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We prove a large deviation principle for the slow-fast rough differential equations
(RDEs) under the controlled rough path (RP) framework. The driver RPs are lifted
from the mixed fractional Brownian motion (FBM) with Hurst parameter

H € (1/3,1/2). Our approach is based on the continuity of the solution mapping and
the variational framework for mixed FBM. By utilizing the variational representation,
our problem is transformed into a qualitative property of the controlled system. In
particular, the fast RDE coincides with It6 stochastic differential equation (SDE)
almost surely, which possesses a unique invariant probability measure with frozen
slow component. We then demonstrate the weak convergence of the controlled slow
component by averaging with respect to the invariant measure of the fast equation
and exploiting the continuity of the solution mapping.
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1. Introduction

The topic of this article is to studying the slow-fast rough differential equation
(abbreviated by RDE) in time interval [0, 7] under the controlled rough path (RP)
framework as follows:

X0 = Xo+ [y f1(XE0,YE0)ds + [} e (XS%)dBH,

1.1
VPP = Yo+ L[] fo(X20,YE0)ds + 7 iy 02(XE0, YE0)dW,. (L.1)
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Here, the RP (BH, W) is lifted from the mixed fractional Brownian motion (FBM)
(b, w) with Hurst parameter H € (3, 1), and (B#, W) is a-Holder RP with 1/3 <
a < H.Two small parameters € and ¢ satisfy the condition that 0 < § = o(e) < & <
1. X% is the slow component and Y= is the fast component with the (arbitrary
but deterministic) initial data (X5°,Y°) = (Xo, Yo) € R™ x R™. The coefficients
fi : R™ xR - R™, fo : R™ x R* — R”, 01 : R™ — R™*% and gy : R™ x
R™ — R™*€ are non-linear regular enough functions, which assumed to satisfy some
suitable conditions in §3. Such a slow-fast model has been applied in many real-
world fields, for example, typical examples could be found in climate-weather (see
[25]), biological field, and so on [27]. The dynamical behaviour for slow-fast model
is an active research area, see for instance, the monographs [35] and references [4,
20, 38] therein for a comprehensive overview.

As a generalization of the standard Wiener process (H = 1/2), the FBM is self-
similar and possesses long-range dependence, which has become widely popular
for applications [2, 10, 39]. Its Hurst parameter H could depict the roughness of
the sample paths, with a lower value leading to a rougher motion [34]. Especially,
the case of H < 1/2 seems rather troublesome to be handled with the conventional
stochastic techniques. To get over the hump that is caused by rougher sample paths
for H < 1/2, our model is within the RP setting. The so-called RP theory does
not require martingale theory, Markovian property, or filtration theory. This also
determines the de-randomization when being applied in the stochastic situation, so
it can provide a new prescription to FBM problems. The RP theory was originally
proposed by Terry Lyons in 1998 [31, 32] and has sparked tremendous interest from
the fields of probability [21, 22] and applied mathematics [19, 30] after 2010. Briefly,
the main idea of RP theory states that it not only considers the path itself but also
considers the iterated integral of the path, so that the continuity of the solution
mapping could be ensured. This continuity property of the solution mapping is the
core of RP theory. Until now, there have been three formalisms to RP theory [16, 19,
32] and we adopt that one of them, which is so-called controlled RP theory [16]. By
resorting to the controlled RP framework, the slow-fast RDE (1.1) under suitable
conditions admits a unique (pathwise) solution (X%, Y=?) ¢ ¢#~hd([0, T],R™) x
C([0,T],R™) with 1/3 < 8 < a < H, which will be precisely stated in §3. Here,
CA=hd([0, T],R™) and C ([0, T],R") are the B-Holder continuous path space and
the continuous path space, respectively.

In accordance with the averaging principle, as § — 0, X% is well approximated
by an effective dynamics X which is defined as following,

dX, = fi (X) dt (1.2)
Xo =X e R™, '

with f1(z) = [pn f1(z,y)u*(dy) for x € R™. Here, p* is a unique invariant prob-
ability measure of the fast component with the ‘frozen’-z. The precise proof is a
small extension of [23, theorem 2.1].

However, the small parameter § cannot be zero and when it is small enough,
the trajectory of the slow component would stay in a small neighbourhood of
X. The large deviation principle (LDP) could describe the extent to which the
slow component deviates from the average component exponentially, which is
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more accurate. As a result, the main objective of this work is to prove a LDP
for the slow component X*° of the above RDE (1.1). The family X®* is called to
satisfy a LDP on C#~24([0, T],R™) (1/3 < B8 < a < H) with a good rate function
I:CA~M4([0, T],R™) — [0, 0] if the following two conditions hold:

e For each closed subset F' of C#~14([0, T],R™),

limsupelogP(X*° € F) < — inf I(x).
e—0 zeF

e For each open subset G of CA~1d([0, T], R™),

.. )8 S '
hrgg(r)lfslogIP’(X €qG) > mlI&_lg I(x)

This will be stated in our main result (theorem 3.7) and the definition of I will
also be given there.

The LDP for stochastic dynamical systems was pioneered by Freidlin and
Wentzell [42], which has inspired much of the subsequent substantial development
[8, 13, 37, 40]. Up to date, there have been several different approaches to studying
LDP for the stochastic slow-fast system, such as the weak convergence method [6,
12, 41], the PDE theory [1], non-linear semigroups, and viscosity solution theory
[14, 15]. It is remarkable that the weak convergence method, which was founded
on the variational representation for the non-negative functional of BM [3], has
been extensively utilized in the LDP of the slow-fast systems with BM. As well as
this, the weak convergence method is powerful for solving LDP problems in FBM
situations [7, 24] with H > 1/2.

Nevertheless, it is a priori not clear if the LDP for slow-fast RDE (1.1) holds
and the aforementioned methods are not sufficient to answer this question. For the
single-time scale RDE, the RP theory is proven efficient in the LDP problems by
using the exponentially good approximations of Gaussian processes [18, 28, 33].
However, due to hinging on the fast equation, this exponentially good approxima-
tion method is invalidated in our slow-fast case. In response to this challenge, new
approach has to be developed. Our work is to adopt the variational framework to
solve the LDP for the slow-fast RDE. The technical core of the proof is the continu-
ity of the solution mapping and the weak convergence method, which is based on the
variational representation of mixed FBM. Here, we remark some differences between
our work and [23, 24]. (1) Different from the LDP for slow-fast system under FBM
(H € (1/2,1)) [24], this work is under controlled RP framework, which causes more
difficulties. Before applying the variational representation, we firstly need to prove
that the translation of mixed FBM in the direction of Cameron—Martin components
can be lifted to RP. (2) Even though the Khasminskii’s averaging principle is proved
efficient under controlled RP framework [23], due to the extra RP term related to
the control, it is more difficult to apply this technique in the weak convergence
approach. To deal with this problem, we used the continuity of the solution map-
ping, continuous mapping theorem, and the invariant measure of the fast equation
with frozen slow component.

Before stating outline of our proof, two important results are needed. The first
one is that for each 0 < §,e < 1, Y59 coincides with the Ité SDE almost surely

https://doi.org/10.1017/prm.2025.4 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.4

4 X. Yang and Y. Xu

and it possesses a unique invariant probability measure with frozen slow component
[23, proposition 4.7]. The second result is that the translation of mixed FBM in the
direction of Cameron—Martin components can be lifted to RP, which will be proved
in §2. Then, we give the outline of our proof. Firstly, based on the variational repre-
sentation formula for a standard BM [5], the variational representation formula for
mixed RP is given. Then, the LDP problem could be transformed into weak con-
vergence of the controlled slow RDE. It is a key ingredient in the weak convergence
to average out the controlled fast component. Then, we show that the controlled
fast component could be replaced by the fast component without controlled term
in the limit by the condition that 6 = o(e). Finally, we derive the weak convergence
of the controlled slow component by exploiting the exponential ergodicity of the
auxiliary fast component without control, continuity of the solution mapping, the
continuous mapping theorem, and so on.

We now give the outline of this article. In §2, we introduce some notation and
preliminaries. In §3, we give assumptions and the statement of our main result.
Section 4 is devoted to a-priori estimates. In §5, the proof of our main result is
achieved. Throughout this article, ¢, C, ¢1, C1, ... denote certain positive constants
that may vary from line to line. N = {1,2,...} and time horizon T > 0.

2. Notations and preliminaries

2.1. Notations

Firstly, we introduce the notations which will be used throughout the article. Let
[a,b] C [0,T] and Ay = {(s,1) € R*|a < s < ¢ < b}. We write Ag simply when
[a,b] = [0, T]. Denote V be the standard gradient on a Euclidean space. Throughout
this section, V and W are Euclidean spaces.

e (Continuous space) Denote C([a,b],V) by the space of continuous func-
tions ¢ : [a,b] — V with the norm [|¢[lec = sup,¢(q [0| < 0o, which is a
Banach space. The set of continuous functions starts from 0 is denoted by
CO([a’ b]’ V)

¢ (Holder continuous space and variation space) For 7 € (0,1], denote
C"~hd([a, b],V) by the space of n-Holder continuous functions ¢ : [a,b] — V,
equipped with the semi-norm

Il —hid.ap) i=  Sup loe = sl < 0.
a<s<t<b (t - 5)77

The Banach norm in C"""4([a, 8], V) is |@alv + |©/ly—nhid,(a,6]-

For 1 < D < 0o, denote CP™V ([a,b], V) =
{p € C([a,b, V) : ||¢|lp-var < o0} where ||¢|p-var is the usual p-variation
semi-norm. The set of n-Holder continuous functions starts from 0 is
denoted by ™ ([a, b], V). The space CZ* ([a, ], V) is defined in a similar
way.
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For a continuous map ¢ : Ay, 5 — V, we set

||¢||n—h1d,[a,b] = sup M
a<s<t<b (t - 8)”
We denote the set of above such ¢ of [|9[|,—nid,ja,5) < 00 by €5 "% ([a, ], V).
It is a Banach space equipped with the norm |¢[|;,_p1a,[a,s)- For simplicity,

set [|9]lp—ma := [¥ll g—n1a,0,17-

e (H* space) H* = H*([0,T],V) is the space that for all ¢ €
Co~hld(]0, T, V), equipped with the norm
lim  sup Lt — d);' =0
=0+ |1_s|<s (tfs)
0<s<t<T

The space H® is a separable Banach space. Moreover, H® =
U,so Clatr)=hld with the closure being taken in the norm || - ||o—na and
H< is continuously embedded in C*~1d([0,T], V) [9].

¢ (Sobolev space) For ¢ : [a,b] = V and ¢ € (0,1) and p € (1, 0), we define
the Sobolev space WP ([a,b],V) equipped with the following norm:

1/p
|¢ — ¢s P
Il wop = 6l o + (//{ . ttslwpdsdt <oco.  (21)

Moreover, when ' = § — 1/p > 0, we have the continuous imbedding that
WoP([a,b],V) C €7 ~1([a,b], V) [17, theorem 2].

e (C* norm and C} norm) Let U C V be an open set. For k € N, denote
C*(U, W) by the set of C*-functions from U to W. CF (U, W) stands the set
of C*-bounded functions whose derivatives up to order k— are also bounded.
The space CF(U,W) is a Banach space equipped with the norm HcpHCl;f =

o [ Viglleo < 0.

e L(W,V) denotes the set of bounded linear maps from W to V. We set
LV, LYV, W) =2 LAV x VW) = L(V @ V,W) where L (V x V,W) is
the vector space of bounded bilinear maps from V x V to W.

e (Young integral) If p,q > 1 with % + % > 1, k € CT7V ([a,b], LW, V))
and [ € CP~V ([a, b], W), then given the partition P := {t;}N, with tq =
a,ty = b and the mesh |P| := max;—1 ... n |t; — t;—1], the Young integral

b N
[t = i, 3 by (= )
is well-defined.

2.2. Mixed fractional Brownian motion

This subsection features a brief overview of the mixed FBM of Hurst parameter H,
and only focuses on the case that H € (1/3,1/2).
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Consider the R%valued continuous stochastic process (bi )telo, 1) starting from 0
as following;:

H1 ,H2 H,d
be:(bt ,bt a“-vbt )

The above (bf)te[o,T] is said to be an FBM if it is a centred Gaussian process,
satisfying that

E[bf b = % [ 42—t — PP x I, (0<s<t<T),

where I stands the identity matrix in R?*?. Then, it is easy to see that
E[(bff —bF)?] =t —s|* xIs, (0<s<t<T).

From the Kolmogorov’s continuity criterion, the trajectories of b are of H "_Holder
continuous (H' € (0,H)) and |1/H| < p < |1/H] + 1-variation almost surely. The
reproducing kernel Hilbert space of the FBM b is denoted by H»¢. Each element
g € HTd is H'-Holder continuous and of finite (H + 1/2)"! < ¢ < 2-variation,
moreover, HH? < T2 (compact embedding) [21, proposition 3.4].

Then, we consider the R®-valued standard BM (w¢)¢eo,77

wy = (w},w},. .., wf).

The reproducing kernel Hilbert space for (w)e(o,7], denoted by ”H%’e, which is
defined as follows,

t
H%ﬁ::{keGKMImRﬂ|kp:/)%dﬁmwe[QThthMFl
0 H2¢

T
::/|m@ﬁ<m}
0

In the following, we denote the R4*¢-valued mixed FBM by (b, w;)o<i<r. It is
not too difficult to see that (b7, w) has H -Holder continuous (H' € (0, H)) and
|1/H| < p < |1/H]|+ 1-variation trajectories almost surely. Let H := HH4 @ Hie
be the Cameron—Martin subspace related to (b, w;)o<i<. Then, (¢,1) € H is of
finite g-variation with (H +1/2)7! < ¢ < 2.

For N € N, we define

1 1
S = {00 € 1 JI0 0B i= 510 + W12y ) < ).
H2

The ball Sy is a compact Polish space under the weak topology of .

The complete probability space (2, F,P) supports b7 and w exists indepen-
dently, where Q = Cy ([(),T],]R‘”e)7 P is the unique probability measure on 2
and F = B (Co ([0,T],R%*¢)) is the P-completion of the Borel o-field. Then,
we consider the canonical filtration given by {F :¢€[0,T]}, where Fff =
o {(b¥,wy): 0< s <t} VAN and N is the set of the P-negligible events.
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We denote the set of all R9T¢-valued processes (¢, Vt)eefo,r) on (2, F,P) by AN
for N € N and let A, = UnenAY. Since each (¢,1) € AY is a random variable
taking values in the compact ball Sy, the family {Po (¢,9)71 : (¢,¢) € AN} of
probability measures is tight automatically. Due to Girsanov’s formula, for every
(¢,v) € Ay, the law of (b + ¢, w + 1)) is mutually absolutely continuous to that
of (b, w). In the following, we recall the variational representation formula for the
mixed FBM, whose precise proof refers to [24, proposition 2.3].

PROPOSITION 2.1. Let o € (0, H). For a bounded Borel measurable function ® :
Q — R,

—log Efexp(~2(b", w))] = (¢71ibr)1£Ab1E[‘1>(bH +o,w+9) + %II(QM})II?A- (2.2)

2.3. Rough path

In this subsection, we introduce RP and some explanations which will be utilized
in our main proof. In the all following sections, we assume |1/H| <p < [1/H|+1
and (H +1/2)7! < ¢ < 2 such that 1/p+1/q > 1, where |-] stands for the integer
part. For example, we take 1/p = H — 2k and 1/q = H + 1/2 — k with small
parameter 0 < k < H/2.

Now, we give the definition of the RP.

DEFINITION 2.2 ([16], Section 2). A continuous map
E=(1,2,2%): A= T*(V)=RaVaV®?,

is said to be a V-valued RP of roughness 2 if it satisfies the following conditions,
(Condition A): For any s < u < t, Z5; = 5, ® E,,; where ® stands for the
tensor product.
(Condition B): ||Z!||,_pa < o0 and [|Z2||20—n1a < 0o.

Obviously, the 0-th element 1 is omitted and we denote the RP by Z = (Z!,22).

The (Condition A) is also called Chen’s identity. Below, we set ||Z|,_q =

IZ|a—n1a + |\E2||;(/12_hld. The set of all V-valued RPs with 1/3 < a < 1/2 is

denoted by Q, (V). Equipped with the a-Holder distance, it is a complete space. It
is easy to verify that Q,(V) C Qs(V) for & < 8 < a < 3. For two different RPs
== (E4,2?%) € Q(V) and = = (2, 2?) € Q,(V), we denote the distance between
them by pg (*, ) which is defined as following:

pa(E,2) = |[E' = Z'[la-ma + [I2* — Z*||20—nia-
Next, we introduce the control function, which will be used in proposition 2.6.
DEFINITION 2.3 ([32], Page 16). Let [0,T] be a finite interval and let Ap denote the

simplez {(s,t) : 0 < s <t < T}. A control function w is a non-negative continuous
function on A which is super-additive, namely
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w(s, t) + w(t,u) < w(s,u)
for all0 < s <t <u< T and for which w(t,t) =0 for all t € [0,T).

Next, we give some explanations for RP which will be used in this work. Firstly,
we show that the mixed FBM can be lifted to RP, whose precise proof is a minor
modification of [43, proposition 2.2] by subtracting a term %Ie (t—s) where I, stands
the identity matrix in R®*€.

REMARK 2.4. Let (b, w)T € R4+ with H € (1/3,1/2) be the mixed FBM and
a € (0, H). Then (b, w) can be lifted to RP (BH, W) = ((BH,W)',(BH,W)?) €
Qo (RI*¢) with

T B2 I[by, wls
(B W)k = (0l wa)™ (B Wy = k) 2
IHw,bplse W2
Here, (B!, BH#:2) € Q,(RY) is a canonical geometric RPs associated with FBM
and (W1, W?2) € Q,(R?) is a Ito-type Brownian RP. Moreover,

t
I[bH,w]sté/ b @ dlw,, (2.4)

t
Tw, b7 ) 2wy @ b — / d'w, @ b, (2.5)
where f ... d'w stands for the It6 integral.

Moreover, according to the [23, lemma 4.6], for o < a, E [”AHZ/} < 00 holds for

every g € [1,00). Then, we turn to the observation that u € H¢ can be lifted to
RP.

REMARK 2.5. Let H € (1/3,1/2) and « € (0, H). The elements u € H¢ can be
lifted to RP U = (U, U?) € 0, (R%) with

¢
Usl,t = Us ¢, Uit :/ Us,r AUy (2.6)
S

where U? is well-defined in the variation setting. Moreover, U = (U,U?) is a
locally Lipschitz continuous mapping from H74 to Q, (R9).

Proof. Recall that u € HH:? is of finite (H + 1/2)~! < ¢ < 2-variation and % > 1.

Then, U? is well-defined as a Young integral. Then, by applying the fact that
u € H4 is a-Holder continuous, the proof is completed. O

Similarly, we can show that the elements v € ’H%’e can be lifted to RP V =
(VHV?) € Q,(R®) with

t
1 _ 2
‘/S7t = Us.,t, Vs7t —/ U57TdUT
s

where V2 is well-defined since v is differentiable.
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Next, we will show that the translation of mixed FBM in the direction h :=
(u,v) € H can be lifted to RP.

REMARK 2.6. Let (b + u,w + v) be the translation of (b, w)T € Réte with
H € (1/3,1/2) in the direction h := (u,v) € H and a € (0, H). Then, (b" +u, w+v)
can be lifted to RP Th (B, W) = (T™Y(B?, W), T"2(BHE ,W)) € Q,(R4*¢), which
is defined as following:

T (B, W) = (b + w,w + 0).,

T/ (BR,W)
B2 4 1o u] + Iu, b7 + U? I, w]+ I[bg,v] + Iu, w] + Iu, v]
Tw, by + Iw,u] + Iv,by] + Iv,u] W2+ Iw,v] + I[v,w] + V? »

B ( " )+ Ifu, b9+ U2 Ibg, o] + Ifu,w] + I[u, 0] > .
Iw,u] + Iv,bg] + Iv,u]  T[w,v] + Iv,w] + V? o

(2.7)
Here, the second term in (2.7) is well-defined in the variation setting.

Proof. Tt is obvious that T"!(BH W) is a translation of mixed FBM in the direc-
tion h := (u,v) € H and it is a-Holder continuous. So we mainly prove that the
second level path T2(BH W) is also well-defined. From remarks 2.4 and 2.5, we
have shown that (B ,W)2, U? and V? are well-defined. Hence, we are in the
position to estimate the remaining terms.

Firstly, we will prove that I[b¥, u] is well-defined as a Young integral. Recall that
the trajectories of b are of p-variation almost surely for [1/H| <p < [1/H] +1
and u € H74 is of finite (H + 1/2)"! < ¢ < 2-variation. Since %+$ > 1,
f : bgrdur is well-defined in the Young integral. Then, we will show that it is 2a-
Holder continuous. According to [17, theorem 2] and definition 2.3, we have that
b# can be dominated by the function wj(s,t) = ||bH||1/ HH)thd(t
small 0 < k < H. Similarly, the elements u is dommated by the control function
wa(s,t) = [lullf 52— 5)™ for (H +1/2)7! < ¢ < 2 in the sense of [32, p. 16].
The control function has following super-additivity properties: for ¢ = 1,2,

s) for any

wi(s,r) +wi(r,t) Sw(s,t)with 0 < s <r <t < T. (2.8)

Let Js ¢ = b (u; — us). Then, for s < r < ¢, we have

Jsp+drs —Jsi = bE(up —ug) + b8 (uy — uy) — b (uy — uy)
(bf" = b)) (us — us).

After that, we take a partition P = {s =tg < t1 < ... <ty =t} and denote
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By taking direct computation and using (2.8), we obtain
‘Jsﬂf(,P) - J&,t(P\{tz}” |Jti717ti =+ JtivtiJrl — Jtiflvti+1|
|(bg _/ b571)(uti+1 _/ut¢)|
1 1
C{w, p(tz‘—l,ti+1)w2 q(ti_l,ti+1)}

(2)77T 01 (5 b 15, 1),

INCININ N

Then, by iterating the above procedure again, we have

N
S (25) P (s, b s, )

|Js,t(P) — Jsil <
< 2YPHYAC(L/p 4+ 1/q)wy P (s, twy (s, 1)
1 H—k o
< 2Vrrag(1/p+ 1/g) b7 | ) s o (= )7
< C2VPHaC(1/p + 1/g)(t — 5)* P,

where ( is the Zeta function. Since o + 1/p > 2a, we verify that the second level
path fst bg,,du,, is 2a-Holder continuous.
Next, by taking similar estimations as above, we can obtain that the other

remaining terms are also well-defined in the Young sense and of 2a-Holder
continuous.

Moreover, we could verify that Th(BH W) = (T"Y(BH, W), T"*(BH,W))
satisfies (Condition A) in definition 2.2 by some direct computations. Then
we have T"(BH W) = (T"Y(BH, W), Th2(BH,W)) € Q,(R¥*¢). The proof is
completed. O

Next, we introduce the controlled RP. Firstly, we recall the definition of controlled
RP with respect to the reference RP = = (El, Ez) € Q. (V). It says that (Y, YT, Y#)
is a W-valued controlled RP with respect to Z = (2',2%) € Qq(V) if it satisfies
the following conditions:

Y, =Y, =YJEL, + RY,, (s,t) € DNy

s —'s s,t)

and
(Y, YT,RY) € co™"([a,b], W) x C*™4([a,b], LV, W)) x C3*™([a,b], W).

Let Q2([a,b], W) stand for the set of all above controlled RPs. Denote the semi-
norm of controlled RP (Y, Y, RY) € Q2([a,b], W) by

I (v, YT,RY) log fab) = 1Y Tl aznid a5 + IR ll20—n1d,[a0)-
The controlled RP space Q%([a,b], W) is a Banach space equipped with the norm

Yalw + 1Y Lo om + 1Y, YT, RY) | g 4.0 In the following, (Y, YT, RY) is replaced
by (Y,YT) for simplicity.
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Large deviation principle for slow-fast rough differential equations 11

For two different controlled RPs (Y,YT) € Q2([a,b,W) and (YV,YT) ¢
Q2 ([a,b], W), we set their distance as follows,

def

d 7204(}/’ YT?Y/’Y/T) HYT - ?TH + ||RY - Rf/||2a7hld'

(1t

a—hld

)

In the following, we show that the integration of controlled RP against RP is
again a controlled RP, whose precise proof refers to [23, proposition 3.2].

REMARK 2.7. Let 1/3 < a < 1/2 and [a,b] C [0,T]. For a RP E = (E',2?) €
Qa(V) and controlled RP (Y,YT) € Q2([a,b], L(V,W)), we have ([, Y,d=,,Y) €
Qz([a, 0], W).

We now turn to the stability estimate of the solution map to the RDE with a
drift term.

PROPOSITION 2.8. Let £ € W and E = (B4, E22) € Qo (V) with 1/3 < a < 1/2.

Assume (¥;0(0)) € Qé([O,T],W) with 1/3 < f < o < 1/2 be the (unique) solution
to the following RDE

AV = f(U,)dt + o(V,)d=,, T =& eW. (2.9)

Here, fis globally bounded and Lipschitz continuous function and o € C. Similarly,
let (U;0(0)) € Q2([0,T), W) with initial value (£,0(€)). Assume

1= —p1a » <M < .

Hmafhld

Then, we have the (local) Lipschitz estimates as following:

Az 226(W, (V) U, 0(8)) < Car (1€~ €] + pa(E,9)) (2.10)

[

and

19 = Flls-ma < Cur (1€~ €+ palE.9)) (211)

Here, Cpy = C(M, v, 8, Ly, ||a||cg,) > 0.

Proof. This proposition is a minor modification of [16, theorem 8.5] with the drift
term, and its proof is in Appendix A. O

3. Assumptions and statement of our main result

In this section, we give necessary assumptions and the statement of our main LDP
result. In the all following sections, we set 1/3 < 8 < a < H < 1/2.
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12 X. Yang and Y. Xu
We write Z59 = (X%°,Y=?). Then, the precise definition of slow-fast RDE (1.1)

can be rewritten as following:

Z° = Zo+ [y Fes(Z25%)ds + [} e 5(220)d(e(BT,W),),

3.1
(70 = 557, (31

with ¢ € [0, T] and the initial value Zy = (X, Yp) and

B fi(z,y) | o1(z) 0
F.s5(z,y) = ( 51 fo(.) > , Zes(z,y) = ( O (55)_1/202(x,y) > .

Here, ¢(BH, W) = (Ve(BE, W)l e(BE, W)?) € Q,(R¥*¢) is the dilation of
(BT, W) = (BE, W), (BH,W)?) € Q,(R¥*¢), which is defined in (2.3). Then,

(Z59 (Zz=9Y) € Qf(BH W)([a, b, R™*") with 1/3 < 8 < a < H is a controlled RP,

where the Gubinelli derivative (25’5)T is defined as following:
T o1 (LL') 0]
75 =2 5(z,y) = :
(279) = e s(2,0) ( SN S )

To ensure the existence and uniqueness of solutions to the RDE (3.1), we impose
the following conditions.

Al. o € Cg
A2. There exists a constant L > 0 such that for any (z1,y1), (z2,y2) € R™ xR",

|f1 (1, 91) = f1 (w2, y2) [+ f2 (21, 91) — f2 (T2, 92)| < L (Jon — 22| + |y1 — 92[)
and

|f1 (xlayl)| < L

hold.
A3. Assume o4 is of C3. We further assume that there exists a constant L >0
such that for any (x1,y1), (z2,y2) € R™ x R",

o2 (71,y1) — 02 (22,y2)| < L (|21 — 22| + [y1 — v2l),

and that, for any z; € R™,

sup o2 (v1,y1)] < L (1 + |z1])
y1 ER™

hold.
Under above (A1)—-(A3), one can deduce from [23, remark 3.4] that the

RDE (3.1) has a unique local solution. Define 7§ = inf{t > 0||Z5° |> N} for
each N € Nand 75, = limy_, o Tx-

https://doi.org/10.1017/prm.2025.4 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.4

Large deviation principle for slow-fast rough differential equations 13

PROPOSITION 3.1. Suppose assumptions (A1)-(A3). For each 0 < 6, < 1, Y0
satisfies the Ité6 SDE as following:

1/t Lo
Y;/E,ts _ YO + g/ f2 (X§757y'8676) ds + ﬁ/ 09 <X§’67 }/86,5) dI'LUS (32)
0 0

where t € [0,75,).
Proof. For the proof, we refer to [23, proposition 4.7]. O

To prove that there exists a global solution to the RDE (3.1), we assume the
following conditions.

A4. Assume that there exist positive constants C' >0 and 5; > 0 (¢ = 1,2) such
that for any (z,y1), (z,y2) € R™ x R™

2(y1 —y2, fo(z,y1) — fo(,y2)) + |o2(x, 91) —02(93,292)|2 < =By — ?J2|2
(3.3)
and

2(y1, f2 (x,31)) + loa (x, )P < =Ba > + ClaP +C (3.4)
hold.

Meanwhile, it is equivalent between the statement that there exists a global
solution {Zf’é}te[O,T] to the RDE (1.1) and the statement 75, > T.

PROPOSITION 3.2. Suppose assumptions (A1)-(A4). The probability that 75, > T
is zero, moreover,

sup E[||X5’5||g_hld] < o0, 1<p<oo,
0<e,6<1

sup  sup E[[V70)?2] < oo
0<38,e<1 0<t<T
Proof. For the proof, we refer to [23, proposition 4.7]. O

Therefore, there exists a unique solution Z5 globally to the RDE (3.1). Then,
Y#9 satisfies the Ito6 SDE (3.2) for all ¢ € [0, T].

Furthermore, we have that (X=° oy (X*9)) € QfBH ([0,T],R™) is a unique
global solution of the RDE driven by e B = (\/eBH:1 ¢ B#:2) as following:

X;i = Xo+ fgt Fi(X30,YE0) ds + [ eor (X3°)dBH, (3.5)
g,

(X20), = ou(XP7),

with ¢ € [0,T]. Then there exists a measurable map

G : Cy ([0, T}, RY) — €51 ([0, 7, R™)

such that X := G=%(,/zbf | \/ew).
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14 X. Yang and Y. Xu

REMARK 3.3. Here, we give a remark on assumption (A4). Condition (3.3) is called
strict monotonicity condition, which is to guarantee the exponential ergodicity (see
conclusion (b) in remark 3.5). Condition (3.4) is also called strict coercivity condi-
tion, which is to ensure the existence of invariant measure for Eq. (3.6) with frozen
X. The uniqueness of invariant probability measures for (3.6) is shown at conclusion
(a) in remark 3.5.

Consider the following It6 SDE with frozen X
dY;750 = £(X, YO0 dE 4 0o (X, YO0 duwy (3.6)

with initial value YOX’YO =Y, € R™. Let {P};c(0,7] be the transition semigroup

of {YtX’YO}tE[O’T], i.e. for any bounded measurable function ¢ : R™ — R:

PXo(y) = Elp(Ys )], Yo eR%5>0.

S

The following remark 3.4 and Krylov—Bogoliubov argument yield the existence of
an invariant probability measure for {PX }eeo,r) for every X.

REMARK 3.4. Under assumption (A4), for any given X € R™, Y; € R™ and
t €[0,77, it is easily to see

B[y 70P) < e V0P + O+ XPP).
Moreover, for any y1,y2 € R", we have
E[|Y; 5" v 2P < ey - gl
Proof. For the proof, we refer to [29, lemmas 3.6 and 3.7] for example. a

REMARK 3.5. Suppose that (A2)—(A4) hold. For any given X € R™ and ini-
tial value Yy € R™, the semigroup {PtX}te[07T} has a unique invariant probability
measure % . Furthermore, the following estimates hold:

(a) There exists a constant C > 0 such that

|k <€ (e 1xP).

Here, C' is independent of X.
(b) There exists C' >0 such that for any Lipschitz function ¢ : R™ — R:

PXo0) = [ ol (@2)] < OO + X ]+ [¥ahe ¥ leluiy . 520

where |p|Lip is the Lipschitz coefficient of ¢ and 31 > 0 is in assumption (A4).

Proof. The proof is a special case of [29, proposition 3.8]. O
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Next, we define the skeleton equation in the rough sense as follows
dXy = f1(Xy)dt + o1(X,)dU; (3.7)

where Xo = Xo, U = (U',U?) € QuRY), and fi(z) = [gn fr(z,y)p”(dy) for
x € R™. Then, we will show that f; is Lipschitz continuous and bounded. Firstly,
by assumption (A2) and remark 3.5, we have that for all for any (x1,22) € R™
and initial value Yy € R™,

i (@1) = fi (22)] < | fon Frl@n,9)u®t (dy) — E[fy (21, Y270
| Jon f1(w2 )i (dy) = ELf (2, V20O g
HEf1 (21, Y7010)] — E[fy (22, Y,7210))|
< Ce P15(1+ |oy| + |wo| + [Yo|) + Lz — 22l

Let s — oo, we see that f; is Lipschitz continuous. Since f; is globally bounded

which is assumed in (A2), f; is also globally bounded. Then, it is not too difficult
to see that there exists a unique global solution (X, XT) € Qg([O,T],Rm) to the
RDE (3.7). Moreover, we have for 0 < § < a < H that

1Xl5-ma < e,
with the constant ¢ >0 independent of U. Therefore, we also define a map
G%: Sy — €77 ([0, 7], R™)
such that its solution X = G°(u,v).

REMARK 3.6. The above RDE (3.7) coincides with the Young ordinary differential
equation (ODE) as following:

dXt = fl (Xt)dt + 01 (Xt)dut (39)
with X; = Xo and f)(z) = Jan fr(z, y)u® (dy) for x € R™. For (H+1/2)"!' < ¢ <2,
we have ||(u, v)||g—var < 00. According to Young’s integral theory, it is easy to verify

that there exists a unique solution X € CP~var ([0, T7,R?) to (3.9) in the Young
sense for (u,v) € Sy. Moreover, we have

X lp—var <,
where the constant ¢ >0 is independent of (u, v).

Now, we give the statement of our main theorem.

THEOREM 3.7. Let H € (1/3,1/2) and 0 < o« < H. Fiz 1/3 < f < a. Assume
(A1)-(A4) and § = o(c). Let € — 0, the slow component X=° of system (1.1) satis-
fies an LDP on CP~24([0, T],R™) with a good rate function I : CA~M4([0, T],R™) —
[0, 00)
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16 X. Yang and Y. Xu
I(¢) = inf %HuHin cu € HY such that & = GO(u, O)}
= inf {3 [[(u, )3, : (u,v) € H such that &= go(u,v)},

where & € CPMA ([0, T], R™).

REMARK 3.8. The space C#~14([0, T, R¥) is not separable so the variational for-
mula cannot be applied directly. But H? is separable, the variational formula can
be used well. For any given f satisfying that 1/3 < 8 < o < H, we could find a
slight large exponent 8+ x such that 8 < 8+ k < «, then our process takes values
in ¢(A+#)—hld([o, 7], R¥), directly, it also belongs to the space H”. The variational
formula is applied on the space H? and we only need to prove the weak convergence
method under the S-Hoélder norm. Finally, the same LDP still holds on the space
CA~hd([0,T],R*) with aid of the conventional contraction principle [11, theorem
4.2.1].

4. A-priori estimates

In this section, we fix €, € (0,1]. In the next section, we will let ¢ — 0. To prove
theorem 3.7, some estimates should be given.

Firstly, let (us";,vs"s) € Ap. In order to apply the variational representation
(2.2), we give the following controlled slow-fast RDE associated with the original
slow-fast component (X9, Y®9?)

d{?f’(f: fl(X{*‘;,éﬁ’i";)&dt+01(Xf’5)c{[T§<§Bf)] 5
dYy' = 5f(X70 Y0t + =0 (X0, Y duy (4.1)

+%02(Xf’5,}7f’5)dwt.

Here, T%(B) := (T%! (e B?), T%% (e B®) with

T2 (eB™) (Vab +us?)

4.2
TU2(eBH) = (eBH2 + \EIDH o) + EI[usd bH] + U=92) (4.2)

ERA
Here, (u°,v59) € Ay is called a pair of control.

We divide [0,7] into subintervals of equal length A. For ¢t € [0,7T], we set
t(A) = L%J A, which is the nearest breakpoint preceding t. Then, we construct
the auxiliary process as following:

1

ay;e°® =
b

~ N 1 ~ N
Fa (X0, YE0)dt + 7 (X2, Vi) duwy (4.3)

with Y& = Y.
Now we are in the position to give necessary estimates.
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LEMMA 4.1. Assume (A1)-(A8) and let v > 1 and N € N. Then, for all €,§ €
(0,1], we have

E[HXEﬁ”Z?fhld} <C. (4.4)
Here, C is a positive constant which depends only on v and N.

Proof. (X0 (X=%)1) ¢ QB satisfies the following RDE driven by

),(0,7]
T"(eBH):
X0 = Ko+ fy WX VEds + [y (eI BT,
(XPOT = o X7,
1 e .8 % &
with X5 = Xo, (X5°) = 01(Xo). For every (X2, (X)) € Q2 L) 1 we
observe that the right hand side of (4.5) also belongs to o° We denote

Tu(eBH) [0,T]
X = X7% — X2, Let 7 € [0,T] and set

By = {(X*,(X**)1) € QF (X2, (X)) 4o <1}.

Tu(eBH) [0,7] Tu(eBH) [0,7]

The above set is like a ball of radius 1 centred at ¢ — (X9 +
01(Xo0)T¢,(eB7),01(Xy)). By assumption (A1) and some direct computation, we

have that for all (X7, (X)) ¢ BSfS,

||(XE)6)THsup,[O,T] < |01(X0)|~+ SUPogsgr ‘(X876)l - (XE76)I)|
< K+ (X)) p-ma o, 7
< K41

Here, the constant K := |[lo1||o3 V || fillec V L where L is defined in (A2).
b
By remark 2.6,

< [(XTE (BT + |RX|

0
< (K4 D)7 (B[ amma(t = ) + 1RX la5-ma o (t = £)*
<

K+ 1)(|7*(eB")la—ta + 1)(t — 5)*.

s
| X5r

Set 7 < A = {8Cs(K + 1)3(||T"(eB)||,_pq + D} @P), then p-
Hélder norm of X9 on subinterval [0,7] can be dominated by {8Cz(K +
2(|lTeBH)||,,_pq + 1)*} " (For more proof, see [23, proposition 3.3]). Since

X9 p-mia = HXE‘(SHB—}ﬂd,[o,T] and there are [1] + 1 subintervals on [0,7], we
have

< 1X*pomia o (L5] + D

< {8Cs(K + 1)2(||T(eBM)|| g + DT+ DA

< cas{(K+D)(||TEeBD|,_yq + D}

https://doi.org/10.1017/prm.2025.4 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.4

18 X. Yang and Y. Xu

for constants co s and ¢ >0 which only depends on « and . Then, for all v > 1,
by taking expectation of v-moments of (4.6), we have

B[l X005 -na] < cap{(K + DT BD)||,_pyq + DI (4.7)

Due to the property that for every 1/3 < a < H and all v > 1,
E[||T(B7)|| ;_hld] < o0, the estimate (4.4) is derived. This proof is
completed. O

LEMMA 4.2. Assume (A1)-(A4) and let N € N. Then, for every (u®,v¥) € AY,
SUPg< ot |YEO| has moments of all orders.

Proof. For the proof we refer to [24, lemma 4.3]. O

LEMMA 4.3. Assume (A1)-(A4) and let N € N. Then, for every (u®,v°) € AY,
we have

/T]E[|}7f’5|2]dt <C. (4.8)
Here, C is a positive constant wohich depends only on N.
Proof. Due to that Y% satisfies the It6 SDE and by using It6’s formula, we have
VEOP = P+ 3 Jo (V0 (X0, VE))ds
+Z o (V0 0a(X50, Va0 ) dwy)
b i (e (K2 F29) 2 g

Ves Jo Ws 702
1 i oo (X, Vo) s,

(4.9)

From lemma 4.2, lemma 4.1, and (A2), we can prove that the third term in right
hand side of (4.9) is a true martingale and E[fot (YEO gy (X0, YE0)AW,)] = 0.
Taking expectation for (4.9), we have

% \ (7 ~ ~ - vs,é
E[(77°, (X0 VOO0 + BT, oo (V70,17 %)
E

dE[|VE %] 2

5 K dt
e,0 Yre,0

+3E[loa (X%, Y02,

dt

ﬁ

(4.10)
By (A4), we arrive at

20, (X0 YE0) + oo (XD, V)2

5 A / (4.11)
<RSP G 4§

With aid of (A4) and lemma 4.1, we obtain

e, RN
\/25*50/;56 702(X156 7Yts ) dtt >

P
< (1 |XER) S e

' yeop (4.12)

1
+ 75

~ d7J676 ~ 6
L (14 T2 X2 )| 4 2 + S5 17772

N
3
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Thus, combine (4.10)—(4.12), it deduces that

dIEHYE’(;\Q] B Sy 2 N dvs,é
S < 2E(Y |25]+7@%E[|‘X675”%7h1d|7d§ %]
dv® Se.0
+ LBl ) + SEIK + €.

Consider the following ODE:
dAr  —p2 5 dvs® L dvi® ., C_ oiso C
— = 2 A, 4+ ——E[|X* E —E[|X; —
— = 5 t+\ﬁ[|| I5-al = |]+\/€—5[| o |1+ SEIXT+

with initial value Ay = |Yy|?. Then, some directly computation leads that

B2 2 _ v €0
Ay = |Yol|?e” 2% +LT Joe (t °) H|X€6”ﬁ nial == 1?]ds
B2
+F Joe 25 (1 S>E[|d”s 2)ds

X - —s B s
+SE[IX 13 ia) foe L )d3+%fot€ 25 (79 s,

Furthermore, by applying the comparison theorem for all ¢, we get

£,0
ce,8 dvS
E[Y:°)] < [Yole™ By L1 fo VB[ X3 pal S 1?]ds
76 s d
+ fye 25@ )E[| % 2]ds (4.13)

X - —s _ B2 s
+FENX=IZ al Jo € B Vs + € [e 2 ) ds,

Next, by integrating of (4.13) and using the Fubini theorem and lemma 4.1, we can
prove that

T > — 2z 2 —5% s dvi’é
Jo ENYEPld < [Yol? [y e 25tdt+” Jo fye 20 PE[IX=0 )13 al S5 1?)
Xdsdt
e ST e BB Rlds + § [ e PO dsdt

_bBar o,
< |YO|26 26 —&-%E[HXE,JHB_de‘fO fs e 55 ( )dt
|dvs |2d8}
B2 5 By
ﬂL\/5 fo fs e_ﬁ(t—s)dt]EH%‘Q]dst%fg e 25 (t=9) gg
_Bar 2 - B2 e
< |Yol?em 2 —&—%E[HXE,&”%_delfo e~ 25 ( )| 05" |2
xds|
T 7’672 T—s d'L)Eé -
+%§7ﬁfo e 28 TR & 2]ds + CE[[| X*°)|3_p1q)
B
X fOT 6_%(T_S)d5
+C.
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By using the condition that 0 < § < e < 1 and (u®,v°) € AY, we derive

T
/0 E[|V0 2dt < CE[|X*|3_al + C.

Thus, by exploiting the lemma 4.1, the estimate (4.8) follows at once. The proof is

completed. O

LEMMA 4.4, Assume (A1)-(A4), for dall &5 € (0,1, we have
sup0<t<T]E[|Yf’6|2] < C Here, C>0 is a constant which depends only on

o,
Proof. The proof is similar to lemma 4.3. (In fact, this one is simpler since there is
no control term.) O

LEMMA 4.5. Assume (A1)-(A4) and let N € N, we have

Vo
NG

Here, C>0 is a constant which depends only on N, a, 3.

B[V - 20P] < 0(Y2 + A%),

Proof. By It6’s formula, we have
€50 Ore,0 t\re 4> € e g €,
BIVST = TP = FE| i (70 - V8, (RS 59) = R(RES) T s
g, £, 6 £,
% I:f ‘0—2 X s Y )702(X (A)’Y 6)|2d5:|

~ ~ v €,0
w%E[fJ (V20 — V20, 0n(X30, VE0) L >ds]

s ds
(4.14)
By differentiating with respect to ¢ for (4.14), we find that

LRV - Y70
_ %E[Wsé VO fo (R, VE0) — fQ(th(i)’Ys 5)>]
+5E[lo2(X77, V) — oa(X53), ¥i) ]
+\/;E[<Y66 1};57670_2()(5(2))}/55)(11;5”
= FE[2(V° = V0, (X7 V00) = fa(X70,VE0) + o (X5, VE0)
foz(Xf"s,f’f";)f] (4.15)
RV V5 (X0 YE7) — fa(X5R), YE0)]
_’_%ER (sti Ysé) 02(X€5 Ye,é)’ Q(XE(;,YE’(S)—JQ(XE(Z),YE(S»]
+3B[loa(X7?, V) — 0a(X 50, V0 ]
P[5 — T 0y(X5, 759) 0]

=L+L+Is+ 1+ Is.

https://doi.org/10.1017/prm.2025.4 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2025.4

Large deviation principle for slow-fast rough differential equations 21

For the first term I, by using (A4), we obtain that

I < —%EH?}E’& _ Yts,5|2j|. (4_16)

Then, we compute the second term I by using (A2) and lemma 4.1 as follows,

fon

C r€,0 >re,0 €,0 o€,0
E%E[IY;E -V I-IXfC - Xl
el e, Se b oed
BE[V - V7)) + QE[X7° - X4, (4.17)

[?] +
.y Sels C ~
SE[V - V0 P) + LAPE[| X3 _)

NN N

where C7,Cy > 0 is independent of ¢, 4.
For the third term I3 and fourth term I4, we estimate them as following:

Sed el | wed  wed Seb e
I3+ 14 SE[IYVS - Y70 |X; *Xf(A)|+\Xt€ *th(A)P]

) ore,8 C ) e,d

BE[YS - V1) + SE[XF - X217 (4.18)
rE,0 e, 8 C et

BR[|V - ¥9012) + SR AYE[|| Xe

NN N
)

I%—hld}v

where C3 > 0 is independent of ¢,4. Here, for the first inequality, we used (A3).
For the final inequality, we applied lemma 4.1 and the definition of Holder norm.
For the fifth term I5, by applying (A3), we derive

~ A v 7176
I < SRV - 980 x L K50 ) (4.19)
i X B vs,é ’
< OREITT 7]+ GBI+ XIS

where Cy > 0 is independent of €, d. Then, by combining (4.15)—(4.19), we have

B N 5 . _ UE,5
LRIV - VP02 < BR[|V - ) + SEE[L+ X5 S|

+ CQ§C3 A28

(4.20)

Thanks to the Gronwall inequality [23, lemma A.1 (2)] and lemma 4.1, we can
observe that

~ ~ ~ ve,é
B[V - V) < S8 [R[|1+ XP0 PP S [Pdt] + (Ca + C3)AYT
< GBLE(L+ | X90)2, 4 T%) + (Ca + C3) AT
< C(4+A%)
(4.21)
The proof is completed. O
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5. Proof of theorem 3.7

In this section, we are ultimately going to prove our main result theorem 3.7. We
divide this proof into three steps.

Step 1. The proof is deterministic in this step . Let (u9),v)), (u,v) € Sy such
that (u¥),v0)) = (u,v) as j — oo with the weak topology in #. In this step, we
will prove that

go(u(j),v(j)) — go(um) (5.1)

in CA~P4([0, T],R™) as j — oo.
The skeleton equation satisfies the RDE as follows

dxX? = f(XP)dt + o (X)dUY) (5.2)

where XY = Xy, UG = (UL, (UD)?2) € QuRY) and fi() =
Jan f1( Y ) (dY). By the conclusion that f; is Lipschitz continuous and bounded
and using [23, proposition 3.3], we obtain that there exists a unique global solution
(XD (XU e Qg([O,T],Rm) to the (5.2). Moreover, we have

I XD g—pa < ¢

holds for 0 < 8 < a < H. Here, the constant ¢ >0 which is independent of U.

Due to a compact embedding C#~4([0, T),R™) c =91 ([0, T],R™) for any
small parameter 0 < 6 < 3, we have that the family {X (j)}jzl is pre-compact
in CP=0-hld([o 7], R™). Let X be any limit point. Then, there exists a subse-
quence of {X@W};5; (denoted by the same symbol) weakly converging to X in
C(F=0)=hld([g T, R™). In the following, we will prove that the limit point X satisfies
the RDE as follows,

dX; = fi(Xy)dt + o1(X;)dU,. (5.3)

According to remark 3.6, we emphasize that { X))}, solves the following ODE:
dX\) = fu(X)dt + o1 (X)) duy” (5.4)

where ||(u9), v0))||,_var < 00 with (H 4 1/2)~! < ¢ < 2 for all j > 1. Due to the
Young integral theory, it is not too difficult to verify that for all (u,v) € Sy, there

exists a unique solution { X };5; € CP~¥2* ([0, T],R™) to (5.4) in the Young sense.
In fact, {X},5; is independent of {v()};>;. Moreover, we have

||X(j)Hp—var <6

where the constant ¢ > 0 is independent of (ul/),v()). Note that the Young integral
ud — [0 (Xéj))dugj) is a linear continuous map from H¢ to CP~var ([0, T], R™).
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Let us show that the limit point X satisfies the skeleton equation (3.9). By the
direct computation, we derive

X0-x| < | [ﬁ(ffs(”)—f Dds| + | [ [1(X9) = 01(X,)] )

o1(X dugj) dug
+ Jo o1 (X)]

= J1+J2+ Js.
(5.5)
For the first term J;, by using the result that f; is Lipschitz continuous and
bounded, we have

t
Ji < L/ X0~ X,|ds < C sup [X9) — X, (5.6)
0

0<s<t

After that, by applying (A1), we estimate J5 as following:

c]fg XY — X,|dud| < OT|[uD ||y var supgeser | X7 — X4

o ) (5.7)
< G SUPogtgT |Xt(j) - X4

where C7 > 0 only depends on N and ¢. Since {X(j)}jzl converges to X in the
uniform norm, it is an immediate consequence that J; + Jo — 0 as j — oo.

Next, it proceeds to estimates Js. To do this, we set B(ul), X) :=
[y on(X X,)du$, which is a bilinear continuous map from HH+@ x ¢P=var ([0, T], R™)
to R. Accordlng to the Riesz representation theorem, there exists a unique element
in H4 (denoted by B(-, X)) such that B(u¥), X) = (B(~,X'),u(j)>HH’d for all
u) € H74, Note that B(-, X) € (HH4)* = HH4, Then, we have

|<B( X) @ )>HH,d - <B('7X)7U>HH,d|'
Since (u¥),v0)) = (u,v) as j — co with the weak topology in H, we prove that
J3 converges to 0 as j — oo.

By combining (5.5)-(5.8) and remark 3.6, it is clear that the limit point X
satisfies the ODE (3.9). Consequently, we obtain that {X)};5, weakly converges
to X in CP=0-hld([p T, R™) for any small 0 < 6 < 8.

Step 2. We carry out probabilistic arguments in this step. Let 0 < N < oo and
assume 0 < 0 = o(e) < 1 and we will take £ — 0.

Assume (us°,v5°) € AN such that (us°,v5:%) weakly converges to (u, v) as € — 0.
In this step, we will prove that X9 weakly converges to X in C#~Md([0, T],R™)
as ¢ — 0, that is,

G (ebfl 4 ufl \Jew + v°°) eakdy, G%(u,v) ase— 0. (5.9)
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We rewrite the controlled slow component of RDE (4.1) as following,
Xs,é — g(a,&)(\/ng +u5,5’\/gw —|—’UE’6).

Before showing (5.9) hold, we define an auxiliary process X satisfying the
following RDE:

dX;° = [I(XD0)dt + o0 (XP0)d[T (e BT)] (5.10)

with initial value X§’5 = Xy. By taking similar manner as in lemma 4.1, we can
have

E[| X113 -nal < C (5.11)

where C' >0 only depends on «, 3, and N.
Now, we are in the position to give some estimates which will be used in proving
(5.9). Firstly, by some direct computation, we can get that

x50 - X0
= fot [f1(X0,YE0) — fl(XséA),YE‘S dt+f0 [f1( XS i)»YE(s) fi
(XE((SA)v Yoo)ds
+ folf Xz(iyye °) — fl(XféA) Nds + JoLf1( Xj(i)) F1(X5))ds
+ [y FXE0) = A(XE0)ds + fylon(X59) — oa (Xe0)d[T2 (e BT)]
= K1+ Ko+ Ks+ K4+ K5 + Kg.

(5.12)
Firstly, we estimate K with Holder inequality, (A2), and lemma 4.1,
. - -
E[SUPogth K1’ = E {SUPogth ‘ fo [fl(X?&:Yf’é) - fl( (A), d8|
< < [fy B[X20 — X2, Plds
< <PE[IX= |A%
(5.13)

For the second term Ko, with aid of the Holder inequality and lemma 4.5, we get

Elsupog;cr | K2l?] = E{SUPogth”g[fl Xj(i)a y£0) — fl(Xj(i)ayaé d5|
< TL[TE[|Ve? — Vs *]ds < CT*(2 + A%).
(5.14)

In the following part, we will estimate Ks3. To this end, we set M,; =
f [f1 (Xf(‘sA Ved) — fi (XE ¥ ))ldr. Then, we give some estimates. Set 1/2 <7 < 1.
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When 0 < t — s < 24, it is immediate to see that
| M| < L(2A) (¢ — s)".

When t — s > 2A, by using the Schwarz inequality, we obtain

2 Al-1 2
| M.t | My Loy a i LAY o Mea,erna Mg aal
=21 S L, o7

_s)1=2n _ 2
< CA2—277+QC(t A) LTL/AJ 1 MkA,(k+1)A|
Then, by (5.15) and (5.16), it deduces that
5 2
0
Bl = B[ IR, T - A s |
B—hld
CcT (k+1 £,0
S x0FE) maX, o gJ Efl [ (fi( XkAvYE %)
/v 5
~A(XR)ds|*]
+C A2,

According to some direct but cumbersome computation, we arrive at

max, g BILATS (R Y0 = AR dsl ]

< Cdzmaxo<k<LTJ fO IFEKfl X;AS?}/sEej-kA) f_l(Xliﬁ)’
fl(j(;ﬁay;iim) fl(X/iAé»]d'SdT
S CéQmaXde |- fo f5 36 dsqr
v K
< 02 (A—+e_51 a)
B0
< C6A.

Here, we exploit the exponential ergodicity of 578"57 that is

ged yed Fxed 7ed yreb Fxed
E[(f(X5R, Yiten) — F1(XRR), gl(XZN Yola) — A(XeR)]
v 9 El(s—r
< CA+E[XRP + B[R 2)e 2 77
—ﬂ—l(s—r)
< Ce 2 ;

25

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)

where 31 is in (A4). For the first inequality, we refer to [36, Appendix B] for
instance. The final inequality comes from lemmas 4.1 and 4.4. So according to the

estimates (5.17)—(5.19), we have

CT(S

E[HK?)”%fhld] SOAM 4 —— Ao
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Next, for the fourth term K4, by applying that f; is Lipschitz continuous and
bounded, we obtain

2
Efsupocrer K2l = E[supoqq LRGSR - 7 (5| |
< < JTBIRE, - K2 [as (521
< < E[||X€6||ﬁ—hld]A2ﬂ'
Next, we set
= (K700 - { RIS - G 9as)
(5.22)

| Bionxe9) (et e

The estimates (5.13)—(5.22) furnish the following observation that Q €
ct=hld([o, 7], R™) and

NG
NG

Due to [23, proposition 3.5], it deduces that there exist positive constants ¢ and v
such that

E[|Ql35] < C(A% + A21=28) f A=485 4 —2). (5.23)

X5 — XI5 pia

, 5.24
< cexp[e(K' +1)" (|||T“ eBH) |||a h1d+1) 11Qll28-n1d- (5.24)

Here, K" = max{||o1||s3, [ fillco; L}. Then, we choose some suitable A > 0 such
b

that ]E[HQ”%B—hld] — 0 as e. For instance, we could choose A := §%/(“#8) log§—1.

Therefore, we have that || X9 — X5*5||%7h1d converges to 0 in probability as e — 0.
On the other hand, with lemma 4.1 and (5.11), it is clear to find that

E[[| X — X*°|3_wa) < BIIXF_pa] + EIIX*|F_a) < C. (5.25)
So it shows that || X [|Xe8—
XE"SH%_hld] converges to 0 as € = 0.
Then, we define
dX§ = fu(X{)dt + oy (X§)dUS’ (5.26)

with initial value XS = Xy. By taking similar manner as in lemma 4.1, we observe
E[| X3l < C (5.27)

where C' >0 only depends on «, 3 and N.
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By using proposition 2.8, we have that

HXE’(;_XS‘lﬁfhld < CN7BHPQ(TU(EBH)7UE’§)
< Oy pr (Ve la—mia + (€116, 4] |20 -h1a) (5.28)
+Cy pr ([el[u®?,0%] [l 2a—mia + e B2 (l2a—11a)

< CypHVE

where Cy g = C’N |HBHW > 0 is independent of € and §. On the other hand,
’ a—hld

it is not too intractable to verify that

IE[||X8’6 - XEH%fhld] < 2E[||X8’6 |%7hld] + 2E[||XE||%7hld] <C. (5.29)

S~0 it implies that || X% — X¢ [|%_ 14 is uniformly integrable. Then, we have E[|| Xe°—
X¢[|3_ 4] converges to 0 as € — 0.

In the following, we will show that X converges in distribution to X as e —0.
By remark 2.5 and condition that (u®9,v%?) € AN we have that U . HHA
Q. (R?) is a Lipschitz continuous mapping. Next, by proposition 2.8, we obtain that
X¢ is a continuous solution map with respect to RP U¢®. With aid of the condi-
tion that (u®?,v%?) weakly converges to (u,v) as € =0 and continuous mapping
theorem, it deduces that X converges in distribution to X as £ —0.

By employing the Portemanteau theorem [26, theorem 13.16], we have for any
bounded Lipschitz functions F : CA#~14 ([0, T],R™) — R, that

|[E[F(X=%)] - E[F(X)]| IE[F(XE";)}N— E[FEXE)H + 1IlE[F(XE)] - E[F(X)]]
IFILipEll X =0 — X¢[|3 4] 2 + [E[F(X7)]
~E[F(X)]| =0

<
<

as € = 0. Here, ||F||Lip is the Lipschitz constant of F. So we have proved (5.9).
Step 3. By Step 1 and Step 2, for every bounded and continuous function
@ : CP~h([0, T],R™) — R, we have that the Laplace lower bound

@(Xe,é)
liminf —clogEle”— ¢ | > inf S(y) +I(y 5.30
= [ ”‘pi:go(u,v)ecﬁ—hld([O,T]JRm)[ ( ) ( )] ( )

and the Laplace upper bound

: B(x=) :
limsup —elogE [e_ € < inf
e—0 $:=g0 (u,v)ecB—hld([o,T],R™M)

[@(¥)+1()]  (5.31)

hold and the goodness of rate function I. The precise proof for (5.30)—(5.31) refers
to [24, theorem 3.1] as an example.

Hence, our LDP result is concluded by the equivalence between the LDP and
Laplace principle at once. This proof is completed.[]
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Appendix A.

Proof of proposition 2.8.

According to the definition of controlled RP, we have

H\IJ — \i’”ﬁ—hld < C(da’é)gﬂ (\I/, \Iﬁ; qj: EJT) + |§ - £| + PQ(E, é))’ (Al)

so it only needs to show (2.10) and (2.11) hold.
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Let 0 < 7 < T and we turn to prove (2.10) holds in the time interval [0, 7] firstly.
To this end, we set M[IO T]7./\/l[20ﬂ : Q2(10,7], W) — Q([0,7], W) by

M[IO,T} (‘Ij? \IIT) = (fO d‘—‘sv (\Il)) )
‘ T (A2)
M (2, 91) = ([ £(s)ds,0)
and (Z, Z1) := M§ [0 T] =(£,0)+ /\/l 0, T M[QOJ]. Moreover, we stress the fact that

the fixed point of /\/l [0, is the solution to the (2.9) on the time interval [0, 7] for
0 <7 < T. Due to the fixed point theorem, we arrive at

(W, o(¥)) = (¥, ¥1) = (2,21) = (Z,0(¥)). (A3)

Abbreviate I := Z,; and ¥ := f(U,)(t — s) + o(¥,)EL, + JT(\IJS)Eit. Moreover,
7% and ¥ could be defined in a similar way with respect to U. By some direct
computation, we have

RZ, Zs,t A
= [UFw)dr + [T o(¥,)dE, — o(¥,)E,, (A4)
(I%)s — Yot + UT(‘I’ )22+ ()t~ s).

We set Q (=% — 3. After that, we obtain that

|RZ, ~RZ,| = \(I% Qi + |0 (W,)22, — o1 (V)22 |
F|(F(W) — F(, ))(t—s>| A
< CYH(;QH301|75_S|3[3—‘f_|0'Jr st_o—T(\ilS)és,t} ( )

+ Ly |0 = | palt — sl + Cle =€t — s

whe~re Lf~is the Lipschitz coeflicient of f and Qg+ = R?ﬁf’)éh — RJ (u\m:i .+
UTOIJ)s,uEi,t - UT(\I’)SMEZ,#
Furthermore, a straightforward estimate furnishes that

2L~ Z1) = |o(Z)es— (D)
|U(\II)S,75 - J(\II)S,t| ~ ~ ~
(0 (@), + 0T (V)0)Zt = (0T (B)o,s + 0T (8)0)Zs e + R
7R<T(\Il)

s,t
Clt*SI% Jo — o(B)o| + [t — s|*P||o(¥) — o (V)| p—n1a
+ pa(E,2) + |R°Y) — R ‘II)HQB—hld)-

N

(A6)
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As a consequence of [16, theorem 4.17] and (A.5)—(A.6), we see that

dE’iQﬁ(\II,\IIT;\P,\IIT)
= dez,, (2,212,721
||ZT Z 5—nia + | RZ — R?||25-m1a (A7)

A

pa(E,é)+|f~—£|—|—Tﬁd::25( o(¥),0t(¥);0(0), 0t (D))
+Ly7P || @ — |-

Next, with aid of the [16, theorem 7.6], we observe that

dz 2 55(0(V), 07 (V);0(0), 07 (D))
S PalEE) + 1€ — €|+ doz oy (W, U T, 0T,

~

(A8)

Therefore, by combining (A.1) and (A.7)—(A.8), it deduces that there exists a
positive constant Cys := C(M, «, 8, L) such that

dz z 55, U 0, OF)
< Cu[pa(EE) + 16 — &+ 7Pdz 2 5 (W, U0, W) + 77| @ — U5 _a]
< Culpa(EE) + 1€ =&+ 7Pdz 2 (T, UT; 0, 1)
(A9)
holds. By taking 7> 0 such that C;7° < 1/2, we find
dz 2.5 (0, U 0, 07) < Onr(pa(E,E) + I€ - &) (A10)
Then, with (A.1), we arrive at
IO —Pllgma < Cldz 2 95 (¥, ¥F; v ?’ ) + 1€ = €l + pa(E, ) (A11)
< Cul(lE =€+ palE 2)).

An iteration argument over [0, 7] furnishes that (2.10) and (2.11) hold at the time
interval [0, T']. This proof is completed. O
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