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Abstract In this paper, we consider the Stokes equations in a perforated domain. When the number of
holes increases while their radius tends to 0, it is proven in Desvillettes et al. [J. Stat. Phys. 131 (2008)
941-967], under suitable dilution assumptions, that the solution is well approximated asymptotically
by solving a Stokes—Brinkman equation. We provide here quantitative estimates in LP-norms of this
convergence.
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1. Introduction
Let Q be a connected smooth bounded domain in R3. Given N €N, we consider
(Bl.N)ie{l ,,,,, ~y & family of N balls in R3 such that:
N
BY = B(xiN, W) cQ, forallie{l,...,N}.

Defining the perforated set FV by

we denote (u,7N) e HY(FN) x L%(}"N) (here the subscript 0 fixes that 7 has mean 0
on FN) the unique solution to the Stokes problem:

{—AMN—i—VJ'[N =0,

N
divuV =0, 7 (1)

completed with boundary conditions:

uN(x) = Vl-N, on E)BiN, )
uN(x) =0, on 9%,
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where (ViN)i=1,‘..,N € (R*)" are given. In [5], the authors show that, if rl.N = 1 uniformly, if
the holes are sufficiently dilute and the empirical measures associated to the distributions
of (xl.N , ViN )i=1,...N converge to a sufficiently smooth particle distribution function
f(x,v)dx dv, then the associated sequence of velocity fields (") yen converges weakly to
the velocity field i of the unique solution (i1, 7) € H'(Q) x L%(Q) to the Stokes—Brinkman

problem:
{ divii = 0, on £, (3)
completed with boundary condition:
i=0 ondQ. (4)

In (3), the flux j and density p are computed respectively to the given particle distribution
function f by:

j(x)=6n/ vf(x,v)dv ,o(x)=67'r/ f(x,v)dv, Vx e Q.
R3 R3

We emphasize that here and below (in the definition of discrete densities and fluxes), we
include the factor 6z in the formulas. This factor is reminiscent of the Stokes law for
the resistance force applied by a viscous fluid on an immersed moving sphere (see next
section). Via a standard compact-embedding argument, it entails from [5] that we have
also strong convergence of the u"V to & in L” spaces (for p < 6) up to the extraction
of a subsequence. We are interested herein in providing a quantitative estimate of the
convergence of u" to i.

This problem is related to the homogenization of Stokes problem in perforated domains
with homogeneous boundary conditions and a forcing term. In this case, previous
studies prove convergence of the sequence of N-hole solutions to the solution of the
Stokes—Brinkman problem (or other ones depending on the dilution regime of the holes) in
the periodic as in the random setting [1, 2, 13]. These results extend to the Stokes problem
previous analysis for the Laplace equations [4]. The problem with nonhomogeneous
boundary conditions that we consider herein is introduced by [5] in a tentative to justify
a Vlasov—Navier—Stokes or Vlasov—Stokes problem that is applied in spray theory [3, 7].
The strategy here is to couple the Stokes problem (1)—(2) by prescribing that the holes
are particles whose position/velocity (xl.N , ViN )i=1,..,.N evolve according to Newton laws:

d
EXI'N =V, (5)
d N T

mEV’ = - aBN(Vu+Vu — py)ndo. (6)

Here we denote by m the mass of the particles and n the normal to BBI-N directed toward
BI-N . Note that, contrary to the stationary problem we are studying in this paper, in
this target system the holes/particles are moving. As classical in these ‘many-particle
systems’, one crucial issue to complete a rigorous derivation is to control the distance
between the particles. Partial improvements have been obtained in this direction either
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by increasing the family of datas for which transition from the N-hole stationary Stokes
problem to the Stokes-Brinkman problem holds [9] or by completing successfully the
kinetic program for the odes (5)—(6) with singular forcing terms [8]. In this paper, we
do not tackle this issue on the distance between particles. Keeping in mind that, in the
full problem, one wants to couple the dynamical equations for the particles with the pde
governing the fluid problem, we infer that a quantitative description of the convergence of
the N-hole solutions to the Stokes—Brinkman problem is necessary. The main motivation
of this paper is then to discuss in which norms such quantitative estimates may be
computed. It turns out that our proof simplifies the approach of [5] and encompasses the
case of a polydispersed cloud made of spheres.
We make precise now the main assumptions that are in force throughout the paper:

e the balls are sufficiently spaced:

. ., . Co . Co
ACo > 0 independent of i # j, N s.t. d1st(Bl-N, B;V) > IR d1st(Bl-N, Q) > W;
(H1)
e the normalized radii rl.N > 0 are uniformly bounded:

3Ry > 0 independent of i, N s.t. riN < Ro; (H2)

e the kinetic energies of the data are uniformly bounded:

N

3 Ey > 0 independent of N such that v Z |ViN|2 < |Eol%. (H3)

i=1

Then, following [5] and [9] we introduce empirical measures to describe the asymptotic
behavior of the distribution (xl.N, Vl.N, rl.N)izl ,,,,, N:

N
1
SN (x,v,r) =+ D S yn v v ) € PR x R x 10, ooD).

i=1

We denote then by pV and jV its two first momentums:
ol = 67{/ rSy(dvdr), jVN = 67{/ ruvSy(dvdr). (M)
R3x]0,00[ R3x]0,00[

The sequence of densities pV (respectively fluxes jV) are then measures (respectively
vectorial measures) on R3 with support in Q. Compared to [5], the main new assumptions
are that the radii of the holes may depend on i, N.

With the above assumptions, for arbitrary N € N, the domain FV has a smooth
boundary and there exists a solution to (1)—(2) (see [6, §IV]). We have thus at hand
a sequence (u™, V) e H'(FVN) x L%(]-'N). Under assumption (H1)-(H2)-(H3) one may
prove that up to the extraction of a subsequence p (respectively jV) converges to some
density p € L®(R) (respectively flux j € L?(2)). We have then a unique solution (i, 77)
to the Stokes—Brinkman problem (3)—(4) for this density/flux pair (see next section for
more details). In order to compute the distance between u" and i we extend u" to the
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whole ©Q by setting:
uV, on FN,

N N
Vj, onBj.

Eqlu]:= {

Because of boundary conditions (2), these extended velocity fields satisfy Eq[u]e
H& (2). With these notations, we state now our two results on the convergence of the
sequence (Eq[u™])yen toward i.

Theorem 1.1. Assume that j € LY(Q2) for some g >3 and p €]1, %[. If Ro/Cg 18
sufficiently small, there exists a constant K > 0 depending only on Ry, Co, p,q, 2 for
which:

||j||Lq(Q)+EO]

IEu™]—illLr ) < K[IIJ'N = illeor@ys + 1Y = plleor@y + =73

for N > (4Ry/ Co)>/>.

Theorem 1.2. Given p € ]1, %[ there exists K > 0 depending only on Ry, Co, p, llpllL>),
Q for which:

1/3
IEqlu™] — il Lr) < K[nj — iV leor @y + (np — oMl oy + W) Eo],

for N = (4Ry/ Co)>/>.

The two previous theorems give a quantitative estimate of the weak convergence
obtained in [5]. They link the convergence of the sequence (u™) yen to it to the convergence
of the fluxes and densities in the so-called bounded-Lipschitz or Fortet—Mourier distance
(see [14, §6]). As the (p™)nen are positive measures on © with the same finite mass, we
may relate the bounded-Lipschitz distance ||p — p (o1 (G to the Wasserstein distance
between pY and p thanks to the Kantorovich-Rubinstein formula [14, Theorem 5.10].
The definition of the (C%'(£2))* norm and its relation with Wasserstein distance is
explained below. The restriction on the values N is irrelevant as our aim is to describe
the asymptotics N — oo of u™. It is due to the fact that our method requires that
B(xjN, r]N/N) C B(xj.v, Co/4N'73) for arbitrary j € {1,..., N}.

The results we state are complementary one to the other. The first one is limited
to sufficiently small ratios Rg/ CS. This can be interpreted as configurations for which
the holes are sufficiently small compared to their relative distances. In this case, the
convergence estimate is linear with respect to the convergence of the data pV and jV.
The second result is valid for arbitrary data. The counterpart is that the convergence
estimate is now sublinear with respect to the convergence of the densities p". These
results can be extended in several directions. First, we may interpolate these convergences
with crude uniform bounds on Eq[u’V] in L®(2) to extend the convergence to L? spaces
with p > 3/2. But we can also generalize the result by considering convergence of the
empirical measures in more general dual spaces. Finally, we state our main results in the
dilution regime of [5] but it extends to the dilution regime of [9]. We comment at the end
of the paper on the estimates we can attain with this method.
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The outline of the paper is as follows. In the next section, we state and prove some
technical lemmas on the resolution of the Stokes problem and Stokes—Brinkman problem.
In particular, we state a regularity lemma in negative Sobolev spaces which is at the heart
of our computations. Section 3 is devoted to the proof of our main results and we provide
a discussion on the possible extensions of our results in a closing section.

We list below some possible nonstandard notations that we use during the proofs. First,
we use extensively localizing procedures around the balls BY so that we use repeatedly the
shortcut A(x, rint, 7ext) for the annulus with center x and internal (respectively external)
radius rip; (respectively rexi). We also use the notations 9§ 4 1 for the mean of u on the set

of positive measure A:
1
ux)dx = —/ u(x)dx.
?g lA] Ja

We denote classically LP(Q2) (respectively W™ P(Q) or H™(Q)) Lebesgue spaces
(respectively Sobolev spaces) on €. The index zero specifies zero mean when added
to Lebesgue spaces and vanishing boundary values when added to Sobolev spaces. For
instance, we denote:

L3(Q) = {v € LZ(Q),7§ v = o}, Do(R) := {v € [Hy (7T, divv = 0}.
Q

When there is no ambiguity concerning the definition domain, we only use exponents to
denote norms:

-l =1 lleay, - llmg ==l - lwmae)-

In this paper, we consider empirical measures as particular continuous linear forms
on the set of bounded continuous functions C°(2). The associated duality pairing is
denoted with brackets. As classical, this enables to define convergence of empirical
measures in different topologies. We work mostly herein with the bounded-Lipschitz
or Fortet-Mourier distance i.e. endow empirical measures with the topology of C%!()*.
We define then the distance between pu and p by:

e = pll o @y = sup{l(i. ¢) = (p. B, ¢ € C¥1(Q), lpllcor @) = 1}-

We note that, in the case of densities (the (o")yen introduced in (7)) our
empirical measures are moreover probability measures on €. Since © is bounded, the
Kantorovich-Rubinstein formula shows that the Fortet—Mourier distance is equivalent to
the 1-Wasserstein distance:

Wi(p, 1) = sup{l(p, ) — (i, 9}, ¢ € Lip(Q), Lip(¢) = 1}

with Lip(R) the set of Lipschitz functions on Q and Lip(¢) the Lipschitz constant of ¢.

Given an arbitrary smooth domain O and ¢ € (1, 00), we denote B : Lg 0) —» Wé’q(O)
the so-called Bogovskii operator (see [6, § IT1.3]). It is a continuous linear map which, given
fe Lg (O) provides a solution u to the problem:

divu = f, on O,
u =20, on 00.
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If O = A(xo, rint, Text), we specify the Bogovskii operator by indices: By, i re- Such
operators have been extensively studied in [1]. The main results we apply here are
summarized in [9, Appendix A].

Finally, in the whole paper we use the symbol < to express an inequality with a
multiplicative constant depending on irrelevant parameters.

2. Preliminary results on the Stokes and Stokes—Brinkman equations

In this section, we prove some lemmas concerning the resolution of the Stokes and
Stokes—Brinkman equations that will help in the proofs of our main results.

2.1. Analysis of the Stokes—Brinkman equation in a bounded domain

In this whole part Q is a fixed smooth bounded domain. Given a boundary condition
u* € HYV2(Q) and p € L®(R), we consider the Stokes-Brinkman problem:

pu—Au+Vr = j,
{ divu=0, "% ®)
completed with boundary condition:
u=u* on Q. (9)

We assume below that p >0 including possibly p = 0. In this latter case, the
Stokes—Brinkman equations degenerate into the Stokes equations. We refer the reader
to [6, §IV] for a comprehensive study of Stokes equations. Herein, we also apply the
variational characterization of solutions that is provided in [9, §2]. It is straightforward
to extend the existence theory of these references to the Stokes—Brinkman equations with
an arbitrary bounded weight p > 0 yielding the following theorem:

Theorem 2.1. Let j € L93(Q2; R?) and p € L®(Q) such that p > 0. Given u* € HY/*(Q)

satisfying:
/ u*-ndo =0,
Elo’

the following equivalent statements hold true and furnish a solution to (8)-(9):

(i) there exists a unique pair (u,w) € H'(Q) x L%(Q) satisfying (8) in the sense of
D'(2) and (9) in the sense of traces;

(ii) there exists a unique divergence-free u € H'(Q) satisfying (9) in the sense of traces
and:

/ Vu: Vv = / (j—pu)-v, for all v e Dy(Q); (10)
Q Q

(i) if we assume furthermore that j =0, there exists a unique solution to the
minimization problem:

1
inf{E/ Vo2 4+ plv)?, v e [HY(Q)), dive =0, v = u* on asz}. (11)
Q
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The proof of this theorem is a straightforward extension of [6, §IV] and [9, §2] and is
left to the reader.

As stated in [6, Theorem IV.6.1], in the case p =0 and u* = 0 we have also that, if
j e WP (Q) for some m € N and p € (1, 00) then the solution u satisfies u € wWmnt2r(Q).
We may extend this regularity statement to our Stokes-Brinkman problem:

Theorem 2.2. Let p € L°°(R2) such that p >0 and assume that u* =0, j e L1(RQ),
for some q € [6/5,00). Then, there exists a unique pair (u,w) € W>4(2) x Wh4(Q)
satisfying (8)—(9). Moreover, there exists C = C(2, g, |plloo) > 0 such that:

lullz,g < Clljllg-

Proof. Because Q is bounded and g > 6/5 we have that j € L%>(Q). Theorem 2.1 yields
the existence and uniqueness of the solution (u, ) € H' () x L%(Q). We recall that we
focus on homogeneous boundary conditions. In this case u € Hé (2) so that Poincaré
inequality entails that ||ull12 < [[Vulla.

At first, let assume further that ¢ < 6. Because H& () C L1(R), we remark that (u, )
satisfies the Stokes equation with data f = j — pu € L9(2). The regularity theorem for
Stokes equations implies that (u, 1) € W29(Q2) x Wh4(Q) with:

lullz.g < Cllj —pullyg < CUljllg +lollccllulyg)

for some positive constant C > 0 depending only on © and g. Thus, we want to bound
llullg by Iljllg- To this end, we apply the weak formulation of Stokes-Brinkman problem
(10) with v = u € Dy(2) to get that:

/|Vu|2=/j~u—/p|u|2
Q Q Q

< lllglullr
S illgVull2

where we applied again the embedding HO1 (Q) C LY (Q) since q = 6/5. This entails that
lully < llulli2 S Njll2 and concludes the proof.

If we assume now g > 6 we iterate the same argument. Indeed, because Q is bounded,
we have in particular that j € L%(Q) so that the previous reasoning applies yielding:

lull2.6 < CllillLo@y < C'lljllze)-

We may then apply the continuous embedding W2°(©2) ¢ W1(). Hence, we obtain
now again that j — pu € L9(2) and we conclude by application of the regularity theorem
for Stokes equations as previously. O

Keeping in mind that we want to compare the N-solution Eq[u™] with &# on Q, we
do not expect to be able to use a regular theory for the Stokes (or Stokes—Brinkman)
equations as above. Indeed, the u" are solutions to the Stokes equations on FV only. Even
if we were extending the pressure 7% to Eq[n "] by fixing a constant on the B(xiN, riN/N)
(say 0 for instance), we expect that AEq[uN]—VEg[7V] contains single layer

distributions on the interfaces fluid/holes. Fortunately, these single layer distributions
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are regular enough to compute LP”-estimates as depicted below. These LP-estimates are
adapted from weak-regularity statements for stationary Stokes equations that have been
obtained in the study of fluid-structure interaction problems [12, Appendix 1].

Given p € 11, 6[, we introduce the following norm of v € Hé (R):

/Vv:Vw
Q

Lemma 2.3. Let p € ]1,6[. There exists a nonnegative C = C(2, p) such that:

lpq = sup{ LW E Wz’pl(Q)ﬂ Wol’p/(Q), divw =0, [[wllp, y = 1}.

‘We have then:

lvll, < Clvlp.a;
for all divergence-free v € H(} ().

Similarly, we define the following norm based on the weak formulation for the
Stokes—Brinkman equations. Given p € L% () such that p > 0, we set:

Vlp.a,p = sup”f Vv:Vw+/ PV W
Q Q

we W2 Q)n Wol’p/(Q), divw =0, [[wll, y = 1}.

’

Then, there holds:

Lemma 2.4. Let p € ]1,6[ and p € L>®(RQ) such that p > 0. There exists a nonnegative
C =C(, p, lpllco) that satisfies:

”U”p < C[U]p,Q,p,
for all divergence-free v € HO1 ().

As Lemma 2.3 can be obtained by setting p = 0 in Lemma 2.4, we prove only the
second one.

Proof. The idea is to use the following equality:

vl p =SUP{‘/ v-¢
Q

Let p< 6and ¢ € Lp/(Q), l¢ll,y = 1. Because p’ > 6/5, we introduce the unique solution
(ug, my) to the problem

L¢ € L7 () 119llp gy = 1}.

{_A% YT =0 g (12)

div Up = 0,

completed with the boundary condition ugy =0 on 9. According to Lemma 2.2, this
solution satisfies ug € WP ()N W, (), ps € WP (Q) and

lugllz,pr < Cliglly < C.
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Moreover, we have that W27 (Q) ¢ W'2(Q). This yields that, using an integration by
parts:

fv~¢=/v-(—Au¢+Vn¢+pu¢)
Q Q
:/Vu¢:Vv+/pu¢~v.
Q Q

/ U¢‘ < [U]p,Q,p”uq)”Z,p/ < C[U]p,Q,p-
Q

This entails:

‘We obtain:

/SZU'¢’ < Clvlpa,p, Vo€ L7 (), ol = 1. O

2.2. The Stokes problem in an exterior domain

In this part, we focus on the case Q@ = R3\ B(0, r) where r > 0. Given V € R3, we consider
the Stokes problem on Q:

—Au+Vr =0,
{ divu =0, % (13)
completed with boundary conditions:
u(x) =V, onaB(@,r), lim |u(x)| =0. (14)
|x|]—00

We investigate here the convergence of Stokes solutions on annuli to the Stokes solution
on the exterior domain. Precisely, let R > r and Qg = B(0, R)\ B(0,r) = A0, r, R). We
denote by (ug, wr) the solution to:

—Aup +Vnr =0,
{ divig = 0. on Qg, (15)
completed with boundary conditions:
u(x)=V, ondB0,r), u(x)=0, ondB(0,R). (16)

We emphasize that we only consider constant boundary conditions. In this particular
case existence theory for (13)—(14) is well known since explicit formulas for the solutions
are part of the folklore (see [10] and more recently [5]). Explicit solutions for (15)—(16)
are also available following the same construction scheme as in the unbounded case. We
refer here to [5, §6.2] for more details. On the basis of these formulas, the convergence
of (ug, mg) to (u, ) is studied in [5]. For later purpose, we complement here this study
with two supplementary properties of this convergence.
First, we denote

Fp= / (Vug —wgl)ndo, F" = / (Vu—nhndo.
dBO.1) 4B(0.r)

We use the symbol I here for the identity matrix in R3. These quantities are related
to the force exerted by the flow (ug,mg) (respectively (u,7)) on the hole B(0, R)
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(see Appendix A for more details). We recall that Stokes law states that F" = 6rxrV.
The following lemma shows that the sequence Fj converges to F". Moreover, explicit
formulas for ug and u allow to compute the rate of this convergence:

Lemma 2.5. There holds: v
Fh—F"| <2,
| R | ~T R

Proof. We show the inequality for » = 1. The result extends to any r > 0 by a standard
scaling argument that we recall afterward.
We have that:

Fj—F! =/ (V(uR—u))nd(r+/ (r —mR)ndo.
B(0,1) dB(0,1)

Adopting the notations introduced in [5] we set r = |x|, ® = |’;—| and P,V = (w-V)w.
We have then, for arbitrary x € A(0, 1, R) that:

C(R) D(R)

ur(x) = [
_2|: C(R) D(R)

](H_ w)v

|y

where:

A(R) = 3 01 B(R ) 01
(R) = —o5 + ( ) (R) = o + (m)

3 1 1 1
C(R)=—Z+O(E>, D(R) = —+0(R)

The formula for u is obtained by replacing A(R), B(R), C(R), D(R) by their limits when
R — 00 in the formula defining u.
In the same spirit as on [5, p. 965], we have that, for arbitrary x € A(0, 1, R):

3 2 1IN 1 (1
uR(x)—u(X)=[mr - 0( ) T < >+0< );+r_30(§):|(H—Pa))V

T T P o( D ro(H) r Lo(L)]ev
—r r — |- — — |-+ = — .
4R3 R*) 4R R R)r r \R/J|"
This yields

3
v — do = V.xxd
/93(0,1) (t —wndo <2R3+0< ) < ))( B(Ol) o U)
3
+<2R3+0< ) ( )) IB(O, 1)V xxdo,

Vi

R

and consequently:

‘/ V(ugr —u)ndo| <
3B(0,1)
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By using [5, §6.2] we get a similar formula for the pressures:
SA(R)+3B(R)\x-V
x|

TR(x) —m(x) = (—20A(R)|x| + Vx € A0, 1, R).

x|’
This entails that:

/ (m —mr)ndo
9B(0,1)

< (25|A<R>|+3|B(R>|>U V.xxdo
0

B(0,1)
_
~ R
Finally, we get that:
VI
Fyp—F'| < —.
F—F'1 S o

We obtain the inequality for arbitrary r by remarking that, denoting (i, 77) the solution
to the Stokes problem on R3\ B(0, r) (respectively (iig, 7g) the solution to the Stokes
problem on A(0, r, R)), we have:

(), 7 (x)) = <u<§) 1:1()—“)), for all x € R3\ B(, r),

r r

1
(Hr(x), Tr(x) = (uR/,<£), —JTR/r<£>>, for all x € A0, r, R).
r)r r
Introducing this scaling in the formulas for Fj, we get that:
Fp—F =r(Fg, —F".
This entails finally that:
|FR—F'| = r|Fg,, — F'|

< rzm. O
~ R

We conclude this section by an error estimate for the velocity gradient:

Lemma 2.6. There holds:

2
/ Vurl? S SIVE.
AO,R/2,R) R

Proof. We obtain the result for » = 1 by plugging the explicit formulas for u® and the
coeflicients A(R), B(R), C(R), D(R) in the previous proof and generalize it to arbitrary
r > 0 by a scaling argument. The details are left to the reader. O

3. Proofs of Theorems 1.1 and 1.2

We proceed in this section with the proofs of our main theorems. In this section, we fix
Q, Roy, Co, and p € ]1,3/2[, g € (3, 00) as in the assumptions of our theorems. When using
the symbol <, we allow the implicit constant to depend on these values Ry, Co, p, g, Q2.

Let N > Ny := (4Ry/Co)>/?. we recall that Eq[u™] is the solution to the Stokes problem
(1)-(2) on the perforated domain FV with boundary data Vi,..., Vy. With similar

arguments to [9, § 3] we have:
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Proposition 3.1. There ezists a constant K depending only on Ry and Cqo for which:
IVEQ[u™ll2 < KEo, VN > No.

We also introduce i the solution to the Stokes—Brinkman problem (3)—(4) associated
with the data j, p that may be computed from the particle distribution function to which
the sequence of empirical measures describing the N-configurations converges.

The main idea is common to both proofs: we apply duality arguments reported in
Lemma 2.3 or in Lemma 2.4 in order to estimate the L”-norm of the vector field vV :=
Eq[u™]—i. Hence, the core of the proof is the computation of

‘/VUNva
Q

for an arbitrary divergence-free vector field w € W2”’/(Q) N WO1 PU(Q).
In the two next parts, we prepare these computations by fixing a divergence-free vector

field w € W2'1’/(Q) N WOl P /(Q). We compute equivalent formulas for

/ Vol Vw,
Q

and provide some bounds that are relevant for both proofs.
We remind the classical embedding that we use repeatedly below: since p € [1, %[, there
holds:

3

w27 (Q) < COL().

3.1. Extraction of first order terms

Let N > Nyg and w € Wz’pl(Q) N Wol’pl(Q) be divergence-free. We have:

/VUN:Vw=/ VEQ[uN]:Vw—/ Vi : Vuw,
Q Q Q

where

/w:w _ /(j(x)—p(x)ﬁ(x))-w(x)dx,
Q Q

/VEQ[MN]ZVU) =/ vul : Vw.
Q FN

In what follows we use the shortcuts:

AY = AN, Co/AN'P, Co/2N'P), i :=?§ ul, (17)
B
and c
N _ N 0 N .

Because of the definition (H1) of Cp, the sets Q;V are disjoint and cover a subset of €.
These sets are also annuli but they play a special role to our proof hence the different
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name. Because N > Ny, the sets in are not empty so that their boundaries are made

of two concentric spheres. The internal sphere is BBJN while we denote below BeQ;V the
external sphere.

We first decompose the scalar product f N Vu® : Vw into N integrals on the disjoint
annuli Q;V To this end, given j € {1, ..., N}, we define (ﬂ?;v, ﬁjj.v) the unique solution to
the Stokes problem

N on Q;V , (18)

divw?y =0,

~N =N _
{—ij +VaY =0,
J

completed with boundary conditions:
{ﬁ;v(x) = w(x), on BBJN,

19
wj.v(x) =0, on aeszy. (19)

We still denote @;V the trivial extension of 1’47?’ to FN and we set

N
wV = Z 1’47?’
j=1
We remark then that w? satisfies:
wh e H'(FN),
divw?V =0, on .7-"N,
wV = w, on 3FN.

We have then:
/ VuN:Vw:/ VuN:V(w—wN)+/ vu : vuw.
]_'N ]_'N ]_'N

Because u” is the solution to the Stokes problem on FV and w — wV € Do(FN), the first
term on the right-hand side vanishes:

N N
N . _ N .g~N ._ N
/}_NVM .Vw—E/}_NVu .ij .—Elj.
j=1 j=1

Let denote now by (wj-v , nJN ) the unique solution to:

—AwY +val =0,
I ]N on @V, (20)
divw} =0, J
completed with boundary conditions:
Nioy N N
w; x)== w(xj ), on aBj , (1)
wi.v(x) =0, on 89911.\’.
For arbitrary j =1,..., N, we have
1N=/ VuN:V(@N—wN)—i—/ vu : vw?,
! oV / / oV J
J

J
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and we set

Rl;v ::/ VuN:V(fE;V—wj.v).
oV

J

Because wj.v is a solution to (20) and u € H' (Qj-v ) is divergence-free we have also that:

1;V=/ [(ij.v—njv]l)-n]-uf"da+/ [(Vw} =7 -n]-u™ do + R17Y.
aBj.V

aeszj.v

In the first integral, we note that u = VjN on BB;V. We then introduce:

N _ N_ .
F] _ABN<ij p)-ndo
J

to rewrite the first term:

N__N N _ pN_yN
/BBf[(ij —7; D-nl-u”do = Fj -Vj .
As for the second term, we have (recall (17) for the definition of ﬁ?’ ):
f [(ij.*’ —nj.V]I) nl-u do = f [(ij." —n/NH) .n]-ﬁyda+R2jV,
aery 369?1

where
R2Y =/ [(Vw) =7 -n]- @Y — i) do.
N
9.2
At this point, we remark that the Stokes system is the divergence form of the
conservation of the normal stresses. This yields that:

/ (wa.’—n]’yﬂ)-ndwr/ (Vw —7}'T)-ndo =0.
aBYN 9.

J J
Consequently, we obtain that:

N N N _ p9N _ pN =N
/{;QN[(ij -7 I)-n]-u da_RZj Fj uj .
R

Eventually, plugging the identities above in |’ FN VuV : Vw yields that:

N
/ Vol i vw = ZF]N~VJN—/ J ) - wx)dx
Q Q

j=1
N

— [ZFJN-a;V—/ p(x)ﬁ(x)~w(x)dx]+R1N~|—R2N, (22)
Q

j=1

where:

N N
N ._ N N ._ N
RIV:=Y"R1Y, R2V:=) RV
j=1 j=1
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3.2. Estimates applied in both proofs

We state and prove here several propositions that are useful in the proof of both theorems.

Proposition 3.2. There holds:

N
ZFkN'UIiV_f Jx)-wx)dx
k=1 g

Proof. We define (W]].V, 1'[?’) by:

Ey .
N <N2/3 +1J _]N”(CO*](STZ))*>||w||2,p/'

W (), 7 () = (W) (N(x —x'), NIIY (N(x —=x}))),  Vx e @Y. (23)
We note that, substituting in the integral yields:
1
/ (Vw) —a'l)-ndo = — (VW) —11}D) - ndo,

B} IBO.rY)
and:

1

FJN = (VW]N - 1'[?’}1) -ndo

N Japo.r)
1

6w
_ N _ NT. _ N N N N
= _N(/‘aB(o,er)(ij l'[j I)-ndo 67'rrj w(xj )) +—N ri w(xj ).

‘We remark then that (W]N, I"I;y) is the solution to:

—AWN +vIIY =0 S
J J 2/3 N
on B(0, Co/N B(0, r:"), 24
{ v wh o, (0. Co/N**)\ BO, rY) (24)
completed with boundary conditions:
WY@ =w@l), onaBO.rY), WNx)=0, ondB(,Co/N*3),  (25)

so that Lemma 2.5 applies. Assumptions (H2) and (H3) then entail that:

N N
1
§ FN~UN—/j~w' '—<§ / (VWN—PN]I)-nda—ém’.Vw(xN)>-vN
P koK Q N\ = Japo.rY) J / J J k
= j= J
N

61

+_Zr]£\’[w(xliv)]_v]1(v_/ j-w'
N3 Q

! - |r]£\7|2 N N N .

NZ N2/3 [w ) v [+ 1T — J, w)l
k=1

A

0 . .
Sy o + 17" = lleor @y Iwlieo -

We conclude the proof by applying the embedding w2r' (@) c ¢ (Q). O
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Remark 3.1. A more general estimate can be proved when p € 13/2, 3[. Indeed, in this
case we have the Sobolev embedding W2 (Q) < cOminlep) Q) with ap i=2— % =

-1+ % € (0, 1). Hence, in the last list of inequality, we may bound:
1N =G w)l <Y = 1l o @y w2, -

We complete the joint part of our main proofs by showing that both R1Y and R2V
vanish when N — o0. First, we have the following proposition:

Proposition 3.3. There holds
Eollwll2,

IRIV| <
N

Proof. We remind that:
N
R1V = Z/ VEq™) : v@h —wh).
: Q
j=l1

We set ﬁ)jy the difference @;V - wj-v, hence:

N 1/2
IRIV| < ||VEQ(uN)||Lz(Q><Z||vw7 ||§2(Q}_v))
j=1 !

N 1/2
< EO(Z vy ||iz(Q,N)) : (26)
J

Jj=1
because of the bound on Eq[u™] that we obtained in Proposition 3.1.

At this point, we remark that, for j € {1,..., N} the ﬁ)ﬁv can be associated with a

pressure ﬁJN (namely ﬁjN - njl.v ) to get the unique solution to the Stokes problem:

—AY +vaN =o,
J J N
on Q7 27
{ divuvj.v =0, J (27)

completed with boundary conditions:
N (28)

WY =0 on 3,QY.

[wj.v(x) = w(x) —w(x;), ondBY
J

The aim is to bound the H(; (Qj.v)—norm of ﬁ)jv by constructing a lifting of boundary

conditions (28) and using the variational characterization of W% solution to (27)-(28).
Let x be a truncation function equal to 1 on B(0, Rg) and vanishing outside B(0, 2Ry).
We set xV := x(N(x —xf.v)) and we denote v = v 4+ vy where:

v = N OwE —w), vxeQl,

v2 = By, Ry/N,2Ry/N[— div(v1)],
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with 9B the Bogovskii operator (see [6, § II1.3]). Because div(vy) = VxV - (w — w(xj-v)) has
mean 0 on Q;V , the vector field vy is well defined. We may then apply [9, Appendix A,
Lemma 15] to get that:

/ Vol 5/ IVw(x)[?
szf’ A(x}V,RO/N,zRO/N)

+N2f |w(x) — w(x] sup [V ()
A(xj].V,RO/N,ZRo/N) x€B(0,2Rg)

< 2
S 1wl

We applied here again the embedding W27 (Q) < C%!() for p’ > 3. Finally, we have
E
N 0
|R1 |§F”wl|w2b’(g)
This ends the proof of our estimate. O

Remark 3.2. Asin Remark 3.1, a more general result can be obtained for all p € 13/2, 3[.
In this case, we have that Wz’r",(Q) — C%% (Q), which provides a more general bound
for the error term R1V of the form ﬁ

In order to compute the second error term, we need the following lemma. We recall
that the annuli A?’ are defined in (17). We keep the convention that 8€A§V stands for the

external sphere bounding A?’ .

Lemma 3.4. For j =1,..., N, let vj.v € HI(A?/) satisfy:

odivv;.v =0 on A?’;

e the flux of vj-v through the exterior boundary of A?’ vanishes:

/ vjy -ndo =0;
a.,,Aﬁ’

o the mean of v;v on A;V vanishes.

Then, there holds:

N N 1/2 N 1/2
N N N N2 N2

> [ vud —ai ot o] S (09 gy, ) (D00 gy, )

j=10:%; j=1 : j=1

Proof. We begin by introducing a suitable lifting of vj.v l, AN

Namely, we introduce a truncation function x such that y vanishes on B(0, Cy/4) and
is equal to 1 outside B(0, Co/3). For j € {1,..., N}, we denote X/N = x(N1/3(x—xj.v))
and we set:

v =19j1+7;2,
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where:
~ __ _N.N ~ - .o~
Vil =XjVj, Vj2= %x;\’,Co/4N1/3,CO/2N1/3 [—divo;i].

As, by assumption, we have that vj.v has flux zero on 86A§.V we obtain that divd; | has

mean zero on A?’ and v > is well defined. For convenience, we also set:

N N
N _ N ~ ~
w" = E lgﬁywj, Dv = E IQ;VVUJ.
j=1 j=1

At this point, we note that:

e On BBj.V C B(xj.V,CO/4N1/3) we have X]N =0 so that v;;=0. As v;,=0 by
construction, we get v; = 0;

e 0On BeA;V = 8952?’, we have XJN =1sothat v, = vj.v. As, by construction, ;5 = 0, we
get vjy =7;.

These remarks entail that:

N N

N N N _ N N ~
Z/MN(ij —a¥Dn ol do = Z/BQN(V% — 7V Dn-7; do
j=1704] j=1 j

N . g5
zzfmwj.wj,

= /;leupp(D{,)VwN : Dv.

1/2 1/2
< ( / ISupp(D,;)WwNF) ( / |Dﬁ|2> :
Q Q

Due to the fact that the supports of the Q;V are disjoint and cover the support of Dv,
we have:

Consequently, we have:

N

Z/ (ij-v —N;VH)I’!'U;V do
° 9 szj’

j=1""

N
2 N2
/;ZISupp(Df))'Vle = Z /QN Lsupp(piy [VWw;' |
j=17%

where Supp(Dv) N Q;V = A?’ so that

N
2 2
/ISupp<Da>|VwN| =Zf IVwl|?.
& oAy

With a similar decomposition, we obtain also:

N
|D3|> = / V|2,

N

< 2§ /N IV 11>+ VD2l
) A’
j=1 J
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As in the proof of the previous proposition, we compute the terms Vv; 1, Vv;> and
use estimates on Bogovskii operator (see [9, Appendix A, Lemma 15]) to get that there
exists a positive constant K, such that:

f IVﬁj,1|2+|Vﬁj,2|2<Kx</ N2/3|v§V|2+/ |Vv§v|2).
Aj.V Aj." A];’

Finally, we apply the Poincaré-Wirtinger inequality in the case of annuli (see [9,
Appendix A, Lemma 13]): there exists a constant C > 0 independent of N for which:

C 2
V2 <o =2 Vol |2,
v OINTB) Jan '
J

J

Finally we get that
N
~12 N2
/SZ|DU|§X;/AN|W].|. O
j= i

We may now state the result on the control of the second error term Rév :

Proposition 3.5. There holds
Eollwllz, p
N1/3

Proof. The main idea to compute R2V is to apply the previous lemma to

vj-vzlArg[uN—% uNi|.
! AN, Co/a4NT4,Co/2N1/3)

IR2V| <

This entails that

N 1/2
N N N2
IR2V| < K| Vu ||L2(;N)<Z||ij ||L2(A]N)> . (29)

i=1

At this point, we recall the definition of WJN (see (23)) and use the change of variable
y=Nx— x;.v ):

Ivwy ||§2(A§v) = /A NIV N = x) P dx
J

1
- — VWY () dy
N J 40,coN%374,CoN2132))

1
_ N2
- ﬁ”VWj IZ2(a0.con23 /4. con2r3 12y

We may then apply Lemma 2.6 to get that:
Ny 2
o @]

r

N2
IVW; ”L2(A(O,C0N2/3/4,C0N2/3/2)) ~ U CON23
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Plugging these identities into (29), applying the fact that Eq(u") is bounded for the
Dy(€2)-norm and assumption (H2), we obtain:

N NyN12\ 1/2
wEMP\12 g
AR ) Ry [/ O

1
N| < Eol — ' .
RIS O(szl AN T NI/

3.3. Proof of Theorem 1.1

We now turn to the proof of the theorem including a smallness assumption on the size of
the holes. For this proof, we first complement the computations in the previous section
by estimating the term on the second line of (22):

Proposition 3.6. Under the further assumption that j € LY(2) for some g > 3, there
exists K, o depending only on p and Q such that:

N
ZFkN.ﬁ,iV—/ p(x)w(x) - ii(x)
k=1 2

Eo 1 _
N Ns T o™ p"(CO'(Q))*+N1/3 lall2s [lwllz,p-

Proof. We may write:

0 N _
—Kpa—7lwla,pllu™ —ullp
CO

N

6 6
Z uk = Z (FkN— ;rk w(xy, )) ];Trk w(xk )- uk

k=1

We remind that given k € {1,..., N}:

4 (C3 (3 7C3 7
AN = BN, Co/2N3) = BN, Co/aNPY| = =1 =2 — =0 ) = 20—
A | = |B(x; , Co/ ) =B (x, Co/ )l 3"\ sV " @an 18N

According to the same computations as in the proof of Proposition 3.2:

N

Z(FN 5% N )) ! i L i
k k k N N2/3 N Yk 0
k=1 N N k=1 N
<
S N2/3||w||oo |AN|f
< s Iwlloe:

In order to compute the remaining term we introduce the linear mapping;:
cx € — R
HN . 6 N

¢ r— (HNd)_W () - A¢>
k=1 k
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We also set:
(I, ¢) I=pr(x)w(x)~¢(x)dx,

to rewrite the term:
1 N
NZénr,ﬁvw(x,iv).ﬁ{j—/Qp(x)w(x).ﬁ(x)dx = (My, u™) — (11, &)
k=1

= (Ny, u" — i) + (M — I, 7).

By straightforward computations, we show that (ITy)y is a bounded family of linear
mappings on LP(Q). Indeed, recalling the definition of Rg in (H2) and the above
computation of |AIICV|, we obtain:

I{ < lwll N/ [
[y, ¢)| < |lw maxr, ¢
N ooN Nk A

Ro
< Kpa—llwlclelp,
C
0
with K, o depending only on € and p. Hence, applying the embedding w2r'(Q) c
L*®°(2) (with a constant depending only on p, ) we obtain with a possibly different
constant K, o, keeping the same dependencies:

- Ro _
(M, u™ =) < Kpa—sllwlla,pllu™ —ill,.
Co
To compute the last term we use the regularity of u solution to the Brinkman problem.
Indeed, if j € L? for some g > 3 then Theorem 2.2 shows that u € W24(Q) — C*1(),
thus, there holds:

_ 61 _
(My — 1, )| = WZr wx) - i(x] )—fgp(x)w(x)-u(x)dx
k=1
67 N
WZr,ﬁvw(xk) jg (u — u(x; ))‘
k=1
< NN = p,w- i)
677 N
+W;rk w17 N1/3 litllco.

N -
S e = pllcor@y lwllcor g lullcor )

+W”w”oo||"_‘”60=l(§z)' O

Remark 3.3. When j € L9(2) with ¢ € ]13/2, 3[, a similar estimate holds involving the
distance between p and pV in the dual of C%% (). This restriction is due to the
embedding i € W>2(Q) < C%%(Q). The case ¢ € 13/2, 3[ involves also a remainder term

. : 1
that converges to zero like e
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To complete the proof of Theorem 1.1, we remind that we introduced an exponent p €
11, 3/2[, and an arbitrary divergence-free test function w € WO1 P Nwr(Q); inspired
by Lemma 2.3, we computed (22) which we recall here:

N
/V(EQ[MN]—L_l)IVw = (ZF]ijv—/ j(x)-w(x)dx)
Q Q

j=1
N

+ (/ p(0)ia(x) - w(x)dx — Z FY u7> + R1VN + R2V. (30)
Q iz

At this point, we apply now Propositions 3.2, 3.3, 3.5 and 3.6. This entails that there
exists a constant K depending only on p, 2, Rg, Co for which

’/ V(Eqlu"]—i) : Vw‘ < lwllz,p
Q
) . Eo + |lill2, Ro _
><(K|:||]N—J||(co,1(g‘z))*+Tqﬁ-HpN—PH(cOJ(Q))* +Kp,szg||uN—u||p .
0

Consequently, applying Lemma 2.3 and regularity theory for Stokes—Brinkman problem,
we obtain a constant K, o which may differ from the previous ones, but still depending
only on p and €2, such that:

Eo+1ljllq

Ro _ . .
(1 - KP,QE> ”uN - MHP S ”]N —J ”(CO,I(Q))* + ||,0N - ,0||(COI(Q))* + N1/3

0

This yields the expected result assuming that R/ CS is sufficiently small.

3.4. Proof of Theorem 1.2

We proceed with the proof of our second main result. We do not consider in this case
any particular restriction on the ratio Ry/ CS. We want to apply now Lemma 2.4. So, we

remind that for a fixed divergence-free test function w € Wol’p /(Q) N Wlp,(Q), by using
again formula (22), we get:

N
/QV[EQ[MN]—IZ]:Vw—i—/g,o[EQ[uN]—lZ]-w:(;F}V-v;\’—/;sz)

N
+</ pEQ[uN]-w—ZF;V.zzj.V>+R1N+R2N. (31)
Q .
Jj=1

In order to treat the new term
N
N N -N
/S;,OEQ[M ]-w—ZFj U
j=1

we apply the following proposition:
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Proposition 3.7. There holds:

N

'LpEQ[uN].w—ZFIN-ﬁy

1/3
S <||,O - PN”(CO,I(Q))* + W) E0||w||W2.p’(Q)-
j=1

Proof. Using the same notations Iy and IT as in the previous proof, we write:
N

N
- 6 -
/ pEalu™]-w—) FY-af =3 (Wr,fw(x,iv) - FkN) i+ (M =Ty, Eglu™]),
Q ;
j=1 k=1

where the first quantity on the right-hand side is treated as in Proposition 3.2:

N

6
> (A= St

k=1

Ey
N N3 lwlleo-

To compute the second term |[(ITy — IT, u™)|, we remark that for arbitrary smooth test
function ¢ there holds:

N
j=1

6 N
(My — T, ¢) = — Zr,”w(x}v)ﬁ]vwx)dx—<p,¢~w>

N
6
N N, N N
(P = ppw)+ - 3] w(x,)ﬁN(qb(x)—wj ) dx,
j=1 j
and consequently,
N 1
Ky —I1, )| < le —/0,45'w)|+mllwllooll¢||coyl(s'z)
N
< (Hp—p ||(C0»1(Q))*+W)”(p”CO»l(Q)”w”CO»l(Q)-

On the other hand for all ¢ € L%(R2), we have that:

61 [ on lay )
(My — T, )| = —/ " w(x”)-qs(x)dx—/pas-w‘
N Joig 1Al 2
N
s ||w||ooZ/AN 161+ lwllocllpll2 1112
j=1 J
S lwlleligll.

We now propose to interpolate the results above as we want to apply the previous
inequalities with ¢ = Eq[u™¥] € H(; (2). So, let x be a mollifier having support in B(0, 1).
We construct then the approximation of unity

1 .
x5(:) = 5—3x<§>, Vs> 0.

https://doi.org/10.1017/51474748018000014 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000014

254 A. Mecherbet and M. Hillairet
Thanks to the previous computations, we have that:
My =T, Eg[u™))| < [Ty =TT, Elu™ 1+ x5)| + {Ty — 1, Eg[u™]— Eqlu™ 1+ x5)|
(II,O PNl oy + N1/3>||EQ[MN]*Xallco,l(g‘z)llwllco,l(g‘z)
+lwllooll Elu™] — Eq[u™ ] xs1l2.

At this point we remark that Eql[u™]*xs € H3(Q) < C%1(Q) with continuous
embedding. Furthermore, straightforward computations show that:

I1Ealu™] = Ealu™ 1+ xsll 2@y < dllully)q)-
IEQLu™T 5 x5l 3 w3y S Slz”u”[—]ol(g)'
Plugging these estimates in the previous inequality yields that:
[(My — T, Eq[u™])]
(np P o gy + Ni /3)32 IV Ealu™Tl2lwlcos ) + 8lwllL |V Eelu 1l 2()-

We may then set § = (||,o—,0N||(Co,1(Q))* -I—ﬁ)l/3 and again apply that Wzvp/(Q) C
C%1(©) with the uniform control on ||VEgq[u™V]||> to get that

1 \!/3
|<HN—H,EQ[uN]>|§<||p p ||<COI(Q>)*+N1/3> Eollwll . (- O

Similarly as in the proof of the previous theorem, we complete the proof of Theorem 1.2
by applying Propositions 3.2, 3.3, 3.5 and 3.7 to control the right-hand side of (31) and
referring to Lemma 2.4 to conclude.

4. Final remarks

In the main theorems of this paper, we introduce dilution assumptions reminiscent of
[5] and we measure the distance Eq[u’V]—it in L? spaces with respect to the distances
between (pV, jV) and (p, j) in the bounded-Lipschitz norms. In this final remark, we
discuss the extension of these estimates to other distances and to more general dilution
regimes.

Extension to Zolotarev-like distances
Let first consider Zolotarev-like distances of the data (see [11, §2.5]):
1™ = ol coa@ys + 17N = jllcoa@y @€ O, 1).

In the computations of the previous section, we may replace the (C%!(2))* distance by
such distances. Thanks to the Remarks 3.1-3.3, we obtain then:

https://doi.org/10.1017/51474748018000014 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000014

L7 estimates for the homogenization of the Stokes problem 255

Theorem 4.1. Let o € (0, 1) and (p,q) € (1,3/(1+a)) x 3/(2 —a), 00). Assume that j €
L1(Q2) and Ro/CS is sufficiently small, there exists a constant K > 0 depending only on
RO’ C05 pP.q, Q for which:

Eq ||j||Lq(sz)]

N - N : N
lE@lu™]—illr@) < K|:||J — Jllcoe@y TP = pllcoe@y + N min(i/3,0) Na/3

for N > (4Ry/ Co)>/>.

Theorem 4.2. Let o € (0,1) and p € (1,3/(14+«)). There exists a constant K >0
depending only on Ry, Co, p, l|pllLe(e), @ for which:

1/3
IEqlu™]—illLro) < K[nj — iVl eoa @y + (np — PNl oy + W) Eo},

for N = (4Ry/Co)3/?.

Extension of the result to the dilution regime of [9]

One key point of the method we develop in this paper is that it relies on computing the
size of error terms:

w / (VEo[uM1= Vi) : Vw+ p(EquN]—a) -w
Q

seen as linear forms on Sobolev spaces with sufficiently high regularity. With the help of
Lemma 2.4 we may then transform such computations into distance estimates between
Eq[u™] and & in some L? spaces. This very method is not restricted by the dilution regime
under consideration herein. In particular, we may extend our result to the dilution regime
introduced in [9]. In this reference, the new assumptions on the particles distribution are
the following. We denote by drlr\llin the minimal distance between particles:

4Ro

drlr\llin ‘= min {dist(x,-, 0€2), min dist(x;, xj)} > -
J

We assume that there exists a sequence (A)yen such that the following quantity:

MY = sup {#{i e{l,...,N},x; € B(x,AN)}}

xeQ
satisfies:
JVN N23 N5
lim —% = 00, (#) is bounded. (32)
N—oo [AY] dmin NeN
MN
(T) is bounded. (33)
NIAYE ) yen

Moreover, we keep the different radii’s hypothesis on the balls and the associated
assumption (H2). We also keep assumption (H3) by introducing a uniform bound Eg < oo

such that:
| 1/2
(ﬁ > |V,-N|2) < Eo.
i=1
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Note that assumption (33) implies that there exists a positive constant M such that:

M—N < M™®

IANISN

The approach of [9] is to define a specific covering of @ with cubes of width AN which
allows to focus on the study of each cell by using the fact that the maximal number
of holes in each cell is well known thanks to (33). In particular, the parameter § which
appears in the following estimates is introduced to handle the centers that are too close
to the boundaries of the covering. So, adapting the computation of error terms to the
decomposition proposed in [9] one obtains the following result:

Theorem 4.3. Given p €]1,3/2[ and § > 4 arbitrary large, there exist two positive
constants C = C(2, p, llpllco, Ro, Eo, M®®) and Cs = C(8) such that:

_ N AN
IEQlu™]—ill, < c(nﬂ—J||<co,1@>)*+61/3<||pN—p||(co,1(g-2))*+|x’v|>”3+ v
min
1 NL/31N|5/2
+—8+C5«/§|AN|+#+81/6N1/S|AN|2). (34)

\/_ §1/3 /dnl\{in

Appendix A. Fluid/solid interaction

In this part, we assume that Q = R3\ B(0, ) where r > 0. Let V € R? be fixed in what
follows. We consider the unique pair (u, ) solution to the Stokes problem:

—Au+Vnr =0,
{ divu =0, °n% (35)
completed with boundary conditions:
u(x) =V, ondB(,r), lim u(x) =0. (36)
[x]—00

We denote by F the reaction force applied by the obstacle B(0,r) on the fluid, it is
defined as:

F= / (Vu+Vu —xl)-ndo. (37)
R

The following lemma provides us an equivalent definition of F:

Lemma A.1. Let Ry > r, there holds:

F:/ [Vu —rl]-ndo.
dB(0,Rp)

Proof. The aim is to prove that for arbitrary W e R3:

F~W:/ [(Vu —xl)-n]-Wdo.
dB(0,Ry)

https://doi.org/10.1017/51474748018000014 Published online by Cambridge University Press


https://doi.org/10.1017/S1474748018000014

L7 estimates for the homogenization of the Stokes problem 257

Fix a vector field w € CSO(R3) such that divw = 0, w = W on B(0, Ryp), extend u by the
value V on B(0, r) and still denote by u the extension for simplicity. After integration by
parts we obtain:

F-W = Vu:Vw—{—Vu:VwT
R3\B(0,r)

=/ Vu: Vw
]R3

= / Vu :Vw
R3\B(0,Ry)

= / [(Vu—nl)-n]-Wdo.
dB(0,Ro)

Asdivu =0 and w = W on B(0, r). O
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