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Pete—Wey| lwahori Algebras

Dan Barbasch and Allen Moy

Abstract. 'The Peter—Weyl idempotent e of a parahoric subgroup P is the sum of the idempotents of
irreducible representations of P that have a nonzero Iwahori fixed vector. The convolution algebra as-
sociated with e is called a Peter-Weyl Iwahori algebra. We show that any Peter-Weyl Iwahori algebra
is Morita equivalent to the Iwahori-Hecke algebra. Both the Iwahori-Hecke algebra and a Peter-Weyl
Iwahori algebra have a natural conjugate linear anti-involution %, and the Morita equivalence preserves
irreducible hermitian and unitary modules. Both algebras have another anti-involution, denoted by e,
and the Morita equivalence preserves irreducible and unitary modules for .

1 Introduction

Let k be a non-archimedean local field with ring of integers Ry and prime ideal py.
Suppose § = G(k) is the group of k-rational points of a split reductive group defined
over k (for convenience, we also assume simple). After the choice of a Haar measure
on G, the vector space C2°(9) of locally constant compactly supported functions is a
convolution algebra, and any smooth representation (7, V) of G integrates to a rep-
resentation of C2°(G). The algebra C°(9) has a conjugate linear anti-involution *

given by f*(g) = f(g71). So while C°(G) is a *-algebra, since it is not complete, we
cannot call ita C” -algebra. The algebra C°(§) is used to transfer problems of analysis
on the group § to algebraic problems. In particular, we are interested in the Bernstein
component of (smooth irreducible) representations with nonzero Iwahori fixed vec-
tors. In this setting, we fix an Iwahori subgroup J and replace C2°(G) by the Iwahori-
Hecke algebra H := H (G, J) of I-bi-invariant locally constant compactly supported
functions. The Iwahori-Hecke algebra inherits a star operation from C2°(9).

Definition 1.1 A smooth representation (7, V,;) of § admits an invariant hermitian
form if there is a nontrivial hermitian form (-, -} satisfying

(m(x)vy, m(x)va) = (v, v2).
For f € C(9), we get (m(f)v1,v2) = (vi, n(f*)va). If (7, V) is irreducible, the

form is unique up to a nonzero scalar. The representation (7, V;) is said to be unita-
rizable if V;; admits a positive definite invariant hermitian form.

Received by the editors October 4, 2018; revised May 19, 2019.

Published online on Cambridge Core June 21, 2019.

Author D.B. is partly supported by NSA grant H98230-16-1-0006. Author A.M. is partly supported by
Hong Kong Research Grants Council grant CERG #16301915.

AMS subject classification: 22E50, 22E35.

Keywords: convolution algebra, Iwahori-Hecke algebra, idempotent, Morita equivalence, parahoric
subgroup, Peter-Weyl idempotent, x-algebra.

/B
https://doi.org/10.4153/50008414X19000324 Published online by Cambridge University Press @ CrossMark


http://crossmark.crossref.org/dialog?doi=https://doi.org/10.4153/S0008414X19000324&domain=pdf
https://doi.org/10.4153/S0008414X19000324

Peter-Weyl Iwahori Algebras 1305

The results in [BM1] and [BM2] establish that a representation V with Iwahori-
fixed vectors is unitary if and only if the representation of H on V" is unitary. In this
setting, the fact that J is invariant under x is essential, but appears so obvious that it is
hardly ever mentioned. The x-operation on the Iwahori-Hecke algebra can be given
explicitly in terms of the generators and relations of J{ (see section 5 [BM2]). So the
problem of unitarity is reduced to the problem of classifying the finite dimensional
unitary representations for  for J.

Loosely, the Lefschetz principle states that results for real reductive groups should
have analogues for the corresponding p-adic groups. It is natural to want to investigate
the possibility of duplicating the work in [ALTV] for the Iwahori-Hecke algebra and
more generally for the whole unitary dual of a p-adic group. It is extremely useful
to consider the relation between signatures of several x operations at the same time.
Such a comparison leads to algorithms for computing signatures of hermitian forms.
In more detail, » operations correspond to real forms of a complex group. A particular
real form is then compared to the compact form.

For the case of the Iwahori-Hecke algebra, an analogue of the » of the compact real
form is e defined at the end of Section 2. It makes sense to consider hermitian and
unitary modules for the e-involution. A comparison between hermitian modules for
e and « (with a view towards the aforementioned goal) was initiated in [BC]. Modules
that are unitary for e have striking properties, such as being semisimple with respect
to the vector part of the Iwahori-Hecke algebra. They are also closely related to local
factors of automorphic forms.

It is natural to ask the question whether e comes from a conjugate linear anti-
involution of the whole group (as in the real case). A natural candidate, in view of the
relation between * an e, would be to twist * by Ad(x) for an appropriately chosen
element x. The natural candidate for x would be a pullback of the long Weyl group
element. This cannot work, precisely because of the earlier observation that woJ # J.

In this paper we investigate this issue from a different perspective. We look for
an extension of  to the Bernstein block. To achieve this, we associate different alge-
bras with the Bernstein block of unramified representations, which we call Peter— Weyl
Iwahori algebras; e has a more natural connection to the group in this context. The
methods of this paper are elementary and rely on the existence of full idempotents.
This elementary observation has previously not been exploited much. It provides an
explicit equivalence between the two categories as a tensoring process. To the extent
that the arguments are formal, they apply to more general types as well.

Casselman and Borel originally established that every subquotient of an unram-
ified principal series contains a non-zero Iwahori fixed vector, and conversely, if an
irreducible representation has a non-zero Iwahori fixed vector, then it occurs as quo-
tient of an unramified principal series. They did their work in the context of admissi-
ble representations. Later Bernstein discovered the best context to formulate results
of this type is in the category of smooth representations. In particular, the unramified
twists of a cuspidal representation of a Levi subgroup determine a direct summand
of the category of smooth representations. Contemporaneous efforts to describe this
summand representation theoretically in terms of representations of compact open
subgroups were pioneered by Howe-Moy and Bushnell-Kutzko. A general notion of
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a special idempotent can be found in [BK], and they establish necessary conditions
for a test function to be a special idempotent. These can be verified for our ep. The re-
sults in [BM1, BM2] establish the preservation of the x-structure, and are generalized
in [BC] and [C], so some of the results are not new. As already mentioned, the main
focus of this paper is o. We have provided a uniform treatment of both » and . We
believe the Peter—Weyl Iwahori algebras are the more natural setting for the results in
[BMIL, BM2], and that the unified treatment of both x and e sheds new light on the
role of conjugate anti-automorphisms.

In Bernstein’s treatment, he gives a realization of the Iwahori-Hecke algebra as
End(?), for the projective P associated with this block. For his presentation, it is nat-
ural to use the * that takes an operator to its hermitian dual. Results in [BC] show
that, under the natural equivalence to the usual J{, this » corresponds to e. So hermit-
ian and unitary is not preserved under this equivalence. In our opinion, this makes
the study of the Peter—Weyl algebras of additional interest.

The graded Hecke algebra possesses analogous * and e anti-involutions. The *
involution is defined in terms of generators and relations in [BM2], while both invo-
lutions are treated from a different point of view in [Op].

We now give a more detailed version of the results in the paper. An important mo-
tivation to study the idempotents ey for parahoric subgroups is that they are canon-
ically attached to a facet f(P) in the Bruhat-Tits building B(G) of the group G. The
group § acts simplicially on the building B(§), and the correspondence f(P) — e is
an equivariant process. One can then consider the Euler-Poincaré sum over the facets
of the building. In [BCM], we prove that this Euler-Poincaré sum is a presentation of
the Bernstein projector for a Bernstein component.

Suppose P is a parahoric subgroup containing our chosen Iwahori subgroup J. Set
E to be the set of irreducible representations of P that contain the trivial representa-
tion of J. We define the Peter—Weyl idempotent to be the idempotent

> deg(0)0,,

o€l

1
= meas(P)

and we define the Peter-Weyl Iwahori algebra as
H(G,ep) :=ep x C(G) * ep.

When P equals J, the Peter-Weyl Iwahori algebra 3((S, ep) is the Iwahori-Hecke
algebra. For any P o J, it is known (see Proposition 3.4) that ep x eg = e = eg * ep;
consequently, (S, eg) c H(S, ep).

The Peter-Weyl Iwahori algebra (G, ep) inherits a x-algebra structure from
C2°(9). The problem we are concerned with in this paper, is to show the following:

(i) Each Peter-Weyl Iwahori algebra is Morita equivalent to the Iwahori-Hecke
algebra, and furthermore, the Morita equivalence preserves x-hermitian and
unitary modules. The equivalence is established by showing the idempotent
eg € H(G, ep) is a full idempotent, i.e., ep € H(G, ep) * e5 x H(G, ep). In fact,
eg belongs to H(P, ep) and is already a full idempotent, i.e., ep € H(P, ep) *
eg x H(P, ep).
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(ii) Each Peter-Weyl Iwahori algebra possesses an anti-involution e that restricts
to the e involution on the Iwahori-Hecke algebra, and the Morita equivalence
preserves e-hermitian and unitary modules.

A recent paper, [C], gives alternatives to the techniques in [BM1,BM2]. The results
on the cocenter used to prove preservation of unitarity are more complicated than
ours. We rely on the explicit equivalence and Rieffel’s version [R] of Morita equiva-
lence. We only use the algebraic considerations in [R], so the completeness assump-
tion for C” -algebras is not relevant.

2 Preliminaries on the Iwahori-Hecke Algebra
2.1 Notation

e k2 Ry 2 pk G, § = G(k) are as in the introduction. Set F = Ry /o, and let g
denote the order of IF.

e For any k-subgroup L c G, let £ = L(k) denote the group of k-rational points.
Denote by g and [ the obvious Lie subalgebras of (Lie(G)) (k).

e LetS c G denote a maximal split k-torus (which we can, in fact, assume defined
over R), and 8 = S(k). So the characters Y = Hom(S, G,,) are naturally paired with
the cocharacters X = Hom(G,,,S). Set 8° = S(R), and denote by 8* the maximal
pro-p-subgroup of 8°.

e R is the set of roots of G with respect to S. For a root «, we denote by U, c G
and U, = U, (k) c G, the corresponding root groups. For a choice R* c R of positive
roots R*, let B and B = B(k) be the associated Borel subgroups and II c R*, the
simple roots.

The choice of a Chevalley basis of g allows us to define G and U,, over the integers
Rk and thus over F too (we write G xx, F for the group over F), so that G xg, F is
a connected reductive split F-group and there is a canonical identification of the root
systems of G and G xg, F.

o Let B denote the Bruhat-Tits building of §. The torus S (defined over Ry) yields
an apartment A c B, and B is the union of all its apartments. The Chevalley basis
above allows us to do the following:

(i) embed Y inside A, so that the origin 0 becomes a hyperspecial point;
(ii) define the set of affine roots ¥ = {a + j | « € R, j € Z} on A and for each affine
root y an affine root groups Uy © Ugraa(y)-
The assumption that G is split simple means B is a simplicial complex. For any facet
E c B, let G be the associated parahoric subgroup. When E c A,

S = subgroup of § generated by §° and U,

(y satisfying w(x) > 0 for all x € E),
G} = subgroup of G generated by 8", and U,

(y satisfying y(x) > 0 for all x € E).

e Fix a Haar measure on G and therefore a convolution product * on CZ(9).
For any open compact subgroup J c G, let 1; denote the characteristic function,
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and set
o— 1 1
ey = meas() ]
When a facet E ¢ B is of maximal dimension, i.e., E is a chamber, the parahoric
subgroup J = G is an Iwahori subgroup. Set

H(G,d):=e3»C(9) ey (Iwahori-Hecke algebra with respect to J).

We recall that any two chambers of B belong to the same G orbit, so any two Iwahori
subgroups are conjugate in G.

The choices of a set of positive roots R* and a Chevalley basis singles out a particu-
lar Iwahori subgroup J that can be described as follows. For the facet {0} c A and its
maximal parahoric subgroup Gyoy, we consider the quotient map G¢oy — (G403 / 9%})
= (G xg, F)(F). Then, J is the inverse image of the Borel subgroup of (G xx, F)(F)
corresponding to the positive roots R*.

We recall that the Iwahori-Hecke algebra 3((G, J) has a presentation in terms of
the finite Iwahori-Hecke agebra 3{(Gy¢},J) and X (which can viewed as a rational
functions on the torus Y ®z C*), given as follows:

(i) Let N (defined over Ry) be the normalizer of S. For each n € N(R;) c Gyoy» set

1
Ty=——=1l3,0 € CZ(9) (depends only on the coset n8%).
meas(J)

If ny, ny, € N(Ry) have the length property that £(nyn,) = €(n;) + €(n,), then
Tnl * T"z = Tﬂl"z'
For each simple root a, let ¢, € N(R;) be an element whose action on X is the
reflection s,, and set
1
* " meas(J)

Iye,g.
Then T? = (q-1)T;, + 4L
(ii) There is an embedding, due to Bernstein (see [Lzl, §3], [Lz2, §4]),
X — H(S,9)
x— 0,
satisfying
O, - ®sa(x)
1-0_,
(iii) The set of elements {@,T, | x € X,n € N(R;)/8°} is a (complex) basis of
3(5,9).
e The space of functions C2°(§G) admits a natural anti-involution * given by
(2.1) f1(8)=f(g™).
That J is a subgroup means the anti-involution restricts to an anti-involution of
3(9,7).
e The algebra (G, J) has another anti-involution e (see [BC]) defined in terms
of the generators T, (n € N(Rg)), and ©, (x € X), given by

@szu = Tsa®s,x(x) + (q - 1)

T, = T,-for n € N(Ry) and O}, = O, for x € X.
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e Let ny € N(Ry) be a representative for the longest element in the Weyl group
N(k)/S. There is an involution a of the group G so that 8§, N = N(k), and J are
a-invariant, and

a(x) = nox'ny’ Vx €8,

a(n) = nonny' mod8 VneN.

For the case of the group GL(#), and the standard representation realization of clas-

sical groups, the involution a is

SINT, -1
) g

a(g) = no(g

where T is transpose, and ny € N(Ry) is a monomial matrix representative of the
longest Weyl element.

The involution a, defines an involution of the Iwahori-Hecke algebra (G, J), and
the relationship between the two anti-involutions  and e is:

*(y) = T,ya(y)Tu,  VyeH(S,9).
3 Idempotents

Let J be an Iwahori subgroup. The collection of pairs consisting of a minimal k-Levi
subgroup of G, i.e., a maximal split torus T, and the unramified characters of 7 is
the cuspidal data to parametrize a full subcategory Q (Bernstein component) of the
smooth representations (of §). Equivalently, Q is the full subcategory of represen-
tations generated by their J fixed vectors. Furthermore, there is an essentially com-
pact distribution Py (representable by a locally L'-function on the regular compact
elements of §), so that for any smooth representation (7, V), the endomorphism
7(Pq) € Endg(V,) is an idempotent that projects to the Q) component of V.

Suppose F c B is a chamber (so G is an Iwahori subgroup), and E is a facet in F
(so g 2 Gr 2 Gf o GF). The group Gr/G7% is a Borel subgroup of G/G%. Let p be the
quotient map from Gg to Gp/Gg. We define the Peter-Weyl idempotent associated
with the facet E as (see also [BCM])

> deg(0)0®, 0 p) ,

3=}

o1 (
°E = meas(SGg)

-

where E is the collection of irreducible representations of Gg/Sj that contain a
nonzero (Borel) §r/G-fixed vector, and @, is the character of 0.
(i) IfF’isanother chamber containing E, then G- /G7 is a Borel subgroup of G /5%
too, and the right side of the above definition yields the same idempotent eg.
(ii) For a chamber F, the idempotent er equals eg,. In this situation, we will use
both notations.

Definition 3.1 The Peter-Weyl Iwahori algebra associated with the idempotent eg
is the algebra

Hg:=eg~CZ(9) * eg.

For convenience, we sometimes abbreviate the name to Peter—Weyl algebra. If F is a
chamber, then HF is the Iwahori-Hecke algebra H (G, GF).
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Proposition 3.2 Let Pq be the projector for the unramified Bernstein component Q).
Suppose E c B is a facet. Then

eg =P x ————1g+.
ot meas(G}) I

To prove Proposition 3.2, we first establish the following lemma.

Lemma 3.3 If ¢,y € C2(9) satisfy n(¢) = n(y) for all (irreducible, smooth) m,
then ¢ = .

Proof Let dy denote the Plancherel measure on §temp. By the Plancherel formula,

¥F e C®(G): F(1) = f trace(n(F))du(n).

temp

For ¢ € C(G) and x € G, set Fy(¢) = 8 » ¢, so Fx(¢)(g) = ¢(x7'g). If ¢,
yeC>(G)and n(¢)=n(y) forall 7, then forall x € G we have 7 (F, (¢)) = (8, *¢) =

705 * ¥) = (Fu(y). Thus,
D =R = [ race(n(Fy(¢))du(n)

= f,gm trace(nr(Fx(y))du(m) = Fe(y) (1) = y(x7).
So¢=y. n

We note that we can replace § by a compact group J, and the analogous result holds
for any two ¢,y € C2°(J).

Proof of Proposition 3.2  Suppose (7, V,;) is a smooth irreducible representation.
The operator m(Pq) € End(V,) is the scalar 1 if 77 has a nonzero Iwahori Gp-fixed
vector and the scalar 0 otherwise. The operator 77(Pq * eg+) is projection to the sub-
space V,, E By [MP1], Theorem 5.2] and [MP2, Proposition 6.2], if 7 has a nonzero
Gp-vector, i.e., an unrefined depth zero minimal K-type consisting of the trivial rep-
resentation of G, then any other irreducible representation of G in V must contain
a nonzero Gp-fixed vector. Clearly (from the representation theory of finite groups)
for any irreducible representation 7, the operator 7(eg ) is projection to the subspace
VIE Tt follows that n(Pq * egr) = m(eg), and so, by Lemma 3.3, Po * egr = ep. W

Suppose E is a facet inside a chamber F. We recall that G} ¢ G} ¢ Gr c G and
G% is a normal subgroup of Gg. The idempotents egts €r and eg belong to the finite
dimensional algebra

H:=egy x CZ(Sk)  eg;.

This algebra is equal to the canonical embedding of C°(Sg/S5) in C°(Sg) via the
quotient map p: Gg — Gg/S}. It is a consequence of the normality of G} in S that
CZ(Gg)*er = Hrep and epxC°(SGg) = ep*H. If « is an irreducible representation
of G, with character ®,, let

1
e = meas(Ss) deg(x)®,
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be the (central) idempotent in C°(SGg) associated with k. Clearly, e, « C°(Sg) *
er * CZ°(Gg) * e, is an ideal of C2°(Gg) that is either a minimal ideal or zero.
Define

HEn = ep « C°(Gp)vep, HEM = ep « C°(Gp) *er,

Ef}{im = epxC(Gg)*er, Fﬂf?“ = epxC (G ) *eg.

Proposition 3.4  'The (finite dimensional) vector space C°(SGg)*ep*C(SGg) is a
bi-module for C°(SGg), i.e., an ideal of C°(Sg), and
(i) it equals f]-fg“;
(ii) it is the span of matrix coefficients of the representations with Gp-fixed vectors;
(ili) ep € C°(Gp)*xepxCP(GE), i-e., ep € C°(Gg)*eg,xC=(Sg) is a full idempo-
tent;
(iv) epxer = epxep = eF;

(v) Fm = 300 300 gnd gfin = g0 o (fin,

Proof To prove statement (i), suppose hjxeg,*hy € C(Gg)*epxC(Gg). For
any representation x of Gg, we have x(hyxepxhy) = k(h;)x(er)x(hy). When « is
irreducible, we deduce that e, « C°(Gg ) *ep*C°(Gg) * ey is zero if and only if k (ef)
is zero.

Suppose (o, V5 ) is an irreducible representation of G5 /G, that contains a nonzero
Gr/G;-fixed vector, i.e., 0 € E. Set k = 0 o p. Then x(ep) is nonzero, which means
that e, » C°(Gg)*erxC°(Gg) * e, is a nonzero ideal of C2°(Sg) that is contained
in the minimal ideal e, « C°(SGg) * e,. Therefore,

ex x CZ(Gg)*xep*xC(Gp) * e, = e x C°(SGEg) * ex.

Since eg = ¥ ;cg €00p> We deduce statement (i).

For the sake of completeness, we consider when (x, V) is an irreducible represen-
tation of G that does not contain a nonzero Gz-fixed vector; i.e., k(er) is zero. Then
k(hy1*epxhy) = 0. Consequently, k(F) = 0 forany F € C°(Sg) * ep » C°(Gg). This
means that e, « C°(Gg)*epxCZ(SGg) * ey is zero.

Statements (ii) and (iii) follow from statement (i).

For statement (iv), the equality egxer = epxeg follows from the fact that eg is
a central element of C°(Sg). The equality epxep = ep follows from the fact that
k(eg*eg,) = x(eg, ) for any irreducible representation x of G and from Lemma 3.3.

Statement (v) is a consequence of statement (i). [ ]

Suppose F is a chamber in the building, so the algebra Hp = ep x C°(G)xer
is an Iwahori-Hecke algebra. If E is a facet of F, we have previously named the al-
gebra Hg = ep » C°(G)*er (which contains Hr) the Peter-Weyl Iwahori algebra
(associated with E).

Proposition 3.5 Suppose E is a facet inside a chamber F.

(i) The idempotent ep € Hp satisfies Hg * ep » Hg = Hpg; ie, it is a full idempotent.
(ii) Define ,H,:=ep*xCZ(G)*er and \H, :=epxCZ(G)xeg. ThenHp= FH, +,H,
and Hp= 3, « H,.
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Proof The proof of statement (i) is based on the analogous fact in Proposition 3.4
for the finite dimensional algebra (fi". We have (i = Ffin « ¢ » Hfin, Since FHfin
contains the identity element ey of Hg, we have g x J—(g“ =Hg = J—Cg“ * Hpg.
Therefore,
J—CE*eF*J{E =J—CE*ﬂ{g"*ep*ﬂ'fg"*ﬂ{EDJ{E*eE*J{E =g'CE,
and so e is a full idempotent of H, too.
Statement (ii) can be obtained from statement (i) as follows:
%EIJ’CE*C'F*%EIHE*EF*ep*J{E
= H, ~ X, (since I, = Hg xepand I, = ep  Hg).

Similarly, Hp = ep » Hg x ep = ep * Hg x Hg xep = I, » I, u

Proposition 3.6  Suppose F is a chamber of B, and E is a facet contained in F.
(1) The left Hg-module ,J(, is cyclic with generator ep. Similarly, the right Hg-
module ,J{, is cyclic with generator e.
(ii) The left Hp-module 3, is finitely generated. Similarly, the right Hp-module ,J(,
is finitely generated.

Proof The first assertion of statement (i) follows from the fact that eg xer = ep, while
the second follows from epxeg = ep.

To see statement (ii), we use the fact that for any two open compact subgroups J
and J' of G, the space e;xC2°(G) ey is a finitely generated e;x C2° (G) xe; module. We
take J = Grand J' = Gy, to see that eg, »C° (G) xeg: (eg, is er) is a finitely generated
Hr-module. If we convolve on the right by e, we deduce I, is a finitely generated
left Hp-module.

Similar reasoning shows ,J{, is a finitely generated right 7 r—module. [ ]

4 Morita Equivalence

Let (e(f}f E) @fg(}[ £), and ‘Gﬁn (HE) denote the categories of left, left finitely gener-
ated, and left finite-dimensional Hg-modules, respectively, and let €, Qfg (HE),
and <€ﬁn () be the analogous categories of (left) H p-modules.

Theorem 4.1 The algebras Hg and Hy are Morita equivalent.
(i) The two maps
EJ{P Q3 FJ{E —  He and FJ{E O EJ{F - Hr
fe®u. g — fxg 8@y, [ — g+ f
are isomorphisms.
(ii) The maps
o) — € and Cot) —  Ctr)
X — L H, ®g¢, X Y — L, ®g, Y

are inverses of each other and give an equivalence between the categories of left
Hg-modules and left H p-modules.
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(iii) The category equivalences of part (i) restrict to equivalences between (efg(ﬂ{ E)
and (efg(g'fp) and between @ﬁn (Hg) and (eﬁn (HE).

Proof The statements follow from the fact that er € Hp is a full idempotent (Hg =
Hg * ep » Hg) (see [Lm, Chapter 18]). ]

We remark that there is a similar Morita equivalence between F(i" and Ffin.

The Morita equivalence of 7y and Hr means their centers are isomorphic. The
center of the Peter-Weyl algebra J{g can be obtained from the (well known) center
of the Iwahori-Hecke algebra Hr via the following result.

Corollary 4.2  Express eg as ep = Y;_ja; * b; with a; € ;H, and b; € 3 ,. Then
the isomorphism of centers in the Morita equivalence of Hy and Hg, is given by
r

z—> Y a;xz*b;.
0l

Proof Ifzisin the center of Hp, then forany X € ‘e(ﬂ{ ), the map x - zx commutes
with any self-morphism of X; i.e., it is in the center of the category. Under the functor
X — ,H, ®3, X, we have a similar self-morphism (f ®4¢, x) = (f ®g¢, 2x) of
,H, ®3¢, X in the category €(Hp). We compute

.
f®sc, zx = (ep * f) ®3¢, zx = Y a; * bj * f @3¢, zx
i-1

= Zai ®q¢,p (b * flzx (since b; » f € Hp)
i=1

= 4 @50, 2% (b * f)x = z « (2% (b * ) B, x

i=1

= (zr:ai * Z * b,-) (f ®3¢, x).

i=1

So the element }.;_ a; * z * b; is the central element of Hp correspondingtoz. m

5 Matrix Coefficients

We fix a Haar measure on G and make C°(G) into a convolution algebra. The map
* defined in (2.1) is an anti-involution. For any facet E, the idempotent ey is fixed
by %, i.e., e = eg, and therefore x is an anti-involution of the Peter—-Weyl algebra J(.
When F is a chamber, the » anti-involution on the Iwahori-Hecke algebra I is the
one mentioned in the introduction.

In the Iwahori-Hecke algebra situation, using generators, [BC] defined an anti-
involution e. In this section we show that given a facet E and a chamber F containing
E (so Hr c Hg), we can define an anti-involution that we also denote as e. The
involution depends on the chamber chosen (equivalently the Iwahori subgroup in-
side Gg); but, since any two Iwahori subgroups are conjugate, the difference is up to a
conjugation. To define e, we need to exhibit a decomposition of g in terms of H.
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In the next section we show the Morita equivalence between the Iwahori-Hecke alge-
bra Hr and the Peter—Weyl Iwahori algebra H{y preserves x-hermitian and x-unitary
representations as well as e-hermitian and e-unitary representations.

5.1 Preliminaries

Lemma 5.1 Suppose (o, V) and (7, V;) are irreducible representations of a compact
group K, with invariant positive definite forms (-, - )5 and (-, - ). If the two represen-
tations are equivalent, we assume they are equal (and abbreviate the inner product to
(-, ). Suppose x1,x; € Vy and y1, y, € V. Then

A(xl,a(h)xz)amdh )

0 if o is not equivalent to T,
meas(K)

deg(o) <x1’yl>m l.f(f =T.

Proof These are the Schur orthogonality relations. The case when the representa-
tions are inequivalent is clear. When they are equivalent, denote them both by . The
tensor product V,® V, has two (K x K)-invariant form given by (x;® y1, x2® 2 ) sg0 =
(21, y1){(x2, y2) and ((x1® y1, X2® y2)) := [ (x1, 0(h)x2){y1, 0(h)y2)dh, and so they
must be scalar multiples of one another. Evaluation of the scalar yields
meas(K)
T =7\ )ox®c- u
<< » deg(a) < > ®
When (0, V,) is an irreducible representation of K, and u,v € V,, we define the
matrix coefficient mj, , as

(5.1 my, (k) = (u, 0 (k)v).

Corollary 5.2 (i) With the same notation as in Lemma 5.1,

e . {0 if o is not equivalent to T,

*m =\ meas(K) 7.\ H
A Wé,l?(xz,yl)mgbyz ifo=1.
(ii) Ifv e V; satisfies

deg(o)
(5.2) (v,v) = ﬁ(%)

then the function m{ , is a convolution idempotent.

Proof This is obvious. ]

Recall that (mg ., )* (k) = (x1, 0(k™)x2) = (0(k)x1, x2) = (x2, 0(k)x1) = m], .
Thus,

o _ .6 - meas(K)

% yiyr = Mg *Myy, = deg(a) (x1,y1)m§2,y2-

(m3,5,) " *m
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We also note that if 1, (resp. py,) is the left (resp. right) translation representation, i.e.,

(An()) (k) = f(h"k) and (py(f)) (k) = f(kh), then

Ah(mg,v) = mg(h)u,v and ph(mg,v) = mz,a(h)v'
5.2 Decompositions

Suppose F is a chamber in B, and E is a facet in F. Assume (0, V,) and (7, V) are
irreducible representations of G with a nonzero G fixed vector. We fix invariant pos-
itive definite forms (-, -}, and (-, - ); on V;, and V; respectively. For any x,y € V,
and k € Gg, define the matrix coefficient mg (k) := (x,0(k)y) as in (5.1). Sup-
pose a,b € V,. When v € V7%, we note that the function mJ , (resp. my ) is right
(resp. left) Gp-invariant. We further observe the following.

(i) Ifv e VJ* satisfies the normalization (5.2), then m? ,, is both a convolution idem-
potent and Gg-bi-invariant.
(ii) If {v;} is an orthogonal basis of V, with every basis vector v; satisfying the nor-

malization (5.2), then the idempotents mj |, are mutually orthogonal and

deg(o)
eci= y, my , €egxCZ(Gg)*er
i=1

is the central idempotent attached to . Set

E := collection of irreducible representations (o, V)
of G that have nonzero Gr-fixed vectors.

Then
deg(o)

(5.3) eE=Y €=y > Mo yo»
€E i=1

(&G o€l

where {v7} is a orthogonal basis of V, satisfying (5.2).

Proposition 5.3 Assume F c B is a chamber and E c F is a facet. With the above
notation, suppose (0, V;) € E. Then there exist (finitely many) aj € ,H, so that

©, = ap=(ap)".
k
Hence, there exist (finitely many) bj € ,H, so that eg = 37; bj*b].

Proof We take {u;} to be an orthogonal basis for V, and v € V,7* so that {m], , },

and my , are idempotents. The coefficient aj = my, , is right Gp-invariant, and

g O\* _ o o _ [
ak*(ak) - muk,v*mv,uk - muk,uk’

andso ®, = Y my, . = Y ag*x(ay)”. ]

Proposition 5.4  For each o € E, let {v{} and {w]} be two orthogonal bases of V.
Assume all these vectors satisfy the normalization (5.2). Then Hg has a direct sum
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decomposition
deg(o) deg(7) -
(5.4) He= @ @ @ myo ,oxCT(G)xmyr -
0,7€8  i=1 j=1 Pt (.

In particular, any f € Hg can be written uniquely as

deg(o) _ deg(r)

(5.5) =22 2 X foinp

oeE i=l 1eE j=1

i
i

— a T
where f; i rj = M3, Vf*f*mw;)w;.

Proof Suppose f € Hg. Since f = eg * f x eg, the decomposition (5.3) of eg then
yields the sum (5.5); i.e., Hg is a sum of the indicated subspaces in (5.4). To see the
sum is direct, we note that convolution on the left by m), , and on therightby m?. .

i*Vi FA]

is zero on m¥

K yK
VK, VK

*C?"(S)*mﬁM 1 unless (0,4,7, j) = (k,7,4,5), and is the identity
s27s
(since v{, v} are properly normalized) on my, ,,xCZ*(G)*my. .. Thus, the sum is
Vi i

direct. ]

6 Involutions and Forms

6.1 Extension of an Anti-involution of Hr to Hg

We continue with the assumption that F c B is a chamber and E c F a facet. Let
* be the anti-involution (2.1). Suppose the Iwahori-Hecke algebra J{r has an anti-
involution o satisfying

(6.1) VieerxCZ(Gg)xep: f°=f"

We show here that it is possible to extend the anti-involution o of Hr to an anti-
involution of Hg.

Lemma 6.1 Foreach « € E, choose two bases, {v} and {w’}, of V, and choose two
elements y*, z* € VI* satisfying the normalization (5.2).

(i) The GF-bi-invariant function m;a’V;, * fx mfvf)z, is convolution left invariant for
o

m3e o and convolution right invariant for m
(ii) Forall fe C*(S)ando,T€E,

T
z7,z%
[0 T [ T
* f * = * *
Mya o Myr s = Mo yo * Fyozox e e,

T
w;,z’

— o
where Fyo o+ = MYe o * f*m belongs to H.

Proof This is clear. u

Remarks
e A consequence of statement (ii) is that

He = (eg » C°(GE) * er) x Hp * (e * C°(GE) * ek).
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o In statement (ii), if we replace the collection of (normalized) Gg-invariant vec-
tors {y*} and {2} by { ¥} and {2}, then the two Gp-bi-invariant functions Fys .«
and Fy .r are related by

0 4
Fy;’,z; = my;,’y,,* ya,zf*mzf 27

Assume we are in the situation of Lemma 6.1. Then any f € H{g is decomposed as
in (5.5); thus,

deg(o) deg(7)

f: Z Z Z Z mg?)ya*(m;n Vv*f*m )*m;vn

and each function (m;c, yo* f *m . ) is Gp-bi-invariant. Another choice {y{,z{ €

V¥ | 0 € B} yields

deg(o) _ deg(r
f= Z Z} , 21 v, ye ( y ,v;’*f*m%,z;)*m%,v;-
oex 1= TER =

We can combine these two expressions for f with the following assumptions:

(i) o is an anti-involution of the Iwahori-Hecke algebra H.
(ii) On the functions ep*C(Gg)*er, the maps o and * (of (2.1)) are equal.
(iii) Foranyx e Eanda,beV,, (m} )" =mj .
We deduce that the linear map

deg(o) deg(7)

f= Z Z Z Z mv ,u° ( g“,v;’*f*m:/?,uf)*m;nv}

oeE i=l 71eE j=
-
(6.2) deg(o)  deg(7)
f Z Z Z Z mV ,ut ( Myo,yo *f*mv u’) *mzﬂ v
ceE i=1 7t1eE j=

deg(o) deg(r)

T ) 4 4
Z mv uT ( u‘,v}?*f *mv;’,u")*mu" vT

i=1 o€eE j=1

&)
1

(S

on Hp is well defined.
Proposition 6.2 The linear map o (6.2) of Hg is an algebra anti-involution.

We note the following:

(i) If o is the * anti-involution of Hg, then the extension o to Hpr is the * anti-
involution.

(ii) e satisfies (6.1), so the above computation (with o being ) applies to say e has an
extension to Hg.

Proof For each o € E, we fix an orthogonal basis {v? } of V, and a vector u® € V,9r.
We assume that the vectors are normalized as in (5.2). Suppose f, g € Hg. Expand
them as
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By the orthogonality relations

o T K A _
(mv;’,v;’ *f*mv;,v;) * (mvf,vf*g*mvg,v;‘) -
0 unless 7=k and j =1,

deg(r) A _ H-
PP I ve *f*m R L when7=xandj=r.

By (5.5), this must be my, *f*g*m 1,1 From this, we use mv v = Mye oM,
by

[ u,m ;,and mvg,vg =My,

v uAmzA W to compute
>Vs
o A ©
(mV;-’,V}’ *f*g*mv;‘,v:*)
deg(7) o
:(z Z }'na a*f*mr r*g*mv/\VA)
T j=1
deg(7) N N o
= Z Z mv" ur * mu" v"*f*mv v’*g*mva ur * mua,v/\)
T j=1 :
deg(7) R
o T A 4
Z Z v* ut * (mu",v;’ *f*mvj?,v;*g*mv?,u*) * Myo
T j=1
deg(7) i
4 T T A 4
Z v" ut * (mu",v;’*f*mv;,u’ * muf,v;*g*mvj,ul) * mu",v;’
T

Il
.
@
o=

7)
A T A o
mvg)ul * ((mu’,v; *g*mvg,nﬂ)

™

=1
* (mu“,vf *f*mz},u’)o) mu” vy
deg(r)
Z Z mv* ut * ((m ’*g*m 2, 1) *muf ut
T
* (m o, "*f*mv uf)o) * mZ",v‘.’
deg(r)
=2 2 M x (e yegrmyy )°  m;
T j=1 :
* M e * (Mo ox frmpe 0)°) * m
deg(7)deg(7)

A T A o T
Z Moy > ((mu’,V,T*g*va,u*) * My e
r=1

T [ T o
* mv}?,u’ * (mu”,v;’ *f*mv;,u’) ) * mu" vy
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deg(x)
_ A K A o 3
- (Z Z mv?,u* * (mu",v;‘*g*mvﬁ,ul) * mu",v’r‘)
K r=1
deg(r)

™

o =

T 4 T o 4
mv;,u’ * (mu",v;’*f*mv;,uf) * mu”,v;’)

X (Z
L
=(g+ mﬁ;‘,v;‘) * (mg;’,v;f*f)o‘

The above is true for any mJ, , and mﬁA 1+ We conclude o is an algebra anti-
i’ s7s
involution. un

We note that the o-involution of H{g interchanges the two subspaces ,H, and I, .
We obviously have

VfeHpac, K, geHe: (fraxg) =g raxf°
and a similar relation when b € .3, instead. We have
Vae H,,be H,:(axb)°=b°+a° and (bxa)°=a°~D".

We prove that the Morita equivalence of Theorem 4.1 preserves the o hermitian and
unitary modules. We continue in the context that F is a chamber and a facet E c F.

We follow the algebraic considerations in [R]. Suppose A is an C” -algebra. We use
o to denote the involution of a A. If a € A, we write a > 0 if there exists xy,...,x, € A
sothata = Y7 x{x;.

In the Morita equivalence of Theorem 4.1, we assume that o is an anti-involution
of Hr that satisfies (6.1), so there is an extension of o to Hy. We want to be able to
transfer the Hermitian structure of a representation of Hr to a representation of Hg
and vice-versa. To effect this, . must have a Hg-valued form (-, - )g¢,: F, x
H,. — Hp that is sesquilinear, i.e., so that

Va,b € EHF : (a’b)f}fp = ((b’a)}fp)o
VreHg,a,be H,:(r*a,b)y, =(a,r° *b)g,.

E F

Granted the existence of the form (-, - )a¢,, if (77, V;) € €(Hr) has a hermitian form
(- * )g¢p» then the Hg-module ,H, ®5¢, V; is hermitian for the form
(fov.g®w)s, = (n((f, 8)ae,) v, whac,

This plugs into the machinery of [R], and it is formal that ( -, - }g¢, is a hermitian form
with the appropriate invariance properties. To go in the other direction, ,J{, must
have a Hg-valued sesquilinear form (-, - )g¢,: ,H, x ,H, - Hg. For our situation,
the two forms are

Va,b e H,:(a,b)y,:=a°+b
Ve,de (H, :(c,d)gg, :=c°*d

To show that a unitary module (Ve ‘e(ﬂ-( r)) is taken to a unitary module
((,H, ®3, V) € ©(Hp)), it suffices to show (a, a)s¢, > 0 for any a € J{,. Similarly,
if W € €(Hp) is unitary, then a sufficient condition for (, %, ®3¢, W) to be unitary

https://doi.org/10.4153/50008414X19000324 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000324

1320 D. Barbasch and A. Moy

is that (a,a)g¢, > 0 forall a € JH,. We write an element in J{, (resp. ,3(,) as
a=ep*xAxep(resp.a=ep*Axeg)with A e Hg. Then
(a,a)ac, = (epx Axep,ep* Axer)a,
=(egrAxep)’ x(egxAxep)=ep*A° *xegx Axep.

By Proposition 5.3, there exist x;, . . ., x, € eg x C°(Gg) *ep so thatep = 37_, x; * x7.
Substitution yields

r
(a,a)g.cpzep*AO*(in*xi*) *A*eF
i=1

=) (x] »Axep)® *(x] Axep).
i=1
So(a,a)g¢, 20foralla e ,H,. That (b,b)g, > 0forany b € ,H, is obvious. Hence,
we have the following proposition.

Proposition 6.3  Suppose F is a chamber and E c F is a facet. Suppose that o is an
anti-involution of H satisfying (6.1) and o is extended to Hg. Then the equivalence of
categories in Theorem 4.1 preserves hermitian and unitarity modules.

7 Generalizations

7.1 Finite Field Groups

We consider a finite field I (with g elements) and a connected reductive group G
defined over F. Let G be the group of F-rational points, and let P = MU (U the
radical, M a Levi factor) be the F-rational points of a parabolic subgroup defined
over IF.

Theorem 7.1 ([HC]) Take G and P = MU as above. Suppose o and 1 are irreducible
cuspidal representations of M. The following are equivalent:

(i) 'There exists n € Ng(M) so that Ad(n)o = 1.

(i) Suppose (A,Vy) is an irreducible representation of G and (Vy)y is the
U-covariants (a representation of M). Then (V))y contains o if and only if it
contains .

Theorem 7.1 gives an equivalence relation on the set J of irreducible cuspidal rep-
resentations of M. For such a representation 7, let A(7) denote the equivalence class
of 7. Set

Xyu = {A € G| (V})y contains a cuspidal representation of M}.
Then Theorem 7.1 also gives an equivalence relation on Xy as
AyAz € G Ay~ Ay if (Vy,)y and (V) )y share an irreducible
cuspidal representation of M.

Theorem 7.1 obviously provides a natural bijection between the equivalence classes
of T and those of X1y.

https://doi.org/10.4153/50008414X19000324 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X19000324

Peter-Weyl Iwahori Algebras 1321

We take o to be an irreducible cuspidal representation of M. Denote by A its equiv-
alence class A in T and by E the corresponding equivalence class of representations of
G. We define idempotent elements e,, e, and ez in the group algebra CG as follows:

en(g) = | 7y 4B(7)@a(m) if g = mu e MU,
’ 0 ifg¢ MU,

ea(g) = #(TIU) Y readeg(1)®,(m) if g=mu e MU,
0 ifg¢ MU,

€z =

( Z deg(1)0,.
AeE

The element ez is the central idempotent in the group algebra CG, and for any irre-
ducible representation (A, V}) of G,

I if A € B,
Mes) =1 " 1 Ae
Oy, ifA¢E.
The idempotent e, is clearly the product (in any order) of the two idempotents

ealg) i= #(M) deg(0)O@,(m) ifg=meM,
0 if g ¢ M,

ey(g) = ﬁ Yeal ifgelU,
° ifg ¢ U,
and similarly for e,. For any irreducible representation (A, V3 ) of G, we have
Aea) = A(eq) o Aley),

where A(ey) projects to the U-invariants of V) (which we can identify with the
U-covariants), and then the action of A(e,) on the U-invariants is projection to the
isotypical component arising from ¢. Obviously, for any A € G, we have A(ez * e,) =
AMes) = A(es * ez). This means that the operator Fourier transforms of the three
functions ez * e,, €4, and e, * eg are equal. This means that

(7.1) ez * €y = €5 = €5 * €5.
In a completely analogous way,
(7.2) eg *ep = ep =ep *ex.
Define
Hy:=es* C(G)* &5, Hp:=er*C(G)xep, Hg:=egCGreg,
and
H, =exxCG xe;, ,H.:=e; xCGx eg
H, = esxCG xep, ,TH, = epxCGres.

A
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The relations in (71) and (7.2) mean that 3, and 3, are subalgebras of Hz. The proof
of Proposition 3.4 can be easily modified and combined with the referenced results
on Morita equivalence to show the following proposition.

Proposition 7.2 Theideals CGxe,xCG and CG*epxCG of CG satisfy the following:

(i) Each equals Hz; i.e., the idempotents e, and e are full idempotents of Hs.
(i) (@) Hg=_H, ~ H,oandH, = FH, ~ I,.

(b) Heg=_H, x H, and H,= H, ~ H,.
(iil) The algebras H, and H are Morita equivalent to Hs.

7.2 Local Field Groups

We now consider k a non-archimedean local field with notation as in the introduction.
Suppose F is a facet of the building B(5), and F is a facet with a subfacet E, and
Gr and G are the corresponding parahoric subgroups (so G5 ¢ G5 c Gr c Gg).
Then G = Gg/9}, is the F-rational points of a reductive group defined over F and
P = Gy, /9% is a parabolic subgroup. Let MU be a Levi decomposition of P and let
o be an irreducible cuspidal representation of M. Define A = A(c) and E as in the
previous section. The inflation of the idempotent e, of G to G obviously has support
in Gr. For convenience of notation we continue to use the notation e, to denote the
inflation. Denote by er and eg, respectively, the inflations of e, and ez to Gg. The
support of ef is in Gp.
Define

Ho=es x C(9)* €5, Hpi=ep*x CZ(G)xep, Hg:=epx Cxeg,
and
I, = epxCP(G)xeq, I, = eg xC7(G)xex
EJ{A = eE*C?o(S) * ens Ag{s = EA*CEO(S)*EE.
In an entirely analogous fashion to Theorem 4.1, we have the following theorem.

Theorem 7.3  The idempotents e, and e are full idempotents of the algebra Hg, and
so the algebras H, and Hp are Morita equivalent to Hg.

The *-anti-involution f*(g) = f(g™') on C°(9) restricts to a x-anti-involution
on the algebras 3(,, Hp, and Hg. In analogy with Proposition 6.3, we have the fol-
lowing proposition.

Proposition 7.4  Suppose o is an anti-involution of Hp that satisfies (6.1): V f € ep *
CZ(Sg) * er : f° = f*. Then there is an extension of o to an anti-involution of Hg
such that Morita equivalence of Hr and Hp preserves hermitian and unitary modules.
The same holds if we replace Hp by 3.
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