the
bounds of Green’s operator by invariant distributions with rescaled Sobolev norm.

3.1. Distributions and Sobolev space. Let L>(M) be the space of complex-valued,
square integrable functions on M. Given an ordered basis ¥ of n, the transverse
Laplace—Beltrami operator is a second-order differential operator defined by

a
Ap==-) Y}, Y€l
i=1

For any o > 0, let | - |, # be the transverse Sobolev norm defined as follows: for all
functions f € C*°(M), let

| Flog = I+ AP Fll 1240
Equivalently,
1/2
| floF= (||f||§+ > IIle--~ijf||§> . Y, €0
1<m<o

The completion of C*° (M) with respect to the norm | - |, # is denoted W (M, ¥) and
the distributional dual space (as a space of functional with values in H') to W (M) is
denoted

W= (M, F) := (W° (M, F)).

We denote by C*°(H) the space of C*° vectors of the irreducible unitary representa-
tion 7r. Following the notation in (11), let W° (H,;) C H; be the Sobolev space of vectors,
endowed with the Hilbert space norm in the maximal domain of the essential self-adjoint
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operator (I + n*(Agr))"/z. That is to say, for every f € C*°(Hy,) and o > 0,

1/2
| flog = < /R (1 + 7 (AR f )13 dx)

where . (A#) is determined by derived representations.

3.2. A priori estimates. The distributional obstruction to the existence of solutions of
the cohomological equation

Xu=f, [feC®Hy),

in an irreducible unitary representation H;, is the normalized X-invariant distribution.

Definition 3.1. For any X € n, the space of X-invariant distributions for the representation
7 is the space Ix(H;) of all distributional solutions D € D'(H;) of the equation
7.(X)D = XD = 0. Let

IS (Hy) := Ix(Hz) NW™° (Hy)

be the subspace of invariant distributions of order at most o € R™.
By [FF07], each invariant distribution D has Sobolev order equal to 1/2, that is, D €
W~ (Hy) forany o > 1/2.

For all o > 1, let K°(Hy;) ={f € WO (Hy) | D(f) =0¢€ C®(Hy,), forany D €
W™ (Hy)} be the kernel of the X-invariant distribution on the Sobolev space W (Hy).
Green’s operator Gy : C®°(Hy) — C*°(Hy) with

t
Gxf(t) = / F(s) ds

is well defined on the kernel of distribution K*°(H;) on C®°(H,). In fact, for any f €
K>°(Hy), we have [ f(1)dt =0 € C*°(H’) and

t [e0]
Gxf(t) = / f(s)ds =— / f(s)ds € C°[R, H').
—00 t

Now we define the generalized (complex-valued) invariant distribution on smooth
vector C*®°(Hy).

LEMMA 3.2. The invariant distribution is generalized in the following sense. For every
invariant distribution D, there exists a linear functional £ : C*°(Hy) — C such that for
every function f € C*®°(Hy) C L*(R, H'),

D(f) =/R€(f(t)) dr. (14)

Furthermore, £ € W™ (Hy) fors > 1/2 and

/Z(f(t))dt:@(/ f(t)a’t). (15)
R R
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Proof. We construct a linear functional £ in (14) as follows. Let x € C;°(R) be a smooth
function with compact support with unit integral over R. Given an invariant distribution
D € Ix(Hy), let us define £(v) = D(fy) for f, = xvand v € C*(H").

Firstly, we prove that £ is well defined. Let x; # x2 € CG°(R) be functions with
compact support such that f]R x1(t) dt = fR x2(t) dt = 1. Note that there exists ¢ €
CE°(R) such that x1 — xo = ¥/ with (1) = [*_ (1 (x) = xa(x) dx.

Then we have

d
x1 (v — xa(t)v = Z(iﬂ(t)v) = m(X) (Y ()v) € C*(Hy),

and x1(f)v — x2(t)v is an X-coboundary for every v € C*°(H’). Hence, D(x1(t)v —
x2(t)v) = 0, which implies that D(x1(t)v) = D(x2(¢t)v). Therefore, £(v) does not depend
on the choice of x and the functional £ is well defined.

Next, we verify that £ is a distribution on C*°(H"). It suffices to prove that £ is bounded
and continuous. For v € C*°(H’) and s > 1/2,

)| = [D(x @Ov)| = Dl -sllx @) lIwsa)-

In the representation, m.(Y;) acts as multiplication of the polynomial p;(f) on
L?*(R, H'). By definition of the Sobolev norm in representation, there exists a non-zero

constant
C:=C(,pi,....ps)= _max  {x@®Op]' @) - pf®)}
teR, ji+- ja=s
0<ji<s,1<i<d<s
such that

lx O lwsH,) < Cllvllwsary-
Hence, for £ € W (H'),

O]
€]l s == sup ———"—

< C|ID| .
foli=1 Nvllws

Therefore, £ is continuous on C*°(H").

To prove equality (15), for any f € C°°(H;), we observe f(¢) — x (t)(f]R f(x) dx) has
zero average, hence it is a coboundary with smooth transfer function. Since distribution D
is invariant under translation, we obtain

D(f—x(f)(/Rf(X) dx)) —0
D(f)=D<X(f)/ fx) dX) =f<f f@® dt>.
R R
Furthermore,

/ (@) di = f D(f, (1)) di = / ( / X)) dx) dr
R R R R
:/ f(t)(f X(x)dx) dt.
R R

and
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Since D is an invariant distribution for translation and fR x = 1, we conclude

/fi(f(t)) dr=/ f(t)dt=D(f)=€</ £) dr). 0
R R R

Let O be any coadjoint orbit of maximal rank. For all (X, Y) € n x ng_1 and A € O,
the skew-symmetric bilinear form

BA(X,Y) = A(X. Y]

does not depend on the choice of linear form A € O.
Let

30(X,Y):=|Ba(X,Y)| forany A € O,
So(X) :=max{dp(X,Y) | Y € ng_j and | Y] = 1}. (16)

Here we recall estimates for Green’s operator.

LEMMA 3.3. [FF07, Lemma 2.5] Let X e n and Y € ny_1 be any operator such that
BA(X,Y) # 0. The derived representation 1, of the Lie algebra n satisfies

d
7(X) = . wu(Y) = 2mBA(X, V)xldy on L3R, H', dx). (17)

THEOREM 3.4. [FF07, Theorem 3.6] Let 5o := §o(X) > 0, and let w be an irreducible
representation of w on a Hilbert space Hy. If f € W¥(Hy), s > 1, and D(f) = 0 for all
D € Ix(Hy), then Gx f € W' (Hy), for all r < (s — 1)/k, and there exists a constant
C:=C(X,k,r,s) such that

—(k—Dr—1
1Gx flr < € max{1, 85"V flom

3.3. Rescaling method.

Definition 3.5. The deformation space of a k-step nilmanifold M is the space 7 (M) of all
adapted bases of the Lie algebra n of the group N.

The renormalization dynamics is defined as the action of the diagonal subgroup of the
Lie group on the deformation space. Let p := (p1, . . ., pq) € (RT)? be any vector with
rescaling condition ) 7_, p; = 1. Then there exists a one-parameter subgroup {A?} of the
Lie group of SL(a + 1, R) defined as follows:

APX, Y1, ..., Y) = (X, e Yy, ..., e Y. (18)

The renormalization group {A’} preserves the set of all adapted bases. However, it is not
a group of automorphisms of the Lie algebra since generated elements in the center Z(n)
are not preserved in higher steps. Therefore, on higher-step nilmanifolds, the dynamics
induced by the renormalization group on the deformation space is trivial (it has no
recurrent orbits).

Definition 3.6. Given any adapted basis F = (X,Y), the rescaled basis F(t) =
(X(@®),Y (@) ={eX,e PY,..., e Pa'Y,} of F is a basis of Lie algebra n satisfy-
ing (18).
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Let (dy, ..., d;) be the degrees of the elements (Y1, ..., Y;), respectively. For any
0 =(p1,...,pq) €RY et
2 (p) := min (2 (19)
" oidizo\d; )
Definition 3.7. The scaling factor p = (p1, . . ., pg) is called homogeneous if the vector
p is proportional to the vector d = (dy, . . ., d;) of degree of (Y1, ..., Y,). Thatis, under
homogeneous scaling, A\#(p) = p;/d; forall 1 <i <a.
Foralli =1, ..., a, denote
AP (F) = (A oad! (X)) (Y)). (20)
This is the coefficient appearing in (13). Set
)
A(F)
NG sup . @
(i,j)1<i<a0<j<d; J:

Let $4(n) be the enveloping algebras of n. The generator § is the derivation on {(n)
obtained by extending the derivation ad(X) of n’ to {(n’). From the nilpotency of n it
follows that for any L € $4(n’) there exists a first integer [L] such that § LI+l — 0.

Recall that J is a codimension-1 ideal of n used in §2.3.

LEMMA 3.8. For each element L € J with degree [L] =i, there exists Q; € (n) such
that .. (L) = le:o(l/j!)n;(Qj)xf and [Q;1=[L]1+1—j.

Proof. Firstly, we fix elements X and Y as stated in Lemma 3.3. For convenience, we
normalize the constant of 7, (Y) by 1. That is, there exists X, ¥ € n such that

d
T (X) = I T (Y) = x.

We now replace the expansion of m (L) := Zi’:o %A(Lj)(f)x/ by choosing elements Q;
in the enveloping algebra Ll(n).
For the coefficient of top degree, denote Q; = (1/i !)ad%(L) € n. For degree i — 1, we

set Qi1 = ady (L) — Q;Y € Y(n) such that

7 (Qi1) = mlady (L) — 7w ( QD7 (Y) = ALV ().
Repeating this process up to degree 0, there exists Q; € {l(n) such that for0 </ < i,
1 .
(1) = Talady (L) = 7 Y mu(Q e (X)™

T j=l+1

and
1 < :
7(Q0) = (L) = 7 Y m @ (V) = A (). -
T=1

Definition 3.9. If A is self-adjoint on a Hilbert space H and (Au, u) > O foreveryu € H,
then A is called positive, denoted by A > 0.
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Remark 3.10. For two self-adjoint operators A and B, A > B if and only if A — B > 0.
Suppose that A and B are bounded operators and commute. Then A >0 and B > 0
implies that AB > 0. By the spectral theorem, there exists a unique, self-adjoint square
root A1/2 = fG(A) xY2dE 4(x). Since A and B commute, A/? commutes with B. Then

(ABu, u) = (AY?Bu, AV?u) = (BAY?u, A'?u) > 0.
Also, if 0 < A < B, then A2 < B2 (B2 — A2 = B(B — A) + (B — A)A).
Recall that for any positive operators A and B,
AB + BA < A2 + BZand (A + B)* < 2(A% + B?). (22)

LEMMA 3.11. Foranyr > 1 and a > 1, there exists constant C(a, r) > 0 such that

a
I (AOMull < Cla, r)| Y wu¥i (0 u . (23)
i=1
Proof. 1t suffices to prove that there exists C = C(a, r) > 0 such that
a
AN < C< > m)“’) (24)

i=1

since this implies A)Y < Cz(Z?zl Yi(0)*)? by the remark.
We prove (24) by induction. If » = 1, then

A@)? = ( Z Y; <t>2)2 = ( Z Y;(0)* + Z Y; (Y] (r)z).
i=1 i=1 i#]
By (22), for each i and j,
Vi)Y 4+ Y;(0*Yi() < V(0 + Yi)*.
Then there exists Co = (a + 1) such that
A < Co( Z Y; (r)“). (25)
i=1

Assume that the statement holds for large r. Then, since A(1)? and Z?=1 Yi(1)* are
positive, by (25), there exists Cy(a, r) such that

AN < Ci(a, r)( v (t)“’)(A(r)%

i=1
a a
<Ci(a,r)a+ 1)( > (r)‘“) ( > Y,»<r)4>.
i=1 i=1
Note that the following inequality holds: for any » > 1,

YiOY Y0 + (0, 0Y < i) D 4y 00D, (26)

https://doi.org/10.1017/etds.2021.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.110

Effective equidistribution for generalized higher-step nilflows 3671

This inequality is proved by showing that
RAGKES FION I AGKED IO
r—1
=0 -Y; <t>4>2( > oH (r)“)"’) > 0.
=0

Since Y; (1)*, Y; ()% are all positive, the last inequality holds.
Then, by (26),

( Z Yi (r)“’) ( Z Y,»(t)“)
i=1 i=1

= ( IR AORAAED W AOKS STOMTD SIONSY (r)“))

i=1 i<j
< (a+ 1)( Z Yi (t)4’+4).
i=1
Setting Ca(a, r) = Ci(a, r)(a + 1),
AN < Ca(a, r)( Z Y; <r>4<’+”).

i=1

Therefore, induction holds and we finish the proof. O

For the cohomological equation X (t)u = f, denote its Green’s operator G x ;). The
following theorem states an estimate for the rescaled version of Theorem 3.4.

THEOREM 3.12. For r > 1, let s > r(k + 1) + 1/4. For any f € (M), there exists
Cy ks > 0 such that the following holds: for any t > 0,

—(1— —4r(k+1
IGx) flry < Crise” P72 max{1, 8, “FDY) £l 710)-

Proof. First, we estimate the bound on Green’s operator with the Sobolev norm.
By Lemma 3.3, there exists a rescaled operator Y (f) € ng_j with

7. (Y () = 2mibpo(t)xIdy

where 8o (1) = Sge ' > 0.
By the Cauchy—Schwarz inequality, for any [ € N,

7 (Y () Gx oy £1I?
2

< /OO <|2n80(t)x|l /'oo e fFS ds) dx
0 X

0 X 2
+ f <|2mso<r)x|’ / efnf(s)nH/ds) dx

—0oQ —00
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o0 o0
< / 280 / e ()1 dsdx
0 X

0 X
+/ 12780(1)x | / e £ )3, dsdx.
—0o0 —00

If @ > 1, then by Holder’s inequality,

/X ||f(s)||%_1/ ds < (/x (l +4ﬂ250(t)2S2)*a ds)”([ - Y([)z)ol/zf”z (27)

—00

For all @ > 1, we set

Cz, _/ (211x)21<[ (1 4 (4r2s%)) =0+ ds) dx
+ / Qrx)? ( / (1 + (4x2s?))~ ) ds) dx < oo. (28)

By Holder’s inequality and change of variables for x’ = 3p(¢)x and s" = 8¢ (¢)s,

—t

I (Y (1)) Gx o £ < Cav’(;(t)

(- 1
= Case™! "”’(g)llﬂ*(l — YRy,

)nn*(l —Y(n)H 2
(29)

Let E, : C*®(H;) — C*®(H’) be the linear operator defined by E, f = f(x) (cf.
Lemma 2.5). Then the action of 7. (Y (¢)) on C*°(H,) can be rewritten as

E.m (Y (1)) = Qmix8o(t))/ Ex forall j € Nand x € R. (30)

Let L(¢) be a rescaled element of L € . By definition of representation (13) and by
Lemma 3.8 for rescaled basis #(¢), for any L(t) there exists Q () € {i(n) such that

(L] i
Evr(L@) =Y. M

J=0

7 (Qj () Ex. (3D

For Green’s operator G x (1), since ExG x () = ffoo E;dsforall x € R,

(L] j
2mixs J
Eym (L#)Gx) = Z M

j=0

7(Qj () ExGx )

M

(zmxao(o)’ / | A ()E, ds

[L] x

_ Z (277an0([))] / Esm, (Qj (1) ds

—00
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[L]
2mix$, Y
Z i 0(”) O EvGx (2, (1))

[L]

1 .
=Ex 2(:) ﬁﬂ*(y(f))jGX(t)(”*(Qj(t)))- (32)
=

Combining (29) and (32), there exists a constant C[x, ;> 0 such that

[L]

1
77+ (L)) G x 1y (O = Z —IIH*(Y(I))’GX(z)(N*(Q DO
i=0/
[L]

7 1 Jj+1 )
<D Coye o (%) (1 = Y O Dm0, (1) ).
j=0

Note that by binomial formula, there exists R;(#) € {(n) such that

[L]

1 . 2r 2r[L] '
(L)Y = (Z (O (Q ,-(r))) =) mYO)HT(R;(1).  (33)
j=0"7" j=0

In particular, R (¢) is product of Q;(f)s and [R;(t)] = 2r([L] + 1) — j. Specifically, to
compute the transverse Laplacian, here we assume that L(¢) = (Y; (1))* for each element
Y; € F. Then, by (33), for any o > 1,

170 (Y ()*) G x 0y ()

4r[Y;]

1 Jj+1 )
< Y Clai, jore T =) md = Y(O)H YT (Rj0)) £
o

j=0

< C(a,i,r)e” 1P  max{1, 8o "N £lohar vt 1y.70)- (34)

Therefore, combining with Lemma 3.11,
Iz (AD* )G x 0y ()]

< Cla,r) Y ImYi @ ) Gxin (N

i=1
a
< Cla,r,a) Y e max(1, 5o~ DY £l s ar vz
< Ca,r,a)e” """ max{1, 80~ VY| flopar@rn -
Then, there exists C' = C'(a, o, r, X) > 0 such that

—(1— —4r(k+1
1Gx) flargy < C'e™ P max(1, 55 “TDY flosagrnrsro-
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By interpolation, for all s > r(k+ 1)+ 1/4, there exists a constant C, :=
Cys(k, X) > 0 such that

—(1— —4r(k+1
1Gx () flrFw < Crse” 777 max{1, 8, TEEDY £l -
By the choice of Y, we obtain py = g, which finishes the proof. O
3.4. Scaling of invariant distributions. ~We introduce the Lyapunov norm and compare
bounds between the Sobolev dual norm and the Sobolev Lyapunov norm of invariant
distribution in every irreducible, unitary representation.

For all t € R and \ := \g(p) defined in (19), let the operator U, : L*(R, H) —
L%(R, H') be the unitary operator defined as follows:

(U f)(x) = e M fe M), 35)

We will compare the norm estimate of invariant distributions with respect to scaled
basis

Dl = _sup (DA flro = 1)

feW"(H.

by the unscaled norm |D|_, #.

THEOREM 3.13. Forr > 1 and s > r(k 4 1), there exists a constant C, s > 0 such that
forallt > 0, the following bound holds:

|Utf|r,77(t) < Cr,s|f|s,7’~

Proof. Assume the same hypothesis for L € #and L(#) in the proof of Theorem 3.12. By
Lemma 3.8, there exists an (i — j + I)th-order Q; € (n) with

Ut_lL(t)U[ — xi Qi + e—)\.l‘xi—] Qi—l + e—Zthi—2Qi_2 + - + e—i)\l‘ QO-
Then there exists C > 0 such that

i
WU L@U £ <) e DXl g f|

j=0

< C max [[Y/Q;fll
0<j<i

= Clf i1
Since [L] < k, by unitarity
U flimoy) < Cilflet 1.7 (36)
Hence, for any s > r(k + 1),
U flr 70y < Crsl fls (37)

https://doi.org/10.1017/etds.2021.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.110

Effective equidistribution for generalized higher-step nilflows 3675

THEOREM 3.14. Forr > 1 and s > r(k + 1), there exists a constant C, 3 > 0 such that
forany N > 0 and t > 0, the invariant distribution defined in (14) satisfies

D55 < Crse” M| DI_, 5.
Proof. Recall the functional £ defined in the Lemma 3.2. For f € C*®°(Hy),
DU, f) = / e fe™ X)) dx
R
:/ e~ My fe™x)) dx
R

— 0/ A; LG dy
= 2ID(f).
Then, by unitarity (37),

12163] DU, f) eMDUD(f)]
|D|_; () = sup = su >sup ——
20 [ flrry  pr0 WU flrray = 20 Crslflss

= C e D| s,

and .

|D|—s,7-'§ Cr,se_()\/2)t|D|—r,7'_(t)-
Definition 3.15. (Lyapunov norm) For any basis ¥ and all o > 1/2, define the Lyapunov
norm

IDll .7 := inf "7 O/2TD] g ). (38)

The following lemma is immediate from the definition of the norm.
LEMMA 3.16. [FF14, Lemma 4.15] Forallt > 0 and o > 1/2, we have

ID||—o. < e”* P2 DI, 5.

We conclude this section by introducing a useful inequality that follows from the
Theorem 3.14:

CriIDls < IDll-rir < 1Dy (39)

4. A Sobolev trace theorem

In this section the notion of the average width (40), which is an average measure of close
returns along an orbit, is introduced and we prove a Sobolev trace theorem for nilpotent
orbits. According to this theorem, the uniform norm of an ergodic integral is bounded in
terms of the average width of the orbit segment times the transverse Sobolev norms of the
function, with respect to a given basis of the Lie algebra.

4.1. Sobolev a priori bounds. Assume F(t) = (X (t), Y (¢)) is a rescaled basis. For any
x € M,let¢y; : R x R* — M be the local embedding defined by

$rs(1,5) =x exp(rX (1) [ [ expsi¥i (1)), s= (s

i=1
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LEMMA 4.1. Foranyx € M, t > 0, and f € C*(M), we have

O, [ o bri(t,8) = Sif o prs(T,8), S =Yi() + Z qi(s, DY (1) € n,

I>i

where q is polynomial in s of degree at most k — 1 and |q; (s, t)| < |qi(s, 0)| forall t > 0.

Proof. Forh e Rand 1 <i < a,lets + h; denote a sequence with (s + h;); = s; + h and
(s+h;); =s;ifi # j. By definition,
fodui(t,s+hi)— fodyz,s)

h 9

and we plan to rewrite f o ¢ ;(7, s + h;) in a suitable manner for differentiation.
Fix i. Then for j > i,

exp((s; + h)Y; (1)) exp(s;Y; (1))
exp(s; Y; (1)) exp(hY;(2)) exp(s;Y; ()
exp(s; Y; (1)) exp(e®MViMs v, (1)) exp(hY;i (1))

3s,—f O¢X,t(ras) = /’}1—13})

o]

1
exp(s; Y; () exp(s;Y; (1)) exp (Z ;adﬁYi(t)sij (t)) exp(hY;(1)).

n=1

By the Baker—Campbell-Hausdorff formula, we set
exp((si + h)Y;(2)) exp(s; Y (7))
= exp(si ¥; (1)) exp(s; V(1) exp (i) + [Yi (1), 5;Y,(0D + OGD) Y Yo ).
m>j

Choose j =i + 1 and observe that all the terms of & are combined into an exponential.
Iteratively, we will repeat this process from j =i 4 1 to a until all the terms of & are
pushed back. That is, we conclude

Gur (T, 8+ hi) = ¢y (1, 8) exp(h(Y;(t) + [Yi (@), siv1Yipr1(2)]
+ Y @), sit1Yigp1(®)], sig2Yiq2(®)]

+o L @, s Y O, - 1 saYaOI) + 0D Y Y.

m>i+1

For convenience, we write coefficient function g (s, #) in polynomial degree at most k for
s such that

$ei (T8 +hi) = dui(,8) exp | I (Yi O+ s, r)mr)) +OMh*) Y Y

I>i m>i+1

We conclude the proof by choosing S; = Y;(t) + > /. ; qi(s, 1)Y;(¢). Also, commuta-
tion between rescaled elements yields [Y;(z), s;Y; ()] = s;e™Pi 'Yy (t) for some p; ;> 0.
This implies that the term ¢; (s, t) for each [ > i includes exponential terms with negative
exponent so that it decreases for t > 0. O
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Let Ara be the Laplacian operator on R given by
a_ a2
d
Ape =— Y  —.
207

Given an open set O C R? containing the origin, let Rp be the family of all
a-dimensional symmetric rectangles R C [—(1/2), 1/2]* N O that are centered at the
origin. The inner width of the set O C R is the positive number

w(0) = sup{Leb(R) | R € Ro},

where Leb is Lebesgue measure on R. The width function of a set 2 C R x R“ containing
the line R x {0} is the function wg : R — [0, 1] defined as follows:

wo(t) :=w({s e R? | (1,s) € Q}), forallT € R.

Definition 4.2. Consider the family O, ;7 of open sets 2 C R x R satisfying the two
conditions

[0, 71 x {0} C QCRx [—1, 3]

and ¢y ; is injective on the open set 2 C R?. The average width of the orbit segment of
the rescaled nilflow {¢,;(7,0) |0 <t < T},

x.T) (1 /T ds )1 (40)
wrn(x, T) := sup [ = ,
© Qeo.,r \T Jo wa(s)

is a positive number.

The following lemma is derived from the standard Sobolev embedding theorem under
the rescaling argument.

LEMMA 4.3. [FF14, Lemma 3.7] Let I C R be an interval, and let Q& C R x R? be
a Borel set containing the segment I x {0} C R x R%. For every o > a/2, there is a
constant Cy > 0 such that for all functions F € C*°(Q2) and all T € I, we have

( ) ze( [
/|F(r,0)|dr <C, / )f I(I — Aga)°/2F(z,s)| dtds.
I 1 we(T)/) Jo

The following theorem indicates the bound of the ergodic average of the scaled nilflow
¢§((l) with width function on general nilmanifolds (see also [FFT16, Theorem 5.2] for
twisted horocycle flows).

THEOREM 4.4. Forall 0 > a/2, there is a constant C, > 0 such that

1 (7 _ _
‘; fo f ok @ dt| < CoT ™ Pwg (x, T) 2| flogr).

Proof. Recall that for any self-adjoint operators A and B,

(A + B)? <2(A% + B?).
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Since |s;| < % and ¢ > 1, by Lemma 4.1, each polynomial g; is bounded in s and ¢.
Then, essentially by skew-adjointness of Y; (), there exists a large constant C > 1 with

. 2
—§?=— (Yl-(t) + Z qi(s, t)Yl(f)>

I>i
a
<-CY Y
j=i

Since operators on both sides are essentially self-adjoint,

a

a/2 a
(1 -3 S,?) <C? (1 -y v (z)2>
i=1

i=1

a/2

Thus, there is a constant C, > 0 such that

(7 = 2r)2 f 0 buallFagy < Colld = Are)™? FlIZ 241y (41)

By Lemma 4.3, we can see that for o > a/2, setting F(r,0) = f o ¢§m)(x),

2 1 T ) 2
:(;/0 |F(r,0)dr|>

1/1 (T d
sca—<_/ s )/ (I = Apa)*?F (z,5)| duds
T\T Jy wa(s)/) Ja

< Co T wgi(n YU = Age) 120 -

1 T
‘?/0 f°¢)r((,)(x) dt

5. Average width estimate
This section is devoted to the proof of estimates on the averaged width of orbits of nilflows.
Compared with the quasi-abelian case (see [FF14, Lemma 2.4]), there are no explicit
expressions for the return map on transverse higher-step nilmanifolds. Instead, we calculate
the differential of displacement and estimate the measure of close return orbits with respect
to the rescaled vector fields.

Strategy.

(1) 1In §5.1 we introduce basic settings. Since the flow commutes with the centralizer, we
take the quotient map to obtain a local diffeomorphism. It is remarkable to see that
we set a tubular neighborhood to consider close return orbits on the quotient space.
This calculates the measure of the set of close return orbits so-called almost periodic
set. (See (54) and Lemma 5.4.)

(2) The range of the differential of the displacement map coincides with the range of
the adjoint map ady,. This is one important reason why a transverse condition is
needed. Without this condition, there could be a direction that the return orbit that
does not reach on the transverse manifold, which contradicts the idea that the set of
almost periodic points should have a small measure up to rescaling vector p. (See
Lemma 5.8.)

(3) 1In §5.2 we prove a bound on the average width by ergodic averages of cut-off
functions. By Definition 5.9, we classify the type of close return orbits by growth
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of local coordinates. The width of the function does not vanish on such a set and it is
injective under the restricted domain. (See Lemmas 5.10 and 5.11.)

(4) Finally, in §5.3 and 5.4, we follow the known estimates from [FF14], which are
necessary for proving bounds of ergodic averages in §6. In particular, the definition
of a good point (Definition 5.21) means the set of points whose the width along the
direction transverse to the flow cannot be too small and we prove the complement of
the set of good points has a small measure. (See Lemma 5.22.)

5.1. Almost periodic points. Let X, be the vector field on M defined in (7). Recall
formula (8):

Xy =&+ Z aPn.
(i, )elt
Let us introduce special type of condition for the Lie algebra n required for width
estimates.

Definition 5.1. The nilpotent Lie algebra n satisfies the transversality condition if there
exists a basis (X4, Y) of n such that

(6¢) + Ran(ady,) + C3(Xq) =n (42)

where &, = (X, Yi(l))lfifn is a set of generator, Ran(ady,) ={Y € J | Y = adyx, (W),
W e J}and C3(Xy) ={Y € T | [Y, X,] = 0} is the centralizer.

It is clear that the set of generators is included neither in the range of adyx, nor in the
centralizer Cy(X,). We will restrict n to satisfying the condition (42) in the rest of sections.

Remark 5.2. The transversality condition implies that the displacement (or distance
between x and CID(’X’Q (x)), induced by return map &4, should intersect the set of
centralizers transversally. That is, the measure of the set of close return orbits in the
transverse manifold M, g should not be invariant under the action of flow. This condition is
crucial in estimating the almost periodic orbit (54) under rescaling of basis in Lemma 5.8.

Recall that M denotes the fiber at 6 € T! of the fibration pro:M — T!. ®, ¢ denotes
the first return map of the nilflow {qﬁ;a} to the transverse section M, and <I>(rw denotes the
rth iterate of the map @ g. Let G denote the nilpotent Lie group with its lattice I" defining
Mg =T'\G. G acts on M by right action and the action of G extends to Mg x M.

Define a map wo(:g, : M§ — M§ x M§ given by ‘%(x) = (x, @ ,(x)). By
its definition, the map 432’9 commutes with the action of the centralizer Cg =
exp(C5(Xy)) C G and its action on the product Mg X Mg commutes with w;fé- That
is,forc e Cgand x =T'g,

YU (xe) = (xe, Bl o (x0)) = (xc, L 5(x)e) = Y (x)e. (43)
Then the quotient map is well defined on

W) = Mg/ Co — M§ x M§/Cq. (44)
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Setting. (i) In Mg x My, we set the diagonal A = {(x, x) | x € Mg} which is iso-
morphic to Mg by identifying (x, x) with x € Mg. Given (x, x) € A, the tangent space
of the diagonal is T(x »)A := {(v,v) | v € Ty M{}, and its normal space is defined by
(T(X,X)A)J- ={(v, —v) |veTiMj}= T(X,X)Al. On the tangent space at (x, x) € Mg x
Mg, it splits as

T(x,x)(Mg X Mg) = T()c,x)A S (T(x,x) A)L~
For any wy, wy € T, M},

(w1, w2) = (1/2) (w1 + w2, wi + w2) + (1/2)(wy — w2, —(w1 —w2)).  (45)

(ii) Given x =Thy, y = T'hy € My, define aset A, ) = {(xg, yg) | g € G} C My x
Mg for (xg, yg) = (T'h1g, Thyg) and Aé’y) = {(xg, yg~!) | g € G} that contains (x, y).

For 1/4% (x) = (x, @, ,(x)), its tangent space in Mg x My is decomposed as
Teewr 0oy (Mg X M) = Tewr 00y Aear, 00 @ (Tl () A e,y
Then the tangent space of the diagonal is T(x.a7 , (x) A(x.ar, () = {(V, dePg 4 (V) [ v €
T, Mg} and its normal space is identified as
(Teeor Do o))" = Taar () A% ¢
(x,Dp, (X)) 2 (x, Dy, 5 (x)) (x,Dp, o (x)) (@) (X))

By identification in (45), for w; = v and wy = —d, q)l’w (v), we write

(Tex, 0, () D@7, (0) ™
={(1/2)(v — dx P (1), —(1/2)(v — dx g, 4 (v)) | v € T My} (46)
(iii) Now define the orthogonal projection 7 : My x Mg — Mg x Mg along the

direction of the diagonal. That is, for (x, y) € Mg X Mg , there exists (x’, y") such that
n(x,y) =@, y) €Ay N A(Lm. Then
1 1
Ty Drey) = TaypDays  TnanBri,y) = Tan Bk, (47)
Define a map F) : Mg — Mg x Mg given by FO =mo 1//5%. In the local coordi-
nate, by identification (46) and (47),
dFO ) = (1/2) (v = de @), 4 (v), —(1/2)(v — dy Py (v)), v €T MG (48)

By (43) and the definition of F*), we have F")(xc) = F")(x)c for ¢ € Cg. Then for
all r € Z, F") induces a quotient map Fg) : Mg /Cc — Mg x Mg /Cg. From (48), the
range of the differential DF, g) is determined by I — D<I>(’L9 (refer to Figure 1).

In the next lemma, we verify the range of the differential map D F, g).

LEMMA 5.3. For all r € Z\{0}, the range of I — D® , on T/C5(Xq) coincides with

Ran(ady ) and the Jacobian of F, g) is non-zero constant.

Proof. Recall that @ , is the rth return map on M. We find the differential in the direc-
. j L ()
tion of each ¥; for fixed i and j. For x € M, set a curve yif/. (1) = x exp(tY;”") exp(r X¢o).
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Note that
exp(tYl.(j)) exp(rXy) = exp(rXy) exp(—rXy) exp(tYi<j)) exp(r Xo)
= exp(rXq) exp(e ™" @) 17y

and

d B .
Y50 =0 = D (1),

By definition, (3, 9/8s(]))(x) d/di(y;;(1)) li=o and we have [ —D®p , =1 —
Y jyes OPL /35, Then

(I — DY, 9)< > sl.(f)yff')) = [r(adxa (Z 1),(adxa) )}( ) Si(j)Yi(j)>'

(i.j)ed k=0 (i.))el

(49)

Therefore, the range of 1 — DCD(’LQ is contained in Ran(ady, ).
Conversely, (1 — e’adxw)/adxa = Z,fio((—l)k)/((k + 1)!)(adxa)k is invertible and

1 — efaan -1 . ) ' '
I - Dq)z”g)((T) ( 3 sl_(J)Yi(J))> _ r(adxa)< ) Si(/)Yi(/)>'

« (i.j)ed G.j)el
(50)

Therefore, we conclude that the range of I — D&’ w0 is Ran(ady,).
Y hyes 57V € Ca(Xa). then (I — DL o)X ey 51 Y") = 0 and the ker-

1

nelof I — DCDgﬂ is C5(Xy). Thatis, I — D@;ﬂ is bijective on J/C5(X). Thus, by (49),
the Jacobian of I — D<I>g’9 is non-zero constant, and this concludes the proof. O

Setting (continued). (iv) Set the submanifold S C Mg x My that consists of the
diagonal A and the coordinates of generators in normal (transverse) directions. Denote
its quotient Sc = S/Cs C M x M /Cg. Then, following Lemma 5.3, we obtain the
transversality of Fg) to Sc. For every p € (Fg) Yy~ 1(Sc), the transversality holds on the
tangent space:

Ty Sc + DEC (T, Mg/Co) = Tpon , (Mf x M/ Co). (51)

(v) Denote the Lebesgue measure L% (= voly) on the nilmanifold M and the
conditional measure .L{ (= vol mg) on the transverse manifold M. On the quotient space
M | Cg, we write the measure £ (= vol ME/C6)- Similarly, we set the conditional measure
g (= volA,Ig>< Mg) on the product manifold and pug(= VOlMg x M¢ /Cg) on its quotient
space.

Denote the image of F by M{, :=F"(M§)C M§xM§ and M, .:=
Fg)(Mg /Cg). We write its conditional Lebesgue measure ug’r = gl Mg, and “(S,r =
ol Mg, respectively.
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T FO) (z)

[
[T,

FIGURE 1. Illustration of displacement F ") in the product Mg x Mg and comparison with the uniform expanding
map.

For any open set Us. C Mg x Mg /Cg, we write the pushforward measure (Fg))*.ﬁg
as

(FE oL Use N MG, o) = LEWF) ™ Use N M, o))

=/ 3

Us
€ xe(FE) M ({2h).2eUs,.

dvol Mé

0,r,c

" (2).
Jac(FY (x))

By the compactness of Mg (or Mg /Cg), the above expression is finite. By Lemma 5.3,
the Jacobian of Fg) is constant and (Fg))*ljg = Mg,r is Lebesgue.

By invariance of the action of the centralizer, for any neighborhood Us € Mg x My
with Us. = Us/Cg,

1o, (Usc N Mg, o) = ng,(Us N Mg ), (52)
and by definition of conditional measure,
a a a
i, (Us N ME,) = ug(Us). (53)

Let d be a distance function in Mj x Mg, and we abuse notation d for the induced
distance on Mg x Mg /Cq.Let Us = {z € My x Mg | d(z,S) < &} be a §-tubular neigh-
borhood of S and Us c = {z € Mg x M/Cq | d(z, Sc) < 8} be its quotient.

Define the almost-periodic set (set of rth close return) on the diagonal

AP"(Us) := {x € MJ | d(F"(x), S) < 8). (54)

Since F) commutes with Cg, AP (Us)/Cg = {x € M§/Cq | d(FY (x), S¢) < 8} and
LE(AP (Us)) = L(AP"(Us)/ Ca).
The following volume estimate of almost-periodic set holds.

LEMMA 5.4. Let Us c be any tubular neighborhood of Sc in Mg x Mg /Cg. Forallr €
Z\{0}, the conditional measure vol mg of AP"(Us) is given as follows:

LIAP"(Us)) = u§, (Usc N MG, o).

https://doi.org/10.1017/etds.2021.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.110

Effective equidistribution for generalized higher-step nilflows 3683

Proof. By setting (v), it suffices to prove L5 (AP"(Us)/Cg) = /Lg’r(U(s N Mg’rsc). Note
that (FY)""(AP"(Us)/Cg) = {x € MZ/Cq | d(z, Sc) < 8} if z = FY(x) for some
x € Mg /Cg, otherwise it is an empty set.

Then (F))~'(AP"(Us)/Cg) = (Usc N Mg, o). Thus, by definition of the pushfor-
ward measure, the equality holds. [

Recall that Fg) Mg /Cc — Mg’ - has non-zero constant Jacobian if r #0 by
Lemma 5.3 and it is a local diffeomorphism. Thus, by the transversality of F, ) in a small
tubular neighborhood U, F, g) is covering.

LEMMA 5.5. Foranyz € U N\ My, ., there exist a finite number of pre-images of Fér).

Proof. If we suppose that (F, g))_l (z) contains infinitely many different points, then since
the manifold M{ is compact (and Mg/ C¢ is compact), there exists a sequence of pairwise
different points x; € (Fg))*l(z), which converges to xg. We have (Fg))(xo) =z and,
by the inverse function theorem, the point xo has a neighborhood U’ in which Fg) is a
homeomorphism. In particular, U"\{xo} N (Fg))_l(z) = (J, which is a contradiction. [

Set N,(z) = #{x € Mg/CG | Fg) (x) = z} as the number of pre-images of Fg). The
number N, (z) is independent of the choice of z € U N Mg,r,C since Jacobian is constant
and the degree of the map is invariant (see [DAS, §3]).

We now introduce the volume estimate of the §-neighborhood Us .

PROPOSITION 5.6. The following volume estimate holds: for any r # 0, there exists C :=
C(Mg) > 0 such that

,Uyg’r(Ug,C N Mg,r,C) < C4.

Proof. LetU C Mg x Mg /Cg be a tubular neighborhood of Sc that contains Us,c with
the following condition:

volyaxma e (Us,c) = 8volyaxma e (U). (55)
IfUun Mg,r,C = (J, then there is nothing to prove since Us,c N Mg,r,C = (). Assume z €
Uun Mg,r,C and let {Ji}x>1 be connected components of (Fg))_l(U N Mg,r,C)' We first
claim that Fg) |, is injective.

Given z e U N Mg,r,C’ assume that there exist x1 7# xp € Ji for some k such that
z= Fg)|1k (x1) = Fg)hk (x2). Let y : [0, 1] — Ji be a path that connects y (0) = x1 and
y(1) = x2. Set the lift of the path 7 = F.’|;, oy : [0, 1] — U. Then 7(0) = 7(1) =z
and y is a loop in U. Since U is simply connected, y is contractible and there exists a
homotopy of the path g : [0, 1] — U such that go = ¥ is homotopic to a constant loop
g1 = c by fixing two end points Fg)|1k (x1) = Fg)ljk (xp) =z fors € [0, 1].

Note that F"'|! o g, is a lift of homotopy g;. and a lift of go is y = F'|7! (7) with
fixed end points x; and x>. By homotopy continuity, g, also keeps the same end points x1
and x, fixed for all s € [0, 1]. Since g is constant loop and its lift should be a single point,
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y is homotopic to a constant. Since the end points of y are fixed, they have to be constant,

but this leads a contradiction. Therefore, we have x| = x».
By injectivity of F, g) |, we obtain

A
FOY Wy =FYTwnME, )= e
k=1

Furthermore, we obtain the following equality:

VOIM&,,C {wn Mg’r,c) B volMg,r’C(U N Mg’r’c)

volug ca(Je) = Jac(FO)  Jac(FY) 0
Since the volume of M /Cg is a finite,
N (VOlngMg/CG (U)) _ (VOlMg,r,C(U N Mé‘,,,c)> 57)
N Jac(FY) ' Jac(F)
N,
= Z volysa g (Ji) < 00. (58)
k=1

Assume that (F2) ™ (Us.¢) = Upw, (F15) ™" (Us,c). Then by (56) and definition of
conditional measure,

N,

volyga o (FE) ™ (Us.0)) = Y volyga e (FE 1) ™ WUs.0))
k=1

N (VOlMg’AC(U‘g’C N Mg,r,C))
' Jac(Fg))
N, (VolngMg/cG (Ua,c)>‘
Jac(F)

By the last equality, together with condition (55),
Svoly Mg x Mg/C(;(U))

5 (59)
Jac(F7")

volya e (FC) ' (Us o)) = Nr(
Therefore, combining (57) and (59), there exists C > 0 such that
16, (Us.c) = (F&)avolyga o (Us.c) = Volyga oo (FO)Y ' (Us.0)) < €5 B

Definition 5.7. For any basis ¥ = {Y1, ... Y,} of codimension-1 ideal J of n, let [ :=
I(Y) be the supremum of all constants I’ € (0, %) such that, for any x € M, the map

qsxy:(sl,...,sa).—mexp(Zs,-Y,-)eM (60)
i=1

is a local embedding (injective) on the domain

{[seR*||s;j| <I'foralli=1,...,a).
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For any x,x" € M, set local distance d, (measured locally in the Lie algebra) on
the transverse section Mg along the ¥; direction by dy,(x, x") = |s;| if there is s :=
(Sty...,8q) € [—1/2,1/2]% such that

a
x' =xexp ( Z s,Y,-),
i=1
otherwise dy, (x, x") = I.
Recall the projection map pry: M — T"t! onto the base torus. On the transverse
manifold, for all 8 € T, let pry : Mg — T" be the restriction to M. Then, by applying
formula (10) to projection to the base torus,

dy;(pro(®g »(x)), pro(x)) =re, 1<i<n. (61)
Forany L > 1,r € Z,x € Mg and given scaling factor p = (p1, . .., pa) € [0, 1), we
define
€0 := max min{/, L?dy, (P}, 4(x), x)},
1<i<n ’ 62)
80 (x) := max min{l, L”dy, (P 5(x), x)}.
n+1<i<a ’

We note that the distance dy, (®], ,(x), x) on the generator level does not depend on the
choice of x. For this reason, we split the cases €, and §, 1 (x) to control the distance
separately on higher steps.

The condition €, 1, < € < I and 8’ < 8, 1.(x) < § < I are equivalent to saying

@7, (x) = x exp ( > s Y,-) (63)
i=1

for some vectors s := (sq, ..., 8,) € [—1/2, 1/2]? such that
|si| <eL™P foralli € {1,...,n},
lsil] <8L™P forallie{n+1,...,a},
lsjl > 8'L™"/ forsomejef{n+1,...,a}

For every r € Z\{0} and j > 0, let APj”L C M be a set defined as follows:

] ife, L > é,

AP} = , . 64
ot (5r,L)_l((2_(f+l)I,2_~’I]) otherwise. ©4

In the next lemma, the Lebesgue measure of the set of almost-periodic points AP;’ 7 on
M is estimated by the volume of the§-neighborhood Us.

LEMMA 5.8. Forallr € Z\{0}, j € N, L > 1, the (a + 1) dimensional Lebesgue measure
of the set A Pf’ 1 can be estimated as follows: there exists C > 0 such that
a—n

C a
a+1 r I ) B ARy )
LANAP] ) = L s
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Proof. Without loss of generality, we assume that AP;’ L F0.
By Tonelli’s theorem,

1
LANAP] ) = /O LG(AP], N Mg)d6. (65)

Recall the definition AP"(Us) in (54). Choose § = I“_’_’/Zj(“_")L_ Yi=nt1 i and set
(L{(SL’J := Us. Then we claim that APj”L NMg C AP’(’LIBL’]).

By identification of x € My with (x, x) in the diagonal A C Mg x Mg, the local
distance dy; (dD”e (x), x) is identified by the distance function d in the product Mé’ X

o

M. Thus, x € AP, N Mg implies that d(F"(x),S) <§. That is, AP}, NM§ C
AP’((LIBL’j ). By Lemma 5.4, the volume estimate follows

L.j L.j
LG(AP] | 0 Mg) < LHAP(US™)) = pg, (Us'e 0 MG, o).

Finally, by Proposition 5.6,

]a—n

¢ L.j a - - ?:n Pi
H’Q,r ((LIS’C N Mg’r,c) < 2](a_n) Z +1 A

Thus the proof follows from formula (65). O]

5.2. Expected width bounds. We prove a bound on the average width of an orbit on
a nilmanifold with respect to a scaled basis. This subsection follows along the lines of
[FF14, §5.2]. To complete of the proof, we repeat the similar arguments in nilmanifolds
under transverse conditions.

For L > 1 and r € Z\{0}, let us consider the function

o0 ) 2 n
hep = Z min {21(“"), <€r L) }XAPI’."’L- (66)

j=1

Define the cut-off function J, ;, € N by the formula

) 2 n
Jy.1 = max {j eN|2/@m < ( ) } (67)
€r.L

The function A, is

«Ir,L
hyp = Z 2J(a7n)XAP/?7L +
j=1

> ( : ) Xapr, - (68)

j>«]r,L er’L
For every L > 1, let TgL) be the rescaled strongly adapted basis
FL = xP, v, vy = (LXe, LY, . LTPaY,). (69)

For (x,T) e M x R, let W) (x, T') denote the average width of the (scaled) orbit
segment

V;(L) (x) := {¢;(L) x)]0<t<T}
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We prove a bound for the average width of the orbit arc in terms of the following
function:

[TL]

Hf =14 hnL. (70)
[r|=1

Definition 5.9. Fort € [0, T], we define a set of points 2 (¢) C {¢r} x R as follows.
Case 1. If qb;&u (x) ¢ Ul[rTli]l Ujso AP}, let Q() be the set of all points
(t, 81, ..., 8q) such that

Isil < I/4, ie{l,...,al}.
If qb;(éL) (x) e U|[rr|i]1 Uj=o0 AP] ., then we consider two subcases.

TL
Case 2-1. If ¢;§L) (x) € Ul[r|=]1 Ujss, AP

L let ©2(¢) be the set of all points (z, s)
such that

1 . .

; ] AP fi 1,...

lsi| < 7 1<‘£I‘1<1 o) ]I>mrnL{ r,L - ¢ (L)(x) € L} ori € {1, , n},
1 .

|si|<Z forie{n+1,...,a}.

[TL TL
Case 2-2. 1f ¢ 4, (x) € U Uj<s, AP ANURE Ujey,, APEL et 1 be the
largest integer such that

[TL] (TL]
¢;(§L)(x) € U U AP;,L\ U U AP;sL’
[rl=11<j<JrL Irl=1j>Jrr

and let ©2(¢) be the set of all points (¢, s) such that
1 .
|s,~|<Z fori e {1,...,n},

forie{n+1,...,a}
We set

Q= U Q1) C [0, T] x [—1/4,1/41* C [0, T] x R
te[0,T]

LEMMA 5.10. The restriction to 2 of the map

a
(t,8) € L~ x exp(tXéL)) exp ( Z S; Yl.(L)> (71)
i=1
is injective.
Proof. Assume there exist#' > ¢ and (¢, 51, . . ., o) # (¢, 5], ..., s;) such that
a a
L ’ L
@) () exp <Z si¥} )) = i () exp (Z sy} >). (72)

i=1 i=1
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By considering the projection on the base torus, we have the following identity:

(151, -, $) mod 2" = pri(¢ ) ()
= PP () = (sh s med ZHL - (73)
which implies 7 = ¢’ modulo Z. As ¢ = ¢’ X the number ry = ¢’ — t is a non-negative

integer satisfying ro < T'L; hence ro < [TL]
If =0, then t' =t and s/ =s; for all 1 <i < a. Then injectivity is obtained by
definition of 1. Assume that rg # 0. Let p, g € M. Then we have

p = (]5;((}) (x), gq:= (]5;((}) (x)=q= q’;o,@(l?)-
From identity (72) we have

a a
g = pexp ( Z sin.(L)) exp <— Z si’Yi(L)>
i=1

i=1
a
= pexp < Z(s; — i + Pi(si, s)L™F Yi> (74)
i=1
where P; is polynomial expression following from the Baker—Cambell-Hausdorff formula.
Note that P;(s;,s) =0if i =1,...,n and |Pi(s;, s)| < Y 12, 1/2|s1sl/|l for i > n.
Since [s;], |s]| < I/4 < 1,

q = pexp (Z(s si +e)L™P Y-> for some ¢; € [0, 1)

where I, = 2121(1/4)1 =1/@4—-1)<1/3.Thusforalli € {1,...,a},
LPidy, (p, @5 (p)) = L7 |(s] — si + €))L 7P| < Isj| + |si| + |€i] (75)
and
€ro,r = max LPidy,(p, %5 (p)) < max {Is;] + Is/| + leil} < 21.
1<i<n > 1<i<n
For the same reason, from formula (74) we also obtain that

Sro,L(p) - a—ro,L(Q) < 1/2’

By defining jo € N as the unique non-negative integer such that

1
i+l S 10, L(p)

2Jjo+ - 2/0

and by the Definition 5.7, we have p € APJ.V(;)’L andg € AP;

Jos L
If jo > Jyyr = J—rL. then p,g € U|[rT|i]1 szlr,L' It follows that the sets ©(¢) and

Q(t') are both defined in case 2-1. Hence by (75),
5
€ro.t. < max (lsi] + Isi| + leil} < 2€rp.L

which is a contradiction.
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If the map in formula (71) fails to be injective at points (¢, s) and (¢, s") with ¢ > ¢/,
then there are integers ro € [1, TL], jo € [1, J(|ro|)] and 6 € T! such that the points p
and q satisfy

(7L]
g=o2p). p.g¢ ) | APj.
Irl=1 j>JrL

In this case, the sets €2(¢) and Q(¢) are both defined according to case (2-2). Let [; and I,
as the largest integers such that

[TL] (TL]
pE U U AP;,L and gq € U U AP;’L.
[rl=1 Hh<j<JrL [rl=1h=<j<JrL

In case (2-2), we have

s;| < Isi| < foralli e {n+1,...,a},

400+1° 4 9hL+1°

which also leads to a contradiction because [y, [; > jo deduce the contradiction

Sro.L(p) < max {|s;| + ;| + |€;]}
i>n+1

<zm+zm+(§) /2T S i

— <
2Jjo+1 —

Hence, the injectivity is proved. O

We simply re-prove the bound on the averaged width (see [FF14, Lemma 5.5]) in the
general settings (under transversality conditions) by combining with Lemma 5.10.

LEMMA 5.11. Forallx € M and forall T, L > 1 we have

! < ZQI/THT o', (x)dt
EEE—— - = o X .
wen (e, T) ~\1) T Jo 7F " "x

Proof. The width function wg of the set 2 is given by

I a

(— case 1,
2
[ a . n

wet) = <§> (mmlilrI;TL{fr,L}> case 2-1, 76)

I a

(—) 2~ (a=m)(+1) case 2-2
5 ,
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and implies that

2 a—n
<_> case 1,
1
2\¢7" (It 2" XAP (¢X(L)(x))
1 T -
0 <1 ) Z Z (er.0)" case 21, (77
weQ |r =1 j s
2\¢ [TL] .
<7> Z Z 2(]+1)(M*H)XAP;L (¢;‘§L) ()C)) case 2-2.
[rl=1 j>Jr,L

By the definition of the function H LT in formula (70), we have

1 2\ r
— < <1> H/ o¢xff)(x) forallt € [0, T]. (78)

From the definition (40) of the average width of the orbit segment {x exp (tXéL)) |0 <
t < T}, we have the estimate

1 <1/T dt <<) /Ho¢ ) dr.
le(xL)(x, T = T Jo wq() L (L ]

LEMMA 5.12. For all r € Z\{0} and for all L > 1, the following estimate holds:

‘/ hyp(x)dx
M

Proof. 1t follows from Lemma 5.8 that for r # 0 and for all j > 0, the Lebesgue measure
of the set AP]T’ ; satisfies the following bound:

< CI"(1+ J, )L™ izwt1 /i,

cre—n
L“'H(APVL) < S n)L py—y (79)
From formula (68), it follows that
JrL
[ s dx <1+ Y
. Z 2n_£a+l(APrL)
J>JrL (€.0)"

By the estimate in formula (79), we immediately have that
JrL
Y 2demm g Y APT ) < CIT g LT i P
j=1
By the definition of the cut-off in formula (67) we have the bound
on—=(JrL+D(a—n)

<1,
(er,)"
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and by an estimate on a geometric sum

2

Jj> -]r,L

2n£a+l (AP;L) on—(Jr+1)(@—n)
— <

(Er,L)n o (Gr,L)n

CIO M~ Xiznt1 Pi

< CI9 "L Xisws Pi O

5.3. Diophantine estimates. We review the simultaneous Diophantine condition.

Definition 5.13. A vector « € R"\Q" is simultaneously Diophantine of exponent v > 1,
say o € DCp,), if there exists a constant c(«) > 0 such that, for all » € N\{0},

. o n c(a)
min lroi| = d(ra, Z) = lIre]l = oo,
Definition 5.14. For any basis Y = {I_’l, o, I_’n} C R let [ := I_()_’) be the supremum

of all constants I’ > 0 such that the map

n
(S1,...,51) —> €xp <Zs,)7,) eT"
i=1
is a local embedding on the domain

{seR"||si| <I'foralli=1,...,n}.

For any 6 € R", let [#] € T" be its projection onto the torus T” := R" /Z" and let

011 = Is1l, .. -, 181i = Isil, . - ., [Oln = Isal,

if there is s := (s1, . . ., sp) € [—1/2, I/2]" such that

n

[0] = exp (Z siYi) e T

i=1
otherwise we set |0 = - - - = |0, = I.
Definition 5.15. (Counting for close return time) Leto = (o1, ..., 0,) € (0, 1)" be such
thatoy +--- 40, = l.Forany o = (a1, ..., a,) € R", forany N € Nand every § > 0,
let

Ry(N,8) ={r e [-N,NINZ | |ral; <8,..., |ral, <8}

For every v > 1, let D,, (Y,0,v) C (R\Q)" be the subset defined as follows: the vector
a € D,(Y,o,v) if and only if there exists a constant C(Y,o,a) > 0 such that for all
N e Nforall§ > 0,

#Ry(N,8) < C(Y, o, o) max{N'=1/M) Ns}. (80)

The Diophantine condition for counting return time implies a standard simultaneous
Diophantine condition.
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LEMMA 5.16. [FF14, Lemma 5.9] Let o € D,,. For all r € 7Z\{0}, we have

2
1 1
max{|ra|i, ..., |ra|,} = min { —, = —_—
trade, - frab] {4 [1+C<Y,o,a>JZV}|r|v

For any vector 0 = (01, ...,0,) € (0, 1)" such thato| + - - - 4+ 0, = 1, let

m(o) = min{oy,...,0,} and M(oc) = max{oy,...,on}.

LEMMA 5.17. [FF14, Lemma 5.12] For all bases Y Cc R, for all 0 = (01, ...,0,) €
(0, D" such that o1 + - - - + 0, = 1 and for all v > 1, the inclusion

DCn,v C Dn(?, o,V)

holds under the assumption
o M(o) o 177! 1+ L2\ ([, m@) -1
min { v, -——1 ,|- - — - .
t= v n % n M (o)
The set D, (Y, o, v) has full measure if

L min { (M1 131"’(0)) (81)
v<mm{[ (o)n] -, —( _n>< _M(U) }

In dimension 1, the vector space has unique basis up to scaling. The following result is
immediate.

LEMMA 5.18. [FF14, Lemma 5.13] For all v > 1 the following identity holds:

DCy,, = Dy (v).

Let ¥ := (Xy, Y) be a basis and let ¥ = {Y}, ..., ¥,} € R denote the projection of
the basis of codimension-1 ideal J onto the abelianized Lie algebra n := n/[n, n] ~ R”".
For p = (p1,. .., pa) € [0, 1)¢, we write a vector of scaling exponents

p=(pts--spn), |PI=p1+ "+ pn

Let o) = (@\", ..., a") € D,(¥, 5/15], v). For brevity, let C(Y, 5/|41, @1) denote
the constant appearing in (80) for a1 € D, (Y, p/lpl, v). Let

Cla)) =1+ C(Y,p/1pl, o1). (82)

We prove the upper bound on the cut-off function in formula (67). Let I = I(Y) and
I = I(Y) be the positive constant introduced in Definitions 5.7 and 5.14. We observe that
I < I since the basis Y is the projection of the basis ¥ C n’ and the canonical projection
commutes with the exponential map. Then the following logarithmic upper bound holds.

LEMMA 5.19. [FF14, Lemma 5.14] For every p € [0, 1)¢, for every v < 1/|p| and for
every o € D, (Y, p/|pl, @), there exists a constant K > 0 such that for all T > 1 and for
all r € Z\{0}, the following bound holds:

Jrr < K{1+1logt[1(Y)™']+ log C(a)}(1 + log |r]).
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Proof. By Lemma 5.16 and by the definition of €, ;, in formula (62), it follows that, for all
T > 0, L > 1 and for all r € Z\{0}, we have

2
1 1
€1 > max min{/, i} >mini{/, —, ———t —.
ri z gax min{l, [rogl;) = { 4 [1+C(a1>12V}|r|v

It follows by the bound above and by the definition of the cut-off function (67) that

Jol < ——3log 2+ 3log™(1/1) + 2v log[1 + C(ap)] + v log |r]). 0
a—n

Assume that there exists v € 1/|p| such that oy € D, (Y, 5/|5|, v). For brevity, we
introduce the following notation:

HY, p, @) =1+ 1Y) Clan{l +log*[1(¥)~'] +log C(a1)}. ((83)

THEOREM 5.20. [FF14, Theorem 5.15] For every p € [0, 1)¢, for every v < 1/|p| such
that a1 = oti(l) € Dn()_’, 0, V) there exists a constant K' > 0 such that for all T > 0 and
forall L > 1, the following bound holds:

‘/ HF (x) dx
M

Proof. By the definition of H LT in formula (70), the statement follows from Lemmas 5.12
and 5.19. In fact, for all r € Z\{0} and j > 0, by definition (64) the set AP;’ ;, is non-empty
only if €, 1 < (I/2). Since v < 1/|p]|, it follows from the definition of the Diophantine
class D,, that

< K'HY, p,a)(1 + T)(1 +logt T + log L)L'~Xi=1 /i,

#{re[-TL, TLINZ\{0}| AP;’L + @} < C(Y,o,a))(1+ T)Llflﬁl.
Hence, the statement follows from Lemmas 5.12 and 5.19. O

The main idea of the proof above follows from Lemma 5.12 which is based on the
estimate to the upper bound of the measure of the almost periodic set AP;, ;- In Lemma
5.8, this bound is independent of choice of transverse section Mg.

5.4. Width estimates along orbit segments. In this subsection we introduce the
definition of good points, which is crucial in controlling the average width estimate.

Definition 5.21. For any increasing sequence (7;) of positive real numbers, let 4; € [1, 2]
denote the ratio log 7; /[log T;] for every T; > 1. Set N; = [log T;] and T;; = e/ for
integer j € [0, N;].

Let { > 0and w > 0. A point x € M is (w, T;, {)-good for the basis F, if, setting
Vi = ¢y (x). then foralli € Nand forall 0 < j < N,

w G, 1) = w/TY, w ;0 (vi> 1) > w/T.

o

Under the transversality condition, the following proof is still valid and extendable from
the quasi-abelian case. For the completion of the subsection, we repeat the proof of the
following lemma.

https://doi.org/10.1017/etds.2021.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.110

3694 M. Kim

LEMMA 5.22. [FF14, Lemma 5.18] Let ¢ > 0 be fixed and let (T;) be an increasing
sequence of positive real numbers satisfying the condition

(T, §) ==y _(log T;)*T; * < oo (84)
ieN
Let p € [0, 1) with Y_ p; = 1. Then the Lebesgue measure of the complement of the set

Gw, (T}), ¢) of (w, (T;), {)—good points is bounded above. That is, there exists K > 0
such that

meas(G(w, (T7), $)) < KE((T), O/ IMHY, p, e)w.
Proof. Foralli e Nandforall j =0,...,N;,let
i={eeM:wmy( 1) < T /w).
By definition we have

N;
Gw, (1), 0 = J J(S,i Uy (&) (85)

ieN j=0

By Lemma 5.11 for all z € & ; we have

1 1 Tji
(I/2)“Tf/w < / H}_, o7 ,(2)dt = — H},_ oy (z)dr.
0 Jol Xa Jol Tj,i 0 Jot o
It follows that
1 J
G C6(j,i):= {z €M :sup — / H}_l_ o¢§(a(z)dr > (I/2)“Ti§/w}.
750 J Jo I

By the maximal ergodic theorem, the Lebesgue measure meas(& ;) of the set &(j, i)
satisfies the inequality

meas(&; ;) < meas(&(j,i)) = (2/1)“(w/Tf) / H%ji(z) dz.
" '
Let H=H(Y, p,v) denote the constant defined in formula (83). By Theorem 5.20,

since by hypothesis v < 1/|p| and « € D, (5/|p|, v), there exists a constant K’ :=
K'(a, n, v) > 0 such that the following bound holds:

'/ Hy, (2) dz
T

Hence, by the definition of the T ;, we have

< K'H(1 +1og T} ;).

N; <logT; <N;+1, logT;; <2j. (86)
Thus, for some constant K, we have

meas(S;;) < K"2/D*Hw(l + j)Ti_C'
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By (86), for some constant K" > 0,

N;
meas( S u¢§f‘ (6,-,1»)) < K" Q/D)*Hw(log T;)*T, .
Jj=0

By sub-additivity of the Lebesgue measure, we derive the bound

N;
meaS( UUsivey” (61,0) < K"Z((T), HHw.

ieN j=0

By formula (85), the above estimate concludes the proof. O

Remark 5.23. Lemma 5.22 proves that the Lebesgue measure of the complement of a good
set is bounded along the sequence ( Ti_{ )ieN With a certain rate of decay. This explains that
the Lebesgue measure of the set of x € M with a small average width along unit time (or
slow divergence along close return orbits) is bounded by the ergodic integral of cut-off
functions for length 1. In particular, this lemma is necessary to handle bounds of ergodic
averages of flows under rescaled time in §6.2, which is a counterpart argument to the use
of the Sobolev constant that is only valid for the proof of (renormalizable) Heisenberg
nilflows (cf. [FF06]).

6. Bounds on ergodic average
In this section, we prove the bound for deviation of ergodic averages of nilflows, for each
function on irreducible representations. This bound will be derived from the calculations
for the coboundary in §3 and the average width estimates for good points in §5.

We shall introduce assumptions on coadjoint orbits O C n*.

Definition 6.1. A linear form A € O is integral if the coefficients A(nlgm)), (i,m) e J,
are integer multiples of 27r. Denote by M the set of coadjoint orbits O of integral linear
forms A.

There exist coadjoint orbits O C n* that correspond to unitary representations which do
not factor through the quotient N/ exp ng, ny C Z(n). Such coadjoint orbits and unitary
representations are called maximal (see [FF07, §2.2]).

Let Mo be subset of all coadjoint orbits of forms A such that A(nfm)) # 0 form = k.

This space has maximal rank and A(nl.(m)) # 0, forall (i,m) € J.

Definition 6.2. Given a coadjoint orbit O € ]% and a linear functional A € O, let us
denote by ¥ A the completed basis obtained by completion of (X, nil), Cee nik)). For
allt € R, we write the scaled basis Fy 4 () as

Far(t) = (Xo (1), Ya(t)) = A (Xo, Ya).

For any O € Mo, let Hop denote the primary subspace of L2(M) which is a direct sum
of subrepresentations equivalent to Ind%, (A). For the adapted basis 7, set

W' (Ho, F) = HoN W' (M, ).
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6.1. Coboundary estimates for rescaled basis. Recall the definition of degree of Yl.(m)
and

d(m)— k—m foralll <m<k-1,
P 0, m =k.

For any linear functional A, the degree of the representation m only depends on its
coadjoint orbits. We denote the scaling vector p € (R*)” such that

@i,j)ed

Assume that the number of bases of n with degree k — m is n,,. Define

Su(k) i= (n1 — D)k — 1) +no(k —2) + - - -+ ng1, (87)
s(p)i= min_(p" —p"V, " — p" D). (88)
1<i,j<np

We have §(p) < N(p). This inequality is strict unless one has homogeneous scaling

dj :
p; :S—i forj <k-—1.

LEMMA 6.3. There exists a constant C > 0 such that, for all r € R™ and for any function
f € W"(Hp), we have

Z I[Xa (), Iﬁ(m)(f)]flrfa,,\(z) < Cel IO, o)
(m,i)eJ
Proof. Forall (m, i) € J, we have
(m) | (m+1)
[Xa(t)’ Y[(m) (t)] = Z Cl(m+1)et(17p; +p0; )

>1

Yl(m+1) (7).

We note that cl(j ) — 0 for j = k and for some /, which is determined by the commutation
relation. Setting C = maX(i’j)eJ+{|Ci(J) [},

> Xa @ YO e < CTO YO flmno- o

(m,i)eld (m,)eJ+t

For x € M, let y, be the Birkhoff average operator

T _ 1 T K
Y () == fogy, (x)ds.
T Jo
Consider the decomposition of the restriction of linear functional yx to Wy (Ho, Fa,a (1))

as an orthogonal sum y, = D(t) + R(1) € W "(Hop, Fa.n (1)) of an X,-invariant distri-
bution D(¢) and an orthogonal complement R(z).
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THEOREM 6.4. Let r > (k+ 1)(a/2+ 1) + 1/4. For g € W' (Hop, Fa.A(t)) and for all
t > 0, there exists a constant C ,(1) > 0 such that

IR()(g)] < CPe!2O=07 max(1, 5, 1)
< T w0 DY + g, (0%, ). DY) gler, v (89)
Proof. Fixt > Oandset D = D(t), R = R(¢) for convenience. Let g € W' (Hp, Fo.a (1)).
We write ¢ = gp + gr, where gg is the kernel of X, -invariant distributions and gp is
orthogonal to gg in W' (Hp, Fo A(2)). Then gr is a coboundary and R(gp) = 0. Let
f =63 (gr). From D(gg) =0,
IR(g)| = |R(gp + gr)| = |R(gR)| = lyx(gr) — D(gR)| = lyx(gR)I- (90)

By the Gottschalk—Hedlund argument,

1 (T 1
|yx<gR>|=‘—/0 g0k, (0 ds| = 1 0 8], 0~ F(0)

T

oD

A

1
< Z(f@l+ | f o dx, ().

By Theorem 4.4 and Lemma 6.3, for any t > a/2 + 1, there exists a positive constant
C, such that for any z € M,

c _
RASUE m(Ce(l YO Fle o n )+ 1811 Fan ) (92)
a,A >3

By Theorem 3.12, if r > (k 4+ 1)t + 1/4, then

— (1=t

—41(k+1
|fledrny < Crace max(1, 8, " “ V) grl 7000

By orthogonality, we have |grlr7, ,) < |18lrFun®)- O

COROLLARY 6.5. For every r > (k+ 1)(a/2 4+ 1) + 1/4, there is a constant Cr(z) >0
such that the following holds for every O € Iy and every x € M:

Rl 7,0 < CON/T(YA)IY? max{l, 5, Vy771

Proof. Forall x € M, we have

I(YA)\
we,  (x, 1) > < ( A)> .
: 2
It follows from Theorem 6.4 applied to the orthogonal decomposition of y, = D(0) +
R(0). O

6.2. Bounds on ergodic averages in an irreducible subrepresentation. In this subsection
we derive the bounds on ergodic averages of nilflows for functions in a single irreducible
subrepresentation.

For brevity, let us set

Cr(0) = (145,71, (93)
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PROPOSITION 6.6. Assume (T;)ieN is an increasing sequence of positive real numbers
>1. Let O<w < I(Y) and ¢ > 0. Given r > (k+ 1)(a/2 4+ 1) + 1/4, there exists
a constant C.(p) such that for every G(w, (T}), £)-good point x € M and all f €
W' (Hp, F), we have

1

T;
— | [fodk (x)dr
0

- < CH(P)C Q™ PT2OHpl 0 (94)
l

Proof. By group action for scaling (18), a sequence of frames ¥(¢;) = Afojfis chosen
with other scaling factors p;z; on elements of Lie algebras Y;. Then, as j increases from 0
to NV, the scaling parameter #; becomes larger, while the scaled length of the arc becomes
shorter, approaching 1. Let ¢§(j denote the flow of the scaled vector field e’/ X = X (t;).

Foreach j =0,..., N,lety = D; + R; be the orthogonal decomposition of y in the
Hilbert space W™ (Hy, F(¢;)) into an X,-invariant distribution D; and an orthogonal
complement R;. For convenience, we denote by |-|,; and || - ||, ; respectively the
transversal Sobolev norm | - | #(;) and Lyapunov Sobolev norm || - ||, #,) relative to the
rescaled basis 7(t;).

Letusset N; = [log T;]and¢;; :=T;; = log Tij/Ni forinteger j € [0, N;]. We observe
that N; < log T; < N; + 1. For simplicity, we will omit the index i € N and set T = T;,
N = N; for a while within the proof and lemmas of this subsection.

Our goal is to estimate |y|_,#, = |y|—ro (the norm of the distribution of unscaled
bases). By the triangle inequality and Corollary 6.5,

[V1=r0 < |Dol—r,0 + | Rol-r0
@) a/2 - 95)
< |Dol-ro + C,7[1/I(N)]C,(O)T™".

We now estimate |Dg|—, . By definition of the Lyapunov norm and its bound (39), for
—s < —r <0,

|D0|—s,0 = Cr,s”DO”—r,O' (96)

Since Dj + Rj = Dj_1 + Rj_y,observe that D;_ = D; + R}, where R;. denotes the
orthogonal projection of R; on the space of invariant distributions W ™" (Hp, ¥(t;-1)). By
definition of the Lyapunov norm,

IDj=1ll=r.j—1 S IDjll=rj—1 + IR}l j—1
<IDjll-r,j-1+ |R;'|—r,j—l
<IDjll=rj-1 +IRjl=r j-1-
By Lemma 6.9, equivalence of norms gives
IDj—ill=r,j—1 < IDjll=rj—1 + CIRj| -y ;. (Cl))
By Lemma 3.16, for any X,-invariant distribution D and for all #; > ¢; 1,

—)\(P)(Tj—tj—l)/ZHD”

IDll—rFu; ) < e —r F(1))-
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Since F(t;) = A;fftj*lf"(tj,l) and t; —tj—; = log T /N, we obtain
IDjll—rj1 < TN Dy, ;.

From (97) we conclude by induction

N-1

I1Doll—r0 < T—WZ(HDNH_,,N +C ) T<’+1>W’)/2N|RN_1|_r,N_z>. (98)
=0
By Lemma 6.7 and 6.8,
1Doll—r0 < €} ()Cr(Oyw™ /2T =0EITE/22Um MO, (99)

From (95) and the above, we conclude that there exists a constant C, (p) such that

V|- < Cr(p)Cr (Ow™ AT =002, =
Here we provide the proofs of our supplementary lemmas.

LEMMA 6.7. Foranyr > a/2, there exists a constant C, > 0 such that for all good points
x € G(w, (T;), ¢), we have

1Dyl n < C TS /w2,
Proof. By definition of norm,

IDnll-rN < IDN|—+N = [V]-r.N-

It suffices to find the bound of orbit segment with respect to rescaled bases.
Foralli € N, set t; = t; ;. By Definition 5.21, for x € G(w, (T}), {) and y; = ¢)T(ia (x)

1

— < Tf/w and
w’}yj)(x, 1)

— <Tf/w. 100
w_ap iy 1) =Tifw (100

Note that the orbit segment (¢>§(a (x))o<r<r coincides with the orbit segment
(qﬁ)f(a(w)(x))osffl of length 1 since X, (ty) = Xq(og T) = T X,. Then by Theorem

B}

[V]-rn < CrngitN)(X, H=12,

Therefore, by the inequality (100),

Wy (X, D~V < T2 w2, O

LEMMA 6.8. Foreveryr > 2(k + 1)(a/2 + 1) + 1/2, there is a constant C(p) > 0 such
that for every good point x € G(w, (T;), ¢), we have
N-1
> TP IRy |yt < CP(p)CH O AT o1
=0
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Proof. The orbit segment (¢S(a(x))()§lsT has length TUN  with respect to the

generator X, (fy_;) = Xo((1 —1/N)log T) = T'="/NX,. Thus, by Theorem 6.4 with
e(1=8(Din—1 — T(1=1/N)1=5(0) e obtain

| RN—1]-rn—1 = CVC(O)T 1T A=II TN

1 1
X +
(w;cpr(x, D2 w0, 1)1/2)
< ZCfl)Cr O)yw 2T U=N)O=3()=I/N+¢/2

Let C = 2C,(1)Cr(())w_1/2. Since N; = [log T;] and N; <logT; < N; + 1, we have
T;1/NitD) < ¢ < T;1/Ni By setting T = T;, we obtain

N—1
TN IRy Gl N
1=0
N-1
< cT!1-8=0-1+¢/2 Z 7 U+Dpy /2N 7—1/N(1=8(p)—(1=0)—=I/N
1=0
N-1
< CT178=U=0+L/2+py 2N Z T—1/NQ2=3(0)—(1-N)—py /2)
1=0

o
< o CTI8(P)—(1=1)+¢/2 Z e~ A+2=8(p)=py/2)

=0
By (88), we have 1 + X —§8(p) — py/2 > 1— py/2 > 1/2, thus the geometric series
converges. O
LEMMA 6.9. There exists a constant C := C(r) > 0 such that, forall j =0,..., N,
Cllerg =1 lerjmt S Cl-lory

Proof. From (86),t; —tj_1 < 2 and observe that #(¢;) = AY~\i~1F(tj_y). Passing from
the frame ¥(t;_1) to F(t;), it can be verified that distortion of the corresponding

transversal Sobolev norm is uniformly bounded. [
Let
My = U {A € O| A integral} (102)
OEMO

be the collection of maximal integral coadjoint orbits.

Remark 6.10. Let o = (o1, ...,0y,) € (0, 1)" be such that oy + - - - + 0, = 1. For sim-
plicity, we choose o; = 1/n from now on (see Definition 5.13 or Lemma 5.17).

THEOREM 6.11. For any A € Mo, let vell,1+(k/2—-1)(1/n)]. Then, for any
r>(k+1(@a/2+4+ 1)+ 1/4, there exists a constant C(o,v) satisfying the following
condition. For every € > 0 there exists a constant K.(o,v) > 0 such that, for every
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o] = (ail), e a,gl)) € Dy (o, v) and forevery w € (0, I (Y)?], there exists a measurable

set G (0, €, w) satisfying the estimate

meas(Gp (0, €, w)°) < K (o, v)( )W(YA, 0, 0). (103)

w
I(Yn)?
Then for every x € G (0, €, w), for every f € W' (Hp, F) and T > 1 we have

Cr(o,v)Cr(O) . __
< ]/2’ 7—( 6)(]/35n(k))|f|rfa,/\-
w

1 ! ! dt
T,/(; f°¢xa(x)

Proof. 1f the coadjoint orbit O is integral and maximal with full rank, then the optimal
exponent of p = (,oi(m)) will be attained by the following homogeneous scaling:

’Oi(‘]) = —j

n

fori <k.

Letus set ¢ = 28(p)/3 — %/3. Given € > O and forall i € N, set T; = i1+9¢ ™" Then
there exists a constant K. (p) > 0 such that

S(w, (1), ¢) = Y (log T))*T; ¢ < Ke(p).
ieN
Let G =Ga(0, €, w) = G(w, (T;), ¢) be the set of (w, (T;), {)-good points for the
basis F,. Then the estimate in formula (103) follows from Lemma 5.22 and the definition

of good points. By Proposition 6.6, for all x € G and for every f € W' (Hp, ), estimate
(94) holds true. Given T € [T;, T;i+1],

T T; T
/0 fo¢3(a(x)dz=fo fod)g(a(x)dt—l-/r fodl (x)dt =)+ D).

Let C = C,(p)C,(0)/w'/2. The first term is estimated by formula (94):
(I < CE1*5(ﬂ)+§/2+X/2|f|rT L= CTilfzzS(p)/3+X/3|f|r?_ .

For the second term, let us set y = (1 4+¢)¢~! and observe that y~! = ¢(14+¢)~! >
(1 —€)¢. We have

_ -1
(D < (T = T)ll flloo < B2 ' TV 1 flioo
< Cl(p)Tl—(l—e)(—28(,0)/3+)\/3)|f|r7_. N

By the estimates on the terms (/) and (II), the proof is complete. O]

Remark 6.12. If O is integral but not maximal, then the restriction of A factors through
an irreducible representation of the (k — 1)-step nilpotent group N/ exp n). Then n/n;
is a polarizing subalgebra for subrepresentation and reduces to the maximal integral case.
Since the growth rate is determined by the scaling factors and the exponent \ is determined
by the step size and number of elements, the highest exponent is obtained by the integral
maximal full rank case.
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6.3. General bounds on ergodic averages. In this subsection the bounds on ergodic
averages for a function on a single irreducible subrepresentation obtained in §6.2 are
extended to all sufficiently smooth functions.

Definition 6.13. For every O € My, we define |O] = max,, en, |A(nfk))|.

Note that |O| does not depend on the choice of A and |O] # 0 by maximality. We
specifically choose an element nik) of degree k such that

0] = AP,
LEMMA 6.14. For every O € My and for every A € O, we have

I(YA) T H(Yp) < Cap)(1 + log C(ap))2¢T.

Proof. The return time of the flow X, to any orbit of the codimension-1 subgroup N’ C
N is 1. Hence, by Definition 5.7, we have I (Yp) = 1/2 for the basis. By (82), we have
C(aq) > 1. Then, from the definition of the constant H (Y, p, ), we obtain

I(YA)“HY) < I(YA) ™+ 1(Y) " C(ar)(1 +logT[1(Y)™'] + log C(a1))
< Cla)(1 +log Ca) (I (YA) ™+ I1(Ya) " log™[1(¥)™'])
<2C(an) (1 +1log C(a)(Yp) ™ 0

COROLLARY 6.15. Forevery O € 1\70, AecO,w>0ande > 0, let
wa = w|AF)|7HE. (104)
Then, for every w > 0 and € > 0, the set

G, e,w)= () Galo, €, wp)
AeMy
has measure greater than 1 — Cwe ™!, with C = 27T K (o, v)C(a1)(1 + log C(ay)).
Furthermore, if € < € we have G(o, €, w) C G(o, €, w).
Proof. Recall that | A(F)| is an integral multiple of 27. By Lemma 6.14, inequality (103)
and definition of w,, we have

WA

I(y)a)‘H(YA, P, )

< C'IAP|™ w,

meas(Ga (0, €, wp)) < Ke(o, v)(

where C’ = 2¢H K (o, v)C(a))(1 + log C(a1)). Since |A(F)| =2xl is bounded by

@net,
Z meas(Ga (o, €, wp)<) < 27 2wC’ Z Z [74¢
AeMO >0 AeMo:IA\=2nl
< Cw Z I7'7¢ < cwe™.
>0
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The last statement on the monotonicity of the set follows from the analogous statement
in Theorem 6.11. O

In every coadjoint orbit, we will make a particular choice of a linear form to sum up
estimates of the bound for each irreducible subrepresentation in terms of higher regularity
of norms.

Definition 6.16. Forevery O € Mo, we define Ao as the unique integral linear form A € O
such that

0<AmY) <0l
The existence and uniqueness of Ap follow from
A o Ad(exp(t X)) (™) = A + 10,

and the form A o Ad(exp(tXy) is integral for all integer values of ¥ € R.

LEMMA 6.17. There exists a constant C(A) > 0 such that the following holds on the
primary subspace C*°(Hp). Given a basis Fo = Fuy = (Xa, 1),

|A0(F)Id < C(A)(1 + Az, ) 2.

Proof. Let xo = Ao(n(k 1))/ |O|. Then there exists a unique A’ € O such that
A (ny = 1)) =0 given by A’ = A o Ad(e%). The element W € J is represented in
the representation as multiplication operators by the polynomials

P(A, W)(x) = A(Ad(e*X)W). (105)

By the definition of the linear form, the identity [ X, nik_l)] (k

) implies
PN, % D)) = |0lx.

From (105), we have

Z( 2 P(A,ad(Xo)' W) = A/ (W) forall W € J
o
Then we obtain
£ (—x) -
N W) =) ———P(A ad(Xo)' W)
— J!
P

7 (PN, D :
Z( ) ( ( 7l )> P(A', ad(Xy) W)
j=1

o~ kZ( b/ P, %Dy P (A, n®)=1= P(A!, ad(Xo) W),  (106)
J!
j=l
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For any A € n* the transversal Laplacian for a basis ¥ in the representation 7 is the
operator of multiplication by the polynomial and derivative operators

Apg= Y mac(W)r= )" P(A W)

WeF WeF

Hence, for any (m, j) € J,
1PN (™) = (1 + Ang, )2

In view of (106), the constant operators A’(nﬁ.m)) are given by polynomial and derivative

expressions of degree k in the operators P(A’, r;;m)). Then we obtain the estimate

|A (Fa)lld < CLA A+ Aprg, )2

Since the representations 7 o and 7, are unitarily intertwined by the translation operator
by x, and since constant operators commute with translations, we also have

|A (Fa)lld < CL(AYA + Apy 7, )2

Since x¢ is bounded by a constant depending only the step size k, the norms of the
linear maps Ad(exp(£x9Xy)) are bounded by a constant depending only on k. Therefore,
|[Ao(Fan)| < Ca(k)|A'(Fa.n)| and we finish the proof. O

COROLLARY 6.18. There exists a constant C'(A) such that for all O € Mo and for any

sufficiently smooth function f € Hp,
-1/2 _
Cr(Owy, P flrn < CWw 2l

where | = 2k(r — 1) + (1/2)ak(k + 1).

Proof. From definition (93) we have C,(0) < (1 + |A0(ﬁ[,,\0)|)l1 with [} = 4@ — 1).
By formula (104) and inequality |A o (Fa,a)] < [Ao(Fo)l, we have

Cr (0w > <w (1 + | Ao (Fo))”
with /o =11 +a(k + 1). By Lemma 6.17 we have

(1+ [Ao(F)D? < C'(A)(A + Ag, )2k, -

PROPOSITION 6.19. Letr > (k+ 1)(a+ 1)+ 1/4. Leto = (1/n,...,1/n) € (0, 1)" be
a positive vector. Let us assume that v € [1, 1 + (k/2 — 1)1/n] and let o« € D, (o, v). For
every € > 0 and w > 0, there exists a measurable set G(o, €, w) satisfying

meas(G(o, €, w)°) < Cwe™ ' withC =27 T K (o, v)C(a))(1 + log C(ay)),

such that for every x € G(o, €, w), f € W' (M) and any T > 1 we have

< wal/zT*(lfé)(l/”n(k))|f|r’7_a. (107)

1 (7 , J
’?/0 fO¢Xa(X) t
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Proof. Let 1 :=r —ak/2 > (a/2+ 1)(k+1)+1/4. Let f € W'(M,¥F) and let f =
> 0e o fOAbe its orthogonal decomposition onto the primary subspace Hy. Recall that for
each O € M), the constant wy, is provided in (104) and by equivalence from definition
(102) the set

g(O’, €, U)) = ﬂ gAO(U’ €, wA())
OEM()

has measure greater than 1 — Cwe~! by Corollary 6.15.

If x € G(0, €, w), then by Theorem 6.11 and Corollary 6.18, for every O € 1\//70 and all
T>1,

1 [T /2 (1—
‘7 /0 foody (x)dt| < Cr(o, v)w AT~ U=BNE) 1), o

For any T > 0 and any ¢’ > 0, by Lemma 6.17 and orthogonal splitting of Hp we have

2
7 oler| = D A+ 1A0FID™7C D (L + A0 T L folZ s,
061\70 OEMO OEM()
2
= C@OI 1Ty arernar:
Thus the proof ends by linearity. O

Proof of Theorem 1.1. Under the same hypothesis of Proposition 6.19, for i € N let
w; = 1/2/C and G; = G(o, €, w;). Set K. (x) = 1/w;'/?if x € G;\G,_,. By Proposition
6.19, the sets G; are increasing and satisfy meas(G{) < 1 /2'€. Hence, the set G(o, €) =
U;en Gi has full measure and the function K is in L? (M) for every p € [1, 2). O

Proof of Corollary 1.2. Recall that the k step strictly triangular nilpotent Lie algebra n
has dimension %k(k + 1) with one-dimensional center. If the coadjoint orbit O is integral
and maximal, then the optimal exponent will be attained by formula (87). Recall that the

scaling vector p = (. . ., ,oi(m), .. .) is obtained by

k=2
Sn(k) = [(k -2+ Z n(n + 1):| = (k— (K> +k —3),

n=1

and, in particular, by choosing homogeneous scaling,

l

) .
o_ 4 ki
TSk k—D(K2+k—3)

fori < j.

Then we verify

1

Mp) =48(p) = DR k=3

(108)

By repeating the same argument for proof of Theorem 1.1, this concludes the proof of
Corollary 1.2. O
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7. Uniform bound of the average width in the step-3 case

In this section we prove Theorem 1.3, uniform bound of the effective equidistribution of
nilflows on a strictly triangular step-3 nilmanifold. On this structure it is possible to derive
a uniform bound of ergodic averages under the Roth-type Diophantine condition due to the
linear divergence of nearby orbits. This argument is based on counting principles of close
return times which substitutes the necessity of good points (see also [F16] for the 3-step
filiform case).

7.1. Average width function. Let N be a step-3 nilpotent Lie group on three generators
as introduced in (3). We denote its Lie algebra n, with its basis {X1, X2, X3, Y1, Y2, Z}
satisfying the commutation relations

[X1, X2l =11, [X2, X3] =713, [X1, 2]l =[11, X3] = Z. (109)

As introduced in §2, {¢{ };cr is a measure preserving flow generated by V := X +
aX>+ BX3 and (1, «, B) satisfies the standard simultaneous Diophantine condition
(Definition 5.13).

By definition of the average width (see Definition 4.2), for any # > 0 and for any
(x,T) € M x [1, +00) we will construct an open set ;(x, T) C R® which contains the
segment {(s,0,...,0) | 0 <s < T} such that the map
¢X(s’ X2, x3’ y]’ yz, Z)
=Tx exp(se' V) exple /I xy X + e V3 x5 x5 4 ¢ 1Oy ) 4 =10y y, 4+ 27)

is injective on €2 (x, T'). Injectivity fails if and only if there exist vectors
(s, X2, X3, Y1, ¥2, 2) # (5", x5, X5, ¥}, ¥3. 2)
such that
Tx exp(s'e’ V) expe™ VI xS X5 + e X5 4 eV y1yy o= WOy y,y 4 7' 7)

=Tx exp(se' V) exple” VI xy X + eV 3 X5 4 e~ 1/Oy 7 4 =10y, 4+ 27).
(110)

Letusdenote r =s' —sand X; =x;' —x;, ;i =y’ —yiand Z =7 —z. Let cr > 0
denote the distance from the identity of the smallest non-zero element of the lattice I'. Let
us assume that

xil, 1xi 1 1yils [yi] < er/4 (111)

so that X;, y; € [—(cr/2), (cr/2)].
Forallt > O and s € [0, T, let us adopt the notation

Bt s) =%, B(t,s) =23, Jit,s) =y +e¥Vs0,
Va(t, s) = yo + ae> 553 + 1/2671/%()62)(% — x5x3).
From the identity in formula (110), we derive the identity

exp(re[V) exp(e_(l/S)lfz)_(z + e_(1/3)t)?3)_(3 + e_(1/6)t§1 Y1 + e_(1/6)t)~72?2) ex 'Tx.
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Projecting the above identity on the base torus, we obtain
exp(re' V) exple” V"5, Xy + e~/ 53X3) € T, (112)

which implies that re’ is return time for the projected toral linear flow at most distant from
e~ Ber)2.

Let R;(x, T) denote the set of r € [T, T] such that equation (112) on the projected
torus has a solution X3, X3 € [—(cr/2), (cr/2)]. Then for every r € R;(x, T), the solution
X; := X;(r) of the identity in formula (110) is unique. Given r € R;(x, T), let S(r) be the
set of s € [0, T'] such that there exists a solution of identity (110) satisfying (111).

Recall that wg, () (s) is the (inner) width function along the orbit ¢, (s, -) for s € [0, T].

LEMMA 7.1. The following average width estimate holds: for every T > 1, there exists a
constant C, > 0 such that

1024 Cqy
- < _ . (113)
T Jo weq,e() ¢t e@(Fa(r), 3

Proof. We approximate the average width by estimating counting close return orbits. By
definition S(r) is a union of intervals /™ of length at most

max{cr |F2(r)| e ™% /2, crlafz(r)| " e/ 2}

To count the number of such intervals, we will choose certain points where the distance
is minimized. As long as |X2(r)| > e 31/% for each component I* of S(r), there exists
s* € I'* solution of the equation ¥ (z, s) = ¥1(r) + /9% 55 (r) (see Figure 2). The same
argument holds for |¥3(r)|. Let S*(r) be the set of all such solutions. Its cardinality can be
estimated by counting points.

CLAIM. There exists a constant Cy, > 0 such that

#S*(r) < 1 CollFa(r), Z3(r)) |/ T. (114)

Proof. Note that s* is a point which minimizes the distance between an orbit and its close
return, say,

min max{13i (¢, )|, 1%2(¢, 9)1)

If either distance |y (z, s)| or |y>(¢, s)| dominates the other, then it reduces to simply
finding a solution to single equation. Otherwise, we assume |y; (¢, s)| = |y2(, s)| and solve
the equation for s. We distinguish the following two cases, but in either case we can restrict
either y{(r) = 0 or y,(r) = 0 for convenience.

By solving the equation |y (¢, s)| = |y2(¢, s)|, there exists s* € I* such that

e O + 1/27 0 (o] — xyxs))

x 2(r) — axz(r)
-<5/6>’(y2+ 1/2e /2 (xpx}y — xx3))

Xo(r) + ax3(r)

if y1(t,5) = y2(t, 5),

N
lf}’;l(t’ S) = _)72(t’ S).

https://doi.org/10.1017/etds.2021.110 Published online by Cambridge University Press


https://doi.org/10.1017/etds.2021.110

3708 M. Kim

size of length I'*

FIGURE 2. Illustration of width function and related quantities.

From the bound
|2 + 1/2e~ VP (xax) — x)x3)| < er/2 + cf-/16,
we obtain
B < {2ci|xz(r) — a3V T if B2 (r)F3(r) <O,
2cp ! |F2(r) + @iz (r)[eVO' T if F2(r)X3(r) > 0.

Thus we prove the claim. O

For every r € R;(x, T) and every s € [0, T'], we define the function
1
e F20), BN =570 fors € I* with |s —s*| = e~/

1
5r(t,s) = 1—6||()22(r), B for s € I* with |s — s*| < e~ /07,

cr

© for all s € [0, TI\S(r),

and set

Q(r) := {(s, x2, x3, y1, y2, 2) | max{|xal, [x3], [y1l, 21} < &, (z, 5), |z| < cr/16}.
Now we define the set of narrow width by
Q. T):= () Q@)
reR;(x,T)

Under the above construction, the map ¢y is injective on €;(x, 7). The open set ;(r) N
Q;(—r) are narrowed near both endpoints of the return time r so that their images in M
have no self-intersections under return times » and —r.
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By the definition of inner width and by construction of the set €2, (r) we have that
we, (i (s) = cré, (t,5)* foralls € [0, T).

It follows that for every subinterval I* C S(r) we have (using the definition of §,)

/ ds 512¢p!
< = = .
1w, (s) T eGYO[(F2(r), T3(r)I12

By the upper bound on the length of interval I* and on the cardinality of the set S*(r)
we finally derive the conclusion. O O

Recall from Definition 5.13 that we choose simultaneously Diophantine number « €
IRZ\@2 of exponent v > 1.

LEMMA 7.2. Given the Diophantine condition of exponent v > 1, there exists a constant
Cy := C(a) > 0 such that all solutions of formula (112) satisfy the lower bound

(%2, £3)ll72 = Coe /D= C/1=0/2),
Proof. By projected identity (112) on the base 3-torus, assume
(re',re'a + e 3%, re'g + e B3y e 73,

Then we set re' =q € Z and there exists (pi, p2) € Z? such that p1 —qo =

et/ 3£2, p2—qpB = et/ 3%3. By the Diophantine condition, there exists a constant C(«)
such that
1(F2. %)l 22 = e (I(p1 — gor. p2 — gB)ll 2
=" (ga, gB) 2
=)l
> Cae(l/3)tq—(V/2)
which proves the statement. O

For every n € N, let R,(”)(x, T) C R;(x, T) be characterized by
on+1’ on

max{|X2(r)|, |X3(r)|} € ( cr C_ri|

LEMMA 7.3. For all € > 0, if the frequency of the projected linear flow satisfies the
Diophantine condition of exponent v = /2 + €, then there exists Ce > 0 such that

#R™ (x, T) < CE(\'/)TZ—‘;e@”)’H“/Z). (115)

Proof. Under a Diophantine condition of exponent v > 1, from inequality (80) and the
definition of R,(") (x, T), we have

#Rt(”)(x, T) < C,(V) max {(Te’)l(l/”), Tet;—l;e(s’/@}. (116)
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It suffices to show (Te")!=(/Y) is less than or equal to the desired bound. From

Lemma 7.2,

(Tel)l—(l/v)/”()‘z.z’ )23)” S (Tel)1—(1/U)Cae(—(1/3)+(v/2))trl)/2
< TIHOD=U/W) 0 (/D +/2=1 /)

In the limit as v — «/5
(Te)! /G F3) | < CaTe @IHE,
Approximating || (x2, x3)|| ~ 1/2",
(TeH)' =M < ¢, (V)TCF (@/3)+(/2)1 O

By combining counting return time and width estimates, we obtain a uniform bound.

PROPOSITION 7.4. There exists a constant Cc(V) > 0 such that

1 r ds et
— —— < Cc(V)e*'.
T Jo we,un)(s)

Proof. By Lemma 7.1 and 7.3,

1/7 ds - Z /
T Jo wQ,(x,T)(S)_ th(’)(s)

reRr;(x,T)

l Z (1024 Cy )
T 2 PG, )

reR;(x,T)
C.(V)ef. O

IA

IA

Denote the average width of the orbit segment with length 1 by
W) (x) := sup{wyr) (v, 1) | x € {y exp(tV) | 1 € [0, 1]}}. (117)

COROLLARY 7.5. Let qb,v be a nilflow on step-3 strictly triangular M generated by V such
that the projected flow on T? satisfies the Diophantine condition of Roth type with v €
[1, V2 + €. For every € > 0 there exists a constant Cc(V) > 0 such that

Wi (x) = Ce(V) e ™ forall (x,1) € M x RT,

Proof of Theorem 1.3. By Corollary 7.5, we do not rely on the good points technique
and Lyapunov norm. An improved bound of remainder term R in Theorem 6.4 can be
obtained:

IR(9)|— = CPC,(O)T™! (118)

We revisit the backward iteration scheme introduced in the proof of Theorem 6.6. We
have
[¥1-r0 < |Dol-r0 + |Rol—r0

_ (119)
< |Dol—ro +CPCHOT!
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and
N
1Dol—r0 < IDNl-ro+ D IR} _j|-ro. (120)
j=1
Changing the length to 1 and by uniform width bound from Corollary 7.5,
IDN|—r0 < C T VDN sy < Cwy) (x, D712 < CT¢ (121)

Then, by inductive argument resembling (98),

N
_ 112
[Dol-s0 < CrsT 1/12<|DN|—r,f(zN) + Z CjTj/ |Rj—l|—r,‘f(tj1)>' (122)

j=1
Therefore
[¥l—r0 < C'C,(O)T~1/12Fe,

Finally, we sum up all the functions on irreducible representation Hp, which only increase
the regularity accordingly. O

8. Application: mixing of nilautomorphisms
In this section, as a further application of main equidistribution results, we verify an
explicit bound for the rate of exponential mixing of hyperbolic automorphisms relying
on a renormalization argument.

Let §23 = {X1, X2, Y1, Z1, Z2} be a step-3 free nilpotent Lie algebra with two
generators with commutation relations

(X1, X2l =Y, [Xi,Nhl=2, [X21]=2.

The group of automorphisms on Lie algebras induces an automorphism on the
nilmanifold

A
Aut(n) = 1 , AeSL(22,Z)¢ ,
A

and we consider a hyperbolic automorphism 7" with an eigenvalue N > 1 with correspond-
ing eigenvector V = X| 4+ a X, satisfying Diophantine condition (1, «) on base torus T2.
By direct computation, the following renormalization holds:

T oexp(tV) =exp(rV)oT.

THEOREM 8.1. Let (¢§,) be a nilflow on a 3-step nilmanifold M = §23/ " such that the
projected toral flow (q_Sﬁ/) is a linear flow with frequency vector v := (1, ) in the Roth-type
Diophantine condition (with exponent v = 1+ € for all € > 0). For every s > 12, there
exists a constant Cg such that for every zero-average function f € WS(M), forall (x,T) €
M x R, we have

T
‘%/0 fodh(x)dt| < CT7VoF £l (123)
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The detailed computation follows similarly to §7. The only difference with respect to the
step-3 filiform case [F16] is that it has an extra element in the center which is redundant in
the actual calculation on width, only raising required regularity of zero-average function.

The proposition below was first proved by Gorodnik and Spatzier in [GS14].

PROPOSITION 8.2. The hyperbolic nilautomorphism T is exponential mixing.

Proof. Let f, g € C'(M) be smooth. Define (f, g) = f v Jf&d . Since the Haar measure
is invariant under ¢},

1
<foT”,g>=/0 (foT" 0@l godl) dr.

By integration by parts,

1
<foT",g>=</0 foT"0¢’vdt,g0¢§/>

1 t
—/ </ foT”o¢;ds,Vgo¢§,>dt.
0 0

N
/0 foT" o) dt

Therefore,

(foT" g) =gl + 11Vglloo) sup
M s€l0,1]

du. (124)

By renormalizing the flow,
T"o¢l, = ¢} o T"

and

/SfoT”oqsfv(x)dr /Sfo¢>)\}n’oT"(x)dt
0 0

1 s
:v | fo¢€,oT"(x)dt.
Therefore, by the result of equidistribution (123),
(foT", g) < NTVF fll(ligloo + 1V glloo) = O. (125)
O
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A. Appendix
In this appendix we introduce a specific example of a nilpotent Lie algebra which goes
beyond our approach introduced in §5.

A.l. Free group type of step 5 with three generators. In this example, we will show the
failure of transversality condition. This only means that we cannot apply our theorem but
we do not know whether the conclusion holds or not.

Let §, be a free nilpotent Lie algebra with n generators and (§,)x+1 be the (k +
I)th subalgebra in the central series, following the notation in (4). Denote by §,x :=
$n/ @& n)k+1 the quotient of the free algebra with n generators §,, which is finite-
dimensional.

Definition A.1. Let n be a nilpotent Lie algebra satisfying the generalized transversality
condition if there exists basis (X, Yo) of n for each irreducible representation n[)\(”
that

such

(®a) @ Ran(ady, ) + C5(73%) =n (A1)
where C3()*) = {Y € T | A([Y, Xq]) = O}.

The generalized transversality condition implies the existence of a completed basis
for each irreducible representation nf" of non-zero degree. That is, given the adapted
basis F = (X, Yy, ..., Y,), there exists reduced system F=(X,Y,..., Y!)) satisfying
transversality condition (42) and n[’f(Y,;) =0foralla’ <m <a.

Now we will investigate an example that fails the transversality condition as well as that
in the sense of representation.

Let ¥ = (X, Yl.(j )) be basis of §s3 with generators {X;, X», X3} with the following

relations:
X1 X2 Xj3
YI b Y3
Zy Zy -+ Zg Zg
with

[X1, Xol =11, [X2, X3]l=Y2, [X1,X3]=7Vs3,
X1, 1=271, [X1,Yol=2s, [X1,V3]=123,
[Xo, 11 =Z4, [X2, V2l =7Zs, [X2,V3]=Z,
(X35, 11=77, [X3,Yol=12Zs, [X3,Y3]=2Z.

The rest of the elements in ¥ 3 are generated by some commutation relations but these are
not listed here. In general, we write elements Y ;') € n;\n;4+1 and Yi(s) € Z(n) for all i. By
the Jacobi identity

[X1, [X2, X311 + [ X2, [ X3, X111 + [ X3, [X1, X2l =0 <= Z, — Zg + Z7 = 0.
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For fixed «; and g;, let
V=X1+awX:+a3X3+ B1Y1 + B2Y2 + B3Y3

and set to be the J ideal of §s 3 codimension 1, not containing V.

PROPOSITION A.2. §s53 does not satisfy the generalized transversality condition for some
irreducible representation.

Proof. To find the centralizer in the Lie algebra, for a;, b; € R, set
[V,X]=0
S X=aXi+aXo+aXs+b1Y1 + Yo +b3Y3+c1Z) + - - -+ csZs.
Then it contains
(a2 — aza))Y1 + (a2a3 — aza2) Y2 + (a3 — aza1)¥s3
+ (b1 — Bran)Zy + (by — pra) Zy + (b3 — Bza1)Z3 +- - - = 0.

By linear independence, all the coefficients vanish and we are left with

arX1+ax X2 + a3 X3 = a1(X1 + 02 X2 + 3X3),

b1Y1 + baYy + b3Y3 = ai(B1Y1 + BoYa + B3Y3).

Therefore, there is no non-trivial element in C5(V) N ny\n3. Since the range of ady has
rank 2, this model does not satisfy the transversality condition.

We now verify that the generalized transversality condition is not satisfied on some
irreducible representation. By Schur’s lemma, an irreducible representation JTX acts as a
constant on the center Z(n).

Assume 1, (W;) =s;1 #0 for some W; € Z(n). Then it is possible to choose an
element L; € np\n3 such that

[V, Li]) = (a11? + ast + a3),

[V, La]) = (b11? + bat + b3),

m([V, L3]) = (c11? + cat + ¢3),
where (a;, b, c;) are non-proportional for each i, and

m(ady (L)) = 7. (W;) # 0.

However, on the given irreducible representation, any linear combination of L, L, and
L3 does not give a trivial relation. If s1L| 4+ s2L> 4+ s3L3 € C3 (T[X), then

7 ([V, s1L1 + s2Ly + s3L3])
= Sl(a1t2 + art + az) + Sz(b1t2 + bot + b3) + S3(Cll‘2 + ¢t 4+ ¢3)
= (s1a1 + $2b1 + s3¢)t? + (s1a2 + 5262 + s3¢2)t + (5103 + $2b3 + 53¢3) = 0.

The system of equations has trivial solution (r = 0) by linear independence of each
coefficient. Then there does not exist any element of ny\n3 that has degree 0. However,
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the range of ady has rank 2 and the generalized transversality condition cannot be satisfied
in this example. O
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