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Abstract Let F be a totally real field, and v a place of F dividing an odd prime p. We study the weight

part of Serre’s conjecture for continuous totally odd representations p : G — GL, (E,,) that are reducible
locally at v. Let W be the set of predicted Serre weights for the semisimplification of ﬁ\GFv. We prove
that, when ﬁIGFv is generic, the Serre weights in W for which p is modular are exactly the ones that
are predicted (assuming that p is modular). We also determine precisely which subsets of W arise as
predicted weights when p|g F varies with fixed generic semisimplification.
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Introduction

Let F be a totally real field and p:Gfp — GLQ(F,,) a continuous totally odd
representation. Suppose that p is automorphic in the sense that it arises as the reduction
of a p-adic representation of G associated to a cuspidal Hilbert modular eigenform, or
equivalently to a cuspidal holomorphic automorphic representation of GLy(AFr).

The weight part of Serre’s conjecture in this context was formulated in increasing
generality by Buzzard, Jarvis, and one of the authors [5], Schein [28] and Barnet-Lamb,
Gee, and Geraghty [1] (see also [14]). The structure of the statement is as follows: let v
be a prime of F dividing p, and let k denote its residue field. A Serre weight is then an
irreducible representation of GLy(k) over Fp. One can then define what it means for p
to be modular of a given (Serre) weight, depending a priori on the choice of a suitable
quaternion algebra over F, and we let W? ,(0) denote the set of weights at v for which
p is modular. On the other hand, one can define a set of weights Wexp1(0) that depends
only on p, = plG,, and the conjecture states that W2 ,(0) = Wexpi(p0,)-

A series of papers by Gee and coauthors [1, 15-18, 20] proves the following, under mild
technical hypotheses on p:
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o W 1(p) depends only on p,;

L4 Wexpl(ﬁu) < Wé)lod(ﬁ)Q
o Wexpi(0,) = W, 4(p) if Fy is unramified or totally ramified over Q,.

In this paper, we study the reverse inclusion W _,(0) € Wexpi(p,) when p, is reducible
and F, is an arbitrary finite extension of Q, (i.e. not necessarily either unramified or
totally ramified). One often refers to this inclusion as the problem of ‘weight elimination’,
since one wishes to eliminate weights not in Wexpi(0,) as possible weights for p.

Suppose that p, has the form
<X2 *)
0 x1)°

Then the set Wexp1(p,) is a subset of Wexp1(03) which depends on the associated extension
class ¢z, € Hl(GFU, F,, (Xg)(l_l)). Assume that p satisfies the hypotheses of [16], as well
as a certain genericity hypothesis (a condition on x2x;” 1; see Definition 3.5 for a precise
statement). Then our main global result is the following.

Theorem A. Wexpl (0y) = W:}Od (N Wexpl (ﬁ?}q .

In other words, we prove under these hypotheses that weight elimination, and so also
the weight part of Serre’s conjecture, holds for weights in Wexpl(03).

While the set Wexpl(ﬁff) is completely explicit, the dependence of Wexpi(0,) on the
extension class is given in terms of the existence of reducible crystalline lifts of p, with
prescribed Hodge-Tate weights. In particular, it is not clear which subsets of Wexpi(05)
arise as the extension class c;, varies. Another purpose of the paper is to address this
question, which we resolve in the case where p, is generic. These local results indicate a
structure on the sets Wexp1(p3). This structure should reflect properties of a mod p local
Langlands correspondence in this context, in the sense that the set Wexpi(0,) is expected
to determine the GL,(OF,)-socle of m(p,), the GLy(F,)-representation associated to p,
by that correspondence.

To simplify the statement slightly for the discussion in this section, we assume
(in addition to genericity) that the restriction of x2x; ' to the inertia subgroup of
GF, is not the cyclotomic character or its inverse. In particular, this implies that
HY(GF,,Fp(x2x; ")) has dimension [F,:Q,]=ef, where f =1[k:F,] and e is the
absolute ramification degree of F,. (We remark that this notation differs slightly from
the notation in the body of the paper, where the ramification degree of F, will be
¢’.) We shall define a partition of Wexpl(p3) into subsets W, indexed by the elements
a=(ap,ai,...,ap_1) of A=1{0,1, ...,e}, and a subspace L, C HI(GFv,Fp(ngfl)) of
codimension Zif:_ol a; for each a € A. We give the set A the usual (product) partial
ordering.

Our main local result is the following.

Theorem B. Suppose that o € W,. Then o € Wexp1(p,,) if and only if c5, € Ly. Moreover,
there exists b € A (depending on p,) such that
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Wexpl(ﬁv) = ]_[ Wa.
ash

In other words, the weights come in packets, where the packets arise in a hierarchy
compatible with the partial ordering on A. In connection with the hypothetical mod
p local Langlands correspondence mentioned above, Theorem B is consistent with
the possibility that the associated GLy(Fy)-representation m(p,) is equipped with an
increasing filtration of length [F, : Q,]14 1 such that gr*(7(p,)) = 7 (p}’) and gr” (7w (p,))
has GL(OF,)-socle consisting of the weights in the union of the W, with Zif;Ol a;=m
(cf. [4, Theorem 19.9]).

We now briefly indicate how our constructions and proofs proceed. The set W, is defined
using the reduction of a certain tamely ramified principal series type 6,, and the space
L, is defined using Breuil modules with descent data corresponding to 6,. In the first
three sections of the paper, we show that the spaces L, have the (co-)dimension claimed
above, and that they satisfy L, N L, = Ly, where a] = max{a;, a;}. Section 1 contains a
general analysis of the extensions of rank one Breuil modules. In § 2 we define and study
the extension spaces Ly, and in § 3 we describe our subsets W, of Wexp1(03).

Having done the local analysis, the strategy for the proving the main results is similar
to that of Gee, Liu, and one of the authors [18] in the totally ramified case; in particular,
global arguments play a role in proving the local results. More precisely, in § 4, we prove
that the following three conditions are equivalent for each weight u € W,:

(1) [YS Wexpl(ﬁu)?
(2) me Wrgod(ﬁ);
(3) ¢z, € La.

The implication (1) = (2) has already been proved by Gee and Kisin [16], and (2) = (3)
is proved by showing that p, has a potentially Barsotti-Tate lift of type 6,. Having now
proved that (1) = (3), one deduces that L, contains the relevant spaces of extensions
with reducible crystalline lifts; equality follows on comparing dimensions, and this gives
3) = (1).

The reason our results are not as definitive as those of [18] is that in the totally ramified
case there is a tight connection between being modular of some Serre weight and having a
potentially Barsotti—Tate lift of a certain type: in the totally ramified case the reduction
mod p of the principal series type 6, has at most two Jordan—-Holder factors, while in
general it can have many more.

In fact, when F, is allowed to be arbitrary, some sort of hypothesis along the lines
of genericity is necessary, in the sense that there exist Fy,, x1, x2, and u such that the
subset of HY(G Fy» Fp(xz X 1)) corresponding to o, with u € Wexpi(0,) is not equal to L,
for any choice of a. We give an example of this phenomenon in § 5.

Finally, we must point out that, some time after this paper was written, Gee, Liu,
and the second author [19] announced a proof that Wexpl(0,) = W7 ,(0) in general, thus
improving on our Theorem A (by rather different methods). The arguments in [19] are
entirely local, and depend on an extension to the ramified case of the p-adic Hodge
theoretic results proved in [17] in the unramified case.
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Notation and conventions

If M is a field, we let G denote its absolute Galois group. If M is a global field and v
is a place of M, let M, denote the completion of M at v. If M is a finite extension of Q,
for some p, we let My denote the maximal unramified extension of Q, contained in M,
and we write I for the inertia subgroup of Gy.

Let p be an odd prime number. Let K 2 L be finite extensions of Q, such that
K/L is a tame Galois extension. (These may be regarded as fixed, although at certain
points in the paper we will make a specific choice for K.) Assume further that 7 is a
uniformiser of Ok with the property that 7¢K/L) e L, where e(K /L) is the ramification
index of the extension K/L. Let e, f and €', f’ be the absolute ramification and inertial
degrees of K and L respectively, and denote their residue fields by k and £. From §1.3
onwards, e¢(K/L) will always be divisible by pf "—1, and from §2.2 onwards we will
have f = f’ and e(K/L) = p/ —1. Write n : Gal(K /L) — Of for the function sending
g+ g(m)/m, and let 77 : Gal(K /L) — k> be the reduction of  modulo the maximal ideal
of OK.

Our representations of G will have coefficients in @P, a fixed algebraic closure of Q)
whose residue field we denote Fp. Let E be a finite extension of Q, contained in @p and
containing the image of every embedding of K into @p. Let Of be the ring of integers
in E, with uniformiser @ and residue field kg C Fp. Note in particular that there exist
f embeddings of k into kg.

We write Arty : L™ — Wz‘b for the isomorphism of local class field theory, normalised so
that uniformisers correspond to geometric Frobenius elements. For each ¢ € Hom(¢, Fp),
we define the fundamental character w, corresponding to o to be the composite

=X

I of > —=TF,,

where the map I — O] is induced by the restriction of Artzl. Let € denote the p-adic
cyclotomic character and € the mod p cyclotomic character, so [], cHom(¢.F,) a)f; =€. We

will often identify characters I — F; with characters £* — F: via the Artin map, as
above, and similarly for their Teichmiiller lifts.

Fix an embedding og : k <= kg, and recursively define o; : k — kg for all i € Z so that
aiil = 0;. We write w; for wg,|,. With these normalisations, if K/L is totally ramified of
degree e(K/L) = pf/ — 1 then w; = (g 0y, -

We normalise the Hodge—Tate weights so that all Hodge—Tate weights of the cyclotomic
character are equal to 1. (See Definition 3.2 for further discussion of our conventions
regarding Hodge-Tate weights.)

1. Extensions of Breuil modules

In the paper [2], Breuil classifies p-torsion finite flat group schemes over Ok in terms
of semilinear-algebraic objects that have come to be known as Breuil modules. This
classification has proved to be immensely useful, in part because Breuil modules are
often amenable to explicit computation. In this section we make a careful study of the
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extensions between Breuil modules of rank one with coefficients and descent data. Many
of these results are familiar, but the statements that we need are somewhat more general
than those in the existing literature (cf. [3, 6, 9, 25]).

1.1. Review of rank one Breuil modules

We let ¢ denote the endomorphism of (k @ o ke)ul/ u? obtained by kg-linearly extending
the pth power map on k[u]/u’. Define an action of Gal(K/L) on (k ®r, kg)[ul/u’’ by
the formula g((a ® Du') = (g(a)ﬁ(g)i ® 1)ui, extended kg-linearly.

Definition 1.1. The category of Breuil modules with kg-coefficients and generic fibre
descent data from K to L, denoted BrModka7 is the category whose objects are

quadruples (M, Fil' M, ¢1, {g}), where the following hold.
e M is a finitely generated free (k ®F, kg)[u]/u®?-module.

e Fil' M is a (k ®r, kg)lul/uP-submodule of M containing uM.

e ¢ :Fil'l M - M is a ¢-semilinear map whose image generates M as a (k ®F,
kg)[u]/u®P-module.

e The maps g: M — M for each g € Gal(K/L) are additive bijections that preserve
Fil' M, commute with the ¢-, and kg-actions, and satisfy g o0g» = gjog, for all
g1, & € Gal(K/L). Furthermore, T is the identity, and if @ € (k ®r, kp)[ul/u?, m € M
then glam) = g(@)g(m).

We will usually write M in place of (M, Fil'! M, ¢1, {g}). A morphism f: M — M’ in

BrModka is a (k®r, kg)[u]/u®?-module homomorphism with f(Fill./\/l) C Fil'! M’ that

commutes with ¢; and the descent data.

The category BrModka is equivalent to the category of finite flat group schemes
over Ok together with a kg-action and descent data on the generic fibre from K to L
(see [2, 27]). This equivalence depends on the choice of uniformiser 7. The covariant
functor Tsf,z defined immediately before Lemma 4.9 of [26] associates to each object M

of BrModf’kE a kg-representation of G, which we refer to as the generic fibre of M.

Notation 1.2. We let e; € k®p, kg denote the idempotent satisfying (x® 1)e; = (1®
oi(x))e; for all x € k. Observe that ¢(e;) =e;+1. We adopt the convention that, if
mo, ..., my_1 are elements of some (k ® kg)-module, then m denotes the sum Zi]:()l m;e;,
as well as any inferable variations of this notation: for instance, if ro, ..., 7y are integers

then u’ denotes Zlfzz)l u'e;. Conversely, for any element written a, we set a; = ¢;a. When
a € (k®kg)[u]/u’ we will generally identify @; with its preimage in kg[u]/u®’ under the
the map kg[u]/u®? ~ e; (k@ kg)[u]/u?) sending x — e;x.

The rank one objects of BrModka are classified as follows.

Lemma 1.3. FEvery rank one object of BrModf’kE has the following form:
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o M = ((k®, kp)lul/uP) -m,

o Fil' M = u" M,

o $1(um) = am for some a € (k®p, k)™, and

e g(m) = M(g)® )m for all g € Gal(K/L),

where r; € {0, ..., e} and c¢; € Z/(e(K/L)) are sequences that satisfy ciy1 = p(ci +r;)
(mod e(K /L)), and the sequences r;, c;,a; are each periodic with period dividing f'.
Proof. This is a special case of [27, Theorem 3.5]. In the notation of that item we have

D = f’ because of our assumption that k embeds into kg, and the periodicity of the
sequence ¢; is equivalent to a € (£ QF, kg)*. ]

Notation 1.4. We will denote a rank one Breuil module as in Lemma 1.3 by M(r, g, ¢),
or else (for reasons of typographical aesthetics) by M(r, a, ¢).

We wish to consider maps between rank one Breuil modules, but before we do so, we
note the following elementary lemma.

Lemma 1.5. Let Gal(K/L) act on (k®F, ke)[ul/u? by g-x = M(@LR1)g(x), where
g(x) denotes the usual action and {w;} is a sequence of integers that is periodic with
period dividing f'. The Gal(K/L)-invariants of this action are the elements x € (k ®r,
ke)[ul/u? such that each nonzero term of x; has degree congruent to —w; (mod e(K /L)),
and the sequence x; is periodic with period dividing f'.

Proof. There exists g € Gal(K/L) such that 7(g) =1 and the image of g generates
Gal(k/0); since g(e;) = ey, the equality g-x = x shows that x; is periodic with period
dividing f’. Consideration of the inertia group I (K /L) gives the conditions on the degrees
of nonzero terms. [

The following lemma is standard, but its setting is slightly more general than that of
existing statements in the literature (¢f. [25, Lemma 6.1], [9, Proposition 2.5]).

Lemma 1.6. Let M = M(r,a,c) and N = M(s,b,d) be rank one Breuil modules
as above. Define o = p(p/~rit---+rigp0)/(pf =1) and i =pp/~lsi+---+
s,-+f,1)/(pf —1) for alli. There exists a nonzero map M — N if and only if

o i —a € ZLxq for alli,

e fi—a;=c;—d; (mode(K/L)) for alli, and

o[ e =T b1

Proof. A nonzero morphism M — N must have the form m — duén for some integers
zi 2 0 and some § € ((k QF, kg)[ul/uP)*. For this map to preserve the filtrations, it is
necessary and sufficient that r; +z; > s; for all i. For the map to commute with ¢, it is
necessary and sufficient that

¢ @uEt)b = daut.

It follows from this equation that § € (k ®F, kg)*, that zj41 = p(z; +ri —s;) for all i,
and that ¢(8)/8 = a/b. The unique solution to the system of equations for the z; is
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precisely z; = B; — «; for all i. Note that the positivity of z; 41 is equivalent to the condition
ri+zi =5

For the map to commute with descent data, it is necessary and sufficient that
g = (ﬁ(g)9_5_4® 1)$ for all g € Gal(K/L). By Lemma 1.5, and recalling that § has
no nonconstant terms, this is satisfied if and only if z; = ¢; —d; (mod e(K /L)) for all i
and the sequence §; € kg is periodic with period dividing f’. Finally, it is easy to check
that there exists § € (k ®, k)™ with ¢(8)/3 = a/b and having the necessary periodicity

if and only if ]—sz/al a; = l—sz/al b;. O

Remark 1.7. Suppose that e(K /L) is divisible by p/" —1. By [27, Remark 3.6], it is then
automatic that the o; and B; of the preceding lemma are integers. Combining Lemma 1.6
with [21, Corollary 4.3], we see in this case that there exists a nonzero map M — N if
and only if TSIE2(M) ~ Tslf,z(N) and B; > «; for all i.

We will use the notation «; = p(p/~lri4+---+ r,-+f_1)/(pf — 1) throughout the paper,
and similarly for B;. Let us write Nm(a) = l—[lf: 51 a; € kg. The following is immediate

from (the proof of) Lemma 1.3.

Corollary 1.8. We have M(r,a,c) =~ M(r',d’,c) if and only if r; =] for all i, ¢; = c]
for all i, and Nm(a) = Nm(a').

The following proposition is again standard, but slightly more general than the versions
in the existing literature ([9, Proposition 2.6], [6, Proposition 5.6]).

Proposition 1.9. Let M = M(r,a,c) and N' = M(s, b, d) be rank one Breuil modules as
above. There exists a rank one Breuil module P and a pair of nonzero maps M — P and
N — P if and only if

e fi—a; €Z foralli,

e fBi—a; =c;—d; (mod e(K/L)) for all i, and

/1 1
b Hif:o ai = Hif:() bi.
In fact it is possible to take P = M(t,a,v) such that, if y; =p(p/~'i+---+
tivf—1)/(p = 1), then y; = max(a;, Bi).

Proof. It follows directly from Lemma 1.6 that the listed conditions are necessary. For
sufficiency, we follow the argument of [6, Proposition 5.6]. Define y; = max(w;, 8i), ni =
%maX(O, Bi—«ai), ti=ri+pn;—n;jy;, and v; =c¢; + (o; —y;) (mod e(K/L)). Observe
that n; and «; — y; are integers, hence ¢; is an integer and v; is well defined. An argument
identical to the one at [6, Proposition 5.6] shows that #; € [0, e], and easy calculations
show that y; = p(p/ i +---+ti0y-)/(p! =1) and vt = p(v; +1) (mod e(K/L)).
Thus P = M(¢t,a, v) is a Breuil module with the property given in the last sentence
of the proposition, and two applications of Lemma 1.6 show that there exist nonzero
maps M — P and N/ — P. (For the latter, note that y; —o; = ¢; —v; (mod e(K /L)), and
together with our other hypotheses this implies that y; — 8; = d; —v; (mod e(K/L)).) O
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Corollary 1.10. The conditions in Proposition 1.9 give necessary and sufficient conditions

that Tk (M) = T, (N).

Proof. Suppose that there exists P as in Proposition 1.9. Since the kernels of the maps
produced by Lemma 1.6 do not contain any free k[ u]/uef" submodules, it follows from
25, Proposition 8.3] that they induce isomorphisms T LoM) ~ bez(P) and T, st2(./\/ ) ~

TE,(P).

Conversely, suppose that Tt H (M) =~ siz(N ). Let M, N correspond to the rank one
kg-vector space schemes G, H with generic fibre descent data. By a theorem of Raynaud
[24, Proposition 2.2.2, Corollary 2.2.3] there exists a maximal rank one kg-vector space
scheme G’ with nonzero maps G’ — G, G’ — H, and G’ obtains generic fibre descent data
by a scheme-theoretic closure argument as in [3, Proposition 4.1.3]. Then we can take P
to be the Breuil module corresponding to G'. O

1.2. Extensions of rank one Breuil modules

We now describe the extensions between the rank one objects of BrMod . The main
result is analogous to [3, Lemma 5.2.2], [25, Theorem 7.5] and [9, Theorem 3 9] and since
the proof is substantively the same as the proofs given at those references, we will omit
some details of the argument.

Theorem 1.11. Let M, N be rank one Breuil modules, with notation as in §1.1. Each
extension of M by N is isomorphic to precisely one of the form

o P = ((k®p, kp)[ul/uP) -m + ((k @x, kp)[u) /u?) -n,

e Fil' P = (usn, ulm + hn),

o ¢1(u*n) = bn and ¢1(u=m + hn) = am,

e 3(n) = (@)L ® Hn and g(m) = ()@ l)m for all g € Gal(K /L),

in which each h; € kp[ul/u®? is a polynomial such that

o h; is divisible by u"itsi—e,

o the sequence h; is periodic with period dividing f’,

e cach nonzero term of h; has degree congruent to r; +c; —d; (mod e(K /L)), and

o deg(h;) < s;, except that, when there ewists a nonzero morphism M — N, the
polynomials h; for f' | i may also have a term of degree ro+ Bo — ag in common.
In particular, the dimension of Ext'(M, N) is given by the formula
-1
5+ #{j emax(0.ri+si—e).si): j=ri+ci—d; (mode(K/L))},
i=0
where § = 1 if there exists a map M — N and § = 0 otherwise.
Proof. Let P be any extension of M by N. Then Fil'P = (usn, ulm + hn) for some h
and some lift m of the given generator of M, and ¢ (utm + hn) = am + én for some §.

Replacing m with m 4+ 8a~'n and suitably altering & shows that we can take § = 0. The
condition that each h; is divisible by u"it%~¢ is necessary and sufficient to ensure that
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Fil' P 5 u®P, so that the first three conditions given in the statement of the theorem define
a Breuil module (without descent data). One checks straightforwardly that replacing m
with m +a~'¢(t)n for any t € (k ®F, kg)[ul/u’ preserves the shape of P while replacing
h with h — u"(ba—")¢ (t) + ust, and that these are precisely the changes of m that preserve
the shape of P.

Now the descent data on P must have the shape

g(m) = ((9)*® Hm + Agn

for some collection of elements Ay € (k ®r, kg)[ul/u®’. The condition that @ =ho 2
evaluated at m, implies that the function g~ (7(g) " ©® 1)A, is a cocycle in the
cohomology group H'(Gal(K /L), (k ® kg)[u]/u¢?) in which the action of Gal(K/L) on
(k ® kg)[u]/u®? is given by g-x = (71(2)2 ¢ ® 1)g(x), where g(x) is the usual action. This
cohomology group is trivial, since Gal(K/L) is assumed to have order prime to p, so
(M(g) ¢ ® 1)A, is the coboundary of some element v. The relation ¢ 0 g = go¢; applied
to utm + hn implies that Agn lies in the image of ¢, hence all nonzero terms in each A,
have degree divisible by p; it follows that we can take v to have the same property. One
computes that replacing m with m +a~'¢ (t)n changes (77(g) ¢ ® 1)A, by the coboundary
of a='¢(t), and choosing ¢ so that a~!¢(t) = —v allows us to take A, =0 for all g.

Thus our extension P has the shape as in the theorem, and it remains to investigate
the possibilities for 4. In order that the given shape of P actually defines a Breuil module
with descent data, it is necessary and sufficient that u'i™5~¢ divides each h;, and that
the relation ¢ o0g = go¢; is well defined and satisfied when evaluated at u“m + hn. A
direct calculation shows that the latter condition is equivalent to the condition that u¢*s
divides

(1(e) ® Dg () — (T +(g) ® Dh

for all g € Gal(K/L), or equivalently that the remainder of & upon division by u is
invariant under the action of Lemma 1.5 with w = r + ¢ — d. From that lemma, we deduce
that any term of h; of degree D < e +s; must satisfy D = r; +¢; —d; (mod e(K /L)), and
that such terms occur periodically with period dividing f’. Let V C (k ® kg)[u]/u®? be
the space of elements & satisfying the conditions in the previous sentence and with each
h; divisible by ymaxOritsi—e)

Now let us examine the changes of variable m ~» m +a~'¢(t)n that preserve the shape
of P (but may change h). From the argument two paragraphs above, we see that
such a change of variables preserves the shape of the descent data precisely when the
coboundary of a~'¢(¢) is trivial, or in other words precisely when ¢ (f) = g - ¢(¢) under
the Gal(K/L)-action of that paragraph. Thus ¢t may have arbitrary terms of degree at
least e (since ¢ (u®) = 0), while by Lemma 1.5 the nonzero terms of # of degree D < e
must have D = p~'(ciy1 —dj1+1) (mod e(K /L)), and these terms must occur periodically
with period dividing f’. We say that a choice of ¢ with these properties is allowable.

Recall from the beginning of the proof that replacing m with m +a~'¢ (t)n has the effect
of replacing h with &' = h —u"(ba_ )¢ (t) + ust. Let U C (k@ kg)[u]/u? be the space
of allowable choices of £, and Y : U — V the map that sends ¢ to u“(ba_ )¢ (t) — u’t.
The above discussion shows that Ext!(M, A) ~ coker(T). We use this isomorphism

e+s
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to compute dimy, Ext! M, N). Let y; =#{j € [max(0,r; +s; —e),s): j=ri+c —d;
(mod e(K/L))}. One calculates directly from their definitions that

f-1 f-1
dim, U =& f'+ef(p—1.  dimg, V=¢f'+ef(p=D+) yi—) s
i=0 i=0

Suppose that ¢ € ker(Y), i.e. that u”(ba_")¢(t) = ust. Observe (e.g. by comparing with
the proof of Lemma 1.6) that this is precisely the condition required for the map M — A
defined by m +— ¢(t)n to be a map of Breuil modules. If there are no such nonzero maps
(i.e. if § = 0, with § as in the statement of the Theorem), then ker(Y) = {t € U : uft = 0},
and so ker(Y) has dimension ), s;. If instead there exists a nonzero map M — N (i.e. if
3 = 1), then, since that map must be unique up to scaling, we see that ut is unique up
to scaling and ker(Y) has dimension 14 ), s;. In either case, dimy, ker(Y) =8+, s;.
Finally, we calculate that coker(Y') has dimension

f—1
dimy, V —dimy,, U + dimy,, ker(Y) = § + Z Yi.
i=0

Now let W/ C V be the space of elements & satisfying the conditions given in the
statement of the theorem, and W C W’ the subspace of elements & for which the coefficient
of degree ro+ By — o in hg is zero. (Thus W C W’ if and only if § = 1, in which case
W’'/W has kg-dimension 1.) It is easy to verify that dimg, W' =843, yi, and so to
complete the proof of the Theorem it suffices to show that W/ Nim(Y) = 0. When § = 1,
a straightforward computation (using the fact that Nm(a) = Nm(b) in this case) shows
that if & € im(Y) then the coefficients & of degree r; + 8; —a; in h; fori =0,..., f'—1
satisfy the linear relation /"' (ag - - a;)(bo - -- bi)~1& = 0. If in addition we have i € W'
(so that & =0 for i # 0 (mod f”)), then & = 0 and h € W. We are therefore reduced in
all cases to showing that W Nim(Y") = 0.

Let mw : V. — W be the projection map that kills each term of &; of degree at least s;.
Observe that we may write

T (@) = u® @) + 7w (Y (),

where ®(t) = ut"S(ba_ )¢ (t) — t, with terms of negative degree in ®(¢) understood to be
zero. To finish the argument we must show that if u*®(z) = 0 then 7w (Y (¢)) = 0.
Observe that the defining formula for ® also gives a well-defined map ® € End((k ®
kg)lul/u®). Fix an integer v; € [0, e), and recursively define v; = (r; —s;) + pvj_1 for
Jj >1i.Since u%e; and (bj41/aj+1)u’+'ejy are congruent modulo the image of @ (where
the e; are the idempotents defined in 1.2), it follows that ue; € im(®), except possibly
if the sequence {v;} lies entirely within the interval [0, e). In the latter case, the sequence
{v;} must be periodic, indeed with period dividing f’, and one computes that v; =
p_l(ﬂj+1 —ojy1) for all j. Then one checks that ue; and Nm(lL_l)uvfej are congruent
modulo im(®); so unless Nm(a) = Nm(b) we again have u'e j € im(®). We conclude that
@ is surjective (hence bijective) unless Nm(a) = Nm(b) and pl(Bi—ai) €f0,...,e—1}
for all i, in which case the image of ® has codimension at most one; and in all cases
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we conclude that ker(®) = ker(Y’) + u¢(k ® kg)[u]/u®’, where Y’ is the endomorphism of
(k@ kg)[u]/u? given by tIE same defining formula as Y.
Now if u*®(z) = 0 then ®(t) =0, so t € ker(Y') + u®(k @ kg)[u]/u®’; finally,

YY) =7'() € YWk Qkp)ul/u®) S u®k @ kp)[ul/u”,
and it follows that mw (Y (z)) = 0. O

Remark 1.12. We have seen in the proof of Theorem 1.11 that P as in the first set of
bullet points of Theorem 1.11 is a well-defined Breuil module provided that

e h; is divisible by u’iT%i—¢,

e nonzero terms of h; of degree less than e +s; have degree congruent to ri +c¢; —d;
(mod e(K /L)), and occur periodically (for i) with period dividing f”.

We will denote this Breuil module by P(r, a, ¢; s, b, d; h).

1.3. Comparison of extension classes

We assume for the remainder of this paper that e(K /L) is divisible by p/" — 1, so that in
particular Remark 1.7 is in force. We fix characters x1, x2 : G — kj and suppose that
M = M(r,a,c) and N = M(s, b,d) are rank one Breuil modules whose generic fibres
are x| and xa, respectively. The following lemma is [21, Corollary 4.3].

Lemma 1.13. Set M = M(r,a,c), and write » =Nm(a)~'. Then Tsfz(/\/l) = (oj0
7ty cury, where ur;, is the unramified character of G sending an arithmetic Frobenius
element to A.

The character x; and the sequence of the r; determine M up to isomorphism
(¢f. Corollaries 1.8 and 1.10), and similarly for A'; moreover, one checks from Lemmas 1.3
and 1.13 that, given x; and rg,...,ry_ such that ; € Z for some (hence all) i, there
exists M(r, a, c) with generic fibre x;. In the remainder of this section, we compare
extension classes in Ext' (M, A) with extension classes in Ext!(M’, N7) where M’, N
are certain other Breuil modules with the same generic fibres as M, N, respectively; our
treatment follows the treatment of the case f =1 in §5.2 of [18].

Proposition 1.14. The Breuil module P = P(r, a, c; s, b, d; h) has the same generic fibre
as PT = P, a, ctie b, d; uéh), where
T

L =c; +a;,

od] =di+pi—ep/(p—1), and

edi=ep/(p—1)—fitai—r.

Proof. Consider the Breuil module P* = P(r,a,c;e, b,d'; u§ih), where 81-1 =ep/(p—
1) —Bi. It is elementary from Remark 1.12 that both P and P* are well defined
(note that 81',8?; >0 and that e(K/L) divides ¢); the key point of the calculation is
that B; —s; = Biy1/p < e/(p—1), whence e —s; < ep/(p—1)— Bi. Let m", nt and m*, n*
denote the standard basis elements for P' and P*, respectively. One checks without

https://doi.org/10.1017/51474748014000164 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000164

650 F. Diamond and D. Savitt

difficulty that there is a map f¥: P — P* sending
m > m*, n > uP/PD=Eyt

as well as a map f7:PT — P* sending

f

m' — u%m*, n'

= ni.

Since ker(f7), ker(f¥) do not contain any free k[u]/u®’-submodules, it follows from [25,
Proposition 8.3] that Tsf,z(f+) and Tsﬁz(fi) are isomorphisms. O

Note that, while the extension classes EthlcE[GL](Xl’ x2) realised by P and PT in
Proposition 1.14 may not coincide, they differ by at most multiplication by a kg-scalar,
since the maps fT and f* induce kp-isomorphisms on the one-dimensional sub and
quotient characters.

Definition 1.15. Let L(M,N) C EXtIiE[GL](Xl’ x2) denote the subspace consisting of
extension classes of the form Tsfz(P) for P € Ext!(M, N).

The following proposition gives a criterion for one space of extensions L(M, N) to be
contained in another.

Proposition 1.16. Suppose that M = M(r, a, ¢) and M’ = M, d’, ") have generic fibre
x1, while N'= M(s,b,d) and N' = M(s',b’,d’) have generic fibre xo. If there exist
nonzero maps M — M’ and N' — N then L(M', N") € L(M, N).

Proof. We show more generally that the conclusion holds provided that

max(etjy1/p — Bi, i — Biv1/p—e) <max(a, /p— B, of — B /p—e)
for all i. (This inequality is easily checked when there exist maps M — M’ and N7 — N,
because a; < o and B/ < g; for all i in this case.)
By Corollaries 1.8 and 1.10, we may suppose without loss of generality that @ = a” and
b =b'. Suppose that P’ = P(',a,c’;s’,b,d’; h’). The given inequality is equivalent to

(Bi —ai +1i) — (B —a +r]) +max(0, ] +5{ — ) = max(0, r; +s; —e),

which is precisely the condition that is required to make the assignments h =
u(é_é/)_@_g/)ﬂﬁ_y)@ and P = P(r,a,c;s,b,d; h) well defined. Then P and P’ both have
the same generic fibre as the extension P' of Proposition 1.14, and so the generic fibre
of P’ is also in L(M, N). O

We remark that Proposition 1.16 should also follow from a scheme-theoretic closure
argument, but we give the above argument for the sake of expedience (we will need
Proposition 1.14 again in §2.2).

2. Models of principal series type

We retain the notation and setting of the previous section; in particular, recall that we
have a running assumption that e¢(K /L) is divisible by p/" — 1. Fix a pair of characters
xt. x2: G — kg.

https://doi.org/10.1017/51474748014000164 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000164

Serre weights for locally reducible Galois representations 651

Recall that a two-dimensional Galois type is (the isomorphism class of ) a representation
t:1;, - GL, (Zp) that extends to a representation of G and whose kernel is open. We say
that 7 is a principal series type if T >~ L@ A’, where A, A both extend to representations
of GL.

In this section, we use the results of § 1 to associate to the triple (xi, x2, T) a subspace
L(x1, x2,t) € EthlcE[GL](Xl’ x2). We will see that L(x1, x2, T) contains every extension of
X1 by x2 that arises as the reduction mod p of a potentially Barsotti—Tate representation
of type t; in fact,we will think of L(xi, x2, t) as a finite flat avatar for the collection of
such extensions. In § 2.1, we define the set L(x1, x2, T) and prove that it is a vector space
(provided that it is nonempty). In § 2.2, we restrict consideration to the main local setting
of our paper, and study the spaces L(x1, x2, T) in detail in that setting; for instance, we
compute the dimension of these spaces in many cases.

2.1. Maximal and minimal models of type t

Raynaud [24] shows that, if one fixes a finite flat p-torsion group scheme G over K, then
the set of finite flat group schemes over Ok with generic fibre G has the structure of
a lattice; in particular, it possesses maximal and minimal elements. This has proved to
be a valuable observation, and variants of it have recurred in numerous contexts (see
[3, Lemma 4.1.2], [25, §8], [7, §3.3], and [19, §5.3], to name a few). Let t be a principal
series type. In this subsection, we introduce the notion of a model of type T (see
Definition 2.2 below) and prove the existence of maximal and minimal models of type .

Definition 2.1. Write x = xx2. If M = M(r, a, ¢) has generic fibre i, define the yx-dual
of M to be the unique Breuil module M)v( = M(s, b, d) with generic fibre x, such that r; +
s; = e for all i. The existence of M; is implied by the paragraph following Lemma 1.13.

If T > A @A/ is a principal series type, we let 2, % denote the reductions of A, A’ modulo
the maximal ideal of Z,; we will usually abuse notation and write A, A" where we mean
A
Definition 2.2. Let T >~ A @ A’ be a principal series type. We say that M(r, a, c) is a model
of type T if o; 0 € {A, A’} for all i. Note that, if xix2lig, = AAE and M(r,a,c) is a
model of type T with generic fibre yxi, then its x-dual /\/lXv = M(s, b,d) is a model of
type T with generic fibre x», and moreover {o; 077, 0 0%} = {1, 1’} for all i.

Definition 2.3. We define
L(x1, x2,7) = UM NLM, N)

as M, N range over all pairs of models of type T with generic fibre x1, x2 respectively,
and such that {o; o7, 0; 0%} = {A, A} for all .

It follows, for instance from [21, Corollary 5.2], that L(x1, x2, T) contains all extensions
of x1 by x2 that arise as the reduction mod p of a potentially Barsotti—Tate representation
of G of type t. Note that if L(x1, x2,7) # & then ax2lig, = ALE.
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Proposition 2.4. Let S be the set of all M(r,a,c) of type A® L with generic fibre x. If
S is nonempty, then it has a minimal and a maximal element; that is, there are Breuil
modules M_, My € § such that for any M € S there exist nonzero maps M_ — M
and M — M.

Proof. By duality, it suffices to prove the existence of M. For this, since S is finite, it
is enough to prove that any M, N € S have an upper bound in S, i.e. that there exists
P € S together with nonzero maps M — P and N’ — P.

Since M, A have the same generic fibre, the conditions of Proposition 1.9 are satisfied,
and we can form P = P(¢t,a, v) as in the last sentence of the proposition. Note that if
yi = «; then v; = ¢;, while if y; = B; then v; = d; (see the last sentence of the proof of
Proposition 1.9, for instance). Thus o; 0 7¥ € {0; 07, 07 0%} C {A, 1}, and we conclude
that P € S. O

Remark 2.5. An argument identical to the above can be used to prove a much more
general statement. Namely, we can fix sets S; C {o; o7 : ¢ € Z} for each i, and consider
the set S of Breuil modules M(r, a, ¢) with generic fibre x such that o; o € §; for all
i; then, if S is nonempty, it has a maximal and a minimal element.

Corollary 2.6. If L(x1, x2,T) is nonempty, then it is a vector space.

Proof. Suppose that L(x1, x2, T) is nonempty. By Proposition 2.4, there exists a minimal
model M of type t with generic fibre x;. It follows easily that /\/l; must be the maximal
model of type 7 with generic fibre yx». Proposition 1.16 implies that L(xi, x2,7) =
L(M, M;), and the lemma follows. O

2.2. The local setting.

For the remainder of the paper we suppose that K /L is totally ramified of degree pf 1,
so that K = L(), f = f’, and e(K/L) = p/ — 1. Recall that in this setting we have
w; = (07 on)|y, . The characters w; form a fundamental system of characters of niveau f,

and we write

L L

A:l_[a);)‘, A’:l_[wi’

i=0 i=0
with v;, vlf € [0, p— 1] for all i; when either A or A’ is trivial, we require v; = p — 1 for all
i or v = p—1 for all i, respectively. Write A'/A = a)g, and define integers §; € [0, p — 1]
by A'/A = I—[;f:_ol wf’, with not all §; equal to p — 1. Let [p’8] be the unique integer in the
interval [0, e(K /L) — 1] congruent to p'$ (m9d e(K/L)).

From the equality ]_[lf:_ol w?i+V' = ]_[lf:_o1 w;}i together with our bounds on the §;, v;, v/,
it follows that there exists a unique collection of integers y; € {0, 1} such that v/ =§; +
vi — pvi—1+¥i- We write C = {i : y; = 1} (the symbol C here stands for ‘carries’).

With the above notation, we prove the following.

Proposition 2.7. Suppose that M = M(r,a,c) is a model of type A® N . Let J = {i :
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oion # M} C{0,..., f—1}. Define x; by the formula

xie(K/L) ifii+leld orii+1¢J
xie(K /L) +[p's] ifield,i+1¢J,i¢gC
ri =1 x;e(K/L)+ (e(K/L)—[p'8]) ifi¢gJ,i+1elJ,ieC
xie(K /L) —[p'8] ifigd,i+leld,igC
xie(K/L)— (e(K/L)—[p'8]) ifield,i+1¢J,ieC.

Then each x; is an integer in the interval [0, '], and if A # A’ then x; # €' in the second
and third cases, while x; # 0 in the fourth and fifth cases. Moreover, the generic fibre of
M, on inertia, is equal to

-1
/
Vi Vi X
||a)l ||a)l ||a)l

iel i¢gJ i=0

Remark 2.8. Note that J = {i : 0; 0% = A} unless A = A/, in which case J = @&. The
special case of Proposition 2.7 where A =1 is given in [30, §2.2.1]. The proof in [30,
§2.2.1] is essentially the same as the one we give here, but the statement of the result
when A = 1 is somewhat simpler because i € C for all i.

Proof of Proposition 2.7. The case A = A’ is straightforward (note that § = 0, while J =
@). Assume for the rest of the proof that A # V. According to the definition of J, we have
pl=ie; = Zf lpf fv] ifi € Jand p/~ic; = Zf pf= fv ifi ¢ J. From the congruence
civ1 = p(c + ri) (mod e(K /L)) together with the deﬁnltlons preceding the statement of
the Proposition, it follows that there exist integers y; so that

vie(K/L) ifi,i+ledJori,i+1¢J
ri =1 yie(K/L)+[p'8] ifield,i+1¢&J
yie(K/L)—[p'8] ifigJ,i+1el.
Since r; € [0, e] for all i, we have in particular that y; € [0, €], with y; £ €' ifi € J,i+1 &

J,and y; #0ifi g€ J,i+1€ J.
From this formula for the r; we calculate that

f= f-1
dopi =) plyek/L+ Y pITpsI- Y p/ TIPS (2.9)
= i=0 ieJi+1¢J igJi+lel

Moreover, we have [p'8] =8+ p/~ 1841+ -+ pdi_1. Suppose that 0 e J. Let us
compute the coefficient of §; on the right-hand side of (2.9). We see that pl i pis]
contains a term of the form pf_jéj ifi >j and p2f—j8j if i <j. If jeJ then the
number of elements i € [0, j — 1] such that i € J,i+1 & J is equal to the number of
elements i € [0, j — 1] such that i ¢ J,i +1 € J, and similarly for the interval [j, f —1].
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It follows in this case that §; does not appear on the right-hand side of (2.9). If j & J
then, instead, the contribution of §; to the right-hand side of (2.9) is (p* =i — pf_j)(?j.
We conclude that

_1pr ri —pr ity s

i¢gJ

and applymg Lemma 1 13 we find that the generic fibre of M, on inertia, is equal to
]_[l _0 w;! [ligs w ]_[ —() ", which rearranges to

Hw Ha) pry" v Ha) (2.10)

iel i¢J i¢gJ

by substituting for §; using the defining formula for the y;. An analogous calculation in
the case 0 ¢ J yields the formula

[ T/ Tl Tt
ieJ i¢gJ ieJ

But l_[1¢] wpa’ 1=k =[lics @ “PIH since ]_[l 0 a)pa’ =% — 1, so in fact formula (2.10)
is valid in all cases. From the definition of the set C we can rewrite (2.10) as

[TerTTe’ T1 o JT o ll_lw

ie]  igJ  ieC,i+l¢g] ieC.ig]

Now observe that, with x; as in the statement of the Proposition, we have

vi+1l ifieli+l1&J,ieC

xi=yy—1 ifigli+lel,ieC
Vi otherwise,
and the rest of the proposition follows. O
Definition 2.11. If xo, ..., xy_1 are integers in the interval [0, ¢'] with x; # ¢’ whenever

ield,i+l1gJ,igCorigl,i+lelJ,ieC,and x; #0 wheneveri € J,i+1¢ J,i€
Corigl,i+1lel,i¢C, wesay that the x; are allowable for J. (Properly speaking,
we should say that they are allowable for J and C, but C will remain fixed in any
calculation.) Observe that, for every choice of J together with a collection of x; that are
allowable for J, there exists a model of type A @ A" as in Proposition 2.7 that possesses
those invariants.

Proposition 2.12. Suppose that vi € [p—1—¢', p—1] and v; < v for alli.
(1) There exists a model of type . ® X' with trivial generic fibre.
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(2) The minimal model of type A® L with trivial generic fibre is M = M(r, 1, ¢c)
with r = e(K/L)(p—1—V)) and ¢; = Z{;& v{fjp/' for all i. In the notation of
Proposition 2.7, we have J = @ and x; = p—1—v! for all i.

Proof. If the generic fibre of M is trivial, by Proposition 2.7, we can write

-1 ,
[Ter =TTer ™ ITe (213)
i=0

iel igJ

and, conversely, if this identity holds for some choice of J and allowable x;, then taking
a =1 gives a model of type A @ A" with trivial generic fibre. If we take J = &, then the
integers x; = p—1—v] € [0, ¢'] are automatically allowable; this proves (1), and since
J = & we have o; 07 = )\ for all i, which implies that ¢; = Zfz_ol vl.’_jpj. It remains
to show that the Breuil module M’ corresponding to this data is actually the minimal
model.

First, suppose that there exists a choice of J and the x; so that both sides of (2.13)
are trivial. Since v;, v/ € [0, p — 1], this implies that at least one of v;, v/ is p —1 for all
i, or at least one of v;, v/ is 0 for all i. Since v; < v;, the latter would imply that v; =0
for all i; but this contradicts our convention that v; = p — 1 for all i when A = 1. So the
former must hold, and we have v/ = p—1 for all i. Then J =@ and x; = p—1—v/ =0
for all i evidently gives a minimal model.

Now suppose that it is never the case that both sides of (2.13) are trivial. Fix
J and integers x; >0 so that (2.13) is satisfied (with J =@ if A =21'), define
integers r; by the formulas in the statement of Proposition 2.7, and then define «; =
1/(pf =1y Z{;& pf’jrlurj as usual. (Any model of type A @A with trivial generic
fibre yields such data, with the x; allowable for J; however, note that in the argument
that follows we do mot assume that the x; are allowable for J.) To deduce that
M’ is the minimal model, it suffices by (the dual of) Proposition 1.9 to show that,
unless J = @ and x; = p— 1 —] for all i, we must have o; > «/ for some i, where the
o = Z{:—Ol pl=i(p—1- v;ﬂ») are the corresponding constants for M’.

First, suppose that x; > p for some i. Replacing x; with x; — p and x;—1 with x;_; +1
leaves the truth of (2.13) unchanged, leaves «; unchanged for all j i, and replaces
a; with a; — pe(K/L). By iterating this ‘carrying’ operation, we can reduce to the case
where x; < p—1 for all i. In that case, since both sides of (2.13) are assumed to be
nontrivial, we must actually have

p—1—v; ifielJ
X =
p—1—v ifigl.

The claim in the case J = @ is now immediate, so suppose that J # &, and indeed
suppose without loss of generality that 0 € J. Note that, since v > v; for all i, the set

C is empty, and the proof of Proposition 2.7 shows that ag is equal to Zlf;ol pl x4
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Zi¢l p/718;. An inequality ag < o, or equivalently

-1 s
P+ pl s <Y p T p— 1= ),
i—0 id] i=0

would imply that v; = v/ for all i € J, and § =0 for all i ¢ J. But §; = 0 implies that
v; = v/; so in fact we would have v; = v/ for all i, contradicting that A # A" when J # @.
Therefore ap > a. O

Corollary 2.14. Let © be a type as in Proposition 2.12. Write v, = (p — 1 —¢€') +u; for
alli. If xlig, = AE, then

dimy, L(1, x, 1) < 5+Zu,,

where 8 =1 if x =1 and § = 0 otherwise.

Proof. Let M be the minimal model of type T with trivial generic fibre, as described
by Proposition 2.12(2). By the proof of Corollary 2.6, we have L(1, x, 1) = L(M, ./\/l;).
We compute an upper bound on the dimension of L(M, ./\/l)v() using Theorem 1.11. Since
J =@, we have r; = (p — 1 —v))e(K/L) for all i, and

si=e—r;=e(K/L)e —r; =e(K/L)u;.

Thus the ith term in the dimension formula in Theorem 1.11 is u;. O

We will now use Proposition 1.14 to compare the spaces L(1, x, T) as t varies, at least
in certain cases.

Proposition 2.15. Let T ~ A® )\ be a type as in Proposition 2.12, and suppose further
that vi +v] > p—1 for all i, and that x # 1. The space L(1, x, ) is the set of extension

classes of generic fibres of Breuil modules of the form P(0,1,0; e, b,d"; h), where a’T =
Zf—o (i—j+vi_ i (p—1)p’, each h; is a polynomial whose only nonzero terms have

degree t (pf — 1)—[21 0(”1 v _j —(p—1)p/] with p—1—v, <t < e, and Nm(b)~ 1
gives the unramified part of x as in Lemma 1.183.

Proof. Let M be the minimal model of Proposition 2.12. Then M; = M(s, b, d)
with s; = e(L/K)ui, di = Z{;& vi_jpj, and b as in the statement of the proposition.
By Theorem 1.11, classes in Ext!(M,N) have h; with terms of degree m(p/ —1)+
Zf—o (vi_ _j vi_j)pj with 0 < m < pu; (note that the hypotheses of Proposition 2.12
ensure that v;_ j—Vvi—j are nonnegative and not all zero).

Now compute that the § of Proposition 1.14 has

f-1
Si=ep/(p—D)—Bitai—ri=p —D(p—1-v)+2) (p—1-v_;)p’,
j=0
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and so the terms of the Breuil module P of Proposition 1.14 have degree

f-1 f-1
m(p! =)+ > v _j—viipp +8& =t(p/ =)= i +v_;—(p—1)p’,
j=0 j=0

wheret = p—1—v/4+m+1. When v/ =v; = p—1foralli (ie. in the unique case where
(Y] g iej+v_;— (p—D)p/l and I J i j+v/_; — (p—1))p/ are different), note
that there is a change of basis parameter ¢ as in the proof of Theorem 1.11 with ¢ €
(k®kg)™ that exchanges the terms of degree 0 in the &; for terms of degree ¢’. One
easily checks that ¢’ and d' are as claimed, completing the proof. O

Remark 2.16. The Breuil modules P of Proposition 2.15 are usually in the canonical
form of Theorem 1.11; the exception is that if AL" = 1 then we have terms of degree ¢’
in h; instead of terms of degree 0. However, as we have seen in the preceding argument,
these are equivalent by a change of basis parameter ¢ as in the proof of Theorem 1.11.

Corollary 2.17. For any t, T as in Proposition 2.15 and x # 1 with xlig, = AME, we have

(1) dimg, L(1, x, 1) = 207 i,
(2) L(L, x,1)NL(1, x, ) = L(1, x, ©), where the type T has V; = max(v;, V;) and V] =
min(v}, V) (with the inferable notation,).

Proof. Let Mg = M(0, 1,0) and Ny = M(e, b,d"), with b and d as in the statement
of Proposition 2.15. The map Ext' (Mg, Ny) — Ext,lE[GL](l, x) is injective; for instance,
this follows from the dimension calculation in Theorem 1.11 together with the fact that
the map is surjective except in the case of cyclotomic x when the image is the set of
peu ramifiées classes. Now the result follows from Proposition 2.15 and Corollary 2.14,
together with Remark 2.16 in the case where x|;;, = €lig,- O

3. Weights and types

3.1. Serre weights
‘We maintain the notation from the preceding section. In particular, L is a finite extension
of Q, of absolute ramification degree ', K /L is totally ramified of degree p! " — 1, so that
K=L(@m), f=Ff, and e(K/L) = p/ —1. We continue to assume that the residue field
is k of degree f over F,, and that o; : k = kg are embeddings satisfying o; = alﬂ_l for
i=0,...,f—1, taking indices modulo f.

Let o : G — GLy(kg) be a reducible representation, so

—_x2 *
p_(OXJ

for some characters xi, x2 : G — k;. In particular, if p is decomposable, then we choose
an ordering of the characters. The ordered pair of characters (xi, x2) will be fixed
throughout the section.
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Recall that a Serre weight in our context is an isomorphism class of absolutely
irreducible representations of GL;(k) in characteristic p. These are all defined over kg,
and have the form

f-1
. = Q) (det™ @ Sym" k) @y o; ki,
i=0
where m = (mo, ..., my_1) and n = (ng, ..., ny_1) are f-tuples of integers satisfying 0 <

n;i < p—1 for all i. The representations p,,, and p,, are isomorphic if and only if
n=n' and Zif:_ol mipf—i = Zif:_ol m}p/=" (mod p/ —1).

A set of predicted Serre weights for p is defined by Barnet-Lamb, Gee, and Geraghty
in [1, Definition 4.1.14] (building on [5, 14, 28], and following [13]). In order to give the
definition, we use the notion of a Hodge—Tate module.

Definition 3.1. A Hodge—Tate module of rank d (for L over E ) is an isomorphism class of
filtered free (L ®q, E)-modules of rank d, i.e. of objects (V, Fil*), where V is a free (L ®q,

E)-module of rank d and, fori € Z, Fil'V is a (not necessarily free) (L ®q, E)-submodule
such that Fil/'V C Fil'V if i < j, Fil'V =V for i « 0, and Fil' V. =0 for i > 0.

Recall that we are assuming that E contains all the embeddings of L in @p, so to
give a Hodge-Tate module of rank d is equivalent to giving, for each o : L — @p, a
d-tuple of integers (wg 1, ..., We qg) With ws 1 < W2 < -+ < Wy 4. For consistency with
our conventions, we normalise this correspondence so that (V,Fil®) corresponds to the
d-tuples (wg 1, ..., We.q) defined by

—wWy,, = max{w : r < dimg Fil"(V ®L®q, E E)},

where the tensor product is relative to the projection L ®q, E — E defined by x ® y >
o(x)y.

Definition 3.2. We refer to the d-tuple (we.1, Ws.2, . .., Ws.q) as the o-labelled Hodge—Tate
weights of (V, Fil®). We say that (V, Fil®) is a lift of the Serre weight ;. , if d =2 and
foreach i =0,..., f — 1 there is an embedding 6; : L — E lifting o; such that

e (V,Fil®) has ¢;-labelled Hodge-Tate weights (m;, m; +n; + 1), and

e for each o # g; lifting o;, (V, Fil®) has o-labelled Hodge-Tate weights (0, 1).

Recall that, if p : Gy — GLy4(E) is crystalline, then Dgr(p) has the structure of a filtered
free (L ®q, E)-module of rank d as in Definition 3.1. We then define the Hodge-Tate
module and o-labelled Hodge-Tate weights of p to be those of Dgr(p).

Definition 3.3. We say that u is a predicted Serre weight for p if, enlarging E if necessary,
P has a reducible crystalline lift p whose Hodge-Tate type is a lift of u. We then define
Wexpl(p) to be the set of predicted Serre weights for p.

It is immediate from the definition that Wexpi(p) C Wexpi(p**); moreover, it follows from
the description of reductions of crystalline characters that Wexp1(0*) is precisely the set
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of Serre weights for p* predicted by Schein in [28] (see [1, Lemma 4.1.22]). Recall that
this is the set of wm,,, such that

m;+n;+e' —d; m;+e' —d;
X2|IGL :l_[a’il l ll—[wi' [
iel id]

and X1|IGL — 1_[0);"1i+di Hw;’”i"rni"rdi
iel i¢J

(3.4)

for some J C {0, ..., f — 1} and integers d; for i =0, ..., f — 1 satisfying 0 < d; < e —1
ifieJand 1<d; <e ifi ¢ J. Thus Wexp(p*) is indeed ‘explicit’, as the notation is
presumably meant to indicate; however, Wexp1(0) is less so, since it is defined in terms of
reductions of extensions of crystalline characters.

3.2. A partition by types

We fix p as in § 3.1, and let W = Weyp1(p*). The aim of this section is to define a partition
of W’ under the following hypothesis on p.
Definition 3.5. We say that p is generic if X]_1X2|IGL = ]_[lf:] wf’i+e/ for some integers b;
satisfying

€ <h+ed<p-—1-¢.

We assume for the remainder of the paper that p is generic, so that we have integers
b; as above.! Note in particular that this implies that ¢ < (p—1)/2. We also write
xilig, = ]_[,-f:1 w;' for some integers c;.

Suppose that p,,, € W', with J and d = (do, ..., ds—1) as in (3.4). Then n satisfies the
following congruence:

f—1
Y bi+2d)p’ T =Y nip! T =Y nip/T (mod pf —1).
i=0 iel igJ

One easily sees that, given J and d, there is a unique such n unless

f-1
Y bit+2dpp’ T =Y (p—Dp/~" (mod p/ —1).
i=0 iel

The genericity hypothesis implies that 0 < b; +2d; < p—1ifi € J, and 0 < b; +2d; <
p—1if i € J, so we see that n is unique unless either b =d = (0,...,0) and J =
{0,....f—1},orb=(p—1-2¢,....p—1-2¢), d=(¢,...,¢) and J =2 (and so

11t appears to us that it should be possible to replace this genericity hypothesis with a somewhat weaker
hypothesis and still prove the main results of this paper (using the methods of this paper). Indeed no
such hypothesis was needed in the totally ramified case [18]. On the other hand, the discussion in §5
below shows that with these methods one cannot expect to remove the genericity hypothesis entirely
even for L = sz, and so we have to some extent favoured cleaner combinatorics over optimising the

genericity hypothesis.
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in particular unless x, ! x2| Ig, = E|IiG] ). Tt follows that, aside from these two exceptional
L
cases, there is a unique ., for each pair (J/, d), and one checks that it is given by

mi=ci+p—1—d;, n;=>b;+2d, ifieJandi+1eJ;
mi=ci+p—1—d;, nj=>b;i+2d;+1, ifieJandi+1¢&J; (3.6)
m;i=c¢;+b;+d;i —1, n;=p—>b;—2d;, ifigJandi+1eJ; '
m; =c; +b; +d;, nj=p—1—-b;—2d;, ifigJandi+1¢/J.

We let u(J, d) denote the weight (4, », with m, n defined by (3.6). In the two exceptional
cases, we obtain in addition to w(J, d) the weight u'(J, d) defined as follows: if b =d =
©,...,0)and J ={0,..., f — 1}, then ¢/ (J,d) = ptm.n, where m; = ¢; and n; = p— 1 for
alli,andifb=(p—1-2¢,...,p—1-=2¢),d=(¢,...,¢),and J = &, then ' (J,d) =
Um.n, where m; = ¢; —e’ and n; = p—1 for all i.

We let W denote the subset of W’ consisting of the u(J, d). Note also that, for (m, n)
as in (3.6), we always have n; < p—1 for all i. It follows that the additional weights
w'(J,d) (when they occur) are not in W. Note also that both additional weights arise if
b=(0,...,0)and ¢ = (p —1)/2, but comparing values of m shows they are distinct from
each other. Moreover, the following lemma shows that the weights u(J, d) are distinct.

Lemma 3.7. Suppose that J,J' € S and that d = (do, ...,ds—1) and d' = (d), ...,d/f_l)
are f-tuples of integers satisfying 0 < d; < e —1ifieJ, 1<di<e ifi ¢J,0< dl’ <
e—lifiel,andl <d <€ ifi ¢J'. If u(J,d) is isomorphic to u(J',d"), then J = J’
and d =d’'.

Proof. Write u(J,d) = pm,n and u(J’,d’) = pyy w with (m, n) and (m’,n’) as in (3.6).
Twisting by Xl_l, we may suppose that ¢; =0 for all i. Then 0 < m; < p—1 for all i,

and m; > 0 for some i, so that 0 < Zile m;p’ =" < p/ — 1. Since the same is true for m’,
we must have m; = m] for all i. We claim that J = J'. Indeed, if not, then without loss
of generality there is some i € J such that i ¢ J', but then

mi=p—1—d >p—é >bj+d; >m,
giving a contradiction. Since J = J' and m = m’, it follows immediately that d = d’. O

We will now define partitions of W and W’ into subsets indexed by A, where A is the

set of f-tuples a = (ag, a1, ...,ar—1) with0 < a; < e’ for alli. Fora € A, we let 7, denote
the (at most) tamely ramified principal series inertial type
=1 f—1
7, = 1_[ d)ic,-+b,-+a,- ® 1_[ &);‘,-—a,-’
i=0 i=0

where @; denotes the Teichmiiller lift of w;.

If T is a principal series type, we let 6; denote the GLy(Op)-type associated to t by the
inertial local Langlands correspondence, viewed as a representation of GLy (k). If t = 1,
then we write 6, for 6;; so if t, is nonscalar then explicitly

-1 f-1
6, = Ind§2® (]_[ ot g T af —a,->’
i=0 i=0

https://doi.org/10.1017/51474748014000164 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748014000164

Serre weights for locally reducible Galois representations 661

where B is the subgroup of upper-triangular matrices in GLj(k), ¥ ® ¥ denotes the
character of B sending <)(C) :) to Y1 (x)¥2(y), and we recall that we are identifying

characters k* =£* — @: with characters I — @; via the local Artin map with

its geometric normalisation. Note that, if t, is scalar, then Z,-f:_ol (bi +2a)p’ =0

(mod p/ —1), which occurs only if a=b=(0,...,0), or a=(¢,...,¢) and b= (p —
1-2¢,..., p—1—2¢'). In this case, we let

a

f-1
0r, =0y = deto [ [ &7 "*, and 6] =6, =6, ®Indy 1.
‘e

‘We then define

W, :={uwe W : uis a Jordan-Holder constituent of 6},
and W, ;= {u € W' : uis a Jordan—Holder constituent of 5;}.

We will see shortly that W, is in fact contained in W. Note that W, = W, unless
a=b=(0,...,0), in which case W, = {u(J,d)} and W, = {u(J,d), w'(J, d)} with J =
{0,...,f—1} and d =(0,...,0), or a=(e,...,€) and b=(p—1-2¢,...,p—1—
2¢'), in which case W, = {u(J,d)} and W, ={u(J,d), W' (J,d)} with J =@ and d =
@,...,e).

Proposition 3.8.
(1) W (respectively, W') is the disjoint union of the W, (respectively, W) ) for a € A.
(2) |Wq| = 2-f_5“, where 8, = |{i € {0, ..., f—1} : a; =0 oré'}|.
(3) If u(J,d) or W' (J,d) € W,, then Y/ "V ai = 317 di.

1

Proof. First note that, to prove the proposition, we may twist p so as to assume that
¢i=0fori=0,..., f—1.

To prove (1), we must show that, for each (J,d) as in the definition of W, there is a
unique a € A such that u(J, d) is a Jordan-Holder constituent of 6,. For this, we use the
explicit description of 525 given for example in [11, Proposition 1.1]. In particular, the
Jordan—Holder constituents are of the form v(a, J') for certain subsets J' C {0, ..., f —
1}, where v(a, J') = wy w with m" = (mg, ..., m’f_l) and n’ = (ng, ..., n’f_l) defined by

m;=p—1—a;, n;=b+2a, ifieJ andi+1eJ';
m;=p—a, n, =b; +2a; — 1, ifieJ andi+1¢J; (3.9)
m!; = b; +a;, ni=p—2-b—2a;, ifig¢gJ andi+1el
m; = b; +a;, n,=p—1-b—2a, ifigJ andi+1¢J".

The constituents are then precisely the v(a, J') for those J' such that n; >0 for all
i, except in the case that t, is scalar, in which case there is only one Jordan-Holder
constituent, namely v(a, J') with J' ={0,..., f — 1} (respectively, J' = @) if a=b =
(0, ...,0) (respectively, a = (¢/,...,¢)and b=(p—1-2¢,..., p—1-2¢)).
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Suppose now that v(a, J') = ' w = pmn = (J,d). Note that 0 <m} < p for i =
0,1,..., f —1; we will rule out the possibility that m; = p for some i. Indeed, if m} = p,
then we must have @; =0, i € J/, and i +1 ¢ J'. It follows that m;H =bijt1+aiy1 <
p — 2, hence

-1
0< Zm;_jpf < pl—1.
j=0
Since 0 < m; < p—1 for all i (and not all 0), and

-1 -1
> mijpl = "mj_;p/ (mod p/ —1),
=0 =0

we see that the sums are equal. Therefore m; = m; = (0 (mod p), so in fact m; = 0. The
definition of m; then implies that b; = 0, giving n} = —1, a contradiction. Note also that,
if m; =0 for all i, then a = b = (0, ...,0) and J' = @, which is also impossible. Since

f f
Zm,-pf”' = ngpf*i (mod p/ —1)
i=1 i=1

and both sums are between 1 and pf — 1 (inclusive), it follows that (m,n) = (m’, n’).
Next we show that J'=J.If i € J and i € J’ for some i, then

m;=ai+b <p—1—€ <p—1—di=m;,
giving a contradiction. If i € J and i € J' for some i, then the inequalities

mi <bi+di<p—-1—€ <p—1—a; <m

1

must all be equalities, which implies that i +1¢ J, i+1€J’, by =p—1—2¢, and
a; = ¢€'. Tterating gives J' ={0,...,f—1}, b=(p—1-2¢,...,p—1-2¢'), and a =
(¢, ..., e), which is impossible.

Having shown that J' = J, it follows that a is determined by the equation

di+1, ified,i+1¢&J,
ai=13di—1, ifiglJ,i+lel, (3.10)
d;, otherwise.

As indeed (m’,n’) = (m,n) in this case (as well as n; # —1 and a; € [0, ¢'] for all i),
this gives the assertion for W. The assertion for W’ follows upon checking that, when
b=(0,...,0) (respectively, b= (p—1—2¢,..., p—1—2¢")), the constituent u'(J, d)
with J ={0,..., f—1} and d = (0, ...,0) (respectively, J =@ and d = (¢, ...,¢')) is
not contained in W, with a # (0, ..., 0) (respectively, a # (¢/,...,¢€)).

To prove (2), we fix a, and determine the J C {0, ..., f — 1} for which (3.10) holds
for some d as in the definition of W. The condition that 0 < d; <e¢' —1 if i € J and
1<d; <€ if i ¢J translates into the condition that 0 < a; < —1if i+1€ J, and
1 <a < ifi+1 ¢ J. Therefore the only restrictions on J are that i +1 € J if a; =0,
and that i +1 & J if ¢; = ¢/. The number of such J is 2/ 7% as required.
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Part (3) in the case u(J, d) € W) is immediate from (3.10) on noting that there are the
same number of i satisfying i € J, i +1 &€ J as there are satisfyingi ¢ J, i+ 1 € J. The
formula in the case u'(J, d) € W, is immediate from the definitions. O

Remark 3.11. We remark that Schein [29, Proposition 3.2] also gives a decomposition
of W' into subsets which are typically of cardinality 2/, but it is visibly different from
ours; for example, it is a decomposition into (¢/)/ subsets rather than (¢’ +1)7, and if
f =1, then the subsets are constituents of the reduction of a supercuspidal rather than
principal series type.

Recall that L(x1, x2, t) denotes the set of all extensions of x; by x» that arise as the
generic fibre of a model of type t. We translate Corollary 2.17 into the notation of this
section.

Theorem 3.12. For any a,a’ € A, we have

. -1
(1) dimgg L(x1. x2. 7a) = 200 (€ —an),
(2) L(x1. x2. @) N L(x1. x2. Ta’) = L(X1. X2, Ta») where a] = max(a;, a;).

Proof. Reduce to the case of x; =1 by twisting. Our genericity hypothesis rules out
x2 = 1. Note that for the type 7, we have v/ = p —1—g; and v; = a; +b;, except that
when a = b =0 we (by convention) have v; = p—1 for all i. The conditions v € [p —
1—¢, p—1],v] > v;,and v/ +v; > p — 1 are all easily checked. Now p; = ¢’ —¢;, and (in
the notation of Corollary 2.17) if (t, T) = (t4, 7o) then ¥ = 7,7, as desired. O

4. The main results

4.1. The global setting

Let F be a totally real field and p : GF — GL2(kg) a continuous representation. We
suppose that p is automorphic in the sense that it arises as the reduction of a p-adic
representation of G associated to a cuspidal Hilbert modular eigenform of some weight
and level, or equivalently to a cuspidal holomorphic automorphic representation of
GL,(AF). We fix a place v of F dividing p, and we let L = F,, so that k, =k =¢ in
what follows.

Let D be a quaternion algebra over F satisfying the following hypotheses.

e D is split at all primes dividing p.
e D is split at at most one infinite place of F.

o If w is a finite place of F at which D is ramified, then p|G,, is either irreducible, or

€ *
01

We let r denote the number of infinite places of F at which D is split (so r =0 or 1),
and if r = 1 we let £ denote that infinite place, and fix an isomorphism Dg ~ M>(R). We
also fix a maximal order Op of D and an isomorphism Op, >~ M>(Or).

equivalent to a representation of the form ¥ ® ( ) for some character ¥ : Gp — k.
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Remark 4.1. The hypothesis that D is split at all primes dividing p is made only to
be able to invoke the results of [16] on the weight part of Serre’s conjecture. We expect
however that the proofs of the required variants of their results, and hence the main
results of this paper, carry over if we only require that D is split at v, without specifying
the behaviour of D at the other primes dividing p.

For any open compact subgroup U of D = (D ®Z)X, we let Xy denote the associated
Shimura variety of dimension r:

Xy = D*\((H™) x D))/ U,

where if r = 1 then D* acts on H* = C — R via the isomorphism DEX ~ GL,(R), and we
let SP(U) = H'(Xy, kg). (Recall that » and & are defined just before Remark 4.1.) Let
Xy denote the set of all finite places w of F such that (i) w does not divide p, (ii) D is
split at w, (iii) U contains ng, and (iv) p is unramified at w. Then SP(U) is equipped
with the commuting action of Hecke operators T, and S, for all w € Xy, and hence
with an action of the polynomial algebra over kr generated by variables T, and S, for
w € Yy. We denote this algebra by T*V , and let m§U denote the kernel of the kg-algebra
homomorphism T*V — kg defined by

Ty — Nm(w)Trace(p(Froby)); Sy — Nm(w) det(p(Froby,))

for w e XV, We let SD(U)[mﬁEU] denote that set of x € SP(U) such that Tx = 0 for all

T e m%:" .

Now let U, denote the kernel of the map OSU — GL;y (k) defined by composing the
restriction of our fixed Op, >~ M>(Op) with reduction mod v. If U = U, U" for some open
compact U? C ker(D;‘ — D), then the natural right action of (’)Syv on Xy induces a

left action of GLy (k) on SP(U) which commutes with that of T>V.

Definition 4.2. If y is an irreducible representation of GL;(k) over kg, then we say that
0 is modular of weight u with respect to D and v if

Homy (GLy w1 (1. SP(U)[m3]) # 0

for some open compact subgroup U = U,U" as above. We let Wﬁ;s (p) denote the set of
Serre weights for which p is modular with respect to D and v.

The weight part of Serre’s conjecture for p (at v, with respect to D) states that
Wil (P) = Wexpi(BlG, ) (4.3)

where Wexp1(PlG, ) is the set of predicted Serre weights as in [1, Definition 4.1.14], recalled
in Definition 3.3 above in the case that p|g, is reducible.

One of the inclusions in (4.3) is proved under mild technical hypotheses by Gee and
Kisin in [16], building on [1, 15, 17, 18, 20]. More precisely, we have the following result
(¢f. [16, Definition 5.5.3, Corollary 5.5.4]).
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Theorem 4.4. Suppose that p > 2, mGF(;;;) is irreducible, and if p = 5, then the projective
image ofﬁl(;ms) is not isomorphic to As. Then the following hold.

(1) WH?(;E(E) depends only on plg, -
(2) Wexpt (BlG,) S Wi (P).
(3) Wexpl(Plg,) = Wrﬁ;g(ﬁ) if L is unramified or totally ramified over Q.

In particular, the theorem ensures (under its hypotheses) that Wlﬁ;g (p) is independent

of the choice of D, which we henceforth suppress from the notation.
We will now restrict consideration to the case where p|g, is reducible and generic (see
Definition 3.5). Our main global result is the following.

Theorem 4.5. If p is as in Theorem 4.4 and plg, is reducible and generic, then

Wexpl(mGL) = Wl’lljlod(ﬁ) N Wexpl(ms(i)-

In other words, we prove that the weight part of Serre’s conjecture holds in this case
for weights in Wexpi (015 ,)- We will prove this theorem in § 4.3 along with our main results
in the local setting stated in §4.2.

Remark 4.6. When p = 3, the hypothesis that o is generic implies that ¢ = 1. Since the
weight part of Serre’s conjecture in the unramified case (i.e. the Buzzard—Diamond—Jarvis
conjecture) is already known in full [1, 16, 17], Theorem 4.5 provides new information
only when p > 3.

4.2. The local setting

We will now revert to the setting of §3, where p:Gp — GlLy(kg) is a reducible
representation, written as

=~ (X2 * ).

o= )

moreover, we assume that p is generic.

Suppose now that u is a Serre weight in W in the notation of §3.2. Recall that W is
a subset of Wexpi(p**) with complement of cardinality at most 2, and that u = u(J, d)
for some (J,d) satisfying (3.4), where J €{0,..., f—1} and d = (do, ...,dy_1) with
0<di<e—1lifieJ,and1<d; < ifigl.

Now choose a lift 6; : L — E of o; for each i € {0,..., f — 1} and a subset J C {0 :
L — E} such that
e 6; € J if and only if i € J, and
e {0 € J : o isalift of 0;} has cardinality ¢ —d;.
Choose also a crystalline character x; : G — E* lifting x; whose Hodge—Tate module
V1 has o-labelled weights
el ifo ¢Jando €{6; :i=0,..., f—1};
e0,ifoeJando ¢{6; :i=0,..., f—1};
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emi+n;+1,ifoc =6; € J;

e m;, ifo :&i eJ.

That such a crystalline character exists follows for example from Lubin—Tate theory,
or from [10, Proposition B.3]; moreover, such a character is unique up to an unramified
twist with trivial reduction. Similarly, let 2 : Gp — E* be a lift of xo whose Hodge—Tate
module V; has o-labelled weights

00, ifo ¢Jando ¢{6; :i=0,..., f—1};

el ifoeJando ¢{6; :i=0,..., f—1}

e m;, if o 25,' ¢J;

emi+n;+1,ifoc=6;€J.

Note that Vi @ V; is a Hodge-Tate module lifting u.

We let Leris, £(X1, X2) denote the subspace of EXt}g[GL]()?h X2) corresponding to the
set of extensions which are crystalline. We let Lis o, (X1, X2) denote the preimage
of Leris, (X1, X2) in EXté’)E[GL](X]’ x2), and let Lerisk; (X1, X2) denote the image of
Leris, 05 (X1, X2) in Ext,iE[GLl(Xl, x2). Thus Leris iz (X1, X2) consists of the set of extensions

arising as reductions of crystalline representations of the form <)(()2 ¥ )

X1
Recall that we have defined a partition of W into subsets W, indexed by f-tuples
(ap, ai, ...,ar—1) with 0 < a; < € for all i (Proposition 3.8). Our main result comparing

reductions of crystalline and potentially Barsotti-Tate extensions is the following.

Theorem 4.7. If u € W,, then
Leriskp (X15 X2) = L(X1, X25 Ta)-

Remark 4.8. Note in particular that not only is Leris k- (X1, X2) independent of the weight
u € W,, but also of the various choices of lifts 6;, J, x1, and 2.

Next, we state the main result on the possible forms of Wexpi(p). Recall that the
partition of W into the W, extends to a partition of Wexp1(p*°) into subsets W, defined in

§3.2. To treat the case that p is equivalent to a representation of the form x| ® (8 *>,

recall that such a representation is trés ramifiée if the splitting field of its projective
image is not of the form L(otll/p, ...,asl/p) for some ay, ..., a5 € OZ.

Theorem 4.9. We have
Wexpl(ﬁ) = ]_[ Wg;

a<<amax
for some a™* € A depending on p, unless p is treés ramifiée, in which case Wexp1(0) =

-1 .
{tmn}, where x111, =TTy o' andn=(p—1,....p—1).

Remark 4.10. It will also be clear from the proof that, given any pair of characters xi,
X2 such that x| @ x» is generic, every element of A arises as a™®* for some peu ramifiée
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extension of x| by x2. The theorem therefore completely determines the possible values
of Wexpi(p) for generic p. As indicated in the footnote after Definition 3.5, we expect a
similar description to be valid under hypotheses weaker than genericity, but not in full
generality; see § 5.

4.3. The proofs

In this section, we will prove Theorems 4.5, 4.7, and 4.9, but first we note the following
lemma.

Lemma 4.11. Suppose thatp : Gr — GLa(kg) is as in Theorem 4.4 with plg, = (%2 ;: ),
1

and that T is a principal series type. If W2 (p) contains a Jordan—Holder factor of 0,
then the extension defined by plg, is in L(x1, X2, T).

Proof. By [5, Proposition 2.10] (stated there only for r =1 and p unramified in F,
but the proof carries over to our setting; see also the proof of [20, Lemma 3.4]), we
have (replacing E by an extension E’ if necessary) that p >~ p, for some cuspidal
holomorphic automorphic representation 7w of GLy(Ag) such that 7y is holomorphic
of weight (2, ...,2) with trivial central character and 7, has K-type 6;. (Note that our
normalisations for the local Langlands correspondence differ from those of [5]; in our
case, I(Y] ® ¥2) corresponds to |- |2y @ ).

Local-global compatibility at v of the Langlands correspondence (see the Corollary
in the introduction to [22]) therefore implies that pr|g, is potentially Barsotti-Tate
with associated Weil-Deligne representation of type t. (Note that, when 7 is scalar,
by definition, 6; is not a twist of the Steinberg representation.) It follows from [21,
Corollary 5.2] that plg, is the generic fibre of a model of type t in the sense
of Definition 2.2, and hence that its associated extension class is in L(x1, x2, 7).
Note furthermore that replacing E by E’ has the effect of replacing L(xi, x2,7) by
L(x1, x2, T) ®k; kg (for example as an application of Theorem 1.11), so the conclusion
holds without having extended scalars. O

Proof of Theorem 4.7. Since j¥; and j» are distinct characters, it follows from [23,
Proposition 1.24(2)] that

dimg Les, £ (71, X2) = dimg (V/Fil°(V)),

where V is the Hodge—Tate module Homg (Vi, V). Note that dimE(V/Filo(V)) is simply
the number of o : L < E such that the o-labelled Hodge—Tate weight of V; is greater
than that of Vi, which is the case if and only if ¢ € J. Therefore

/-1
dimg Leris (71, 52) = [T = ) _ (¢ —dy).
i=0

The genericity hypothesis implies that x; # x2, from which it follows that
Exth[GL](f(l, X2) is torsion free. Therefore Lns o, (X1, X2) is torsion free over Of of
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rank dimg Leris, £(X1, X2), and it follows that
f—1
dimg, Leris i (1, %2) = Y _(¢' —di).
i=0

By Proposition 3.8(3) and Theorem 3.12(1), this is the same as the dimension of
L(x1, x2, Ta), so it suffices to prove that

Leris ke (X1, X2) S L(x1, X2, Ta)-

Moreover, since these subspaces of Ext}cE[GL]( X1, x2) are well behaved under extension of
scalars, we may enlarge E in order to prove the inclusion.

Suppose now that we are given a representation g : G — GlLy(kg) giving rise to an
extension class in Leris 4z (X1, x2)- By [16, Corollary A.3], we have that ¢ ~ p|g, for some
totally real field F, representation p : G — GLy(kg), and embedding F < L such that
Theorem 4.4 applies (enlarging E if necessary). Since u € Wexp1(0), Theorem 4.4 implies
that u € W7 ,(p), and hence Lemma 4.11 implies that the extension defined by ¢ is in
L(x1, X2, Ta)- O

Proof of Theorem 4.9. From Theorem 4.7, Remark 4.8, and the definitions of Wexp1(0)
and Leris kz (X1, X2), we see that, if u € W,, then u € Wexp1(0) if and only if the extension
class associated to p is in L(x1, x2, Ta). Let A5 denote the set of a € A for which this
holds, so that

Wespt @) N W = [ [ Wa.

aeAﬁ

By Theorem 3.12(1), we have dimg, L(x1, X2, T
the same as the dimension of

0) =€ f. If xo # x1€, then this is

.....

Ext}, 1,100, x2) =~ H'(GL, %7 ' x2).

so we have that (0,...,0) € A, and in particular Az is nonempty. In the case that
X2 = X1€, we have the isomorphism

EthlcE[GL](Xls x2) =~ L* /(L) kg

of Kummer theory. Note that the genericity hypothesis implies that ¢, & L, so these
spaces have dimension ¢’ f + 1. The subspace O; /(O[)? @ kg has dimension ¢’ f, and

,,,,,

Proposition 8.2] (or more precisely the analogous statement with L in place of Q,, which
follows by the same proof). Therefore L(x1, x2, 7(,..,0)) corresponds to O /(O[)P ® kg,
and (0,...,0) € A5 if and only if p is not tres ramifiée.

Suppose now that p is not trés ramifiée. In particular, Az is nonempty and
Theorem 3.12(2) implies that

[ LG x2ta) = LG, x2, Tanw),

(lGAﬁ
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where @™ = maxgea;{a;}. Moreover, a € Az if and only a < a™,

Wepi@)NW =[] Wa.

aLamax

SO

On the other hand, if p is tres ramifiée, then we see that Wexp1(0) "W = @.

To complete the proof of the theorem, we must treat the two possible additional weights
' (J, d) arising when x; ' x2l1, =€l

Note that the dimension calculations at the beginning of the proof of Theorem 4.7
apply equally with n = (0,...,0) replaced by n = (p—1,..., p—1). In the case when
Xil, = x2€l;,, J =@, and d = (¢, ..., €), this gives Leris k; (X1, X2) = {0}, so that

W, d) € Wepi(p) < psplits < w(J,d) € Wexpi (D).
In the case when 2|7, = xi1€l;,, J =1{0,..., f—1},and d = (0, ..., 0), we find that
dimy, Lesis kp (X1, X2) = €' f,
and we must show that u'(J, d) € Wexpi(P). If x1 # x2€, then this holds since

Lerisp (1, %2) = Ext 16, (X1, X2)-

If x1 = x2€, then we must show that every class in

Exty (g, 1(X1. x2) = H' (G, kg (8))

is in the codimension one subspace Lcsis (X1, X2) for some choice of lifts x;, x2 as in
§4.2 with n=(p—1,..., p—1), enlarging E if necessary. This follows by exactly the
same proof as that of [18, Proposition 5.2.9]. O

Proof of Theorem 4.5. We must show that, if u € W NW? ,(0), then u € Wexp1(PlG,)-
Suppose first that u € W, for some a € A. By Lemma 4.11, we have that the extension
class associated to plg, is in L(x1, X2, Ta), hence in Leris kz (X1, X2) by Theorem 4.7, and
therefore in Wexp1(0lG,)-

Now we must deal with the two exceptional weights. If x2|;, = x1€l,, then Theorem 4.9
implies that u'(J, d) € Wexpi(plG,), where J = {0, ..., f —1} and d = (0, ..., 0). Finally,
suppose that xi|;, = x2€l;, and that p/(J,d) € Wooa(®), where J =g and d = (p —
1,..., p—1). In this case, the same argument as in the proof of Lemma 4.11 shows that
0 =~ p, for some cuspidal holomorphic automorphic representation 7 of GLy(Af) such
that 7w is holomorphic of weight (2, ..., 2) with trivial central character and ¥ ® 7, has a
vector invariant under Ug(v), where ¥ = [x2]~! odet and [x2] denotes the Teichmiiller lift
of y». Therefore ¥ ® m, is either an unramified principal series, or an unramified twist
of the Steinberg representation. If ¢ ® m, is unramified, then in fact p is modular of
weight w(J,d), so it follows from the cases already proved that u(J,d) € Wexpi(plG,),
and hence ©'(J,d) € Wexp1(Plg,) by Theorem 4.9. (In fact we see from the proof of
Theorem 4.9 that in this case plg, is split.) If ¥ ® m, is an unramified twist of the
Steinberg representation, then local-global compatibility at v gives that pr|g, is an

. . . € * . .
unramified twist of a representation of the form [x2] ® (O 1). Since x1lr, # x2li, it

follows that plg, is split, and hence that u'(J, d) € Wexp1(PlG,) in this case as well. [
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5. A remark on the genericity hypothesis

In this section, we show that the genericity hypothesis on p is, in general, necessary in
order for our arguments in the proof of Theorem A to go through. That is, we give an
example of a field L, characters xi, x2 : G — F;, and a weight u such that the subset
Lyis € HI(GL,F[,(XZXI_I)) corresponding to the representations p with u € Wexp(0)
is not equal to the space L(xi, x2, ) for any principal series type t such that u is a
Jordan—Hélder constituent of 5.

Let L = sz be the unramified quadratic extension of Q,, so f =2 and ¢ = 1. Take

x1 to be trivial, and x» = x to be any extension to G of a)g*]a)ll’, where b € [1, p —2]
is an integer. Observe that the weight w,, , with

m=(p—1,b—-1), n=((p-1,p—->b—-1)

lies in Wexp1 (™). One checks that J = {0} is the only subset J C {0, 1} such that

nwlr_nieri Ha)lmi+ni+di =1

ieJ igJ
with d; = 0if i € J and d; = 1 otherwise. It follows as in the proof of Theorem 4.7 that
dimy, Leris kg (X1, X2) = (1—=1)4+ (1 —=0) = 1, where x; and X» are defined as in §2.2. By
[8, Remark 7.13], the spaces Leris ks (X1, X2) are independent of the choice of X1, X2, so
in fact dimy, Leris = 1.

On the other hand, one checks (e.g. from [11, Proposition 1.1]) that there is exactly

one principal series type T such that u is a Jordan-Holder constituent of 8, namely

~ P2 p—1 b4
T>w, 0 Do,

-1 b1

o] .

The weight w,y ,» with m’=(0,0) and n'=(p—2,b—1) is also a Jordan—Holder
constituent of 6, as well as an element of Wexpi(p™); moreover, the space Leris iy (X1» X5)
corresponding to p, , has dimension 2, and hence is equal to ExtliE[GL](Xl, x2). As in
thelproof of Theorem 4.7, we héve that Leris kz (X1, X3) S L(x1, x2, 7), 50 L(x1, x2, 7) =
EthE[GL](Xl’ X2) properly contains Lcyig-

We remark however that in the case when f =2 and ¢ =1, Corollary 5.13 and
Theorem 7.12 of [8] yield a partition of Wexpi(0®) into subsets W, for a € {0, 1} such
that Theorem 4.9 holds even without the genericity hypothesis. Indeed, in the example
above (with X1_1X2|1L = a)g_lwll’ for some b € [1, p—2]), one even has that each W, is a
singleton exactly as in the generic case. On the other hand, if X1_1X2|IL = a)? for some
b € [1, p — 1], then one of the two subsets W, with ap+a; = 1 must be empty, while the
other has cardinality 2.
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