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Abstract

In the field K of formal power series over a finite field K, we consider some lacunary power series with
algebraic coefficients in a finite extension of K(x). We show that the values of these series at nonzero
algebraic arguments in K are U-numbers.
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1. Introduction

Let K be a finite field with q = pk elements, where p is a prime number and k is a
positive rational integer. Denote by K[x] the ring of polynomials in x with coefficients
in K, by K(x) the quotient field of K[x] and by deg(a) the degree of a nonzero
polynomial a(x) in K[x]. By setting

|0| = 0 and
∣∣∣∣∣a(x)
b(x)

∣∣∣∣∣ = qdeg(a)−deg(b),

where a(x) and b(x) are nonzero polynomials in K[x], a non-Archimedean absolute
value | · | is defined on K(x). The completion of K(x) with respect to | · | is called
the field of formal power series over K and is denoted by K. We denote the unique
extension of | · | to the field K by the same notation | · |.

In 1978, Bundschuh [2] introduced a classification in K, similar to the
classification of real transcendental numbers introduced by Mahler [4]. He divided
the transcendental formal power series into three disjoint classes and called the
transcendental formal power series in these classes S -, T - and U-numbers defined
as follows.

Let P(y) = a0 + a1y + · · · + anyn be a nonzero polynomial in y with coefficients
ai ∈ K[x] (i = 0, . . . , n). We denote the degree of P(y) with respect to y by deg(P). The
height H(P) of P(y) is defined by H(P) = max{|a0|, . . . , |an|}. Let α ∈ K(x), where K(x)
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denotes the algebraic closure of K(x), and let P(y) be the minimal polynomial of α
over K[x]. Then the height H(α) of α and the degree deg(α) of α are defined as the
height and the degree of P(y), respectively. Further, the roots of P(y) are called the
conjugates of α over K(x).

Given a transcendental formal power series ξ, that is, ξ ∈ K and ξ is transcendental
over K(x), and positive integers n and H, define the quantities

wn(H, ξ) = min{|P(ξ)| : P(y) ∈ K[x][y] − {0}, deg(P) ≤ n and H(P) ≤ H},

wn(ξ) = lim sup
H→∞

−log wn(H, ξ)
log H

and w(ξ) = lim sup
n→∞

wn(ξ)
n

.

From [2],
wn(H, ξ) < H−nqn(max{1, |ξ|})n.

It follows that wn(ξ) ≥ n (n = 1, 2, 3, . . .) and so w(ξ) ≥ 1. If wn(ξ) = ∞ for some
integers n, then µ(ξ) is defined as the smallest such integer. If wn(ξ) < ∞ for every
n, put µ(ξ) =∞. Then ξ is called:

• an S -number if 1 ≤ w(ξ) <∞ and µ(ξ) =∞;
• a T -number if w(ξ) =∞ and µ(ξ) =∞;
• a U-number if w(ξ) =∞ and µ(ξ) <∞.

Moreover, a U-number ξ is called a Um-number if µ(ξ) = m.
In 1980, Oryan [6] presented the first explicit constructions of Um-numbers. He

considered, in [6, Satz 5], some gap series with coefficients from a finite extension of
degree m over K(x) and he showed that the values of these series for nonzero arguments
from K(x) are Um-numbers.

Theorem 1.1 (Oryan [6, Satz 5]). Let L (L ⊂ K) be a finite extension of degree m over
K(x) and

f (y) =

∞∑
i=0

γiyni

be a gap series inK, where γi (i = 0,1,2, . . .) is a nonzero element in L, deg(γi) = m for
infinitely many i and {ni}

∞
i=0 is a strictly increasing sequence of nonnegative rational

integers. Suppose that the following conditions hold:

lim
i→∞

ni+1

ni
=∞,

lim sup
i→∞

log H(γi)
ni

<∞,

and

lim sup
i→∞

ni

√
|γ

( j)
i | <∞ ( j = 1, . . . ,m),
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where γ(1)
i , . . . , γ(m)

i denote the field conjugates of γi for L (for i = 0, 1, 2, . . .). (These
are the conjugates of γi over K(x), each repeated m/deg(γi) times.) Let α be an element
of K(x) with 0 < |α| < R, where

R = min
j=1,...,m

{
1/ lim sup

i→∞

ni

√
|γ

( j)
i |

}
.

Then f (α) is a Um-number.

In Theorem 1.2, we extend Theorem 1.1 to certain lacunary power series with
algebraic coefficients in a finite extension of K(x). We show that the values of these
series at nonzero algebraic arguments in K are U-numbers. (Transcendency of
lacunary power series was first treated by Mahler [5] and later improved by
Braune [1].)

Theorem 1.2. Let L (L ⊂ K) be a finite extension of degree m over K(x) and

F(z) =

∞∑
h=0

chzh

be a lacunary power series in K, where ch ∈ L (h = 0, 1, 2, . . .), satisfying
ch = 0, rn < h < sn (n = 1, 2, 3, . . .),
ch , 0, h = rn (n = 1, 2, 3, . . .),
ch , 0, h = sn (n = 0, 1, 2, . . .),

where {sn}
∞
n=0 and {rn}

∞
n=1 are two infinite sequences of nonnegative rational integers

with
0 = s0 ≤ r1 < s1 ≤ r2 < s2 ≤ r3 < s3 ≤ r4 < s4 ≤ · · · .

Suppose that the following conditions hold:

lim sup
h→∞

log H(ch)
h

<∞, (1.1)

lim
n→∞

sn

r2
n

=∞ (1.2)

and
lim sup

h→∞

h
√
|c( j)

h | <∞ ( j = 1, . . . ,m),

where c(1)
h , . . . , c(m)

h (h = 0, 1, 2, . . .) denote the field conjugates of ch for L (for h =

0, 1, 2, . . .). Let α ∈ K be algebraic over K(x) with deg(α) = g and

0 < |α| < R, (1.3)

where |α| = max{|α(1)|, . . . , |α(g)|} and

R = min
j=1,...,m

{
1/ lim sup

h→∞

h
√
|c( j)

h |

}
.

Furthermore, assume that Pk(α) , 0 and deg(Pk(α)) = t for infinitely many k, where
Pk(z) =

∑rk+1
h=sk

chzh (k = 0, 1, 2, . . .) and t is the degree of L(α) over K(x). Suppose that
p does not divide t. Then F(α) is a U-number with µ(F(α)) ≤ t.
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We prove Theorem 1.2 in Section 3. In the next section, we cite the lemmas we
need to prove Theorem 1.2. Finally, in Section 4, we give some examples to illustrate
Theorem 1.2.

2. Auxiliary results

We need the following three lemmas to prove Theorem 1.2.

Lemma 2.1 (Oryan [6, Hilfssatz 4]). Let L be a finite extension of degree m over K(x)
and let α1, . . . , αn be in L. Then

H(α1 + · · · + αn) ≤ H(α1)2m2
· · ·H(αn)2m2

and
H(α1 · · ·αn) ≤ H(α1)2m2

· · ·H(αn)2m2
.

Lemma 2.2 (Oryan [6, Hilfssatz 3]). Let α1 and α2 be two distinct, conjugate elements
in K(x) and denote their degree by n and their height by H. Suppose that p does not
divide n. Then

|α1 − α2| ≥ H−n+1/2.

Lemma 2.3 (Oryan [6, page 46]). Let L be a finite extension of degree m over K(x) and
let α be in L. Then

|α| ≤ H(α)m.

3. Proof of Theorem 1.2

We prove Theorem 1.2 by making use of the methods of the proofs of Satz 4 and
Satz 5 in Oryan [6], Satz 2 in Zeren [7, pages 120–129] and Satz 1 in Gürses [3].

We can write
F(α) = ηn + γn,

where

ηn =

n−1∑
k=0

Pk(α) =

rn∑
h=s0

chα
h (n = 1, 2, 3, . . .)

and

γn =

∞∑
k=n

Pk(α) =

∞∑
h=sn

chα
h (n = 1, 2, 3, . . .).

Since ηn ∈ L(α), it follows that deg(ηn) ≤ t for n = 1, 2, 3, . . . .
Note that 0 < R ≤ ∞. If 0 < R <∞, then, by (1.3), there exists a positive real number

ε such that
0 < |α| < R − ε

and so
|c( j)

h | < (R − ε)−h ( j = 1, . . . ,m) (3.1)
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for sufficiently large h and

|γn| ≤

(
|α|

R − ε

)sn

(3.2)

for sufficiently large n. If R =∞, then we choose an element ρ of K such that

|α| < |ρ|.

In this case, the series
∑∞

h=0 c( j)
h zh ( j = 1, . . . ,m) converge for z = ρ, so that

|c( j)
h | < |ρ|

−h ( j = 1, . . . ,m) (3.3)

for sufficiently large h and it follows that

|γn| ≤

(
|α|

|ρ|

)sn

(3.4)

for sufficiently large n. Whether R is finite or infinite, we infer from (3.1) and (3.3)
that

|c( j)
h | < r−h ( j = 1, . . . ,m) (3.5)

for sufficiently large h and from (3.2) and (3.4) that

|γn| ≤

(
|α|

r

)sn

< 1 (3.6)

for sufficiently large n, where r = min{R − ε, |ρ|}. (Note that 0 < |α|/r < 1.)
We deduce from Lemma 2.1 that

H(ηn) ≤
rn∏

h=s0

(H(ch)H(α)h2t2
)4t4

(n = 1, 2, 3, . . .).

By (1.1), there exists a real constant d0 > 1 such that

H(ch) ≤ dh
0 (h = 0, 1, 2, . . .)

and it follows that
H(ηn) ≤ d(r2

n)
1 (n = 1, 2, 3, . . .), (3.7)

where d1 > 1 is a real constant.
We now wish to prove that deg(ηn) = t from some n onward. If t = 1, then

deg(ηn) = 1 (n = 1, 2, 3, . . .). If t > 1, then we shall show that the field conjugates of
ηn for L(α) are distinct from each other from some n onward. Let t > 1, i, j ∈ {1, . . . , t}
and i , j. We proceed by proving the following two claims.

Claim 1: If η(i)
n , η

( j)
n , then η(i)

n+1 , η
( j)
n+1 from some n onward.

Suppose that η(i)
n , η

( j)
n . Then

η(i)
n+1 − η

( j)
n+1 = (η(i)

n − η
( j)
n ) +

rn+1∑
h=sn

(c(i)
h (α(i))h − c( j)

h (α( j))h). (3.8)
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From Lemma 2.2 and (3.7),

|η(i)
n − η

( j)
n | ≥ H(ηn)−t+1/2 ≥ d−(t−1/2)r2

n
1 . (3.9)

By (3.5), ∣∣∣∣∣ rn+1∑
h=sn

(c(i)
h (α(i))h − c( j)

h (α( j))h)
∣∣∣∣∣ ≤ max

h=sn,...,rn+1

{(
|α|

r

)h}
=

(
|α|

r

)sn

(3.10)

for sufficiently large n. By (1.2), (
|α|

r

)sn

< d−(t−1/2)r2
n

1 (3.11)

for sufficiently large n. We infer from (3.8), (3.9), (3.10) and (3.11) that

|η(i)
n+1 − η

( j)
n+1| = |η

(i)
n − η

( j)
n |

for sufficiently large n. Hence, for sufficiently large n, it follows from η(i)
n , η

( j)
n that

η(i)
n+1 , η

( j)
n+1.

Claim 2: For any positive integer N, there exists an integer n with n > N such that
η(i)

n , η
( j)
n or η(i)

n+1 , η
( j)
n+1.

Let N be any positive integer. By the hypothesis of the theorem, there exists an
integer n with n > N such that deg(Pn(α)) = t. Assume that η(i)

n = η
( j)
n and η(i)

n+1 = η
( j)
n+1.

Then (Pn(α))(i) = (Pn(α))( j), but this contradicts deg(Pn(α)) = t.

Combining Claims 1 and 2, we conclude that the field conjugates of ηn for L(α)
are distinct from each other from some n onward. Hence, deg(ηn) = t from some n
onward.

Let Bn(y) = bn0 + bn1y + · · · + bntyt be the minimal polynomial of ηn over K[x] for
sufficiently large n. Then

Bn(F(α)) = γnβn,

where

βn = bn1 + bn2(2ηn + γn) + · · · + bnt

((
t
1

)
ηt−1

n +

(
t
2

)
ηt−2

n γn + · · · + γt−1
n

)
.

It follows from Lemma 2.3, (3.6) and (3.7) that

|βn| ≤ dr2
n

2

for sufficiently large n, where d2 is a real constant with d1 ≤ d2. Hence, using (3.6),

|Bn(F(α))| = |γn||βn| ≤ dsn
3 dr2

n
2

for sufficiently large n, where d3 = |α|/r < 1. Then, using (3.7),

|Bn(F(α))| ≤ H(ηn)−θn (3.12)
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for sufficiently large n, where

θn =
sn

r2
n

log d−1
3

log d2
− 1 and lim

n→∞
θn =∞.

The sequence {Bn} has a subsequence {Bni} such that Bni (F(α)) , 0 (i = 1, 2, 3, . . .),
deg(Bni ) = t (i = 1, 2, 3, . . .) and

1 < H(Bn1 ) < H(Bn2 ) < H(Bn3 ) < · · · , lim
i→∞

H(Bni ) =∞.

We infer from (3.12) and H(ηni ) = H(Bni ) (i = 1, 2, 3, . . .) that

0 < |Bni (F(α))| ≤ H(Bni )
−θni (i = 1, 2, 3, . . .).

This implies that F(α) is a U-number with µ(F(α)) ≤ t.

4. Examples

We give two examples to illustrate Theorem 1.2.

Example 4.1. Let F(z) =
∑∞

h=0 chzh be a lacunary power series in K with{
ch = 0, rn < h < sn (n = 1, 2, 3, . . .),
ch = 1, sn ≤ h ≤ rn+1 (n = 0, 1, 2, . . .),

where 1 denotes the identity element of K and {sn}
∞
n=0 and {rn}

∞
n=1 are two infinite

sequences of nonnegative rational integers determined by

s0 = 0, sn = (n + 1)(n+1)! and rn = 2 · nn! (n = 1, 2, 3, . . .).

Then, by Theorem 1.2, F(1/x) is a U1-number.

Example 4.2. Let t be any positive rational integer provided that p does not divide t
and let F(z) =

∑∞
h=0 chzh be a lacunary power series with{

ch = 0, rn < h < sn (n = 1, 2, 3, . . .),
ch = t

√
x, sn ≤ h ≤ rn+1 (n = 0, 1, 2, . . .),

where t
√

x is defined as a root of the polynomial yt − x and {sn}
∞
n=0 and {rn}

∞
n=1 are two

infinite sequences of nonnegative rational integers determined by

s0 = 0, sn = ((n + 1)!)(n+1)! and rn = 2 · (n!)n! (n = 1, 2, 3, . . .).

Then, by Theorem 1.2, F(1/x) is a U-number with µ(F(1/x)) ≤ t.
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