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Abstract. We find an explicit formula for the invariant density 4 of an arbitrary eventually
expanding piecewise linear map t of an interval [0, 1]. We do not assume that the slopes of
the branches are the same and we allow arbitrary number of shorter branches touching zero
or touching one or hanging in between. The construction involves the matrix S which is
defined in a way somewhat similar to the definition of the kneading matrix of a continuous
piecewise monotonic map. Under some additional assumptions, we prove that if 1 is not
an eigenvalue of S, then the dynamical system (z, & - m) is ergodic with full support.

1. Introduction

In this paper we continue the investigations of invariant densities (with respect to Lebesgue
measure m) for piecewise linear maps of an interval. The first results about the classical
B-maps were obtained by Rényi [22], Parry [19] and Gelfond [9]. Later, Parry generalized
them further [20]. These maps have constant slope, all of the branches are increasing and
only the first or the last (or both) branches can be shorter.

The maps with both increasing and decreasing branches were investigated in [10].
Again, these maps have constant slope (in modulus) and shorter branches were allowed
only as the first or the last branch.

In this paper we consider arbitrary piecewise linear maps t of [0, 1] onto itself. We do
not assume that the slopes of the branches are the same and allow an arbitrary number of
shorter branches touching zero or touching one or hanging in between. We assume that
7 is onto and that it is eventually piecewise expanding, i.e. for some iterate |(z")'| > 1,
wherever it exists.

In our main result, Theorem 2, we find an explicit formula for t-invariant density /4.

The construction of t-invariant density / involves a matrix S defined in a way somewhat
similar to the definition of the kneading matrix of a continuous piecewise monotonic
map [1, 17]. In some simple cases, e.g. for greedy maps, we proved that if 1 is not an
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eigenvalue of S, then the dynamical system (z, & - m) is ergodic on [0, 1]. While carrying
out the work in this paper we performed a large number of computer experiments and
we found that for piecewise increasing maps this always holds. Therefore, we state the
following conjecture.

CONJECTURE 1. Let t© be a piecewise linear, piecewise increasing and eventually
piecewise expanding map. Then, 1 is not an eigenvalue of the matrix S implies that the
dynamical system (t, h - m) is ergodic on [0, 1].

If 7 is piecewise linear and eventually piecewise expanding map then we conjecture that
1 is not an eigenvalue of matrix S implies that the dynamical system (z, & - m) is ergodic.

There are matrix methods of detecting topological transitivity of piecewise monotone
continuous interval maps [1, 17], which is implied by ergodicity for our class of maps.
Perhaps matrix S can be used for this purpose in a more general setting.

In Example 8 we construct a map t that is not piecewise increasing, which is ergodic
on a strict subset of [0, 1] and whose matrix S does not have eigenvalue 1.

The converse of Conjecture 1 does not hold. This is shown in Example 5.

There are few papers dealing with absolutely continuous invariant measures of
piecewise linear maps. The most general of them is Kopf’s paper [13]. The author learned
about Kopf’s work after the previous version of this paper, containing results for piecewise
linear and piecewise increasing maps, was submitted for publication. Kopf’s and our
methods are related but different. The main differences are as follows.

(a) Kopf makes a restrictive assumption t({0, 1}) C {0, 1}. This is important for his
method since it is based on comparing the behavior of t on both sides of its
discontinuity points. For zero or one there is no other side so these points have
to behave like continuity points. As he points out, the general result can be obtained
from this by rescaling and adding extra branches to the map t.

(b)  Kopf uses all inner partition points for the construction of invariant density and of
the system of equations defining its coefficients. We only use points whose images
are different from zero and one, obtaining a more compact formula for the invariant
density.

(c) To show the solvability of the system defining the coefficients of the invariant
density, Kopf uses a geometric property that straight lines which are the extensions of
branches of T do not intersect in one point on the diagonal. To justify this he assumes
that |t'| > 1. If t admits this property, then any iterate t” also has it. Thus, the
eventual piecewise expanding implies this property as well so this is not a restrictive
assumption.

In contrast, we introduce t-expansion of numbers and use it to reduce our system
defining the coefficients of the invariant density and to prove its solvability.

(d) Kopf obtains all invariant densities, while our method usually gives only one version
of invariant density for each ergodic component. This is not a real deficiency of our
method as an arbitrary invariant density is a convex combination of these building
blocks.

Other papers on the topic deal with more restrictive subclasses of piecewise linear maps.
We mention papers which are related to our method. Absolutely continuous invariant
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measures for greedy maps with constant slope were investigated in [6, 7] by considering
natural extensions of these maps. Two-branch expanding—contracting (¢, 8)-maps were
considered in [3]. These maps are eventually piecewise expanding so they are included in
our model. This follows from [12, Theorem (3.1)] for 8 < 2 and from [8] for larger .

In §2 we define all necessary notions and introduce t-expansion of numbers in [0, 1]
related to our map t. This is crucial in the considerations of this paper. Similar expansions
were considered before under more restrictive assumptions. We followed mainly the ideas
of Pedicini [21] who studied so-called ‘greedy’ expansions with deleted digits. More
general expansions were studied in [5] which we recommend for further information and
references.

In §3 we prove the main theorem giving the form of t-invariant density.

In §4 we discuss the ergodic properties of piecewise linear maps.

In the next four sections we discuss special cases: piecewise increasing maps, greedy
maps for which shorter branches touch zero, lazy maps with shorter branches touching one
and the mixed-type maps with shorter branches touching either zero or one but not hanging
in between. We prove a number of results which hold specifically for these classes. In
particular, in §6 we discuss special cases of greedy maps with two, three or four branches.

In the last section we present an alternative method of finding invariant density for a
general eventually piecewise expanding piecewise linear map t. Using ‘Hofbauer’s trick’
we construct a piecewise increasing map Tinc such that the original map 7 is its 2-factor.

In this paper we are mainly interested in absolutely continuous t-invariant measure.
The general theory of such measures for piecewise expanding maps of an interval is well
developed and we often refer to its results. The classical papers are [15] and [16] among
many others. There are a number of books on the subject, see, e.g., [2] or [14].

While working on this project the author made extensive use of the computer program
Maple 11. The programs with examples and illustrations, as well as their PDF printouts,
are available at http://www.mathstat.concordia.ca/faculty/pgora/deleted.

2. Description of map t and t-expansion
In this section we introduce necessary notation and describe the maps we consider. We
also introduce t-expansion of numbers, crucial in the further considerations.

Throughout the paper é (condition) will denote one when the condition is satisfied and
zero otherwise. We denote the Lebesgue measure on [0, 1] by m.

Let 7 be a piecewise linear map of the interval [0, 1] onto itself. Let N denote the
number of branches of T and K < N the number of shorter, not onto, branches. We
allow L < K to have shorter branches so as not to touch both zero and one. We call them
‘hanging’ branches.

The map t can be described by three sequences of N numbers: the lengths of branches
ai, e, ..., oy, withO<aj <1, j=1,..., N; the heights of the lower endpoints of
branches, i.e. the heights of left-hand side endpoints for increasing and the heights of
right-hand side endpoints for decreasing branches, y1, y2, ..., yn, With0 < y; <1 —«;,
Jj=1,..., N; and the slopes of branches 81, B2, ..., Bn. We assume that 8; # 0,
j=1,..., N,and we have
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We do not assume that 1 < |S;| but we assume that 7 is eventually piecewise expanding,
i.e. for some iterate " we have |(z")’| > 1, whenever it is defined. This is necessary for
the convergence of the series we consider below.

A shorter branch is called ‘greedy’ if y; =0, ‘lazy’ if y; +«; =1 and ‘hanging’ if
0 <yjand y; +a; < 1. These names correspond to the names of piecewise increasing

—=1. (1)

maps with such types of branches [5].
The endpoints of the domains of branches are

by =0, bj=—b g gL 23 N+
181l 1Bj-1l
Note that by 41 = 1.
We assume that the map t is defined on the partition P; = {I1, I», ..., Iy}, where

I =10, bo),

Ij = (bj,bj41) for2<j<N-1, 2)

Iy = (by, 11.
This means that T is not defined for a countable subset of [0, 1], the points bj,
J=2,..., N and their preimages. Since we have to consider iterates of the points b

we create two extensions 7, (right) and 7; (left) of . Here 7, is the extension of 7 by
continuity to partition

Pr = {[09 b2]7 (b2, b3]1 AR (bN—lv bN]s (sz 1]}1

and 7; is the extension of 7 by continuity to partition

Pr={l[0, b2), [b2, b3), ..., [bn_1, bN), [bN, 11}

Now, we define the points ¢;, i =1, 2, ..., K + L, which play a major role in the
further study. They are the endpoints of the domains of shorter branches at which t does
not touch zero or one. Since a point can be the endpoint of two such domains we have to
allow for duplication of them.

Each point ¢; is actually a pair (c, j) where c € [0, 1]and 1 < j < N and c is one of the
endpoints of interval /;. We define index function on points ¢;: j(c;, k) = k. We define
K + L points ¢;. They are:

° the right-hand side endpoints of domains of shorter increasing branches touching
zero and the left-hand side endpoints of domains of shorter decreasing branches
touching zero (‘greedy’ branches);

° the left-hand side endpoints of domains of shorter increasing branches touching one
and right-hand side endpoints of domains of shorter decreasing branches touching
one (‘lazy’ branches);

) both endpoints of domains of shorter ‘hanging’ branches.

We number them in such a way that ¢; <cy <---<cg4+r-1 <Ck+L, Where
(c, j) < (d, k) if either c <d or c =d and j <k. Note, that the indices ‘i’ of points
¢; do not correspond directly to indices of intervals /;.
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We group ¢; into two disjoint sets: W, containing ‘upper’ ¢; associated with ‘greedy’
branches, right-hand side endpoints of domains of ‘hanging’ increasing branches and left-
hand side endpoints of domains of ‘hanging’ decreasing branches; and W, containing
‘lower’ ¢; associated with ‘lazy’ branches, left-hand side endpoints of domains of
‘hanging’ increasing branches and right-hand side endpoints of domains of ‘hanging’
decreasing branches.

We also group ¢; into ‘left’ points U; and ‘right’ points U, in the obvious way. For
piecewise increasing maps these two grouping coincide as then W, = U, and W; = Uj.

When we consider t(c;) we apply it to the first element of the pair. We always use t, to
act on elements of U, and 1; to act on elements of U;. Note that

(i) =7(c)=y; forc;eU NW,
(i) =1 (c;)=y; forcielU,NW,
t(¢;)) =n(c)=yj+a; forcelU NW,,
() =1(c))=yj+a; forc;elU,NW,,
where always j = j(c;).

The map t can be conveniently represented using a set of ‘digits’ A = {ay, az, . . ., an},
where

if j >0, thena;=B;b; —y;=Bjbjy1 — (vj +aj),
if Bj <0, thena;j=8;b; —(y;j+aj)=Bjbjr1—vyj, j=1,...,N.
Then, the map 7 is
t(x)=Bj-x—a; forxel;, j=1,2,...,N.

Note that each a; is between the minimal, ‘lazy’ digit aé =Bjbjy1 — 1 for B; >0
or ai. =Bjbj — 1 for f; <0 and the maximal, ‘greedy’ digit a}j = B;b; for f; >0 or
a;’ =pBjbjt1forB; <0,j=1,2,..., N.If the jth branch is onto, then a; :a.l/ = '/‘

For any x € [0, 1]\ {b2, ..., by} we define its ‘index’ j(x) and its ‘digit’ a(x):

jx)y=j forxel;, j=1,2,...,N,
and
a(x):aj(x).

We also define (for all x € [0, 1]) the indices j,(x), ji(x) and the digits a, (x), a;(x) using
partitions P, and P, respectively.
We define the cumulative slopes for iterates of points as follows:

Bx, ) =Bjw,
ﬂ(xsn):ﬂ(xsn_1)'ﬂj(1-rz—l(x)), n>?2.

The following proposition describes t-expansion of numbers in [0, 1]. It is similar
to many known expansions, in particular to B-expansion [19] and ‘greedy’ and ‘lazy’
expansions with deleted digits [S].
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PROPOSITION 1. If T is eventually expanding, then for any x € [0, 1]\ {b2, ..., by} we
have

i a(t"” I(X)).

n=1 ’B(x I’l)
Moreover,
k o a(t" ()
= B(x, k) - A
) =B, k) n:ijH e
for any k > 0.

Proof. We have t(x) = 8j(x)x —a(x) or

. a(x) n T(x)
S B B, 1)

Using this equality inductively n times we obtain

Ca)  ake) A lx) )
B D Bw2 T T B T Bmm)

which proves both statements. Since t is eventually expanding 1/8(x,n) — 0 as
n — 400 and the series giving the expansion is convergent. O

We call the representation defined in Proposition 1 the r-expansion of x. In the same
way we define ‘greedy’ (or rather ‘right’) and ‘lazy’ (or ‘left’) expansions using maps
7, and 7;. All three expansions are identical for almost all x € [0, 1]. Special attention
has to be paid to represent points ¢; or inner endpoints of the partition in general. Every
time iteration of a ¢; goes through a decreasing branch its side type changes. In a typical
situation it does not matter but it is important when an image of a ¢; hits one of the inner
endpoints of the partition. If ¢; € U,, then 7" (¢;) is the right-hand side endpoint of a small
image interval if B(c;, n) > 0 and t"(c;) is the left-hand side endpoint of a small image
interval if B(c;, n) < 0. Similarly, if ¢; € Uj, then, t"(c;) is the left-hand side endpoint of
a small image interval if B(c;, n) > 0 and " (c;) is the right-hand side endpoint of a small
image interval if 8(c;, n) < 0. To continue iteration, we should use the appropriate version
of 7.

3. Invariant density of T
An integrable non-negative function A is a density of an m-absolutely continuous
T-invariant measure if and only if it satisfies the Perron—Frobenius equation:

h)= Y /TG = (Pe()) ),

yir(y)=x

for almost all x € [0, 1]. The operator P; is called the Perron—Frobenius operator [2].
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Let us define

(00}
1
Si ;= Z mw(ﬁ(q, n) > 0)8(t" (¢;) > c¢j) + 8(B(ci, n) <0)8(z"(¢;) < cj)]
n=1 &)
forc; € Uy and all ¢,
oo
l n n
Sij= Z m[rs(ﬂ(cl', n) < 0)8(t"(c;) > ¢j) + 3(B(ci, n) > 0)8(z" (¢;) < ¢j)]
l’L=1 1
forc; € Uy and all ¢;. 3)
Let S be the matrix (S; ;)1<i,j<k+r and Id denote the (K + L) x (K + L) identity
matrix. Let v=[1,1,...,1,1] be (K + L)-dimensional vector of ones and let
D =[Dy, ..., Dg+r] denote the solution of the system
(—ST+1d)D" = Dyv", €

where the superscript T denotes the transposition and parameter Dy is either one or zero.
We make here some comments about the parameter Dy although their meaning may
become clear only later. Since the non-normalized invariant density (6) is defined up to a
multiplicative constant we consider only Dy = 1 or Dy = 0. In most cases we use Do = 1.
There may be a few reasons that (4) is unsolvable with Dy = 1. First, T can be ergodic but
with support of invariant density / strictly smaller that [0, 1]. In this case we consider t
to be restricted to I and rescaled back to [0, 1] rather than considering Do = 0. Second, ©
may be either ergodic on [0, 1] or non-ergodic with union of supports of invariant densities
equal to [0, 1] but with matrix S having 1 as an eigenvalue. In these cases we consider
Do =0.
Let us define

X[0,x] for ,3 > 0,
Xix,1y for g <O.
THEOREM 2. Let t will be the map defined in the previous section, i.e. any piecewise
linear map which is eventually piecewise expanding. System (4) always has a non-
vanishing solution. If 1 is not an eigenvalue of S, then with Do = 1. If 1 is an eigenvalue
of S, then at least with Dy = 0. Let

h=no+ ¥ D, i x*(Blci, n), t"(ci)) Y i x*(—B(ci, n), f”(c,'))’ ©

x* (B, x) ={ ®)

T =T TCRO] P~ B(ci. )]
where constants D;, i =1, ..., K, satisfy the system (4). Then h is t-invariant.
If all values t(c;), i =1, ..., K + L, are different, then the inverse statement also
holds: if h is T-invariant, then the constants Dy, D1, . .., Dk satisfy the system (4).

In particular, system (4) is uniquely solvable (i.e. 1 is not an eigenvalue of S) if
minj<j<y |Bj| > K+ L+ 1.

Proof. Let x €[0, 1] and x(j), j=1,2,..., N be the jth t-preimage of x, if it exists.
We need to show that

e =3
= 1P

for almost all x € [0, 1].

https://doi.org/10.1017/50143385708000801 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000801

1556 P. Gora

‘We have

l(x(J)) SN 3(x > 7(cp)) 3(x < (k)
I N EPIL e M L

= g, Bieol o Pieol

For ¢, € U, U U; we have
i X en@() IO L 3Bianay > 08k <" (ew)
= 18;] = Bl 1Bz ()]
8(Bjenicry) < M8 (x =" (cp))
1Bl
B Z 8(x > t(ci)) - 8(r"(cx) > i)
cieW, 1Bjenl
= §(x <t(ci)) - 8(x"(cx) > ci)

e 1Bjenl

+

) ®)

and
Y teeon@G) 1 8Bjaniey > 08(x = 7" ()
; 181 - =i+ 1Bl 1Bj @ ol
3(Bjrn ey < 0)8(x < " (ey))
1Bj @l

§(x > 1(ci)) - (" (ck) < ci)
- L;V 1Bjcol
|y st S <a)

oW, HEN

+

)

Let us define

o0 J (@ (cx))—1 1
) , 0 —_
2 ﬂ(c [(ﬂ(ck "= )( 2 |ﬁ,~|)

j=1

N
+8(,3(ck,n)<0)( > L)] for ¢y € Uy,

J=i @ (c))+1 181

00 J (@ (ck))—1 1
) , 0 _
Zw% [(’3(“‘ " = )< 2 |/3j|>

n=1 j=l1

N
+8<ﬂ(ck,n)>0>( 3 i)} for ci € U}. (10)

j=ime+ 1Pl
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Using previous equalities and S (zn(¢,)) - B(ck, n) = B(ck, n + 1), we write

N hxr() _ [ii— g S 8(x<T(Ck)):|
o 18 = 1Bl e, 1Bieol o il
v 3 ofse y EEERT
B C;:V o= r(C’))Iﬂm,)I - C;V pbr =) 1Bji(c )I}
- Bl g
_ c;v S(x > 1(cj)) —2t Iﬂ;(ml - C;V/ S(x < 1(c)) Iﬁm)l} (11)

To eliminate /(x) from the right-hand side of (11) we need to add to it and to subtract from
it Dy,

S b, x*(Blex, D, 7(cr)

x5 (=Bck, 1), T(ck))
E Dy .
|B(ck, DI

1B (ck, DI

and

creU, ckel;

Note that

for ¢, € U N W, we have x*(B(ck, 1), T(ck)) =8(x < 1(ck)),
forc, e UyN'W, wehave x*(—B(ck, 1), t(ck)) =8(x < 1(ck)),
for ¢y € U, N W, we have x*(B(ck, 1), T(ck)) =8(x > t(cp)),

forc, e UyN'W;  wehave x°(—B(ck, 1), t(ck)) =8(x > t(ck)).

Thus, we obtain

S b x*(Blex, D, T(cr) + Y Dkxs(—ﬁ(Ck, D, 7(c)

o 1B D = Bl D]
d(x < (k) 8(x > w(cx))
= Dy ——= oF =P
Ck;vu B D +ck;v, “TIBler D

We eliminate 4 (x) from the right-hand side of (11) and we see that we are looking for
constants D;, i =1, ..., K + L, such that the following equality (12) is satisfied for all
x € [0, 1] except possibly the images of points ¢;.
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S(x < t(ck))
3 Dk[sk—(—(l")— 3 80> tle) b — 3 5r < tei) }
CkEW |,3(Ck, )| CEW |:3](L)| CEW[ ﬂj(c)
3(x = (k)
+ D DSk —m—E = Y b > (@)
CkGWl |,3(Ck, )| C,EW |ﬂ] L )|
- ) s <t(e) }
=, Iﬂ, ]
3(x > t(cr) d(x < t(er))
- Do[l - + + —} (12)
Z Iﬂ; Ck;y 1Bjcol c,;v, 1Bjew]
Let us assume tentatively that all values 7(c;), i =1, ..., K + L, are different. Then,

they divide the interval (0, 1) into K + L + 1 disjoint open subintervals. Let us choose
one point x from each of the subintervals and number them in the increasing order
X0 <X] <Xp<---<xg4r. If equality (12) holds for these points, then it holds for
almost every x € [0, 1]. Substituting points x; into (12) we obtain equations which we
denote by E;, i =0, ..., K + L. Together, we obtain a system of K + L + 1 equations
which we denote by ES. Rather than write it down we create from it a simplified
equivalent system denoted by EQS. We proceed as follows: consider two consecutive
points x; < 7(ck) < xj+1. If cx € Wy, then the difference EQy = E;11 — E; is

K+L
St s I D
_N p, _Dk[ ko }z 0o (13)

= Bl Bieol 1Bjeold 1Bjwol

J#k
If cx € W, then the difference EQy = E; — E; 41 is of the above form. The equations
{EQ1,EQ>, ..., EQk+1} form the system E QS which is obviously equivalent to the
system {|Bj )| EQ1, |Bjen|EQ2s - -, IBjcx, )| EQk+L}, which is the system (4). In

E S we have one more equation which can be reduced to E Q k411 of the form

K+L N 1
> Dk[sk— ]:DO[I—Z—]. (14)
= 18]

k=1
If some level x; intersects all branches of t, then equation E; is of the form (14). If not,
then we take the level x; which intersects most branches of t and reduce it to the form (14)
subtracting appropriate equations E Q.
The systems ES and EQSU{EQk+r+1} are equivalent since we can recover

1Bjcol

equations of ES from equations EQip, ..., EQk+r, EQk+1+1- To prove the
equivalence of systems ES and EQS it is enough to show that EQg .+ is a linear
combination of equations EQ;,i =1, ..., K + L. We do this as follows: if ¢, € W,, we

set Nk =1 — ¥jcp) — %jep)- If cx € Wy we set ng = yj(¢,). Note that if ¢, is associated
with a greedy or a lazy branch, then ny =1 — « (). Then, we have both the left- and

right-hand sides of
K+L

EQkirti+ ) m EQs
k=1

sum to zero.
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First, let us consider the right-hand side of the summed up equations. We have
N K+L N
1 1 1 I — oy
=Y ——+ Y =1 —+
J.; ;1 ; 1B co)] ; ;1 15,% I
kth branch is shorter
N o;
-y —L=o. (15)
= 1)1

Now, let us consider the summed up coefficients of Dy (summed up kth column of the
system). We have to show

- =0. (16)
1Bjol 4= Iﬁ](c,)l |,Bj(ck)|
First, we consider c¢; € U,. Then we have
K+L
Sk,
Sk= D i
j—l |ﬁ](cj)|

o @)=l | KL ) > e))
5(B(cx, n) >0 — - —’]
=2 5] 1 (e m =0 LT
N

K+L n _
+8(/3<ck,n)<0)[ » L_ijb_

n (17)
=i+ Bil o 1Bjcpl

Let us fix n for a moment and consider the expressions in the square brackets above
Let jo = j(z"(ck)). If B, > 0, then the expression in the first square bracket is equal to

jo—1
= | 3 V= ep Vi o i _ e
—_— - —_— Jo - —_— £
= 18l = 1Bl 1Bjol 1Bjol — Bijn (e
Jjth branch is shorter

and the expression in the second square bracket is equal to

N

Pt 1B;] = 1Bjcpl 1Bjol
Jjth branch is shorter
1 = vj —ajy 1 a(t"(cr))
=1 — by — —N N - .
1Bjol Bianey  Bianew
If Bj, < 0, then these sums are correspondingly equal to
1 1 aj (@ (cp))
bjy — (1 —yj, —ajy) = :
J i J ’
0 C B Bianen  Biwn@y
and
1 aj(x(cr))
1 —bjor —yjp— =1 — L)
° 18] Bj ()
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Thus, using the notation ] = j(t"(ck)), the sum on the right-hand side of (17) is
equal to

[ee] a. (n) a. ('1)
) , 0
. (10> oy o 5 ]

(Vt)

_al(n) aJ(n)
+ 8(B(ck, n) <0)|:8(’3j(") > 0)—= +3(B; 2 <0 })
0 B ﬂ

j é (ﬂ)

1) , 0O|sB.w»y>0)-04+6(B.m) <0
+Z|ﬂ(k, <(/3(Ck n) > )[(/3<>>) +8(8,m < )M]

n=1

+ 8(B(ck, n) < 0)|:8(/3j(§n) > 0)(1 - ) + S(ﬂjém <0)- 11|) (18)

i

The first infinite sum is equal to

= . (19)

i 1 a(t"(cp)) i a(t"(ck)) T(ck)
o Blekn) Bianey o Blewn+1) Bj

The second infinite sum is a telescopic sum equal to zero if Bj(,) >0 and to
(=1 /(Bjp))) if Bj() <0. We can prove this as follows. First, let us assume that
B(ck, 1) = Bj,) > 0. Then, the sum starts with the summand of the first kind, i.e.
S(ﬁjén) >0)-0+ 8(,8jém <0)(1/ ﬁj0<n)). Let us assume, more generally, that at some point
during the summation, the partial sum S =0 and B(c, n) > 0. If B;(zn(¢)) > 0, then the
next step starts in the same situation. If B;(n(¢)) < 0, then we have

1 1
Bk, WPy  Blawn+ 1)

and B(ck, n + 1) < 0. Thus, the next summand is of the second type. If ﬂj(rnﬁ(%)) <0,

then we have
1 1

= —|— =
Blck,n+1)  [Blck, n+ 1|
and B(ck, n + 2) > 0. We are back in the situation we started with.
If ﬂj (" (cr)) > 0, then

3

1 1 1 1
Bt D BanntDl  Blnntd Blenntd’

and B(ck,n+2)<0. The situation repeats until for some i we have B n+i(y))
<0 and S reduces to zero. If this never happens, then the sum is zero since
lim; 00 (1/B(ck, n +1)) =0.

Now, let us assume that B(ck, 1) = Bj() < 0. The second infinite sum in (18) starts
with a summand of the second type. If B () <0, then we have

o
1Bjcol’
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and B(ck, 2) > 0. Reasoning exactly as in the previous case, we show that the complete

sum is
1 —1

Biol  Biweo

If ﬁj(f(ck)) > 0, then . X
> Bl | B’
and B(ck, 2) < 0. Again, this is one of the situations considered in the previous case.
Again, we obtain that the complete sum is equal to —1/8; ;).
To complete the proof of (16) we consider sum (—1/|Bjc)l) + nc(1/1Bjcp). If
Bjr > 0, then

—1 1 —WVjten + o —1(c
. _ Wi j(en) _ ( k). 20)
1Bj o 1Bjcol Bjc Bjcw)
If ,Bj(ck) < 0, then
-1 1 —1+vyjey 1—71(
N, — Vit _ () o)
|ﬂj(6‘k)| |ﬁj(ck)| |13./(Ck)| ﬂ./(Ck)

Equalities (19), (20), (21) and the results about the second infinite sum in (18) complete
the proof of (16) for ¢ € U,. The proof for ¢, € U; is very similar.

We have proved the equivalence of the systems ES and E QS (or (4)) when all values
t(c;),i=1,..., K+ L, are different.

Now, we briefly describe the situation when some of the values t(¢;), i=1,...,
K + L, coincide. The systems ES and (4) may not be equivalent but solutions of (4)
always satisfy E S as well.

If 7(c;;) = t(ci,) and the points ¢;, ¢;, are of different type, i.e. ¢;; € W, and ¢;, € W,
or vice versa, then substituting point x = 7(c;;) = 7(c;,) into (12) gives us an equation
which ‘separates’ ¢;; and ¢;,. Everything proceeds as in the case of different values 7 (c;).

If 7(¢;;) = t(ci,) and the points ¢;;, ¢;, are of the same type (or there are more points
with this property), then we cannot produce a sufficient number of test points x; and the
number of equations in ES is smaller than K 4 L + 1. Similarly as before we can obtain
equations E Q; for ¢; with distinct values and an equation E Q;, ;, corresponding to points
¢, Cip. If more groups of ¢; of the same type with equal values occurs, then there will be
more such common equations. The equation E Q;, ;, is the sum of two equations of the
form (13) corresponding to indices k =i; and k = i. Any common equation is a sum of
the corresponding equations of the form (13). Thus, any solution of the system (4) satisfies
the system ES. The linear dependence of the extra equation (14) is proved exactly as
above. (Note that if 7(¢;;) = 7(c;,) and they are of the same type, i.e. both in W, or both
in Wy, then n;, = n;,.) This completes the proof of the first part of the theorem.

In the proof of the second part we use the following fragment of Perron—-Frobenius
theorem for non-negative matrices [18].

THEOREM 3. If S=(S; j)i<i j<m is a matrix with non-negative entries, then all
eigenvalues A of S satisfy

I<isM

M
Al < max S ;. (22)
j=1
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1 15F

T(c3)=r+05 1
T(cs)=7s

T(cy)=p+0, 1

047
T(Cl):% T
T(C4)=73 T,

0 ¢ cfz \C} ¢ ce=1 0 1

(@) (b)

FIGURE 1. Map 7 of Example 1 and its invariant density.

Note that the assumptions of the second part imply that 8 = minj<;<y |8;| > 1. For
each §; ; we have

S|
- Z::ﬂ_zﬂ

Thus, if 8 > K + L + 1 we have (K + L)/(8 — 1 < 1) which by the Perron—Frobenius
estimate implies that 1 is not an eigenvalue of S and the system (4) is uniquely solvable. O

In the following three examples we illustrate the proof of Theorem 2.

Example 1. In this example all values t(c;) are different. Let N =5 and let t be defined
by the vectors

a=1[1,035038,1,03], B=I3,3, -4, -5 -2], y=1[0,02,0.1,0,0.7].

We have K =3 and L =2. The graph of t is shown in Figure 1(a). The digits
are {0, 0.8, —2.7, —4.25, —2.7}. The first and the fourth branches of t are onto, the
second and the third are hanging and the last one is lazy. The points ¢; are ¢; = 1/3,

=0.45=1(0.45,2), ¢3=0.45=1(0.45, 3), ¢4 =0.65, cs=1. Here ¢, c3 € W, and
c1, ¢4, cs € Wy, In addition, ¢, ¢3 € U; and ¢, ¢4, c5 € U,. We have 0 < t(cq) < t(c1)
< 17(c2) < t(c5) < 1(c3) < 1 and taking the points xp < X] < X2 < X3 < x4 < X5 between
them we obtain the system E.S: we show only the coefficients, the first three columns and
the next three separately.
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Columns 1-3:

po S Sie Siso g S Saa Sas 10 S a4 S5 1
B2l 1831 1Bsl B2l 1B3l  IBsl 1Bl B2 1831 1Bsl B3l
S11 0 Si5 $H1 S5 1 $31 S35 1

1= T~ Ta Sy — = T T §3— = o T
1B21 1Bl B2l 1Bsl  1B2l B2l 1Bs]  1B3l
S15 1 S25 1 S35 1
|Bs 1821 [Bsl B2l [Bs| 1Bl
Si2 Sis 1 S22 825 8532 835 1

1= = T S 53— e T
B2l 1Bsl  1B2l B2l 1Bsl B2l 1Bsl 1Bl

RIE S L S22 o2 1
B21 B2l 1821 B2l 1Bl
s S S S S N

Pl v R = S SN Sy 232 333
B21 1831 1Bzl 1B2 183 B2l 183l
Columns 4-6:
S41 Sa4 Sas Ss1 Ss54 S5 1 1
Sp— el 248 2o g Sl A oy
B2 1831 1Bsl B2 183l IBsl 1B1]  1B4l
S41 Sas 1 Ss5,1 Ss5 1 1 1
B2l IBsl 1Bl B2l 1Bsl 1B1l 1831 B4l
S4.5 1 Ss5.5 1 1 1 1
p— S5 — = - - —
1B5 183l |Bs| 1Bl 1B2l B3l B4l
Sa2  Sas 1 Sso  Ss;5 1 1 1
B2 1Bsl B3l B2 1Bsl 1Bl 1831 1Bal
S 1 S 1 1 1 1 1
54_£_7 Ss_ﬂ_i - — -
1B2] 183l [B21 1Bl Bl 1831 1Bal  1Bsl
S4o2  Sa3 1 S50 S53 1 1 1 1
B2l 183l B3l B2 183l 1Bs] 1Bl 1B4l 185l

System ES is simplified to the equivalent system EQS U{EQk+r1+1}: EQ1 = E1 — E,
EQ)=E3—Ey, EQ3=Es—E4, EQs=Ey— E{ and EQs5 = E3 — E4. The sixth
equation can be obtained as EQg¢ = E4 — E Q»:

S, b S RN S S5, B
B2 182l 1821 1821 1821 121 1821
S S 1 S Sia 8o i
182l 1821 182l 1821 182 1821 1821
Sis S S 1S _Ss o
1831 1831 B3] 183l 183 1831 1831
_S14 524 534 _ S44 n 1S54 B '
1831 1831 1831 1831 183l 1831 1831
Sis S _Ss _Sis Sss, 11
1Bsl |Bsl 85 1Bs] IBsl ~ 1Bsl 1Bsl
Sl—L Sz—L S3—L S4—L S5—i
1821 182 1831 1831 185
where

1Bil B2l 1B3l 1Bsl 1Bsl

https://doi.org/10.1017/50143385708000801 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000801

1564 P. Gora

For Dy = 1 the solution of system (4) is D >~ [—-2.133, —2.133, —2.133, —1.885, —2.510].
The normalizing constant is >~ —2.069. The normalized t-invariant density is shown in
Figure 1(b).

Example 2. In this example all values 7(c;) are different. All branches are increasing. Let
N =4 and let T be defined by the vectors

a=1[0.7,02,1,045], B=I2,3,4,135], y=I[0,0.2,0,0.55].

We have K =3 and L =1. The graph of t is shown in Figure 2(a). The digits are
{0, 0.85, 1.66 . . ., 0.35}. The first branch of t is greedy, the second hanging, the third onto
and the last one is lazy. The points ¢; are ¢y =0.35 = (0.35, 1), ¢ =0.35=(0.35, 2),
c3=0.4166...,¢c4=0.66.... Here cy, c3 € W, and ¢, c4 € W;. We have 0 < t(c2) <
7(c3) < 7(cq) < t(c1) < 1 and taking the points xg < x| < x3 < x3 < x4 between them we
obtain the system ES (we show only the coefficients):

g 2 Sia 1o 52 54 532 $34 1 Sa2  Sa4 1 1
|~ g S S3= - o S - = 2= = 2=
B By B B2 B4 B2 By B2 B B4 B B3
o S14 1 S$4 1 34 1 S4.4 1 1 1
§ - =2 - — y— =2 S5 =t Sy - =2 - ———— —
By B B4 B2 By B2 B4 B B B3
g L3 Sia 1 $3 54 1 533 534 54,3  Sa4 1 1
|- - T S S3- - = Sq— 2= - o - ==
B By B B2 B4 B2 B B4 B B4 B B3
g 13 1 _%3 1 5. 333 g a3 1 R S
! B B 2 B2 B2 3 B2 4 By Pg B B3 B4
_Su1 513 _Sa %3 1 %1 53 g a1l 843 1 11
™8 B2 27 h By B T B B2 47 h By Ba B3 Ba

System ES is simplified to equivalent system EQSU{EQk+r+1}: EQ1 = E4 — E3,
EQr,=Ey—E|, EQ3=FE>— E| and EQ4= E3 — E,. The fifth equation can be
obtained as EQs5 = E3 — EQ3:

S 1 S _5 _San X
B B Bi B1 Bi Bi
_S12 _Sa2 1 52 _Sa2 1
B B B2 B2 B B2
_S1s _523 _Ss 10 Sas X
B2 B2 B B B2 B2
_S14 _S24 _ 534 _Saa 11
Ba Ba Ba Bs  Bs  Ba

1 1 1 1 1 1 1 1

S| — — Sy — — S3— — Sy — — l—— — — —— — —

Bi B B Ba BL B B3 Ba

For Dy =1 the solution of system (4) is D ~[—0.876, —0.876, —0.883, —16.539]. The
normalizing constant is ~—7.812. The normalized t-invariant density is shown in
Figure 3(a).

Example 3. Here we have t(c1) = 7(c2). Let N =4 and let T be defined by the vectors

a=[1,05,05,07], pB=I[4,3,2,2.1], y=I[0,0,0,0.3].
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1 1
T(c)=0,
1T(c)=%
)= [ /’
()= Bt a, / 7(e))=1(cy) T(c)=1,
== 0
(=0 T ! ?
0 CT}RC;% 14'4 1 0 B e RC} 1

(a) (b)

FIGURE 2. Maps 7 of (a) Example 2 and (b) Example 3.

We have K =3, L =0. The graph of 7t is shown in Figure 2(b). The digits are
{0, 0.75, 0.833 ..., 1.1}. The first branch of 7 is onto, the second and third are greedy
and the last is lazy. The points ¢; are ¢c; =0.4166..., c2=0.66---=(0.66..., 3),
c3=0.66---=(0.66...,4). Here cj,cop e W, and c3 € W;. We have 0 < t(c3) <
7(c1) = 1(c2) < 1 and taking the points xg < x; < x» between them we obtain the system
ES (again, we show only the coefficients):

S13 1 $2.3 1 S33 1 1 1
Sj———=——— S -—"-— 3——0— === —

Bs B Bs B3 Ba B B B3

1 1 1 1 1 1 1
ST — — Sy — — S3 — — 1l — — —

B2 B3 B BL B B3z Ba
s St Si2 S$21 S22 S31 832 1 1 1

B2 B3 B2 B3 B2 B3  PBa Br  Ba

Again, system ES is simplified to the equivalent system EQSU{EQk+r+1}: EQ1 =
EQ>=E, — Ey, EQ3=Eyp— E1. The third (or formally the fourth) equation can be
obtained as EQ4 = E|:

S S1 1 $1 So 1 S31 832 1 1

B2 B3 +ﬁ7 B2 B3 B3 B2 B3 B B3

513 5, — 23 S b
Ba B4 Bs  Ba Ba
1 1 1 1 1 1 1
S1—— Sy — — S3 — — l-— - — - —
B2 B3 Ba B B B3z B

The solution of system (4), for Do =1, is D ~[8.794, 3.382, 3.382]. System (23) is
not equivalent to (4), but the solution of (4) also satisfies (23). System (23) has infinitely
many solutions D® ~ [r, 9.2447 — 0.6667¢, 3.382]. We have D = D) for t = D;. The
functions

s 1 s 1
h=3 xooen—— and ha= X001 m——
r; 0.7 ) g ; 0.7 e g
are proportional, B2h1 = B3hy, and the invariant density A stays the same whether we
use constants Dy, Dy, D3 or DY), Dg), Dgt) for arbitrary . The normalizing constant

is 2 5.989. The normalized r-invariant density is shown in Figure 3(b).
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—~ 1.6
2.0 4 1
1.4 4
1.2 4
1.5
1.0 -
1.0 1 0.8 1
0.6 -
0.5 1 0.4 4
0.2
0 . . v " . 0 v : v . .
0 02 04 06 08 10 0 02 04 06 08 10
(a) (b)

FIGURE 3. Invariant densities for maps of (a) Example 2 and (b) Example 3.

In the next example we show a map t which is not ergodic. Matrix S has an eigenvalue
1. The system (4) with Dy = 1 is solvable (non-uniquely). Both methods, i.e. using Dy = 1
or Do =0, of finding t-invariant density agree.

Example 4. Let N = 8 and 7 be defined by the constant slope § = 3 and the vectors
a =[0.5,0.25,0.25, 0.5, 0.5, 0.25, 0.25, 0.5], y =10,0,0.1, 0, 0.5, 0.65, 0.75, 0.5].

The graph of t is shown in Figure 4(a). The matrix

[0.5 0.5 034654 035 05 O 0 0.5 0 07
05 0 034654 035 05 O 0 0.5 0o o0
05 0 034654 035 05 O 0 0.5 0 o0
05 O 0.5 035 05 O 0 0.5 0 o0
S~ 0 o 0.5 0 0 o 0 0.5 0 o0
o o 0.5 0 0 o 0 0.5 0 o0
0 o 0.5 0 0 05 045 0487037 0 0.5
0 o 0.5 0 0 05 045 0.45 0 05
0 o 0.5 0 0 05 045 0.45 0 05
| 0 O 0.5 0 0 05 045 0.116667 0.5 0.5

For Dy = 1 system (4) has solutions

3°3

2 2 2 2, —0.777 78t !
3 3 o 3]

2t 2t
D(t) ~ [t, —, —, 0.769 231¢, 0, 0, —0.691 358t — 2.074 074,

The eigenvector of S corresponding to the eigenvalue 1 is

D, ~[-0.943 423, —0.628 949, —0.628 949,
—0.725 710, 0, 0, 0.652 243, 0.628 949, 0.628 949, 0.733 774].
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234 f

T(Cj):

7(c))= / [ Fleg=ret
: / b T(co)=1

T(ce)= T(c)=Y,
7(cy)=1/2
0 L
T(c)=Y,+05 T
T(c,)=0, T /
Te)=h 7 _12k
0 o/NN INOTANN 0 1

€y €3 €4 C5 Cq €7 Cg Cy Cyg

(2) (b)

FIGURE 4. Map 7 of Example 4 and three versions of its invariant density.

The t-invariant densities are shown in Figure 4(b). The density for Dy = 1 and constants
D(—0.5) is shown in black, the density for Dy = 1 and constants D(—1.9) is shown in
gray and the density for Dy = 0 and constants D, is shown as a gray dashed line. The last
happens to be a combination of negative density for one ergodic component and a positive
density for the other.

4. Ergodic properties of piecewise linear maps

In this section we discuss the ergodic implication of having invariant density with full
support. In particular, this applies to any t satisfying the assumptions of Proposition 5, or
any greedy map for which 1 is not an eigenvalue of S.

THEOREM 4. Let T be a piecewise linear and eventually piecewise expanding map which
admits an invariant density supported on [0, 1]. Then, if at least one branch of t is onto,
then t has at most two ergodic components. If at least two branches are onto, then T
is exact.

Remark. Tt follows from the general theory (e.g., [2, Theorem 8.4.1]) that an exact
piecewise expanding map 7 is weakly Bernoulli.

Proof. Tt follows from the general theory (for example, [2, Chapter 8]) that t has an finite

number of ergodic components and the support of each ergodic component consists of

a finite number of intervals. To prove exactness of an ergodic component it is enough to

show that the images of arbitrarily small interval in the component grow to cover the whole

domain of the component.
If = has an onto branch, then let x( be a fixed point in the domain of this branch. There
are two possibilities.

(@) Some neighborhood J of x is contained in one ergodic component of t. Then, the
images 7" (J) grow to cover the whole [0, 1] and t has one exact component.

(b) The map t has at least two ergodic components and some intervals J; of one
component and J, of the second component touch xg. Let J; C [0, xo). Then, the
images t"*(J;) grow to cover [0, xo) and the images t"(J2) grow to cover (xo, 1].
The map t has two ergodic components.
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If 7 has at least two onto branches, then the fixed points in these branches, x¢ and x; are
different. Each of the intervals [0, xo], [0, x1], [x0, 11, [x1, 1], is completely contained in
a support of an ergodic component. Thus, we have at most one ergodic component. Since
an arbitrary neighborhood of any of these fixed points grows under iteration to cover the
whole [0, 1] the system is exact. O

PROPOSITION 5. Ifthe spectral radius p of matrix S satisfies p < 1, then the system (4) is
solvable for Dy = 1 and the solution vector D > 0. This implies that the invariant density
h is strictly positive.

Proof. Again let v=[1,1,...,1,1] be a (K + L)-dimensional vector of ones.
System (4) can be rewritten as

D=S"DT 4. (24)
Let us define map F : RK+L — RE+L a5
Fx)=S8"xT +v,

and consider the sequence of vectors v, F(v) =STvT + v, ..., F*(v) = (ST 4+ ... +
STwT 4 v, .... Map F preserves the cone C* of non-negative vectors in R+ and all
F'(v)eCT,n=0,1,2,....Let]| -| be the Euclidean norm in RK*+Z_ Since p < 1 we
have

||Fn+m (v) _ Fn (v)” — ”(ST)I’H-lvT + (ST)n-i-ZUT + . + (ST)n+mvT||

IA

m
const Z ,ok||v|| — 0, (25)
k=n+1

as n, m — +00. Thus, the sequence {F"(v)},>0 converges to a vector D e Ct, which
is a solution of (24). Since the solution is unique we have D = D and D € C". Then,
ST™DT e C*tand D=S"DT 4+ v > 0. |

Remark. If the system (4) is solvable for Do = 1 and the solution vector D > 0, then the
following statements hold:

(a D>0;
(b) the spectral radius of S satisfies p < 1;
(¢ Sjj<lforj=1,...,K+L.

Statement (a) is proved as in the proof of Proposition 5. Statement (b) follows from the
theory of M-matrices and (c) follows by the Collatz—Wielandt formula (e.g., [18]).
In Example 5 we show that the converse of Conjecture 1 is not always true.

Example 5. Let T be as in Figure 5(a). The slope B is constant, the first and the
third branches are onto, the second is hanging. Leta =ap <l and y =y =1— /2.
Then, B =2+ «. The digits are {0, (1 +«)/2, 1 +a}={0-d,1-d,2-d}, where d =
(1 + @) /2. Using the symmetry of map t and definition (10) in this special case we obtain
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1 1.3
T(Cz)=y2+a2 T 09 +
T(Cl)=yz T
0 ‘Cl C 1 0 1

(a) (b)

FIGURE 5. Map of Example 5 and its invariant density.

5 =3 NI §h e -t

= ﬁn+1 — lgn+]
1 (") —1)-d _ 1) _ l. 26)
dﬂ p" a B

By the symmetry of T we have Sl,l = S22 and S1 2= S52,1. We show that S1 1+ 521 =1
(and also S1.2 + S22 = 1). In the proof of Theorem 2 we showed that
=S +1 -S1 1

2
+ L2l —p—a) =5 — —.
3 12) 5 (I—=y2—a) =S5 8

In our case we have y» =1 — y» — @y = (1 — «)/2 so equality (26) implies
=S11+1-812=0,

which, in turn, gives S1,1 + S2,1 = 1 and S; 2 + S22 = 1. This shows that the matrix S has
eigenvalue 1. At the same time t is exact and has unique absolutely continuous invariant
measure supported on [0, 1]. For Dy = 1 the system (4) is contradictory and does not have
any solutions. For Dy = 0 it is solvable and Dy = D, =1 is one of the solutions. Thus,
T-invariant density is

h = ZXIOI"(cz)I +ZX[r (cl)ll

For o = 0.4, it is shown in Flgure 5(b).

Let us note that the smallest change from the symmetry of this example results in a
solvable system (4) with Dy = 1 and the invariant density for T can be obtained as a limit
of densities for perturbed maps with perturbations converging to zero.

Another example with the same properties is given by t2. It preserves the same
density h. Also, if we make the middle branch decreasing with the same slope in modulus,
the resulting map t is ergodic and S has 1 as an eigenvalue. This 7 preserves a different
density 4. o

In the following example we show that T with one ergodic component is not
necessarily exact.
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Example 6. Let N =4 and let T be defined by the vectors
a=1[0.5,05,05,05], B=I[22,2,2], y=I[05,05,0,0]

We have K =4 and L =0. The map 7 is obviously ergodic and 72 has two exact
components. System (4) with Do =1 is solvable, D1 = Dy = —0.5, D, = D3 = —1 and
the normalizing factor is —1. Here h = 1.

Example 7 shows a non-ergodic map 7. Matrix S has 1 as an eigenvalue, although 7 = 1
is a T-invariant density.

Example 7. Let N = 3, and let T be defined by the vectors
a=1[05,1,0.5], B=1[2,2,2], y=I0,0,0.5].

We have K =2 and L =0. The map t obviously has two exact components and 7 =1
is a r-invariant density. Matrix S has an eigenvalue 1 and system (4) is not solvable for
Dy = 1. For Dy =0, any pair D1, D; satisfies system (4) which agrees with the fact that

1

o 1 o0
hi = D, X10.7 ()] 5 and  hy =D, Z X" (). 11 2

n=1 n=1
are invariant densities for the ergodic components of 7.
The next example shows that Conjecture 1 fails for not piecewise increasing maps t.

Example 8. Let N =2 and let T be defined by the vectors
a=[1,08], B=I[1.8,—-1.8], y=I0,0.2].

We have K =1 and L = 0. Here t is ergodic but on a smaller interval [0.2, 1]. Matrix
=[S1,11 =1[1.125] has an eigenvalue 1.125 and system (4) is solvable for Dy = 1. We
have D1 = —0.8.
For the corresponding piecewise increasing map, i.e. if we keep the same « and y and
change § to B =[1.8, 1.8], the matrix S = [S7,1] = [1] has an eigenvalue 1.

5. Special case: piecewise increasing maps
In this section we briefly show simplifications occurring when we consider only piecewise
linear, piecewise increasing maps.
We assume here that all slopes 8; >0, j=1,..., N. Then, we have W, = U, and
W; = U;. The formulas (3) simplify to
ad 1
Sij= Z 8(t,(c;) > cj) forc; € W, and all ¢,
— Bci.n)
o0

Z ﬂ( S(t[”(ci) <cj) forc; € Wyandallc;. (27)
=1 lv

The formula for the t-invariant density 4 simplifies to

h(x) = D0+Z ZXOr(c, l) Z ZX[r(c,)l] 1) (28)

ieW, n=1 ’ ieW n=I
where constants D;, i =1, ..., K, satisfy the system (4).
We have the following condition for the solvability of the system (4) with Dy = 1.
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PROPOSITION 6. Let © be a piecewise linear, piecewise increasing and eventually
expanding map. If {0, 1} C W, U W,, then the condition mini<;j<y |Bj| > K + L is
sufficient for the solvability of the system (4) with Do = 1.

Proof. If c; =0 and cg =1, then for any ¢; € W; we have S; 1 =0 and for any ¢; € W,
we have S; x+1 = 0. Thus, there is at least one zero in each row of S and Perron—Frobenius
estimate implies that 1 is not an eigenvalue of S for 8 > K + L. O

6. Special case: Greedy maps

In this section we discuss maps related to the greedy expansion with deleted digits [5, 21],
i.e. piecewise linear, piecewise increasing maps for which all shorter branches touch zero.
They are called greedy since the digits are the largest possible for given « and .

Absolutely continuous invariant measures for such maps with constant slope were
investigated in [6, 7] by other methods.

Our definition of a greedy map is a little more general than the definition usually used.
We give the standard definition for reference. It is assumed that the last branch is onto and
the slope is constant 8 > 1. Under these conditions the digits define the map 7. Let the
digits be {ay, az, ..., ay}. We want to define 7 on [0, 1] so we make some unrestrictive
assumptions: a; = 0 and

M,= max (aj;1 —aj)=1. 229)

1<j<N-1
Any set of digits can be shifted and scaled to satisfy these assumptions. The maps for both
sets are linearly conjugated. Now, we set § =ay + | and define b; =a;/B8,i =1,..., N,
byy+1 =1. Wehave o; = (bj+1 — b;)/B,fori =1,..., N. All y are zero by assumption.

We return to our, slightly more general, setting. For greedy maps we have y; = 0 for
alli=1,..., N. We assume that at least one branch is onto as otherwise v should be
considered on a different interval. Since the set W} is in this case empty, we have

K 00
1
h= Do + Z D; - Z X[O,r"(c,»)]m' (30)
i=1 n=1 i

We prove a number of results specific to the greedy maps.

THEOREM 7. Let us assume that T is a greedy map. If the system (4) is solvable, then h
is a non-normalized t-invariant density. If the system (4) is solvable for Do = 1, then the
system (t, h - m) is exact on [0, 1].

In particular, system (4) is uniquely solvable (1 is not an eigenvalue of S) if
minj<;j<y B; > K + 1. If the last branch is shorter, then the condition minj<j<y B; > K
is sufficient and the coefficient Dg = 1.

Proof. Most of the claims of Theorem 7 follow by Theorem 2. We prove exactness.
From general theory (for example, [2, Ch. 8]), we know that the support of each ergodic
component contains a neighborhood J of some inner partition point. Then, the image t(J)
touches zero. This proves that there is only one ergodic component C. We show that if the
system (4) is solvable for Dy = 1, then C = [0, 1]. Assume that C C [0, 1]. We show that
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then C = [0, a] with some a < 1. Let K; < K be the number of shorter branches to the left
of the first onto branch. We consider K, > 0 as otherwise C = [0, 1]. Let x; denote the
fixed point on the jth branch, if it exists. In particular, x; =0 and xg, 4 is the fixed point
on the first onto branch. We say that branches with indices 1 = j; < jp <--- < js_1 <
Js < Kp + 1 form an increasing sequence if for each ji, k=1, ..., s — 1, the branch with
index jiy1 is the first branch to the right of the branch jj such that

T(Cjgpr) > T(Cj) > Xjyy -

It is easy to see that if an increasing sequence of branches with j; = Kp + 1 exists, then
C =0, 1]. Since we assumed C C [0, 1] such sequence ends before reaching the first onto
branch. Let 1 < j; < K + 1 be the index of the last branch in the increasing sequence.
Then, C = [0, t(cj;)] is the support of the unique 7-invariant density.

Now, we show that if there are any c¢; with j > Kp, i.e. to the right of the first onto
branch, then the corresponding D;, i > Kj, in the formula (30) are equal to zero. The
invariant density 4 is zero (almost everywhere) in the interval [t (c};), 1]. In particular, it
is zero around all points ¢; with j > K.

Note that, if

¢j ¢ U {t"cil,

1<i<K,n>1

then foranyi =1, ..., K, comparing with (27) we obtain

> 1
X10,21(e)1(Cj) ——— = Si,;,
’; [0,77(c;)I\C B(ci, n) i,j

and, thus, using (30) we have

K
h(cj)=1+ Z D;S; ;.
i=1
assuming that the value of & at c; is given exactly by the formula (30).
In general we proceed as follows. Let fix a ¢, j > Kj. Since h is almost everywhere
zero around c; and for any m > 1 the set

U el

1<i<K,1<n<m

is finite we can find a point x,, (close to c;) such that i (x;;) = 0 and

m m
1
X10,77(c)] (% )—: (t"(ci) > ¢j) .
,; R TEND) Z] 7T B n)
The left-hand side is close to h;(x;;) = Zf,i] X10,77(c;)] (Xm)1/(B(ci, n)) and the right-
hand side is close to S; j. Summing overi =1..., K, we obtain
K 00 1
[EDILTH EED LT s ree
i=1 1<i<K w1 Bleim)

for every m > 1, whichimplies 1 + X | D;S; ; =0.By(4), D; =1+ YK D;S; ; =0.
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We have proved that

Kp 00 1
h=1 D; - neH] S
+ ; i ; X0,z @ g )

Since all points {t"(c;): 1 <i < Kp, n > 1} are contained in the interval [0, T(cj)] we
have A (x) = 1 for almost all points x in [z (c};), 1]. This contradicts what we have proved
before. We proved that solvability of (4) with Dy = 1 implies that % is supported on [0, 1].

To show exactness, note that for arbitrarily small neighborhood J; of the fixed point on
the onto branch its images 7”7 (J1) grow to cover the whole [0, 1].

If the last branch is shorter, then ck = 1. We have S; x =0foralli=1,..., K and
Perron—Frobenius estimate on the modulus of eigenvalues of S is (K — 1)/(8 — 1). Thus,
B > K is sufficient in this case. The last equation in system (4) is then Dk - 1 =1 and
Dk =1. O

In a very special case of greedy map with only one shorter branch, K = 1, and constant
slope B we have the following.

PROPOSITION 8. Let T be a greedy map with K =1 and constant slope B = p;,
i=1,...,N. If B >2 or the first branch is onto, then the non-normalized t-invariant
density h is given by the formula
s 1
h=1+ D; .ZX[O’TYI(CI)]E’ 3D
where D1 = 1/(1 — S1,1), and the system (v, h - m) is exact.

If B <2 and the first branch is not onto, then the support of t-invariant absolutely
continuous measure is the interval [0, a1]. Moreover, S1,1 = 1. The restricted map T,
is again a greedy map with one shorter branch.

Proof. If B> 2, then S;1 <1/(B—1) <1, the density & of (31) is well defined and
supported on [0, 1]. The system is exact.
If B < 2, then 7 has two branches (as K = 1) and we consider two cases.

(@) The second branch is shorter: then ¢y =1 and 8(t"(c1) > ¢1) =0 for all n > 1.
Thus, S1,1 =0 and D; = 1. We have obtained Parry’s classical formula [19].

(b)  The first branch is shorter and the second branch is onto. The r-invariant absolutely
continuous measure is supported on [0, o1]. The map 7 restricted to this interval is
a map from case (a). We prove that S 1 = 1. If S1,1 # 1, then the invariant density
h of (31) is well defined. In particular, for any x > t(c;) we have h(x) = 1 which is
impossible. O

n=1

0,01]

We have proved the following.

PROPOSITION 9. If t is a greedy map with K = 1 and constant slope B, then t is ergodic
on [0, 1] if and only if S11 # 1.

Example 9. Let T be a greedy map with K =1 and the first branch shorter. If g, =
miny<;<y B; and a1 = t(c1) > x0, where xg is the fixed point on the second branch, then
S1.1 # 1 and the claims of Proposition § hold.

https://doi.org/10.1017/50143385708000801 Published online by Cambridge University Press


https://doi.org/10.1017/S0143385708000801

1574 P. Gora

The second branch of 7 is 7(x) = Bax — B2(x1/B1). Thus, xg = a1 82/B1(f2 — 1) and
T(c1) > xp gives B2 /(B1(B2 — 1)) < 1. At the same time, we have

S11 = Z = 2 <1. |
1 BBy CER

Now, we consider greedy maps v with constant slope 8 > 1 with K =2 shorter
branches satisfying 8 < 3, or 8 <2 if the last branch is shorter.

We first consider cases when t has two shorter branches, 8 < 2 and the last branch is
shorter. This means that T has three branches.

(A) The first branch is onto: then, 7 is exact, which can be proved as in Theorem 7.
Since c; = 1 we have S1 2 = S22 = 0and D, = 1. Here D has to satisfy D (—S1,1 + 1) =
1 4 S2.1. We show that

Sii<l (32)

Let us assume that 7(c;) =anr > a3 =1t(c2). We have f=14+oa;4+a2 <2 so
ar < B — 1. The fixed point on the second branch would be x¢ such that Sxg — 1 = xg
which gives xo = 1/(8 — 1) > 1. Thus, the second branch is always below the diagonal.
In particular, a» < c¢j. Also, whenever t”(c1) > c1, then "T!(c;) <a3 <cj. Thus,
S1.1 < 1/(B* — 1) and (32) is shown at least for g > B = +/2 such that (8(V)> — 1 =1.
Assume that g <pM. Then, B+ 1)(B—-1)<1or p—1<1/(B+1). Since
ar < B — 1 this means that ap < 1/(8) and
2(c1) = Ban < Lé < Lll <cy.
B+18 - B+188
Thus, 7(c;) < ¢ and 72(c;) < ¢;. Moreover, whenever t”(c) > ¢; then the next two
iterates are smaller then 1/8.

Thus, S11 < 1/(B> —1) and (32) is shown at least for B > @ = /2 such that
(B -1=1.

Assume again that 8 < 8. Then, (B2 + B8+ DB -1 <loray <1/(B>Z+B+1)
which means that tk(cl) <cyfork =1, 2, 3, 4. Moreover, whenever 7" (c) > ¢ then the
next four iterates are smaller then 1/8. Thus, S1.1 <1/ (8> — 1) and (32) is shown at least
for B > BB = /2 such that (B®)° —1=1.

Since the roots /2 converge to one as n converges to infinity, repeating the above
reasoning inductively, we can prove (32) for all 8 > 1.

Now, let us assume that t(c;) =wy < a3 =7t(cz). The proof is similar. Again,
7(c1) < c1 which gives S1,1 <1/(B(8 — 1)). Thus, (32) is shown at least for g > g
= (1 ++/5)/2 ~ 1.618 such that QB — 1) =1.

Assume that 8 < ©. Then, B(B—1)<lorf—1<1/B. Since ar <az <p —1,
we have 7(cy) <c; and whenever t"(c1) > ¢, then t"*!(c;) <a3 < 1/B. This gives
S1.1 < 1/((B*> = 1)). Thus, (32) is shown at least for g > B = +/2 such that (8()?
— 1 = 1. Then, the proof proceeds as in the previous case.

Example 10. The map t considered in case (A) gives an example of maps for which
invariant density & exists although g can be arbitrarily close to one.
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(B) The first branch is shorter. Then, the fixed point in the middle onto branch is
xo=0a1/(B —1) and xp > 1. The support of absolutely continuous invariant measure
is the interval [0, 1] and 7 restricted to this interval is the classical S-map.

Now, we consider the situation where the last branch is onto and 8 < 3. This means that
T has three or four branches.

In the three branches case, since the last branch of 7 is onto, the first and the second
branch are shorter.

(C) 1 < arp: There are two possibilities.

(Ca) « is below the fixed point on the second branch (or this fixed point does not exist).
Then, the map 7 has unique absolutely continuous invariant measure supported on [0, «].
The map t restricted to this interval is a classical B-map and the invariant density can be
found using Parry’s formula (or our formula after rescaling).

(Cb) The image of the first branch covers the fixed point on the second branch. Then,
the map 7 has unique absolutely continuous invariant measure supported on [0, oz]. The
map t restricted to this interval has the first and the last branches shorter. This situation is
considered in (B).

(D) o1 > ap: The map t has unique absolutely continuous invariant measure supported
on [0, @1]. The map t restricted to this interval has the first branch onto. This situation is
considered in (A).

In the four branches case, the last branch of 7 is onto.

(E) The first branch is onto, 2 < 8 <3 and 7 is exact. We prove that 1 is not an
eigenvalue of S.

First, we show that it is not possible for both o and w3 to be above the point
c1=(1+m)/B.

Assume that or <a3. Since f =2+ ar + o3 <3 we have ap <1/2. Then, if
ar > (1 + a2)/B, we would have § > (1 + a2)/ap > 3, a contradiction.

Assume that oy > a3. Now, we have a3 < % foaz>0+a2/B) >0+ a3)/B8, we
would have 8 > (1 + a3/®3) > 3, again a contradiction.

Thus, at least one of the images t(c;), i =1, 2, is below both points ¢, . This
makes the Perron-Frobenius estimate on eigenvalues of S (or ST) equal to 1/(8 — 1)
+1/B(B — 1). Let BV be the positive solution of

1 1
-1 BE-D "
We have proved that 1 is not an eigenvalue of S for 8 > g1 = V2 + 1.

Now, we assume that 8 < 8. We have a; + a3 < BV — 2. We show that both > and
a3 are below the point ¢; > 1/8. The worst-case scenario is when the smaller « is almost
zero and the other is almost 81 — 2. Since 1/ = BV — 2, inequality sV —2 < 1/8
is satisfied for all 2 < g < B1). We proved that both images 7(c;), i = 1, 2, are below both
points c1, ¢. Now, Perron-Frobenius estimate becomes 2/8(8 — 1). Since

2
— <1,
BB —1)

for all B > 2, we have completed the proof.
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(F) The two first branches are shorter, 2 < 8 < 3.

Assume first that o) <ap: since the fixed point in the second branch is
x0 = (a1/(B — 1)) < 7 the image of the first branch covers it. There are two cases.

(Fa) If oy is above the fixed point in the third, onto branch, then t is exact. The
third branch is 7(x) = Bx — (a1 + «2) so this fixed point is xg = (1 +@2)/(B — 1).
Conditions a» > xg and o] + oy < 1 lead to inequality

. o3
o] < min 1—052,1 .
—

(Fb) If « is below the fixed point in the third, onto branch, then map t has unique
absolutely continuous invariant measure supported on [0, a2]. Here t restricted to this
interval has the first and the last branches shorter. This situation is considered in (B).

Now, assume that o] > a»: again there are two cases.

(Fe) If «; is above the fixed point in the third, onto branch, then t is exact. This
fixed point is again xg = (¢ + «2)/(B — 1). Conditions o1 > x¢ and o1 + o < 1 lead to

inequality
2
oy <minj 1 — ay, .

1—0[1

(Fd) If « is below the fixed point in the third, onto branch, then map t has unique
absolutely continuous invariant measure supported on [0, a1]. The map 7t restricted to this
interval has the second and the third (the last) branches shorter. This situation is considered
in (A).

(G) The first and the third branches are shorter, 2 < § < 3. Since again the image of the
first branch covers the fixed point in the second onto branch, the map 7 is exact.

We have ¢c; =1 — 1/8. We find that when both «; and «3 are below the point ¢;. Let
o = max{o, @3}. Weneeda < c¢;. Sincea < f — 2itisenoughtohave g —2 <1 —1/8.
Let 8@ = (3 4+ +/5)/2 ~ 2.618 be the larger solution of equation § —2=1—1/8. For
B < B@ the Perron—Frobenius estimate on eigenvalues of Sis 1/(8 — 1)+ 1/8(8 — 1).
For B > B ~2.414 of case (E), this implies that 1 is not an eigenvalue of S. Thus, this
holds in our case for BV < B < @ or2.414 < B <2.618.

We have proved the following.

PROPOSITION 10. If T is a greedy map with K =2 and constant slope B and t satisfies
the assumptions of case (A), (E) or (G) with2.414 <  <2.618, then t is ergodic on [0, 1]
if and only if 1 is not an eigenvalue of S. For cases (B), (C), (D), (Fb) and (Fd) analogous
statement is true for T restricted to a smaller interval. Cases (Fa), (Fc) and (G) outside
the mentioned interval of B are open to further investigation.

In all computer experiments we performed during the work on this paper, matrices S for
greedy maps had spectral radius p < 1, and if the maps were exact on [0, 1], then S never
had an eigenvalue 1.

Therefore we state the following conjecture.

CONJECTURE 2. Let t be a greedy map, i.e. a piecewise linear, piecewise increasing map
with shorter branches touching zero. Then:
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(@) lisnotan eigenvalue of matrix S <= dynamical system (t, h - m) is exact on [0, 1];
(b)  the spectral radius p of S satisfies p < 1.

7. Special case: lazy maps

In this section we consider piecewise linear maps of an interval [0, 1] with all branches
increasing and such that the images of shorter branches touch one. This means that
aj+yi=1foralli=1,..., N. Such maps are related to so-called ‘lazy expansions
with deleted digits’ [5]. They are called lazy since the digits are the smallest possible for
the given « and B.

We show that any lazy map is conjugated by a linear map to a corresponding greedy
map so that all results proven in the previous section hold, after necessary changes, for
lazy maps as well.

Let 7 be a lazy map. Let @, B and 7 = 1 — & denote vectors of «, 8 and y defining 7.
The partition points are defined, as in the general case, by

/ ~
by =0, Z & LN+ 1
= Bi
Note that byy1=1. Let I; =(bj, bjt1), j=1,...,N. The digits A={a, a,
, an}, are defined as before by
aj=pjb;—vj=Bjbjs1—1. j=1,....N.

We now show that lazy map 7 is conjugated to some greedy map t by diffeomorphism
f(x)=1—xon [0, 1]. First we define ‘conjugated’ vectors «, 8 and y by
aj =0aN_ji1,
Bi=Bn-j+1. j=12,....N,
vj =0
This defines the ‘conjugated’ partition points

j—1 j—1 ~
o; ON—i+1

b1 =0, bj=Y =Y —=1-by_j42, j=2...,N+1.
=B I By-in1
This defines also the conjugated set of digits A = {ay, az, . . ., ay} with
aj=PBjbj=PBn-jr1(1 =by_j42) =Bn—jy1 — 1l —dn—j+1, j=1,2,...,N

In particular, a; =0. For standard greedy and lazy maps this reduces to a; =ay
—an—j+1, j=1,2,..., N. The lengths of intervals /; and Iy_; are equal since
bn—j+2 = bN—jr1=A—=bj)) = (1 —bjy1)=bj+1 —bj, j=1,2,..., N.

THEOREM 11. The maps T and t are conjugated by the diffeomorphism f(x) =1 —x. If
h is a T-invariant density, then the density ﬁ(x) = h(1l — x) is T-invariant. We have

1
h(x) = Do+ZD wamﬂ( o

where constants D,- =Dg_j+1, i =1,..., K, satisfy the system (4) (for T), and points
¢ci=1—c,i=1,..., K are the special points for T.
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1 1
aZ
L7,
7 ra,
al
¢c=0 'E:VZ (,i 1 0 c 553 =1
indices: 1 2 3 4 indices: 1 2 3 4
digits: 0.5 0.75 2.13...0.3846 digits: 0 0.866... 1.25 1.5
(a) (b)

FIGURE 6. Graphs of (a) lazy map and (b) greedy map of Example 11.

Proof. Both T and f o7 o f~! are piecewise linear, piecewise increasing maps and the
images of shorter intervals touch zero. The equality of the lengths of the intervals

I; and iN_j+1 and of the slopes g; = BN—j+1, j=1,2,..., N, proves that they are
identical. Then, 2 (x) = h(1 — x) since | f'| = 1. The formula for h follows by the general
Theorem 2. O

Example 11. Let the lazy map T be defined by N =4, K =3 and

a=1[05,1,08,03], B=I2,3,4,13846], y=1[0.5,1,0.2,0.7].

The digits are A=1{-0.5,0.75,2.13 ..., 0.3846}. The graph of 7 is shown in Figure 6(a).
The conjugated greedy map t is defined by

a=1[03,08,1,05], B=I[13846,4,3,2], y=1I0,0,0,0]

The digits are A ={0,0.866...,1.25, 1.5}. The graph of the map t is shown in
Figure 6(b). Using Maple 11 we calculated, for Dy =1, Dl =1, Dz ~7.9992,
Dg ~99.671. We have D; = DK,,-JF], i=1,..., K. The normalizing constant of the
density is ~33.7996. The graph of 7-invariant density is shown in Figure 7(a) and the
graph of t-invariant density is shown in Figure 7(b) .

8. Special case: mixed greedy-lazy maps
In this section we consider maps with some shorter branches touching zero and others
touching one. We do not assume that there is at least one onto branch.

We prove some results which are specific for mixed type maps.

THEOREM 12. Let t be an eventually piecewise expanding map of mixed type. Let h
be the t-invariant density. Then the dynamical system {t, h - m} can have at most two
ergodic components. If the invariant density h has full support and t has at least two onto
branches, then {t, h - m} is exact.
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(@) (b)

FIGURE 7. Invariant densities of (a) lazy map and (b) greedy map of Example 11.

Proof. 1t follows from the general theory that the support of each ergodic component
contains a neighborhood of some inner endpoint of the partition. Since the image of each
branch touches either zero or one, there can be at most two ergodic components. The
second statement was proved in general in Theorem 4. |

Example 7 shows that mixed type map can actually have two ergodic components. In
this specific case system (4) is not solvable for Do = 1.

We describe the situation in the case of two ergodic components in more detail.

Let t be a mixed type map with an invariant density 4 with support equal to [0, 1]. Let
us assume there are two ergodic components. Since 0 belongs to one component and 1
belongs to the other component we denote the supports of the components by Cyp and Cq,
respectively. There are two possibilities.

(C1) There exists xg € [0, 1] such that Co = [0, xg] and C; = [xq, 1]. Let 7p = Tie, and
TI="T|c,- For example, this happens if 7 has at least one onto branch.

We have " (cx) < cj foralln > 1 andallcx € Co,cj € Cyand t"(cy) = ¢j foralln > 1
and all ¢x € Ji, ¢ € Jy. Thus, matrix S is a block matrix

S— (So = (Si,j)<i, j<m 0 )
0 St =(Si,j)Mt1<i, j<K+L
where ¢y, ..., cy € Coand cpr41, - .., Ck+L € C1.

The image of at least one c;, € Cy and at least one ¢;; € Cy is equal to xp as otherwise
there would be a hole in the support of i. Even if xq is a fixed point in a common onto
branch of 7, there must exist such points.

Since & has full support, each of the systems (g, h ~m|C0), (t1, h ~m‘cl) is exact by
Theorem 7. Each can be considered separately and the invariant densities can be combined.

In this case we can prove that matrix S has an eigenvalue 1.

PROPOSITION 13. Let t be mixed type map described in (C1). Then 1 is an eigenvalue
of S.
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Proof. All branches of t with domains in Cy are greedy and all branches of v with domains
in Cy are lazy. Matrix S is identical with the matrix S of the greedy map 7, constructed
as follows: on [0, 1/2] define 14 as t|¢, scaled to transform [0, 1/2] onto [0, 1/2] and on
(1/2, 1] put g =2(x — 1/2). We proved in Theorem 7 that such a matrix S has 1 as an
eigenvalue. a

Proposition 13 can be generalized to the case when Cop = [0, x¢] and C1 = [x1, 1] with
X0 < X1.

(C2) Each component Cp and C; consists of some number of disjoint subintervals
separated by the subintervals of the other component. A map t with each C; consisting of
two subintervals is given in Example 12 and a map where each C; has three subintervals is
given in Example 13. Examples with more subintervals in each C; can be constructed in
an analogous way.

Example 12. Let N =4 and t be defined by vectors
_(2 121 B=I1,2,2,2] k. 0,0 3
o = 45 47 47 4 E) - £ E) £l £ )/— 45 E) E) 4 .

The map t is eventually expanding and

1 13 11 3
Co=|0,-|ul= 2|, c=|- =|ul|Z 1]
4 24 4’2 4

Example 13. Let N =4 and t be defined by vectors

|:4121
o =

2 57
— ===, B=11,2,22] =[-,0,0, -
6,6,66} B=I Iy [6 6

The map t is eventually expanding and

e lo TTOT2 371014 51 Tt 21073 41008,
°= "6 l66] 66l 'Tlee] |66l L6

Example 14. In [10] we considered ‘generalized’ -maps 7. In the current notation they
can be described as maps with the slopes of constant modulus 8 > 1, with N =Int(8) + 1,
aj=1for j=1,2,...,N—1land ay =8 —Int(B), yj=0for j=1,2,...,N -1
and yy =01if By > 0 and yy = 1 — ay otherwise. We found a formula for the invariant
density of 7g:

o0

n 1
h=1+) xI0. gDl ga—.

n=1

This representation of 4 is different from that obtained in this paper

o0 P n 1
h=1+4D1-3 1B m. T (D] zg—

n=1

but both define the same function. Usually Dy # 1.
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0 1 0 1 2
() (b)

FIGURE 8. ‘Hofbauer’s trick’: (a) the map t and (b) the map jpc.

9. Reduction of the general case to the case of piecewise increasing map

In this section we describe an alternative method to obtain the invariant density for a
general piecewise linear map by reduction to a case of a piecewise increasing map. It
is based on the so-called ‘Hofbauer’s trick’ [11].

Let T be an eventually expanding piecewise linear map of an interval [0, 1] into itself.
We construct a piecewise increasing map tipc of [0, 2] into itself such that t is a 2-
factor of tjpc. This allows us to obtain t-invariant density from the tjyc-invariant density
(see Figure 9).

We construct iy as follows (see Figure 8). Recall that Iy, I», ..., Iy are the domains
of the branches of 7. First we define a map t; : [0, 1] — [0, 2]:

T(x) for x € [0, 1], x € I}, T is increasing on I;;
T (x) =

2—1(x) forxel0,1], x €lj, tis decreasing on /;;
and then the map tjyc : [0, 2] — [0, 2]:

T (x) for x € [0, 1],

Tinc (X) ={
2—1(2—x) forxe(,?2].

Then, i, is piecewise increasing and (t, [0, 1]) is the 2-factor of (tjyc, [0, 2]) via
piecewise diffeomorphism

X for x € [0, 1],

o0 = {2 —x forxe(l,?2],

i.e. To@ =¢ o Tinc. Let hinc be the tjpc-invariant density (we can easily rescale Tipc to
[0, 1], use formula (28) and then rescale back). Since the slopes of ¢ are 1 in modulus the
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1.31 —|_,7

0.96

0.65
| L — 1

0 1 0 1 2
(a) (b)

FIGURE 9. Invariant densities of (a) the map 7 and (b) the map tjy.

T-invariant density is
h(x) = hinc(x) + hinc (2 — x) = 2hinc(x), x €10, 1].

Figures 8 and 9 are prepared for the map t defined using « =1, 0.6, 0.8], g =
[2.5, —3,2]and y = [0, 0.2, 0], i.e.

2.5x for x € [0, 0.4],
T(x) =43 -3x+2 for x € (0.4, 0.6],
2x — 1.2 for x € (0.6, 1].
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