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Interscale kinetic energy transfer in chemically reacting compressible isotropic turbulence
is studied using numerical simulations at turbulent Mach numbers 0.2 and 0.8 for
isothermal and exothermic reactions. At low turbulent Mach number Mt = 0.2 for
exothermic reaction, heat release greatly enhances expansion and compression motions,
and induces the formation of shocklets which are not observed for isothermal reaction at
the same turbulent Mach number. It is found that heat release through exothermic reactions
enhances both the positive and the negative components of pressure–dilatation, as well as
positive and negative components of subgrid-scale (SGS) kinetic energy flux, indicating an
increase of both forward-scatter and backscatter of kinetic energy. The SGS flux of kinetic
energy has a tendency to be from large scales to small scales. The solenoidal components
of pressure–dilatation and SGS kinetic energy flux are minorly influenced by heat release
of reaction, while the dilatational components of pressure–dilatation and SGS kinetic
energy flux are significantly intensified by heat release at all length scales. Heat release
enhances the kinetic energy of the dilatational mode through the pressure work, and leads
to the increase of dilatational kinetic energy transfer from large scales to small scales
through dilatational SGS flux, as well as the viscous dissipation of dilatational kinetic
energy at small scales. Taylor Reynolds number has a minor influence on the qualitative
statistical properties of interscale kinetic energy transfer terms.
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1. Introduction

Turbulence–chemistry interaction is a complex physicochemical phenomenon which is
widely observed in combustion devices, oil burners and aerospace propulsion systems
(Libby & Williams 1981; Peters 2000; Kuo & Acharya 2012). The intricate phenomenon of
the turbulence–chemistry interaction involves complex flow dynamics and energy transfer
in a wide range of spatial and temporal scales (Jaberi & Madnia 1998; Livescu, Jaberi
& Madnia 2002; Paes & Xuan 2018). Understanding the fundamental mechanisms of
turbulence-chemistry interaction is helpful in combustion engine design, efficient energy
utilization and combustor pollutant control (Gao & Obrien 1991; Leonard & Hill 1992;
Jaberi et al. 1996; Barths, Hasse & Peters 2000; Peters 2000; Wu et al. 2010).

Early computational studies on turbulence–chemistry interaction provided meaningful
results on the complicated coupling mechanisms between turbulent motion and chemical
reactions through extensive direct numerical simulations (DNS) of forced, decay and shear
chemically reacting turbulence (Jaberi & James 1999; Martín & Candler 1999; Jaberi,
Livescu & Madnia 2000; Knaus & Pantano 2009; Duan & Martín 2011; Chen & Li 2013).
It was found that non-uniform heat release through chemical reactions can greatly intensify
pressure, density and temperature fluctuations (Balakrishnan, Sarkar & Williams 1995;
Jaberi & Madnia 1998) and thus lead to an increase of compression and expansion motions
at all length scales (Eschenroeder 1964; Jaberi et al. 2000; Paes & Xuan 2018). Moreover,
turbulence can enhance the transfer of reactants and products, and consequently affects
the dynamics of chemical reaction as well as the structures of the reaction zone (Hill 1976;
Leonard et al. 1988; Leonard & Hill 1992; Hamlington, Poludnenko & Oran 2011).

Investigation of energy transfer within the reacting system is helpful in understanding
the interaction mechanism in reacting turbulence. Jaberi & Madnia (1998) analysed weakly
compressible reacting isotropic turbulence through a DNS database and found that energy
from chemical reactions is basically transferred to dilatational component of kinetic
energy through pressure work, and is further transferred from the dilatational component
to the solenoidal part through the advection process. Livescu et al. (2002) studied the
exchange of kinetic energy and internal energy in non-premixed reacting compressible
homogeneous shear turbulence and found that, during the reaction process, the dilatational
part of kinetic energy production increases due to heat release. The pressure–dilatation
correlation is responsible for the transfer of internal energy to kinetic energy. Meanwhile,
the kinetic energy decreases in the direction of the mean velocity, and increases in the
direction of the shear stress during the intense reaction period. The above works provided
meaningful insight into energy transfer between internal energy and kinetic energy from
a volumetric average perspective for reacting weakly compressible isotropic and shear
reacting turbulence. The transfer of kinetic energy among different length scales in
reacting turbulence remains to be explored.

The analysis of interscale kinetic energy transfer provides an effective approach to
understanding the local behaviour of energy transfer beyond the statistically average sense.
The interscale transfer of kinetic energy can be described by the classical energy-cascade
hypothesis (Pope 2000; Richardson & Lynch 2007), which is known as forward-scatter
energy cascade in the sense of statistics: kinetic energy has a statistical tendency to be
generated at the largest scales and then transferred progressively to smaller scales and
finally dissipated by molecular viscosity nearly at Kolmogorov length scales (Pope 2000;
Goto 2008; Sagaut & Cambon 2008; Aluie 2011; Aluie, Li & Li 2012; Aluie 2013; Wang
et al. 2013a, 2018a; Eyink & Drivas 2018; Yasuda & Vassilicos 2018). In three-dimensional
incompressible turbulence, the forward-scatter of kinetic energy is known to prevail (Pope
2000; Sagaut & Cambon 2008; O’Brien et al. 2017). On the other hand, the opposite
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Interscale kinetic energy transfer in reacting turbulence

kinetic energy transfer, namely, the energy backscatter has been largely observed in both
reacting and non-reacting compressible turbulence (Leslie & Quarini 1979; Piomelli et al.
1991; Domaradzki & Saiki 1997; Ishihara, Gotoh & Kaneda 2009; Cardesa et al. 2015).
For weak and moderate compressible reacting turbulence, energy backscatter is widely
observed in flame brush and expansion regions where reaction heat release is strong. Urzay
et al. (2013) and O’Brien et al. (2014) studied the dynamics of backscatter of kinetic energy
in reacting H2–air turbulent mixing layers. They reported that backscatter of kinetic energy
occurs primarily in expansion regions. Through analysing a DNS database of turbulent
premixed flame, O’Brien et al. (2017) investigated the kinetic energy transfer between
turbulence and flames, and observed the transfer of kinetic energy from small scales to
large scales in the flame brush. They also found that small amounts of enthalpy created
by combustion heat release are transformed into small-scale kinetic energy by means of
the subgrid-scale (SGS) pressure-gradient velocity correlation, and the resulting overload
of SGS kinetic energy is transferred to the resolved scales through SGS backscatter. The
underlying mechanism for kinetic energy backscatter in reacting compressible turbulence
requires further exploration. Towery et al. (2016) analysed the spectral kinetic energy
transfer by advection in turbulent premixed reacting flows and concluded that advective
processes transfer energy from small to large scales in the flame brush and the net up-scale
transfer of energy occurs primarily at spatial scales near the laminar flame thermal width.
Paes & Xuan (2018) analysed the temporal evolution of kinetic energy of a chemically
reacting n-heptane and air mixture in compressible homogeneous isotropic turbulence
and found that kinetic energy can be transferred from small scales to large scales in
chemically reacting turbulence through pressure–dilatation work at the flame front. The
energy budget analysis (Kim et al. 2018) further revealed that energy is extracted by mean
pressure-gradient interscale flux at characteristic flame scales and then injected into both
larger scales and smaller scales.

For highly compressible chemically reacting turbulence, the compressibility effect
and reaction heat release further complicate the interscale energy transfer process. The
presence of shocklets in highly compressible turbulence considerably increases flow
dilatation at small scales which significantly enhances interscale kinetic energy transfer
as well as energy dissipation (Lee, Lele & Moin 1991; Samtaney, Pullin & Kosović
2001). Wang et al. (2013a, 2018a) studied the interscale kinetic energy transfer in
highly compressible non-reacting isotropic turbulence and found that the increase of
flow compressibility enhances both kinetic energy forward-scatter and backscatter. The
dilatational mode can dominate over the solenoidal mode in kinetic energy transfer with
the increase of flow compressibility. Nevertheless, heat release effects through chemical
reactions on interscale kinetic energy transfer in highly compressible turbulence are
less understood due to the intricate combined influence of compressibility and heat
release.

This study aims to explore the interscale transfer of kinetic energy in solenoidally forced
stationary chemically reacting compressible isotropic turbulence and address the effects
of flow compressibility and heat release on the interscale kinetic energy transfer. The rest
of the paper is organized as follows. In § 2, the governing equations are presented and
the numerical method is described. The one-point statistics and reaction characteristics
of the simulated chemically reacting flows are presented in § 3. The dynamical equations
for the filtered kinetic energy are introduced in § 4. In § 5, results on interscale transfer
of kinetic energy are analysed and discussed. The effects of Taylor Reynolds number on
interscale transfer of kinetic energy are presented in § 6. Major findings and conclusions
are summarized in § 7.
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2. Governing equations and numerical method

Numerical simulations of solenoidally forced stationary chemically reacting compressible
isotropic turbulence are performed, employing the following dimensionless Navier–Stokes
equations in conservative form:

∂ρ

∂t
+ ∂

(
ρuj
)

∂xj
= 0, (2.1)

∂ (ρui)

∂t
+ ∂

[
ρuiuj + pδij

]
∂xj

= 1
Re

∂σij

∂xj
+ Fi, (2.2)

∂E
∂t

+ ∂
[
(E + p)uj

]
∂xj

= 1
α

∂

∂xj

(
κ

∂T
∂xj

)
+ 1

Re
∂
(
σijui

)
∂xj

+ Q − Λ + Fjuj, (2.3)

∂(ρYs)

∂t
+ ∂

(
ρYsuj

)
∂xj

= 1
Re

1
Sc

∂

∂xj

(
μ

∂Ys

∂xj

)
+ ω̇s, s = 1, 2, . . . , ns − 1, (2.4)

p = ρT/
(
γ M2

)
, (2.5)

where ui is the velocity component, p is the pressure, T is the temperature and ρ is the
mixture density. The viscous stress σij is given by

σij = μ

(
∂ui

∂xj
+ ∂uj

∂xi

)
− 2

3
μθδij, (2.6)

where, θ = ∂uk/∂xk is the velocity divergence. For the multispecies mixture, Ys denotes
the mass fraction of the sth species, ω̇s is production rate of the sth species and ns is the
total number of species. Here Q denotes total heat of reaction.

The total energy per unit volume E is defined by

E = p
γ − 1

+ 1
2
ρ
(
ujuj

)
. (2.7)

A set of reference scales are used to normalize the variables in chemically reacting
compressible turbulence, including the reference length Lf , velocity Uf , density ρf ,
pressure pf = ρf U2

f , temperature Tf , energy per unit volume ρf U2
f , viscosity μf and

thermal conductivity κf . Three reference governing parameters are derived: the reference
Reynolds number Re = ρf Uf Lf /μf ; the reference Mach number M = Uf /cf ; and the
reference Prandtl number Pr = μf Cp/κf . The speed of sound is defined by cf = √

γ RTf ,
where R is the specific gas constant and γ = Cp/Cv is the ratio of specific heat at constant
pressure Cp to that at constant volume Cv . Here γ is assumed to be equal to 1.4 in our
simulations. The parameter α is defined by α = PrRe(γ − 1)M2. The Schmidt number
Sc = μf /ρfDf , where Df is mass diffusivity proportional to T3/2

f /pf for gas. It is assumed
that the parameters Pr = Sc = 0.7, and the gas is calorically perfect (Jaberi & James 1999;
Jaberi et al. 2000; Wang et al. 2010).

Sutherland’s law is adopted for calculation of the non-dimensional temperature-depen-
dent viscosity coefficient μ and thermal conductivity coefficient κ (Wang et al. 2010)
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as follows:

μ = 1.4042T1.5

T + 0.40417
, (2.8)

κ = 1.4042T1.5

T + 0.40417
. (2.9)

The large-scale forcing Fi is applied to the solenoidal velocity component by fixing the
velocity spectrum within the two lowest wavenumber shells (Chen & Cao 1997; Wang
et al. 2010; Donzis & Maqui 2016). The spatially uniform thermal cooling Λ is utilized to
sustain the internal energy in a statistically steady state (Wang et al. 2010).

An Arrhenius type single-step irreversible reaction equation is adopted to evaluate the
chemical reaction source terms and reaction heat release (Jaberi & James 1999; Jaberi
et al. 2000),

A + rB → (1 + r)P, (2.10)

where, A and B denote two reactants and P is the product. In the current study, r = 1 is
considered. The mass fractions and the reaction rates of species A, B, P are denoted by YA,
YB, YP and ω̇A, ω̇B, ω̇P, respectively. Reaction rates of reactants and product are given by

ω̇A = ω̇B = −1
2 ω̇P = −Daρ2YAYB exp(−Ze/T), (2.11)

where the Damköhler number Da = Kf ρf Lf /Uf and the Zeldovich number Ze = Ea/RTf .
Here Kf is the reaction rate parameter, which is assumed constant, and Ea is the activation
energy (Jaberi & James 1999; Jaberi et al. 2000).

The heat source term Q is given by

Q = Ce
(γ − 1)M2 ω̇P, (2.12)

where the heat release parameter Ce = −H0/CpTf and −H0 is the heat of reaction. It
can be noted that the species production rate is determined by Da and Ze. The above two
parameters in combination with Ce determine the heat generation rate (Jaberi & James
1999; Jaberi et al. 2000).

The governing equations of chemically reacting compressible turbulence are solved
numerically in a cubic domain of (2π)3 by using periodic boundary conditions in all three
spatial directions. A hybrid scheme combining an eighth-order compact finite difference
scheme for smooth regions and a seventh-order weighted essentially non-oscillatory
(known as WENO) scheme (Balsara & Shu 2000) for shock regions (Wang et al. 2010,
2011, 2012a) is adopted for both weakly and highly compressible reacting isotropic
turbulence. To implement the shock detecting process, a shock front detecting relation
θ < −Rθ θ

′ (Samtaney et al. 2001) is used, where, Rθ = 3.0. Then, the shock front and
additional six grid points on both left and right in each spatial direction immediately
outside the shock front are treated as the shock region that is calculated by the weighted
essentially non-oscillatory scheme. The remaining region is defined as the smooth region
(Wang et al. 2010). For weakly compressible turbulence without shocklets, the entire
computational domain is treated as the smooth region. Successful applications of this
numerical scheme are referred to in Wang et al. (2012a,b, 2013a,b, 2018a,b, 2020).

The simulation process comprises two consecutive steps. In the first step, the source
terms and reaction heat term are turned off for development of non-reacting multispecies
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YA = 0.99, YB = 0.01

YA = 0.01, YB = 0.99

x1

x2

x3

Figure 1. Initial density field at the start of chemical reaction.

compressible turbulence. The velocity field is driven and maintained by a large-scale
momentum forcing. The kinetic energy cascade from large to small scales requires energy
input through forcing at the large scales, to balance the viscous dissipation at the small
scales. At the same time, the viscous dissipation is converted to thermal energy or heating
at the small scales. A spatially uniform cooling function is applied to keep the average
internal energy in a steady state (Wang et al. 2010). When the non-reacting compressible
turbulence reaches a statistically steady state, the velocity and temperature are used as the
initial values for the next step. The aim for step one is to get a steady state velocity and
temperature field in which the large-scale forcing and cooling are in balance. In the second
step, the source terms and reaction heat term are switched on for the chemical reaction
and the density field is reinitialized in the way illustrated in figure 1. The focus in step two
is species variation, reaction heat release and the interaction with turbulent motion. The
initial density field has unity volume average value and no turbulent fluctuations. In the
x1–x3 planes, the initial mass fraction values of YA and YB at every grid point are equal
and constant. The domain in the x2 direction is uniformly divided into eight segments:
YA = 0.99, YB = 0.01 in the 1st, 3rd, 5th, 7th segments, and YA = 0.01, YB = 0.99 in the
2nd, 4th, 6th, 8th segments. The spatial average of both YA and YB are equal to 0.5, and
YP is zero over the entire domain. Details of the scalar initialization are referred to in
Jaberi et al. (1996). It should be noted that Jaberi & Livescu et al. used random scalar
initialization with double-delta probability density function (p.d.f.) distribution (Jaberi &
James 1999; Livescu et al. 2002) and scalar slabs initialization (Jaberi et al. 2000) in
simulating non-premixed compressible isotropic, decaying and shear reacting turbulence
and found that when the simulation time is long enough, the conserved scalar variance is
small. Teng et al. (2020) analysed the influence of multispecies density initialization using
similar slabs with different slab widths on flow statistics. The numerical results suggested
that the slab initialization method for multispecies density field has minor influence on
flow statistics at the initial chemical reaction phrase, and the results based on statistically
steady state flow data when chemical reactions are almost finished are nearly unaffected
by initial density field. Thus, the subsequent statistical analysis are based on flow data with
a long development time to avoid the influence of initial scalar distribution.
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Resolution Reλ Mt Da Ze Ce η/x LI/η S3 ε0 −〈pθ〉 −〈pθ〉/ε0

5123 158 0.2 2 0 0 0.98 120 −0.51 0.75 −1.8 × 10−3 −2.4 × 10−3

5123 158 0.2 200 8 3 1.03 117 −0.81 0.64 −5.7 × 10−2 −8.9 × 10−2

5123 162 0.8 2 0 0 1.02 118 −0.81 0.67 8.3 × 10−3 1.2 × 10−2

5123 156 0.8 200 8 3 1.00 117 −1.32 0.72 1.9 × 10−2 2.6 × 10−2

Table 1. Specification of DNS parameters and resulting flow statistics.

3. One-point statistics and reaction characteristics of chemically reacting compressible
isotropic turbulence

The statistical analysis of chemically reacting compressible isotropic turbulence depends
on two vital parameters: the Taylor microscale Reynolds number Reλ and the turbulent
Mach number Mt, which are defined, respectively, by Wang et al. (2018b) as

Reλ = Re
〈ρ〉u′λ√

3〈μ〉 , Mt = M
u′

〈√T〉 , (3.1a,b)

where 〈〉 stands for spatial average. The root mean square (r.m.s.) velocity magnitude is

u′ =
√

〈u2
1 + u2

2 + u2
3〉 and the Taylor microscale is

λ =
√√√√ 〈

u2
1 + u2

2 + u2
3
〉〈

(∂u1/∂x1)
2 + (∂u2/∂x2)

2 + (∂u3/∂x3)
2〉 . (3.2)

Two sets of reaction parameters are employed to represent different reaction rate and heat
release rate. The set (Da = 2, Ze = 0, Ce = 0) defines an isothermal reaction and the other
set (Da = 200, Ze = 8, Ce = 3) represents the exothermic reaction. The specification of
simulated parameters and resulting flow statistics are listed in table 1. Simulations are
performed on a grid with a resolution of 5123 at initial Taylor Reynolds number 400 and
at turbulent Mach numbers Mt = 0.2 and 0.8. The Kolmogorov length scale is defined
by η = [〈μ/(Reρ)〉3/〈εV/ρ〉]1/4, where the dissipation rate per unit volume is given by
εV = σijSij/Re and the strain rate tensor Sij is defined by Sij = (1/2)(∂ui/∂xj + ∂uj/∂xi).
The magnitude of Kolmogorov length scale η represents the dissipation-range resolution,
which plays a significant role in the grid convergence of velocity statistics in DNS
(Watanabe & Gotoh 2007).

As shown in table 1, the resolution parameter η/x lies within the range between 0.98
and 1.03, where x denotes the gridding length in each direction. It is straightforward to
derive that 3.08 < kmaxη < 3.23 where the largest wavenumber kmax is half of the number
of grids N in each direction: kmax = N/2 = π/x. Previous DNS results (Donzis & Maqui
2016; Wang, Gotoh & Watanabe 2017) showed that the resolution parameter η/x � 0.5
is good enough for convergence of high-order moments of velocity gradients. For high
turbulent Mach number Mt = 0.8, the resolution parameter η/x � 1.0. Therefore, the
overall statistics should be well converged in current numerical simulations (Wang et al.
2011, 2012b).

The integral length scale LI is defined by

LI = 3π

2 (u′)2

∫ ∞

0

E(k)
k

dk, (3.3)
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where E(k) is the spectra of kinetic energy per unit mass, namely,
∫∞

0 E(k) dk = (u′)2/2.
The ratio of LI/η lies within the range 117 � LI/η � 120 in current simulation cases.

The velocity derivative skewness S3 is defined by

S3 =
[〈
(∂u1/∂x1)

3 + (∂u2/∂x2)
3 + (∂u3/∂x3)

3〉] /3{〈
(∂u1/∂x1)

2 + (∂u2/∂x2)
2 + (∂u3/∂x3)

2〉 /3
}3/2 . (3.4)

For isothermal reaction (Da = 2) at turbulent Mach numbers Mt = 0.2, the value of S3 is
similar to typical values of −0.6 to −0.4 in non-reacting weakly compressible turbulence
(Wang et al. 2017). At Mt = 0.8 for isothermal reaction (Da = 2), the formation of
shocklets in compressible turbulence results in a larger magnitude of S3 (Wang et al. 2011,
2017). For exothermic reactions (Da = 200), magnitudes of S3 are significantly enhanced
at Mt = 0.2 and 0.8 due to strong heat release.

The average total dissipation rate of kinetic energy can be defined as εT = −〈pθ〉 +
ε0 (Wang et al. 2012a, 2018a; Jagannathan & Donzis 2016), here −〈pθ〉 is the
pressure–dilatation term and ε0 is the viscous dissipation. Here εT represents the total
conversion rate of kinetic energy into internal energy through pressure dilation and viscous
dissipation. For isothermal reactions (Da = 2), −2.4 × 10−3 � −〈pθ〉/ε0 � 1.2 × 10−2

at Mt = 0.2 and 0.8. The magnitude of −〈pθ〉/ε0 increases for exothermic reactions
(Da = 200) at Mt = 0.2 and 0.8 compared with the value for isothermal reactions at the
same turbulent Mach number.

The temporal variation of reaction statistics for isothermal (Da = 2) and exothermic
(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 is depicted in figure 2.
The lines represent the results obtained with a previously developed zero-dimensional
model (Teng et al. 2020). In the zero-dimensional model, chemical reaction occurs in
an ideal point without flow motion. The initial species mass fraction for A, B and P
are 0.5, 0.5 and 0.0, respectively. Both the initial density and temperature are 1.0 which
are identical to the average initial values for DNS simulations. For isothermal (Da = 2)
reactions as shown in figure 2(a), the temporal variation of mass fraction for reactant
A and product P at turbulent Mach number Mt = 0.2 and 0.8 nearly collapse with the
zero-dimensional results. For exothermic (Da = 200) reactions as shown in figure 2(b),
the reactant consumption rate and product generation rate are much larger than the DNS
data. The released reaction heat can be completely converted to internal energy in the
zero-dimensional model which results in a more significant increase of temperature, thus
leading to a faster reactant consumption and product generation rates, according to (2.11).
In contrast, in reacting turbulence simulations with exothermic reactions, a part of the
internal energy will be converted to kinetic energy which results in a lower average
temperature compared with zero-dimensional cases. Figure 2(c) shows the temporal
variation of average reaction rate 〈W〉, where W = −ω̇A = Daρ2YAYB exp(−Ze/T)

(Jaberi et al. 2000). It is shown that for isothermal reactions (Da = 2) at Mt = 0.2 and
0.8, reaction rates exhibit a rapid increase from t = 0 until reaching the maximum value at
t = 1, and then exhibit a subsequent steep decrease at t > 1. The DNS data collapses
with the zero-dimensional model result at t > 2. The deviation of DNS data and the
zero-dimensional model result at t < 2 suggests that the zero-dimensional model cannot
properly model the species mixing and advection process in turbulence. For exothermic
reactions (Da = 200), the reaction rates obtained by DNS data exhibit a gradual increase
reaching the maximum value at t = 3 and a subsequent gradual decrease. The simulated
reaction rates for isothermal reactions are larger than those for exothermic reactions at
t < 4. Figure 2(d) shows the temporal variation of average mixing rate 〈G〉, where mixing
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Figure 2. Temporal variation of reaction statistics for isothermal (Da = 2) and exothermic (Da = 200)
reactions at turbulent Mach number Mt = 0.2 and 0.8 during the chemical reaction process (legend for panels
(a) and (b) are identical, lines represent zero-dimensional model results): (a) average of mass fraction of species
A and P for isothermal (Da = 2) reactions; (b) average of mass fraction of species A and P for exothermic
(Da = 200) reactions; (c) average of reaction rate (lines represent zero-dimensional model results; solid line,
W for isothermal reaction (Da = 2); dash line, W for exothermic reaction (Da = 200)); (d) average of mixing
rate (lines represent zero-dimensional model results; solid line, G for isothermal reaction (Da = 2); dash line,
G for exothermic reaction (Da = 200)).

rate is defined as G = ρ2YAYB (Jaberi et al. 2000). It is shown that the DNS data for
isothermal reaction (Da = 2) collapse with the zero-dimensional model result at t > 2.
The simulated mixing rates for exothermic reactions (Da = 200) are larger than those
for isothermal reactions (Da = 2) at t > 0.6. The above observations suggest that the
zero-dimensional model can well predict the average reaction statistics for isothermal
reactions beyond the initial mixing and advection phrase, and are unable to predict
simulation data for exothermic reactions because of the omission of energy transfer
between internal energy and kinetic energy in the zero-dimensional model.

The temporal variation of one-point statistics for isothermal (Da = 2) and exothermic
(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 during the chemical
reaction process is shown in figure 3. The chemical reaction time t is normalized by
large-eddy turnover time τ , where τ = LI/u′. Figures 3(a) and 3(b) show the temporal
variations of the ratio of dilatational to solenoidal kinetic energy Kd/Ks and the
dissipation ratio of the dilatational component to the solenoidal component of kinetic
energy εd/εs at four simulation parameters. Here, the Helmholtz decomposition is
applied to decompose velocity field u into a solenoidal component us and a dilatational
component ud (Wang et al. 2010): u = us + ud, where ∇ · us = 0 and ∇ × ud = 0. The
two components of kinetic energy are defined as Ks = 〈[(us

1)
2 + (us

2)
2 + (us

3)
2]/2〉 and

Kd = 〈[(ud
1)

2 + (ud
2)

2 + (ud
3)

2]/2〉. Similarly, dissipation rate of kinetic energy per unit
mass is defined as ε = εs + εd, where the solenoidal component is εs = 〈μ/(Reρ)〉〈ωiωi〉
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Figure 3. Temporal variation of one-point statistics for isothermal (Da = 2) and exothermic (Da = 200)
reactions at turbulent Mach number Mt = 0.2 and 0.8 during the chemical reaction process (legend for panels
(a) and (b) are identical): (a) ratio of dilatational to solenoidal kinetic energy Kd/Ks; (b) dissipation ratio of
dilatational component to solenoidal component of kinetic energy εd/εs; (c) average of pressure–dilatation
−〈pθ〉 at Mt = 0.2 for isothermal reaction (Da = 2) and at Mt = 0.8 for isothermal and exothermic reactions
(Da = 2, 200); (d) average of pressure–dilatation −〈pθ〉 at Mt = 0.2 for exothermic reaction (Da = 200).

and the dilatational counterpart is εd = 〈4μ/(3Reρ)〉〈θ2〉 (Samtaney et al. 2001; Wang
et al. 2012a; Jagannathan & Donzis 2016). For isothermal reactions (Da = 2) at Mt =
0.2 and 0.8, the ratio of dilatational to solenoidal kinetic energy Kd/Ks and the
dissipation ratio of dilatational component to solenoidal component of kinetic energy
εd/εs remain nearly constant with a slight decrease during the entire reaction process.
In contrast, for exothermic reactions (Da = 200) at Mt = 0.2 and 0.8, Kd/Ks and εd/εs

increase, apparently when reactions start at t/τ = 0. The increase of the dilatational
part of kinetic energy can be related to the increase of energy transfer from internal
energy to dilatational component of kinetic energy through pressure–dilatation work, and
meanwhile the solenoidal part of the kinetic energy decreases due to an enhanced viscous
dissipation (Livescu et al. 2002). At t/τ > 25, Kd/Ks and εd/εs for all simulations reach
a quasi-steady state. The temporal average of statistics in the subsequent analysis are
based on simulation data at t/τ = 25 ∼ 37. Figures 3(c) and 3(d) show the temporal
variation of average pressure–dilatation −〈pθ〉 for isothermal (Da = 2) and exothermic
(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 during the chemical
reaction process. For isothermal reactions at Mt = 0.2 and 0.8 as shown in figure 3(c),
−〈pθ〉 exhibits small fluctuations during the entire reaction process. Here 41 sampling
data are used for isothermal reaction (Da = 2) at Mt = 0.2 and 0.8 and for exothermic
reaction (Da = 200) at Mt = 0.8; 401 sampling data are used for exothermic reaction
(Da = 200) at Mt = 0.2. For exothermic reaction (Da = 200) at Mt = 0.8, the fluctuation
amplitude of −〈pθ〉 is slightly larger than that for isothermal reactions. For exothermic
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reaction (Da = 200) at Mt = 0.2, as shown in figure 3(d), −〈pθ〉 exhibits large amplitude
fluctuations when t/τ > 6. To explain the wave-like behaviour of pressure–dilatation,
Miura & Kida (1995) derived a wave equation for pressure fluctuation and concluded that
the oscillation of pressure–dilatation is dominated by acoustic waves. Teng et al. (2020)
also demonstrated that for compressible turbulence with strong heat release, the acoustic
mode dominates over the dynamics of dilatational velocity and pressure.

To reveal the influence of heat release on the change of flow compressibility, figure 4
shows contours of instantaneous normalized velocity divergence θ/θ ′ on a slice at the end
of chemical reaction t/τ = 35. For isothermal reaction (Da = 2) at Mt = 0.2 as shown
in figure 4(a), the contours of normalized velocity divergence exhibit large patches of
compression and expansion regions. It is found that both compression and expansion
motions are weak. For exothermic reaction (Da = 200) at Mt = 0.2 as shown figure 4(b),
several band-like structures (blue regions, negative θ/θ ′) are observed, which can be
identified as shocklets, where the compression is very strong. In contrast, the expansion
regions (red regions, positive θ/θ ′) have a tendency to be blob-like and are scattered over
the whole flow field. For isothermal and exothermic reactions at Mt = 0.8, as shown in
figures 4(c) and 4(d), respectively, shocklets are also observed due to the increase of flow
compressibility, and the spatial patterns of the normalized velocity divergence are similar
to that observed for exothermic reaction at Mt = 0.2. The observations indicate that heat
release through exothermic reactions can increase the flow compressibility and lead to the
formation of shocklets at a low turbulent Mach number.

The isosurfaces of instantaneous normalized velocity divergence θ/θ ′ = −2 for
isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8 at t/τ = 35 are shown in figure 5. The isosurfaces are coloured
by normalized heat release Q/Q′. In isothermal reactions, Q = 0. It is observed that
for isothermal (Da = 2) reaction at Mt = 0.2, the isosurfaces of θ/θ ′ = −2 are small
blob-like structures and are sparsely distributed. For exothermic reaction at the same
turbulent Mach number, the isosurfaces of θ/θ ′ = −2 are significantly increased and
show large sheet-like structures. Those sheet-like structures represent strong compression
regions which are shocklets (Wang et al. 2010). Additionally, both strong and weak
normalized heat release are found at strong compressive structures, which suggest that
heat release is not directly related to velocity divergence. For isothermal and exothermic
reactions at Mt = 0.8, the strong compression sheet-like structures are largely observed in
the flow field. Particularly, for exothermic reaction (Da = 200) at Mt = 0.8, the negative
velocity divergence regions are increased and the sheet-like structures exhibit smaller
patches compared with those observed for isothermal reaction (Da = 2) at the same
turbulent Mach number.

To obtain an intuitive visualization of species distribution in the flow field, the scalar
gradient for product P is defined in terms of mass fraction (Hamlington et al. 2011) as
follows:

χP =
√(

∂YP

∂x1

)2

+
(

∂YP

∂x2

)2

+
(

∂YP

∂x3

)2

. (3.5)

Figure 6 shows contours of instantaneous normalized scalar gradient χP/〈χP〉 for
isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8 on the same slice and at the same normalized reaction time
corresponding to figure 4. For isothermal reaction at Mt = 0.2, as shown in figure 6(a), the
randomly scattered curved lines represent a thin reaction front, in which the normalized
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Figure 4. Contours of instantaneous normalized velocity divergence θ/θ ′ on a slice for isothermal (Da = 2)
and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 at t/τ = 35: (a) Da = 2,
Mt = 0.2; (b) Da = 200, Mt = 0.2; (c) Da = 2, Mt = 0.8; and (d) Da = 200, Mt = 0.8.

scalar gradient χP/〈χP〉 has a large value. The rest of the flow field is bounded by low
values of product gradient. For exothermic reaction (Da = 200) at Mt = 0.2, as shown
in figure 6(b), randomly distributed large scalar gradient streaks are observed. It is also
observed that beside the existence of high gradient streaks, the flow field is largely
occupied by scalar gradient with value 0 < χP/〈χP〉 < 2. The contours for isothermal
and exothermic reactions at Mt = 0.8 are similar to those for exothermic reaction at
Mt = 0.2. The results suggest that the increase of flow compressibility at low turbulent
Mach number due to strong heat release can substantially change the spatial distributions
of scalar gradient and make the spatial patterns of scalar gradient similar to those at high
turbulent Mach number.

It is also observed that the streak regions with large scaler gradient as shown in
figures 6(b) and 6(d) are not correlated with the most compression regions as shown
in figures 4(b) and 4(d). This observation can be interpreted as follows. Internal energy
increased by the chemical heat release can be converted to dilatational part of kinetic
energy through pressure work (Jaberi & Madnia 1998). The increased dilatational kinetic
energy leads to an enhanced compression motion which consequently results in the
formation of shocklets. The correlation between the product scalar gradient and velocity
divergence is weak because the overall processes of energy transfer and shocklet formation
are quite slow as compared with the time scale of reaction.
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Figure 5. Isosurfaces of instantaneous normalized velocity divergence θ/θ ′ = −2 coloured by normalized
heat release Q/Q′ for isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8 at t/τ = 35: (a) Da = 2, Mt = 0.2; (b) Da = 200, Mt = 0.2; (c) Da = 2, Mt = 0.8; and
(d) Da = 200, Mt = 0.8.

4. Dynamical equations for filtered kinetic energy

A filtering technique (Piomelli et al. 1991; Martín, Piomelli & Candler 2000; Aluie 2011,
2013; Wang et al. 2013a) is utilized to analyse the interscale kinetic energy transfer in
chemically reacting compressible turbulence. The filtered field f̄ can be defined as

f̄ (x) ≡
∫

d3 rGl(r)f (x + r), (4.1)

where the filter function Gl(r) ≡ l−3G(r/l), and G(r) is a normalized window function.
The subscript l stands for the filter width associated with the wavelength of the smallest
scale retained by the filtering operation. A top-hat filter is used in subsequent analysis. In
the one-dimensional calculation, it is defined as (Martín et al. 2000)

f̄i = 1
4n

⎛⎝ fi−n + 2
i+n−1∑

j=i−n+1

fj + fi+n

⎞⎠ , (4.2)

where the filter width is l = 2nx.
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Figure 6. Contours of instantaneous normalized scalar gradient χP/〈χP〉 on a slice for isothermal (Da = 2)
and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 at t/τ = 35: (a) Da = 2,
Mt = 0.2; (b) Da = 200, Mt = 0.2; (c) Da = 2, Mt = 0.8; and (d) Da = 200, Mt = 0.8.

Using the Favre filtered technique f̃ ≡ ρf /ρ̄, the filtered equations for the density (2.1)
and momentum (2.2) are expressed as (Wang et al. 2018a)

∂ρ̄

∂t
+ ∂

(
ρ̄ũj
)

∂xj
= 0, (4.3)

∂ (ρ̄ũi)

∂t
+ ∂

[
ρ̄ũiũj + p̄δij

]
∂xj

= −∂
(
ρ̄τ̃ij

)
∂xj

+ 1
Re

∂σ̄ij

∂xj
, (4.4)

where the SGS stress is ρ̄τ̃ij = ρ̄(ũiuj − ũiũj). The large-scale external forcing effect is not
considered in the current analysis. The filtered equation for the large-scale kinetic energy
(1/2)ρ̄ũ2

i is derived as (Aluie 2011, 2013; Wang et al. 2013a, 2018a)

∂

∂t

(
1
2
ρ̄ũ2

i

)
+ Jl = −Φl − Πl − Dl. (4.5)

In (4.5), Jl denotes the space transport of large-scale kinetic energy, Φl stands for
large-scale pressure–dilatation term, Πl represents the SGS kinetic energy flux, Dl is the
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viscous dissipation term. The definition for each term is expressed as (Wang et al. 2018a)

Jl ≡ ∂

∂xj

(
1
2
ρ̄ũ2

i ũj + p̄ũj + ρ̄τ̃ijũi − ũiσ̄ij

Re

)
, (4.6)

Φl ≡ −p̄
∂ ũi

∂xi
, (4.7)

Πl ≡ −ρ̄τ̃ij
∂ ũi

∂xj
= −ρ̄τ̃ijS̃ij , (4.8)

Dl ≡ σ̄ij

Re
∂ ũi

∂xj
, (4.9)

where, the large-scale strain tensor S̃ is defined as S̃ij ≡ (1/2)(∂ ũi/∂xj + ∂ ũj/∂xi). The
average equation of the filtered kinetic energy can be expressed as

∂

∂t

〈
1
2
ρ̄ũ2

i

〉
= − 〈Φl〉 − 〈Πl〉 − 〈Dl〉 . (4.10)

5. Numerical results on interscale transfer of kinetic energy

Interscale transfer of kinetic energy in chemically reacting compressible isotropic
turbulence is studied in this section with a focus on the effects of flow compressibility and
chemical reaction over the pressure work and SGS flux of kinetic energy. The solenoidal
and dilatational components of kinetic energy transfer are also investigated by Helmholtz
decomposition. The statistics in the following analysis are mainly based on simulation
data at t/τ = 25 ∼ 37. Before the discussion of interscale kinetic energy transfer, it is
worthwhile to present the role of the filter width in capturing spectral information. Figure 7
shows the spectrum of the filtered velocity for isothermal (Da = 2) and exothermic
(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 for different filter
widths. It can be found that with the increase of filter width, the resolved wavenumber
decreases. It is also observed that the performance of filter function is nearly unaffected
by turbulent Mach number and reaction heat release.

5.1. Statistical analysis of kinetic energy transfer
Figure 8 shows the average of energy transfer terms for isothermal (Da = 2) and
exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8. The energy
transfer terms are normalized by the total dissipation εT = −〈pθ〉 + ε0. The average of the
pressure–dilatation term 〈Φl〉/εT is plotted in figure 8(a). It is shown that for isothermal
reactions (Da = 2) at Mt = 0.2 and 0.8, the magnitude of 〈Φl〉/εT is negligibly small
at all l/η scales. The results are consistent with the previous observations by Wang
et al. (2018a) in simulating non-reacting compressible turbulence. For exothermic reaction
(Da = 200) at Mt = 0.2, the magnitude of 〈Φl〉/εT is evidently larger than that for
isothermal reactions at the same turbulent Mach number for all l/η scales. At l/η > 20,
the magnitude of 〈Φl〉/εT gradually decreases with the increase of l/η. For exothermic
reaction at Mt = 0.8, heat release results in an increase of the magnitude of 〈Φl〉/εT
at 10 � l/η � 100 compared with values for isothermal reactions at the same turbulent
Mach number. The results indicate that heat release through exothermic reactions can
enhance the net contribution of pressure–dilatation to the kinetic energy transfer in a
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Figure 7. Spectrum of filtered velocity for isothermal (Da = 2) and exothermic (Da = 200) reactions at
turbulent Mach number Mt = 0.2 and 0.8 for different filter widths: (a) Mt = 0.2, Da = 2; (b) Mt = 0.2,
Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

wide range of scales, especially at low turbulent Mach number. Figure 8(b) plots the
average of SGS flux 〈Πl〉/εT . It is found that 〈Πl〉/εT nearly collapse with each other
for all cases. At 2 < l/η < 30, 〈Πl〉/εT grows rapidly and at scales 30 � l/η � 100,
〈Πl〉/εT ≈ 1.0. For exothermic reaction at Mt = 0.2, 〈Πl〉/εT is slightly larger than values
for the other three cases over the entire l/η scales, indicating that heat release can enhance
the relative contribution of SGS flux to kinetic energy transfer. The average of viscous
dissipations 〈Dl〉/εT are plotted in figure 8(c). It is found that 〈Dl〉/εT > 0.5 at l/η � 10,
showing that viscous dissipations play an important role in kinetic energy transfer within
this scale range. For all simulation cases, 〈Dl〉/εT decreases with the increase of filter
width l/η at l/η > 10. This observation is consistent with previous theoretical analysis
(Aluie 2011, 2013) and numerical results (Wang et al. 2018a) in non-reacting compressible
turbulence. For exothermic reaction (Da = 200) at Mt = 0.2, 〈Dl〉/εT is slightly larger
than values for the other three cases at all l/η scales, suggesting that strong heat release
can lead to an increase of viscous dissipation. Figure 8(d) shows the overall energy transfer
〈Φl + Πl + Dl〉/εT . It can be found that 〈Φl + Πl + Dl〉/εT ≈ 1.0 at scales l/η � 64
for all simulation cases and 〈Φl + Πl + Dl〉/εT is insensitive to the change of turbulent
Mach number and reaction heat release. The results indicate that the effects of large-scale
external forcing in current simulations are localized to large scales. In the theoretical
analysis of kinetic energy transfer in compressible turbulence, Aluie (2013) proved that
by using the Favre filtering for scale decomposition, the kinetic energy injection can be
localized to large scales by proper stirring, such as a large-scale external acceleration field
used in the current study. Results in current simulations show that heat release through
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Figure 8. Average of energy transfer terms for isothermal (Da = 2) and exothermic (Da = 200) reactions at
turbulent Mach number Mt = 0.2 and 0.8: (a) 〈Φl〉/εT ; (b) 〈Πl〉/εT ; (c) 〈Dl〉/εT ; (d) 〈Πl + Dl + Φl〉/εT .

chemical reactions will not essentially change the behaviour of large-scale external forcing
applied to the numerical system.

The normalized r.m.s. values of pressure–dilatation Φ ′
l/εT and SGS flux Π ′

l /εT for
isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8 are shown in figure 9. Here, Φ ′

l =
√

〈(Φl − 〈Φl〉)2〉 and Π ′
l =√

〈(Πl − 〈Πl〉)2〉. As shown in figure 9(a), Φ ′
l/εT decreases gradually with the increases of

filter width l/η. For all simulation cases, Φ ′
l/εT > 1 is found at all l/η scales. Particularly,

for exothermic reaction (Da = 200) at Mt = 0.2, it is found that Φ ′
l/εT > 100 at l/η �

200, and Φ ′
l/εT is much larger than those for the other three cases at all l/η scales. Thus,

the pressure–dilatation plays an important role in the local energy transfer between kinetic
energy and internal energy for exothermic reactions. Heat release through exothermic
reaction can significantly enhance the local transfer between kinetic energy and internal
energy through pressure work, which is consistent with previous studies on chemically
reacting turbulence (Jaberi & Madnia 1998; Livescu et al. 2002). The normalized r.m.s.
value of SGS flux is shown in figure 9(b). It can be found that Π ′

l /εT increases with
the increase of filter width at l/η � 20 for all simulation cases. At a given turbulent
Mach number, Π ′

l /εT for exothermic reaction (Da = 200) is larger than that for isothermal
reaction (Da = 2), which indicates that heat release for exothermic reactions can notably
enhance the local kinetic energy transfer by SGS flux.

Figure 10 depicts the p.d.f. of the normalized pressure–dilatation Φl/εT for isothermal
(Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and
0.8. For isothermal reaction (Da = 2) at Mt = 0.2 as shown in figure 10(a), the p.d.f.
curves of Φl/εT are nearly symmetric with respect to the line Φl/εT = 0, indicating
that the compression and expansion are in a balanced state. For exothermic reaction
(Da = 200) at Mt = 0.2 as shown in figure 10(b), both left- and right-hand tails of
the p.d.f. become significantly longer than those for isothermal at the same turbulent
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Figure 9. The r.m.s. values of pressure–dilatation and SGS flux for isothermal (Da = 2) and exothermic
(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Φ ′

l/εT ; (b) Π ′
l /εT .
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Figure 10. The p.d.f. of the normalized pressure–dilatation Φl/εT for isothermal (Da = 2) and exothermic
(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da =
200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

Mach number. The observation shows that heat release through exothermic reaction
significantly enhances both flow compression and expansion motions. For isothermal
reaction (Da = 2) at Mt = 0.8 shown in figure 10(c), the right-hand tail of the p.d.f. is
longer than its left-hand tail, suggesting that local compression can be stronger than local
expansion at high turbulent Mach number due to the increase of flow compressibility. The
result is consistent with observations by Wang et al. (2018a) in simulating non-reacting
compressible turbulence at high turbulent Mach numbers. For exothermic reaction (Da =
200) at Mt = 0.8 as shown in figure 10(d), both sides of the p.d.f. become longer. For
exothermic reactions at Mt = 0.2 and 0.8, the right-hand tails of p.d.f. at l/η = 16 are
longer than their left-hand tails, suggesting that local compression motions can be stronger
than local expansion motions at small scales.
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Figure 11. The p.d.f. of the normalized SGS flux Πl/εT for isothermal (Da = 2) and exothermic (Da = 200)
reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da = 200;
(c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

Figure 11 shows the p.d.f. of the normalized SGS flux Πl/εT for isothermal (Da = 2)
and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8. The
p.d.f. of SGS flux is skewed to the positive side, indicating that the kinetic energy
transferred by SGS flux has a tendency to be from large scales to small scales. For all
simulation cases, both positive and negative tails of p.d.f. become longer as the filter
width l/η decreases. For isothermal reactions (Da = 2), with the increase of turbulent
Mach number from 0.2 to 0.8 as shown in figures 11(a) and 11(c), respectively, the
right-hand tails of p.d.f. of SGS flux become longer especially at small scales l/η = 16
and 32, due to the increase of flow compressibility. These observations are consistent
with findings for non-reacting compressible isotropic turbulence (Wang et al. 2018a). For
exothermic reactions (Da = 200) at Mt = 0.2 and 0.8, the two tails of the p.d.f. of SGS
flux become longer compared with the p.d.f. for isothermal reactions (Da = 2) at the same
turbulent Mach number. The results reveal that heat release through exothermic reactions
significantly enhances local SGS energy transfer at all scales, especially at small scales.
The right-hand tails of p.d.f. of SGS flux for exothermic reactions at Mt = 0.2 and 0.8 are
longer than their left-hand tails, suggesting that the positive SGS flux is predominant over
the negative SGS flux.

The pressure–dilatation Φl is decomposed into a positive component Φ+
l and a negative

component Φ−
l (O’Brien et al. 2014): Φl = Φ+

l + Φ−
l ; here Φ+

l = 1
2(Φl + |Φl|) and

Φ−
l = 1

2(Φl − |Φl|). The positive pressure–dilatation indicates kinetic energy destruction
by flow compression while the negative pressure–dilatation implies kinetic energy
production by flow expansion (O’Brien et al. 2014). Figure 12 shows the normalized
average of the positive and negative components of pressure–dilatation for isothermal
(Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2
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Figure 12. Normalized average of the positive and negative components of pressure–dilatation for isothermal
(Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8.

–1

0

1

2

3

–0.6

–0.4

–0.2

0

0.2

100 101 102 103

l/η
100 101 102 103

l/η

Mt = 0.2, Da = 2
Mt = 0.2, Da = 200
Mt = 0.8, Da = 2
Mt = 0.8, Da = 200

〈Π
l+ 〉/

ε T 

〈Π
l– 〉/

ε T 

(b)(a)

Figure 13. Normalized average of the positive and negative components of SGS flux for isothermal (Da = 2)
and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8.

and 0.8. As shown in figure 12(a), the positive component of pressure–dilatation for
exothermic reaction (Da = 200) at Mt = 0.2 decreases gradually with the increase of
filter width l/η. The magnitude of the negative component of pressure–dilatation is quite
close to the positive component for all cases. For exothermic reaction (Da = 200) at
Mt = 0.2, the magnitude of both positive and negative components of pressure–dilatation
are significantly larger than the values for other cases at all l/η scales. The results
reveal that heat release through exothermic reaction at low turbulent Mach number can
significantly increase both positive and negative components of pressure–dilatation.

Similarly, the SGS flux Πl is decomposed into a positive component Π+
l and a negative

component Π−
l : Πl = Π+

l + Π−
l ; here Π+

l = 1
2 (Πl + |Πl|) and Π−

l = 1
2(Πl − |Πl|).

Figure 13 shows the normalized average of the positive and negative components of SGS
flux for isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach
number Mt = 0.2 and 0.8. It can be found that for isothermal reactions (Da = 2) at
Mt = 0.2 and 0.8, the magnitudes of 〈Π+

l 〉/εT and 〈Π−
l 〉/εT become larger with the

increase of turbulent Mach number. At a given turbulent Mach number, the magnitudes
of 〈Π+

l 〉/εT and 〈Π−
l 〉/εT for exothermic reactions (Da = 200) are larger than those for

isothermal reactions (Da = 2). Particularly, for exothermic reaction (Da = 200) at Mt =
0.2, the magnitudes of 〈Π+

l 〉/εT and 〈Π−
l 〉/εT at l/η � 20 are significantly larger than the

values for the other three cases. The magnitudes of the positive component of SGS flux
are comparably larger than their negative counterparts for all cases. These observations
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Figure 14. Joint p.d.f. of Πl/εT and θl/θ
′
l for the filter width l/η = 16 for isothermal (Da = 2) and exothermic

(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 at different normalized reaction time:
(a1–a4) Mt = 0.2, Da = 2; (b1–b4) Mt = 0.2, Da = 200; (c1–c4) Mt = 0.8, Da = 2; (d1–d4) Mt = 0.8,
Da = 200.

suggest that heat release through exothermic reactions can significantly enhance both
forward-scatter and backscatter of kinetic energy through SGS flux.

5.2. Influence of velocity divergence on SGS flux of kinetic energy
The influences of velocity divergence on SGS flux of kinetic energy are studied in this
section. Figure 14 shows the joint p.d.f. of the normalized SGS kinetic energy flux Πl/εT
and the normalized filtered velocity divergence θl/θ

′
l with the filter width l/η = 16 for

isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8 for different normalized reaction times. Here, θl = ∇ · ũ is the filtered
velocity divergence. Inertial-range flow quantities can exhibit some universal statistical
properties and are of great importance in the study of interscale energy transfer in
turbulence. The filter width performance in capturing spectral information as shown
in figure 7 suggests that the filter width l/η = 16 can resolve flow quantities in the
inertial-range. For isothermal reaction (Da = 2) at turbulent Mach number Mt = 0.2 as
shown in figure 14(a1)–(a4), the shape of the joint p.d.f. is nearly symmetric with respect
to the line θl/θ

′
l = 0 at t/τ = 0.9 ∼ 37, indicating that the contributions of compression

regions and expansion regions to the SGS flux are nearly equal to each other. At t/τ = 33
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and 37 approaching the end of chemical reaction, the positive of SGS flux is slightly
enhanced corresponding to the increase of fraction of the joint p.d.f. at the positive part of
Πl in the first and second quadrants. For exothermic reaction (Da = 200) at Mt = 0.2
as shown in figure 14(b1)–(b4), the shape of the joint p.d.f. is nearly symmetric with
respect to the line θl/θ

′
l = 0 at the initial stage of the chemical reaction (t/τ = 0.9). At

t/τ = 3.7 corresponding to the fast chemical reaction period, the fractions of the first and
second quadrants of the joint p.d.f. become larger, suggesting that heat release enhances
the positive SGS flux and the contributions of compression and expansion motions to
the SGS flux are nearly equal to each other. At t/τ = 33 and 37, the fractions of the
second and fourth quadrants of the joint p.d.f. become significantly larger than those
in the first and third quadrants. The joint p.d.f. for this case indicates that compression
regions have a major contribution to the direct SGS flux of kinetic energy, while expansion
regions have a major contribution to the reverse SGS flux of kinetic energy. The fraction
of the second quadrants of the joint p.d.f. is larger than that in the forth quadrants,
indicating that the occurrence of strong compression largely enhances the direct SGS
flux of kinetic energy from large scales to small scales. It is worth noting that stronger
compressibility is observed at t/τ = 33, 37 than that at t/τ = 3.7, even though heat
release by the reaction is more significant at t/τ = 3.7. The observation suggests that
the effect of heat release on the flow compressibility is quite complicated: the internal
energy increased by reaction heat can be transferred to the dilatational component of
kinetic energy through pressure work, and then leads to generations of shocklets. The
time scales of the overall flow dynamic processes are larger than the time scale of
reaction. Consequently, the enhancement of compressibility by heat release becomes more
significant after the stage of peak reaction rate. Thus, the temporal average of flow statistics
based on flow fields at t/τ = 25 ∼ 37 can properly demonstrate the effect of heat release of
reaction on the flow dynamics. For isothermal reaction (Da = 2) and exothermic reaction
(Da = 200) at Mt = 0.8 as shown in figures 14(c1)–(c4) and 14(d1)–(d4), respectively,
the joint p.d.f. exhibits similar distributions in which the p.d.f. fractions in the second and
fourth quadrants are larger than those in the first and the third quadrants at t/τ = 0.9. At
t/τ = 3.7, the fractions at second and fourth quadrants are further increased for exothermic
reaction (Da = 200). At the end of reaction (t/τ = 37), the joint p.d.f. for isothermal and
exothermic reactions at Mt = 0.8 are similar to their initial values (t/τ = 0.9). The results
are consistent with observations by Wang et al. (2018a) through simulating non-reacting
compressible turbulence: at Mt > 0.6, the second quadrant of the joint p.d.f. predominates
over other three quadrants, indicating that the strong compression associated with the
shocklet structures greatly enhances the direct SGS flux of kinetic energy from large
scales to small scales. The influence of heat release on the joint p.d.f. through exothermic
reactions is relatively less obvious at high turbulent Mach number. It should be noted that
with the increase of filter width (the joint p.d.f. for l/η = 32, 64 and 128 are not plotted in
the paper), the joint p.d.f. of Πl/εT and θl/θ

′
l becomes smaller. The qualitative statistical

properties of the joint p.d.f. are nearly unaffected by the filter width.
Figure 15 plots the average of normalized SGS flux Πl/εT conditioned on the

normalized filtered velocity divergence θl/θ
′
l with different filter widths l/η = 16, 24,

32, 48, 64 for isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent
Mach number Mt = 0.2 and 0.8. It is shown that for isothermal reaction (Da = 2) at
Mt = 0.2 as shown in figure 15(a), data are quite scattered at θl/θ

′
l � 3 due to the lack

of samples. Now 〈Πl/εT |θl/θ
′
l 〉 ≈ 1 is found at −3 � θl/θ

′
l � 3, which indicates that the

effect of local compression and expansion motions on the overall direct SGS flux of
kinetic energy is negligibly small. For exothermic reaction (Da = 200) at Mt = 0.2 as
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Figure 15. Average of normalized SGS flux Πl/εT conditioned on the normalized filtered velocity divergence
θl/θ

′
l for different filter widths l/η = 16, 24, 32, 48, 64 for isothermal (Da = 2) and exothermic (Da = 200)

reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da = 200;
(c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

shown in figure 15(b), data are scattered at θl/θ
′
l � −5. The strong compression leads

to strong direct SGS flux of kinetic energy, especially for small scales l/η = 16, 32.
For isothermal reaction (Da = 2) and exothermic reaction (Da = 200) at Mt = 0.8 as
shown in figures 15(c) and 15(d), respectively, the strong compression also leads to strong
direct SGS flux of kinetic energy. Wang et al. (2018a) derived a heuristic model for the
conditional average of SGS flux in the compression region where θl � 0 in non-reacting
compressible turbulence and observed a good agreement of the derived model with
simulated data at turbulent Mach numbers Mt = 0.6, 0.8 and 1.0. It is reported that SGS
flux of kinetic energy increases linearly with the square of filtered velocity divergence in
strong compression regions. However, the derived model (Wang et al. 2018a) is no longer
suitable for predicting data for reacting turbulence, especially for exothermic reactions
with strong heat release. Teng et al. (2020) studied the Mach scaling of kinetic energy
and kinetic energy dissipation in chemically reacting compressible turbulence and found
that for exothermic reactions with strong heat release, the normalized kinetic energy and
kinetic energy dissipation are nearly independent of turbulent Mach number. Based on the
model provided by Wang et al. (2018a), a modified relation without consideration of the
influence of turbulent Mach number is proposed for the conditional average of SGS flux
in compression regions of chemically reacting compressible isotropic turbulence,

〈Πl/εT |θl/θ
′
l 〉 = 1 + β0(θl/θ

′
l )

2, (5.1)

where, β0 = 0.0034 and 0.19 for isothermal reactions (Da = 2) at Mt = 0.2 and 0.8,
respectively, and β0 = 0.54 and 0.25 for exothermic reactions (Da = 200) at Mt = 0.2
and 0.8, respectively. It can be found that β0 for exothermic reactions is larger than that for
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Figure 16. Average of normalized SGS flux Πl/εT conditioned on the normalized filtered velocity divergence
θl/θ

′
l for different filter widths l/η = 16, 24, 32, 48, 64 in expansion regions for isothermal (Da = 2) and

exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt =
0.2, Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.0, Da = 200.

isothermal reactions at a given turbulent Mach number, revealing the fact that heat release
enhances direct SGS flux of kinetic energy at both low and high turbulent Mach numbers.

Figure 16 shows the average of normalized SGS flux Πl/εT conditioned on the
normalized filtered velocity divergence θl/θ

′
l with different filter widths l/η = 16, 24, 32,

48, 64 in expansion regions for isothermal (Da = 2) and exothermic (Da = 200) reactions
at turbulent Mach number Mt = 0.2 and 0.8. Based on the heuristic model proposed by
Wang et al. (2018a), a modified relation in reacting compressible turbulence in expansion
regions (θl � 0) is suggested as follows:

〈Πl/εT |θl/θ
′
l 〉 = 1 − β1(θl/θ

′
l )

1.2. (5.2)

As shown in figure 16, a good agreement is observed at 0 � θl/θ
′
l � 5 for all simulated

cases, where, β1 = 0.2 and 0.7 for isothermal reactions (Da = 2) at Mt = 0.2 and 0.8,
respectively, and β1 = 1.50 and 1.01 for exothermic reactions (Da = 200) at Mt = 0.2
and 0.8, respectively. It can be noticed that heat release through exothermic reactions also
intensify expansion motions which result in an increase of reverse SGS flux of kinetic
energy. It can also be noticed that the magnitude of conditional average of normalized
SGS flux Πl/εT in strong compression regions is much higher than that in strong expansion
regions, which is consistent with a general physical insight that the flow statistics in strong
compression regions are more intermittent than that in strong expansion regions for highly
compressible turbulence (Wang et al. 2012a, 2017).

Figure 17 shows instantaneous isosurfaces of SGS flux coloured by normalized filtered
velocity θl/θ

′
l at Πl/Π

′
l = 2 with the filter width l/η = 16 for isothermal (Da = 2)

and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 at
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Figure 17. Isosurfaces of SGS flux coloured by normalized filtered velocity θl/θ
′
l at Πl/Π

′
l = 2 for the filter

width l/η = 16 for isothermal (Da = 2) and exothermic (Da = 200) reactions, at turbulent Mach number Mt =
0.2 and 0.8 at t/τ = 35: (a) Mt = 0.2, Da = 2, Πl/Π

′
l = 2; (b) Mt = 0.2, Da = 200, Πl/Π

′
l = 2; (c) Mt = 0.8,

Da = 2, Πl/Π
′
l = 2; (d) Mt = 0.8, Da = 200, Πl/Π

′
l = 2.

t/τ = 35. At Mt = 0.2 for isothermal reaction (Da = 2) as shown in figure 17(a), the
isosurfaces of Πl/Π

′
l = 2 can be identified as blob-like structures which are nearly

uniformly distributed over the entire flow domain. Meanwhile, the fraction of compression
regions and expansion regions on the isosurfaces are nearly equal to each other. For
exothermic reaction (Da = 200) at Mt = 0.2 as shown in figure 17(b), the fraction of
expansion regions are exceeded by the fraction of compression regions on the isosurfaces
of Πl/Π

′
l = 2, which can be identified by sheet-like structures. This observation suggests

that direct SGS flux of kinetic energy increases substantially due to the increase of flow
compression induced by heat release at low turbulent Mach number. At Mt = 0.8 for
isothermal (Da = 2) and exothermic (Da = 200) reactions as shown in figures 17(c) and
17(d), respectively, with the increase of flow compressibility, the fraction of sheet-like
structures of Πl/Π

′
l = 2 increases due to the generation of shocklets, associated with

strong flow compression. Heat release through exothermic reaction (Da = 200) promotes
the formation of a larger patch of sheet-like structures of Πl/Π

′
l = 2 compared with the

structures for the isothermal reaction situation at Mt = 0.8, and consequently increases the
direct SGS flux of kinetic energy.
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Figure 18. Isosurfaces of SGS flux coloured by normalized filtered velocity θl/θ
′
l at Πl/Π

′
l = −0.5 for the

filter width l/η = 16 for isothermal (Da = 2) and exothermic (Da = 200) reactions, at turbulent Mach number
Mt = 0.2 and 0.8 at t/τ = 35: (a) Mt = 0.2, Da = 2, Πl/Π

′
l = −0.5; (b) Mt = 0.2, Da = 200, Πl/Π

′
l =

−0.5; (c) Mt = 0.8, Da = 2, Πl/Π
′
l = −0.5; (d) Mt = 0.8, Da = 200, Πl/Π

′
l = −0.5.

Figure 18 shows isosurfaces of SGS flux coloured by normalized filtered velocity
θl/θ

′
l at Πl/Π

′
l = −0.5 with the filter width l/η = 16 for isothermal (Da = 2) and

exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 at t/τ = 35.
At Mt = 0.2 for isothermal reaction (Da = 2) as shown in figure 18(a), the isosurfaces
of Πl/Π

′
l = −0.5 can be identified as blob-like structures. However, more sparse

distributions are observed compared with isosurfaces of Πl/Π
′
l = 2 at the same flow

parameters. For exothermic reaction (Da = 200) at Mt = 0.2 as shown in figure 18(b),
more blob-like structures associated with strong expansion regions are observed compared
with isothermal reaction cases at Mt = 0.2. Thus, heat release induced expansion motions
substantially enhance the reverse SGS flux of kinetic energy for exothermic reaction at low
turbulent Mach number Mt = 0.2. For isothermal (Da = 2) and exothermic (Da = 200)
reactions at Mt = 0.8 as shown in figures 18(c) and 18(d), respectively, the field is largely
occupied by blob-like structures associated with strong flow expansion. Furthermore, heat
release leads to minor changes of negative SGS flux structures in expansion regions at high
turbulent Mach number Mt = 0.8.
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Figure 19. Average of positive β+
l conditioned on the normalized filtered velocity divergence θl/θ

′
l for

different filter widths l/η = 16, 24, 32, 48, 64 for isothermal (Da = 2) and exothermic (Da = 200) reactions
at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da = 200; (c) Mt = 0.8,
Da = 2; (d) Mt = 0.8, Da = 200.

Wang et al. (2018a) defined a variable βl to investigate the relation between the
large-scale strain and the SGS stress,

βl = τ̃ijS̃ij

|τ̃ ||S̃| , (5.3)

where |τ̃ | = √
τ̃ijτ̃ij and |S̃| =

√
S̃ij S̃ij . Based on this definition, βl is further decomposed

into a positive component and a negative component: βl = β+
l + β−

l (O’Brien et al. 2014),
where the positive component β+

l = 1
2 (βl + |βl|) and the negative component β−

l =
1
2 (βl − |βl|). The positive component β+

l indicates interscale kinetic energy backscatter
and the negative component β−

l corresponds to kinetic energy forward-scatter (Germano
et al. 1991; Piomelli et al. 1991). Figures 19 and 20 show the average of two components
of βl conditioned on the normalized filtered velocity divergence θl/θ

′
l with different filter

widths l/η = 16, 24, 32, 48, 64 for isothermal (Da = 2) and exothermic (Da = 200)
reactions at turbulent Mach number Mt = 0.2 and 0.8. For isothermal reaction (Da = 2)
at Mt = 0.2 as shown in figures 19(a) and 20(a), the positive component β+

l and the
negative component β−

l are primarily found at −5 � θl/θ
′
l � 5, suggesting that both

flow compression and expansion contribute to the kinetic energy forward-scatter and
backscatter. The magnitude for negative component β−

l is much larger than that for the
positive component β+

l , indicating that the forward-scatter of kinetic energy is stronger
than the energy backscatter. For exothermic reaction (Da = 200) at Mt = 0.2, the positive
component β+

l is found at 0 � θl/θ
′
l � 5 (figure 19b) and the negative component β−

l is
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Figure 20. Average of negative β−
l conditioned on the normalized filtered velocity divergence θl/θ

′
l for

different filter widths l/η = 16, 24, 32, 48, 64 for isothermal (Da = 2) and exothermic (Da = 200) reactions
at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (a) Mt = 0.2, Da = 200; (c) Mt = 0.8,
Da = 2; (d) Mt = 0.8, Da = 200.

found at −10 � θl/θ
′
l � 0 (figure 20b). The observations reveal that flow expansion has

a major contribution to the kinetic energy backscatter and the flow compression has a
major contribution to the kinetic energy forward-scatter. For isothermal and exothermic
reactions at Mt = 0.8, as shown in figures 20(c) and 20(d), respectively, the negative
components 〈β−

l |θl/θ
′
l 〉, which are close to –1, are found at −10 � θl/θ

′
l � −8, suggesting

the antiparallel alignment between the large-scale strain and the SGS stress in strong
compression regions. Heat release through exothermic reactions at Mt = 0.2 (figure 20b)
and 0.8 (figure 20d) increase the antiparallel alignment between the large-scale strain and
the SGS stress.

5.3. Helmholtz decomposition on SGS flux of kinetic energy
Helmholtz decomposition can be applied to decompose a compressible vector field
into a solenoidal part and a dilatational component. For compressible flow, the
Helmholtz decomposition is applied to a density-weighted variable

√
ρu to enforce the

positive-definiteness of the spectra of the solenoidal and dilatational kinetic energies (Kida
& Orszag 1990, 1992; Miura & Kida 1995; Pierre & Claude 2008; Praturi & Girimaji
2019; Donzis & John 2020). Taking the filtered density-weighted variable w̃ as w̃ = √

ρũ,
the filtered kinetic energy can be expressed as w̃2/2. Thus, the filtered equation for w̃ is
expressed as (Wang et al. 2018a)

∂w̃i

∂t
+ ũj

∂w̃i

∂xj
+ w̃i

2
∂ ũj

∂xj
= − 1√

ρ̄

∂ p̄
∂xi

− 1√
ρ̄

∂ρ̄τ̃ij

∂xj
+ 1√

ρ̄Re
∂σ̄ij

∂xj
. (5.4)
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Applying Helmholtz decomposition on w̃ yields w̃ = w̃s + w̃d, where w̃s is the solenoidal
component and w̃d is the dilatational component. The two components w̃s and w̃d satisfy
∇ · w̃s = 0 and ∇ × w̃d = 0, respectively. Multiplying (5.4) by w̃X

i yields (Wang et al.
2018a)

w̃X
i
∂w̃i

∂t
+ w̃X

i

(
ũj

∂w̃i

∂xj
+ w̃i

2
∂ ũj

∂xj

)
= − w̃X

i√
ρ̄

∂ p̄
∂xi

− w̃X
i√
ρ̄

∂ρ̄τ̃ij

∂xj
+ w̃X

i√
ρ̄Re

∂σ̄ij

∂xj
, (5.5)

where, X = s, d denotes the solenoidal component and dilatational component,
respectively. The filtered equation for the average of the solenoidal (or dilatational)
component of the large-scale kinetic energy is expressed as (Wang et al. 2018a)

∂

∂t

〈
1
2

(
w̃X

i

)2
〉

=
〈
AX

l

〉
−
〈
ΦX

l

〉
−
〈
ΠX

l

〉
−
〈
DX

l

〉
. (5.6)

Here, AX
l is the nonlinear advection term; ΦX

l is the large-scale pressure–dilatation term;
ΠX

l is the SGS kinetic energy flux; DX
l is the viscous dissipation term. These terms are

defined as (Wang et al. 2018a)

AX
l ≡ −w̃X

i

(
ũj

∂w̃i

∂xj
+ w̃i

2
∂ ũj

∂xj

)
, (5.7)

ΦX
l ≡ −p̄

∂

∂xi

(
w̃X

i√
ρ̄

)
, (5.8)

ΠX
l ≡ −ρ̄τ̃ij

∂

∂xj

(
w̃X

i√
ρ̄

)
, (5.9)

DX
l ≡ σ̄ij

Re
∂

∂xj

(
w̃X

i√
ρ̄

)
. (5.10)

It is straightforward to derive the following relations: 〈As
l + Ad

l 〉 = 0, Φs
l + Φd

l = Φl,
Π s

l + Πd
l = Πl and Ds

l + Dd
l = Dl.

Figure 21 shows the average of solenoidal and dilatational components of the nonlinear
advection: −〈As

l 〉/εT and 〈Ad
l 〉/εT for isothermal (Da = 2) and exothermic (Da = 200)

reactions at turbulent Mach number Mt = 0.2 and 0.8. For isothermal (Da = 2) reaction
at turbulent Mach number Mt = 0.2, −〈As

l 〉/εT and 〈Ad
l 〉/εT are close to 0. For exothermic

(Da = 200) reaction at turbulent Mach number Mt = 0.2, −〈As
l 〉/εT and 〈Ad

l 〉/εT are
non-negative, however, the values are also small. The results show that the kinetic energy
transfer from the solenoidal mode to the dilatational mode by nonlinear advection is
relatively weak for isothermal and exothermic reactions at Mt = 0.2. At Mt = 0.8 for
isothermal and exothermic reactions, both −〈As

l 〉/εT and 〈Ad
l 〉/εT decrease gradually

with the increase of filter width at 10 � l/η � 256, suggesting that the dilatational mode
absorbs kinetic energy from the solenoidal mode at different length scales. Heat release
through exothermic reaction at low and high turbulent Mach numbers exerts a small
influence on the two components of the nonlinear advection.

Figure 22 shows the average of solenoidal and dilatational components of the
pressure–dilatation: 〈Φs

l 〉/εT and 〈Φd
l 〉/εT for isothermal (Da = 2) and exothermic (Da =

200) reactions at turbulent Mach number Mt = 0.2 and 0.8. As shown in figure 22(a),
the solenoidal component of the pressure–dilatation, 〈Φs

l 〉/εT , decreases with the increase
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Figure 21. Average of solenoidal and dilatational components of the nonlinear advection: (a) −〈As
l 〉/εT and

(b) 〈Ad
l 〉/εT .
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Figure 22. Average of solenoidal and dilatational components of the pressure–dilatation: (a) 〈Φs
l 〉/εT and

(b) 〈Φd
l 〉/εT .

of filter width l/η at l/η � 60 for isothermal and exothermic reactions at Mt = 0.8. The
average values 〈Φs

l 〉/εT are always very small for isothermal and exothermic reactions at
Mt = 0.2 and 0.8. The average of the dilatational component of the pressure–dilatation
〈Φd

l 〉/εT is shown in figure 22(b). It can be found that for isothermal reactions at Mt = 0.2
and 0.8, the magnitudes of dilatational component of the pressure–dilatation 〈Φd

l 〉/εT are
negligibly small compared with values for exothermic reaction cases. At Mt = 0.2 for
exothermic reaction, heat release leads to an increase of the dilatational component of
the pressure–dilatation. Particularly, the magnitude of 〈Φd

l 〉/εT for exothermic reaction
at Mt = 0.2 is significantly larger than that for exothermic reaction at Mt = 0.8 at
all l/η scales. The magnitudes of the solenoidal component of the pressure–dilatation
〈Φs

l 〉/εT for all cases are much smaller than those of the dilatational component
of the pressure–dilatation 〈Φd

l 〉/εT , revealing that the dilatational component of the
pressure–dilatation is much more important than the solenoidal component in kinetic
energy transfer.

Figure 23 shows the average of solenoidal and dilatational components of the SGS flux:
〈Π s

l 〉/εT and 〈Πd
l 〉/εT for isothermal (Da = 2) and exothermic (Da = 200) reactions at

turbulent Mach number Mt = 0.2 and 0.8. As shown in figure 23(a), the average solenoidal
SGS flux 〈Π s

l 〉/εT is nearly independent of turbulent Mach number and heat release in
current simulations. At l/η < 30, 〈Π s

l 〉/εT grows rapidly with the increase of filter width
for all simulating cases and in the range of 30 � l/η � 80, 〈Π s

l 〉/εT ≈ 1.0 which suggests
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Figure 23. Average of solenoidal and dilatational components of the SGS flux: (a) 〈Π s
l 〉/εT and (b) 〈Πd

l 〉/εT .

that the solenoidal component of SGS flux has a major contribution to the net transfer
of kinetic energy from large scales to small scales in the range of 30 � l/η � 80. In
contrast, the average dilatational SGS flux 〈Πd

l 〉/εT increases evidently with the increase
of turbulent Mach number for isothermal reactions (Da = 2) as shown in figure 23(b). The
average dilatational SGS flux 〈Πd

l 〉/εT for exothermic reactions (Da = 200) are apparently
larger than that for isothermal reactions (Da = 2) at Mt = 0.2 and 0.8, indicating that
heat release can significantly enhance the interscale transfer of kinetic energy through the
dilatational component of SGS flux. The average dilatational SGS flux 〈Πd

l 〉/εT for all
cases are smaller than 0.09, implying that the contribution of dilatational component to
the net flux of kinetic energy is quite small as compared with its solenoidal counterpart.

The p.d.f.s of the normalized dilatational pressure–dilatation Φd
l /εT for isothermal

(Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and
0.8 are plotted in figure 24. It is observed that for isothermal reaction (Da = 2) at Mt = 0.2
as shown in figure 24(a), the p.d.f.s for 16 � l/η � 128 are nearly symmetric with respect
to the line Φd

l /εT = 0, indicating that the positive part of dilatational pressure–dilatation
is almost cancelled by the negative part, leading to a negligible net contribution of
pressure–dilatation to the dilatational kinetic energy transfer. For isothermal reaction
(Da = 2) at Mt = 0.8 as shown in figure 24(c), the p.d.f. at l/η = 16 is skewed toward
the positive side, suggesting that the flow compression is more important than expansion
in the dilatational mode of pressure–dilatation at small scales. For exothermic reactions
(Da = 200) at Mt = 0.2 and 0.8, as shown in figures 24(b) and 24(d), respectively, the
skewness of the p.d.f.s for both sides are increased and in addition, the right-hand tails
are longer than their left-hand tails, suggesting that heat release induced flow compression
plays a more important role than flow expansion in transferring dilatational kinetic energy
through pressure work, especially at small scales.

Figure 25 shows that p.d.f.s of the normalized dilatational SGS flux Πd
l /εT for

isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8. For isothermal reaction (Da = 2) at Mt = 0.2 as shown in figure 25(a),
the p.d.f.s for 16 � l/η � 128 are nearly symmetric along Πd

l /εT = 0, indicating that the
positive part of dilatational SGS flux is almost cancelled by the negative part, leading
to a negligible net SGS flux of dilatational kinetic energy. At Mt = 0.8 for isothermal
reaction (Da = 2) shown in figure 25(c), the p.d.f. is skewed toward the positive side,
suggesting that the direct SGS flux of dilatational kinetic energy is larger than the reverse
flux of dilatational kinetic energy. For exothermic reactions (Da = 200) at Mt = 0.2 and
0.8 shown in figures 25(b) and 25(d), respectively, the p.d.f. is skewed toward the positive
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Figure 24. The p.d.f. of the normalized dilatational pressure–dilatation Φd
l /εT for isothermal (Da = 2) and

exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt =
0.2, Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

side, suggesting that the direct SGS flux of dilatational kinetic energy is significantly larger
than the reverse flux of dilatational kinetic energy due to the effect of heat release.

Figure 26 shows the spatial–temporal average of energy transfer terms in the filtered
equation of dilatational component of kinetic energy for isothermal (Da = 2) and
exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 averaged
at t/τ = 25 ∼ 37. For isothermal reactions (Da = 2) at Mt = 0.2 and 0.8 as shown in
figures 26(a) and 26(c), respectively, the average values of pressure–dilatation −〈Φd

l 〉/εT
are very small. For isothermal reaction at Mt = 0.8 as shown in figure 26(c), with the
increase of flow compressibility, the nonlinear advection term 〈Ad

l 〉/εT and the average
dissipation term −〈Dd

l 〉/εT become more important at scales l/η � 10. The magnitudes of
〈Ad

l 〉/εT and −〈Dd
l 〉/εT decay with the increase of filter width at l/η > 10. For exothermic

reactions at Mt = 0.2 and 0.8 as shown in figures 26(b) and 26(d), respectively, the average
pressure–dilatation terms −〈Φd

l 〉/εT become important, indicating that flow compression
dominates the pressure–dilatation and leads to an increase of pressure work. Heat release
evidently increases the dilatational SGS flux at 10 � /η � 100 and the nonlinear advection
term 〈Ad

l 〉/εT at scales l/η � 10. The overall average of dilatational components of kinetic
energy transfer terms 〈Ad

l − Φd
l − Πd

l − Dd
l 〉/εT for all cases are close to 0.

The average of normalized dilatational SGS flux Πd
l /εT conditioned on the normalized

filtered velocity divergence θl/θ
′
l with different filter widths l/η = 16, 24, 32, 48, 64 for

isothermal (Da = 2) and exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8 are shown in figure 27. The conditional average of dilatational SGS
flux is nearly independent of filter width l/η, for 16 � l/η � 64 at −5 � θl/θ

′
l � 5 for all

simulating cases. The conditional average 〈Πd
l /εT |θl/θ

′
l 〉 is positive in the compression
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Figure 25. The p.d.f. of the normalized dilatational SGS flux Πd
l /εT for isothermal (Da = 2) and exothermic

(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da =
200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.
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Figure 26. Average of energy transfer terms in the filtered equation of dilatational component of kinetic energy
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(a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.
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Figure 27. Average of normalized dilatational SGS flux Πd
l /εT conditioned on the normalized filtered velocity

divergence θl/θ
′
l for different filter widths l/η = 16, 24, 32, 48, 64 for isothermal (Da = 2) and exothermic

(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2; (b) Mt = 0.2, Da =
200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

region and is negative in the expansion region. For exothermic reactions (Da = 200)
at Mt = 0.2 and 0.8 as shown in figures 27(b) and 27(d), respectively, the positive of
〈Πd

l /εT |θl/θ
′
l 〉 dominates over their negative counterparts, indicating that heat release

enhances the direct SGS flux of dilatational kinetic energy. For non-reacting dilatational
turbulence, Wang et al. (2018a) derived a simple model for the conditional average of
dilatational SGS flux in the compression region θl � 0. However, the model is no longer
applicable for exothermic reactions in chemically reacting turbulence. A modified relation
is proposed based on the derived model by Wang et al. (2018a),

〈Πd
l /εT |θl/θ

′
l 〉 = βd

0 (θl/θ
′
l )

2, (5.11)

where, βd
0 = 0.0018 and 0.11 for isothermal reactions (Da = 2) at Mt = 0.2 and 0.8 as

shown in figures 27(a) and 27(c), respectively, and βd
0 = 0.39 and 0.15 for exothermic

reactions (Da = 200) at Mt = 0.2 and 0.8 as shown in figures 27(b) and 27(d),
respectively. It can be found that βc

0 for exothermic reaction is larger than that for
isothermal reaction at a given turbulent Mach number. Based on this relation, the average
normalized solenoidal SGS flux in compression region can be derived as

〈Π s
l /εT |θl/θ

′
l 〉 = 1 + βs

0(θl/θ
′
l )

2, (5.12)

where, βs
0 = β0 − βc

0. Consequently, βs
0 = 0.0016 and 0.08 for isothermal reactions (Da =

2) at Mt = 0.2 and 0.8, respectively, and βs
0 = 0.15 and 0.10 for exothermic reactions

(Da = 200) at Mt = 0.2 and 0.8, respectively. The coefficient βs
0 for exothermic reactions

are also larger than that for isothermal reactions. The results indicate that heat release
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Figure 28. Average of normalized dilatational SGS flux Πd
l /εT conditioned on the normalized filtered velocity

divergence θl/θ
′
l for different filter widths l/η = 16, 24, 32, 48, 64 in expansion regions for isothermal (Da = 2)

and exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8: (a) Mt = 0.2, Da = 2;
(b) Mt = 0.2, Da = 200; (c) Mt = 0.8, Da = 2; (d) Mt = 0.8, Da = 200.

enhances both dilatational SGS flux and solenoidal SGS flux of kinetic energy in
compression regions.

Figure 28 shows the average of dilatational SGS flux Πd
l /εT conditioned on the

normalized filtered velocity divergence θl/θ
′
l with different filter widths l/η = 16, 24, 32,

48, 64 in expansion regions for isothermal (Da = 2) and exothermic (Da = 200) reactions
at turbulent Mach number Mt = 0.2 and 0.8. A modified relation based on the heuristic
model derived by Wang et al. (2018a) is given for the SGS flux in expansion region of
chemically reacting turbulence as

〈Πd
l /εT |θl/θ

′
l 〉 = −βd

1 (θl/θ
′
l )

1.2, (5.13)

where, βd
1 = 0.05 and 0.30 for isothermal reactions (Da = 2) at Mt = 0.2 and 0.8 as

shown in figures 28(a) and 28(c), respectively, and βc
1 = 1.19 and 0.49 for exothermic

reactions (Da = 200) at Mt = 0.2 and 0.8 as shown in figures 28(b) and 28(d),
respectively. Correspondingly, the average normalized solenoidal SGS flux in the
expansion region can be derived as

〈Π s
l /εT |θl/θ

′
l 〉 = 1 − βs

1(θl/θ
′
l )

1.2, (5.14)

where, βs
1 = β1 − βd

1 . Accordingly, βs
1 = 0.15 and 0.40 for isothermal reactions (Da = 2)

at Mt = 0.2 and 0.8, respectively, and βs
1 = 0.31 and 0.52 for exothermic reactions (Da =

200) at Mt = 0.2 and 0.8, respectively, are obtained.
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Figure 29. Average of energy transfer terms for exothermic (Da = 200) reactions at turbulent Mach number
Mt = 0.2 and 0.8 and at Taylor Reynolds number Reλ ≈ 160 and 250: (a) 〈Φl〉/εT ; (b) 〈Πl〉/εT ; (c) 〈Dl〉/εT ;
(d) 〈Πl + Dl + Φl〉/εT .

6. Taylor Reynolds number effects on interscale transfer of kinetic energy

Taylor Reynolds number effects on interscale transfer of kinetic energy are analysed
in this section. Through the above discussions, heat release can evidently influence
interscale transfer of kinetic energy. Thus, analysis in this section is focused on exothermic
reactions (Da = 200) at different turbulent Mach numbers and at different Taylor Reynolds
numbers. Figure 29 depicts the average of energy transfer terms for exothermic (Da = 200)
reactions at turbulent Mach number Mt = 0.2 and 0.8 and at Taylor Reynolds number
Reλ ≈ 160 and 250. The results for Taylor Reynolds number Reλ ≈ 160 and 250 are based
on DNS data solved with 5123 and 10243 grids, respectively. It is observed that due to
the increase of grid resolution, the average of energy transfer terms exhibit more data at
large l/η values (l/η >256) at Reλ ≈ 250 than those at Reλ ≈ 160. It is shown that the
Taylor Reynolds number has a minor influence on pressure–dilatation term 〈Φl〉/εT . For
the SGS flux term 〈Πl〉/εT and viscous dissipation term 〈Dl〉/εT , the results of two Taylor
Reynolds numbers overlap each other for l/η �100. The overall kinetic energy transfer
〈Πl + Dl + Φl〉/εT ≈ 1.0 at l/η �64 for both Taylor Reynolds numbers.

The normalized average of the positive and negative components of SGS flux for
exothermic (Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 and at
Taylor Reynolds number Reλ ≈ 160 and 250 are shown in figure 30. It is observed that
the magnitudes of the average of the positive and negative components of SGS flux at
Mt = 0.2 and at Reλ ≈ 250 are slightly smaller than those at Reλ ≈ 250 at the same
turbulent Mach number. The average of the positive and negative components of SGS flux
at Mt = 0.8 are nearly unaffected by Taylor Reynolds number. The normalized average
of solenoidal and dilatational components of the SGS flux for exothermic (Da = 200)
reactions at turbulent Mach number Mt = 0.2 and 0.8 and at Taylor Reynolds number
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Figure 30. Normalized average of the positive and negative components of SGS flux for exothermic (Da =
200) reactions at turbulent Mach number Mt = 0.2 and 0.8 and at Taylor Reynolds number Reλ ≈ 160 and
250.
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Figure 31. Normalized average of solenoidal and dilatational components of the SGS flux for exothermic
(Da = 200) reactions at turbulent Mach number Mt = 0.2 and 0.8 and at Taylor Reynolds number Reλ ≈ 160
and 250: (a) 〈Π s

l 〉/εT and (b) 〈Πd
l 〉/εT .

Reλ ≈ 160 and 250 are shown in figure 31. It is observed that the solenoidal components of
the SGS flux collapse for l/η <100 at Reλ ≈ 160 and 250. The dilatational components of
SGS flux are slightly influenced by Taylor Reynolds number at 10< l/η <100. The above
analysis suggests that the Taylor Reynolds number has minor influence on the qualitative
statistical properties of interscale kinetic energy transfer.

7. Concluding remarks

In this paper, interscale kinetic energy transfer in solenoidally forced stationary chemically
reacting compressible isotropic turbulence at turbulent Mach numbers 0.2 and 0.8 is
studied. Heat release of reaction enhances both compression and expansion motions.
Particularly, for exothermic reaction at Mt = 0.2, shocklets are observed due to the intense
compression motion and the spatial patterns of product gradient field are similar to
those at Mt = 0.8 at the end of chemical reaction. The effects of heat release through
exothermic reaction on flow motion and interscale kinetic energy transfer are more evident
approaching the reaction end due to the time needed for reaction heat to be transferred to
internal energy and then further transferred to dilatational kinetic energy, leading to the
change of velocity divergence as well as SGS flux.

For exothermic reactions, the average pressure–dilatation is greatly enhanced at all l/η
scales by heat release. In addition, increases of average SGS flux and average viscous
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dissipation of kinetic energy are also observed. In the range of 30 � l/η � 200, the
average SGS flux makes a major contribution to the net transfer of filtered kinetic energy.
The normalized r.m.s. values of pressure–dilatation and SGS flux are evidently increased at
all l/η scales for exothermic reactions, especially at low turbulent Mach number Mt = 0.2.
Thus, pressure work plays a more important role in local conversion between kinetic
energy and internal energy for exothermic reactions. The two tails of the p.d.f.s of the
normalized pressure–dilatation and normalized SGS flux for exothermic reactions are
longer than those for isothermal reactions at Mt = 0.2 and 0.8, suggesting that heat release
enhances flow compression and expansion, as well as positive and negative SGS flux.

The effect of local compressibility on the SGS kinetic energy flux is investigated. For
isothermal reaction at Mt = 0.2, the shape of the joint p.d.f. of the SGS flux and the filtered
velocity divergence is nearly symmetric with respect to the line θl/θ

′
l = 0 throughout

the entire reaction process. For isothermal reaction at Mt = 0.8, the joint p.d.f. primarily
occupies the second and fourth quadrants due to the increase of flow compressibility. In
contrast, for exothermic reaction at Mt = 0.2, the shape of the joint p.d.f. of the SGS
flux and the filtered velocity divergence is nearly symmetric with respect to the line
θl/θ

′
l = 0 at the initial phrase of chemical reaction, then tends to expand in the first and

second quadrants at the intense reaction period, and finally dominates the second and
fourth quadrants. The temporal evolution of joint p.d.f. for exothermic reaction at Mt = 0.2
suggests that heat release induced compression motions make a major contribution to the
positive SGS flux of kinetic energy, while expansion motions make a major contribution
to the negative SGS flux of kinetic energy. Heat release evidently enhances the formation
of negative SGS flux structures at low turbulent Mach number.

A modified relation is formulated based on the heuristic model proposed by Wang et al.
(2018a) for the relation between the conditional average of SGS flux and the filtered
velocity divergence, and it is found to be consistent with the numerical simulations for
both isothermal and exothermic reactions. Particularly, the conditional average of SGS
flux is proportional to (θl/θ

′
l )

2 in strong compression regions and (θl/θ
′
l )

1.2 in expansion
regions. In addition, the antiparallel alignment between the large-scale strain and the SGS
stress is found in strong compression regions. The study of large-scale strain and SGS flux
shows that heat release can enhance the forward-scatter of kinetic energy in compression
regions, and enhance the backscatter of kinetic energy in expansion regions.

Helmholtz decomposition is employed to study the interscale energy transfer of the
solenoidal mode and dilatational mode. It is revealed that heat release slightly increases
the solenoidal and dilatational components of nonlinear advection. The magnitude of
dilatational component of pressure–dilatation increases significantly while the solenoidal
component exhibits minor changes for exothermic reactions as compared with the
isothermal reaction. The SGS flux of the solenoidal kinetic energy is almost unaffected by
heat release, while the SGS flux of the dilatational kinetic energy is enlarged drastically by
intense heat release for exothermic reactions. It is further revealed that nonlinear advection
transfers the kinetic energy from the solenoidal mode to the dilatational mode. The SGS
stress transfers the kinetic energy of the dilatational mode from large scales to small
scales. At small scales, the viscosity irreversibly dissipates the dilatational kinetic energy
into internal energy. The p.d.f.s of the normalized dilatational pressure–dilatation and
normalized dilatational SGS flux are greatly increased at both left- and right-hand tails
for exothermic reaction.

The interscale kinetic energy transfer for exothermic reactions at Taylor Reynolds
number 160 and 250 is studied. It is shown that the overall qualitative statistical
properties of kinetic energy transfer are nearly unaffected by the Taylor Reynolds number.
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The magnitudes of positive and negative components of SGS flux at Reλ ≈ 250 are
slightly smaller than those at Reλ ≈ 160. The solenoidal component of SGS flux is
nearly unaffected by Taylor Reynolds number and the dilatational component of SGS at
Reλ ≈ 250 is slightly smaller than that at Reλ ≈ 160.

In summary, a variety of effects of compressibility and heat release of chemical reaction
on the pressure–dilatation and SGS flux of the kinetic energy are revealed through
numerical simulations of stationary chemically reacting compressible isotropic turbulence
driven by purely solenoidal forcing. The statistics and structures of pressure–dilatation and
SGS flux of kinetic energy exhibit distinct features for exothermic reactions, especially
at low turbulent Mach number, as compared with those for isothermal reactions. An
Arrhenius type of single-step irreversible reaction is considered in this study. The effects of
more realistic chemical reaction on the interscale transfer of kinetic energy in compressible
turbulence remain to be further investigated.
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