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Abstract. In this paper, we give a family of rational maps whose Julia sets are Cantor
circles and show that every rational map whose Julia set is a Cantor set of circles must
be topologically conjugate to one map in this family on their corresponding Julia sets.
In particular, we give the specific expressions of some rational maps whose Julia sets
are Cantor circles, but they are not topologically conjugate to any McMullen maps on
their Julia sets. Moreover, some non-hyperbolic rational maps whose Julia sets are Cantor
circles are also constructed.

1. Introduction

The study of the topological properties of the Julia sets of rational maps is a central problem
in complex dynamics. For each polynomial of degree at least two with a disconnected Julia
set, it was proved in [QY] that all but countably many components of the Julia set are single
points. For rational maps, the Julia sets may exhibit more complex topological structures.
Pilgrim and Tan proved that if the Julia set of a hyperbolic (more generally, geometrically
finite) rational map is disconnected, then, with the possible exception of finitely many
periodic components and their countable collection of preimages, every Julia component
is either a point or a Jordan curve [PT, Theorem 1.2]. In this paper, we will consider one
class of rational maps whose Julia sets possess simple topological structure: each Julia
component is a Jordan curve.

A subset of the Riemann sphere C is called a Cantor set of circles (sometimes Cantor
circles in short) if it consists of uncountably many closed Jordan curves homeomorphic to
C x S, where C is the middle third Cantor set and S! is the unit circle. The first example of
a rational map whose Julia set is a Cantor set of circles was discovered by McMullen (see
[Mc, §7]). He showed that if f(z) = 2+ A/z3 and A is small enough, then the Julia set
of f is a Cantor set of circles. Later, many authors have focused on the following family,
which is commonly referred as the McMullen maps:

g (@) =X+ 1n/7, (1.1)
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where k, [ > 2 and n € C\{0} (see [DLU, St, QWY] and the references therein). These
special rational maps can be viewed as a perturbation of the simple polynomial go(z) = z*
if n is small. It is known that when 1/k + 1/ < 1, there exists a punched neighborhood M
centered at the origin in parameter space, which is called the McMullen domain, such that
when n € M, then the Julia set of g, is a Cantor set of circles (see [Me, §7] fork =2,/ =3
and [DLU, §3] for the general case).

The following three questions arise naturally. (1) Besides McMullen maps, do there
exist any other rational maps whose Julia sets are Cantor circles? (2) If the answer to
the first question is yes, what do they look like? Or, in other words, can we find specific
expressions for them? (3) Can we find all rational maps whose Julia sets are Cantor circles
in some sense? This paper will give affirmative answers to these questions.

By quasiconformal surgery, we can obtain many new rational maps after perturbing
the immediate super-attracting basin centered at oo of g, into a geometric one. Fix
one of them, then this map is not topologically conjugate to g, on the whole C. But
they are topologically conjugate to each other on their corresponding Julia sets. In
particular, A ,(z) = (1/2) o (ZF +¢) o (1/2) + (n/z!) is an example, where 1/k + 1/ <
1 and ¢, n € C\{0} are both small enough. However, these types of rational maps can also
be regarded as McMullen maps essentially, which are not what we want to find since they
can be obtained by doing a surgery only on the Fatou sets of the genuine McMullen maps.
So it will be very interesting to find other types of rational maps with Cantor circles Julia
sets which are not topologically conjugate to any McMullen maps on their corresponding
Julia sets.

The existence of types of rational maps ‘essentially’ different from McMullen maps was
known previously (see [HP, §§1,2]). Here, ‘essentially’ means there exists no topological
conjugacy between the Julia sets of McMullen maps and the rational maps whose Julia sets
are Cantor circles. In this paper, we will give specific expressions for these types of rational
maps, not only including the cases discussed in [HP], but also covering all the rational
maps whose Julia sets are Cantor circles ‘essentially’ (see Theorem 1.2). Let p € {0, 1},

n > 2 be an integer and d, . . ., d, be n positive integers such that ) /_,(1/d;) < 1. We
define
n—1
_1\yn— . . di di _1\n—i—
fp,dl ..... dn(z) ZZ( D"~Pd, H(Zdl+d‘+l _ai + +1)( 1) P’ (12)
i=1
where aj,...,ap—1 are n — 1 small complex numbers satisfying 0 < |aj| <--- <

lan—1] < 1. In particular, if n =2, then fi 4,.4,(z) = 2% — a‘ll1 erz/zd1 is the McMullen
map that has been well studied by many authors. Moreover, fo.4,.4,(2) = 2zt —
afl +d2) is conformally conjugate to the McMullen map z — z%1 + 1/z% for some 7 % 0.
The degrees of fp 4,,...4, at 0 and oo are dy and d,, respectively and deg(f} 4,.....d,) =
Y, d;. For each element in the family (1.2), it is easy to check that 0 and co belong to
the Fatou set of f} 4,,....4,- Let Do and Do, be the Fatou components containing 0 and oo
respectively. There are four cases:

(1) if p=1andnisodd,then f(Dy) = Do and f(Dx) = Doo;

(2) if p=1andniseven,then f(Dy) = Do and f (Do) = Doo;

(3) if p=0andnisodd,then f(Dy) = D and f(Dso) = Do;

(4) if p=0andniseven, then f(Dy) = Dg and f (D) = Dy.
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FIGURE 1. The Julia set of f] 5 5 5 5 (left picture), which is not topologically conjugate to that of the McMullen
map gy(z) = 23 40.001 / 2 (right picture). The two Julia sets are both Cantor circles.

Firstly we will find suitable parameters ag; in (1.2), where 1 <i <n — 1, such the Julia
set of each f 4,,... 4, in the four cases stated above is a Cantor set of circles.

n

THEOREM 1.1. Foreach given p € {0, 1}, n > 2and d\, . . ., dy satisfying Y ;_,(1/d;) <
1, there exist suitable parameters a;, where 1 <i <n — 1, such that the Julia set of
fp.d,....d, is a Cantor set of circles.

The specific value ranges of a; are given in §2, where 1 <i <n — 1 (see (2.1), (2.2)
and Theorem 2.5). These rational maps can be seen as the perturbations of z% or z =%
(according to whether p = 1 or 0) since each a; can be arbitrarily small (see Theorem 2.5).
Moreover, it will be shown that if n > 3, then each f), 4, ... 4, is not topologically conjugate
to any McMullen maps on their corresponding Julia sets (see Theorem 2.7). This means
that we have found the specific expressions of rational maps whose Julia sets are Cantor
circles which are ‘essentially’ different from McMullen maps.

For example, let p =1, n =4, dy = dy = d3 = dy = 5 and define

(ZIO _ all())(ZIO _ 61310)
(10 - a))

f15555(2) = (1.3)
where a; = 0.000 25, a, = 0.005 and az = 0.1. By a straightforward calculation or using
Theorem 2.5 and Remark 2.6, one can show that the Julia set of f] 5555 is a Cantor set
of circles (see Figure 1). The dynamics on the set of Julia components of fj 5555 is
conjugate to the one-sided shift on four symbols 4 := {0, 1, 2, 3} while the set of Julia
components of g, is conjugate to the one-sided shift on only two symbols X := {0, 1N,
This means that f1 55 5 5 cannot be topologically conjugate to g, on their corresponding
Julia sets.

Note that if the Julia set J(f) of a rational map f is a Cantor set of circles, then there
exist no critical points in J(f) since each Julia component is a Jordan closed curve (see
Lemma 3.1). This means that every periodic Fatou component of f must be attracting or
parabolic. In fact, we have the following theorem.
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THEOREM 1.2. Let f be a rational map whose Julia set is a Cantor set of circles. Then
there exist p € {0, 1}, positive integers n > 2, and dy, . . ., dy, satisfying Z?Zl(l/d,-) <1,
such that f is topologically conjugate to f) 4.4

n

on their corresponding Julia sets for
suitable parameters a;, where 1 <i <n — 1.

Since the dynamics on the Fatou set can be perturbed freely, it follows from Theorem 1.2
that we have found ‘all’ the possible rational maps whose Julia sets are Cantor circles. A
rational map is hyperbolic if all critical points are attracted by attracting periodic orbits.
For the regularity of the Julia components of f} 4,,....4,, it can be shown that each Julia
component of f}, 4,,... 4, 1s a quasicircle if fp 4,....q, is hyperbolic (see Corollary 3.3).

If 5 is small enough, then g, is hyperbolic (see [DLU]). Now we construct some non-
hyperbolic rational maps whose Julia sets are Cantor circles. Let m, n > 2 be two positive
integers satisfying 1/m + 1/n < 1 and X € C\{0}, we define

(I/m[(1 +2)" = 1]  amFrgmn
= 1 — )\m—i—nzm-i-n '

yeuey

Py(2) (1.4)

It is straightforward to verify that zero is a parabolic fixed point of P, with multiplier one.
We then have the following theorem.

THEOREM 1.3. If 0 < |A| < 1/Q2'19n3), then P, is non-hyperbolic and its Julia set is a
Cantor set of circles.

Inspired by Theorem 1.1, we can construct more non-hyperbolic rational maps whose
Julia sets are Cantor circles. For simplicity, for each n > 2, we only consider the case
di =n+ 1forevery 1 <i <n. Forevery n > 2, we define

(n 4 DzV* kD n]

_ 2042 3242 (—1)i7!

Pa(@) = An = E(Z b7 +B,, (19
where by, ...,b,—1 are n —1 small complex numbers satisfying 1> |bj|>--- >
|by—1] > 0 and

n—1 )
A, = ; 1_[(1 _ b2"+2)(—1)1’ B, = M
1+@2n+2)C, il ! 1+ 2n+2)C,

n—1 (_1)i71bl2n+2
_ i
and Cn —Z W (16)
i=1 i
The terms A, and B, here can guarantee that P,(1) =1 and P, (1) = 1. Namely, 1 is a
parabolic fixed point of P, with multiplier one (see Lemma 5.1).

THEOREM 1.4. Foreveryn >2and 1 <i <n — 1, if |b;| = siforO <s < l/(25n2), then
P, is non-hyperbolic and its Julia set is a Cantor set of circles.

It will be seen later that the dynamics of P, on their Julia sets are conjugate to those of
fn for every n > 2 (p =1). One of the differences between their dynamics on the Fatou
sets is that the super-attracting basin of f;, at oo is replaced by a parabolic basin of P,.

This paper is organized as follows: in §2, we do some estimates and prove Theorem 1.1.
In §3, we prove Theorem 1.2. In §4, we show that the Julia set of P, is a Cantor set of
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circles if A is small enough and prove Theorem 1.3. We will prove Theorem 1.4 in §5 and
leave a key lemma to the last section.

Notation. We will use the following notation throughout the paper. Let C be the complex
plane and C = C U {00} the Riemann sphere. For r >0 and a € C, let D(a, r) :={z €
C:|z—a| <r} be the Euclidean disk centered at a with radius r. In particular, let
D, :=D(0, r) be the disk centered at the origin with radius r and T, := 0D, be the
boundary of D,. As usual, D :=1; and S!:=T; denote the unit disk and the unit circle,
respectively. For0 <7 < R < 400, let A, p :={z € C:r < |z| < R} be the round annulus
centered at the origin.

2. Location of the critical points and the hyperbolic case
First we give some basic and useful estimations.

LEMMA 2.1. Let n > 2 be an integer, a € C\{0} and 0 < ¢ < 1/2.

(1) Iflz —al < ¢lal, then |z" —a"| <[(1 +&)" — 1] |a|".

) If 7" —a"| <elal’, then |a/z|" <1+ 2¢ and |z — ae®™i/"| < gla| for some 1 <
Jj=<n.

(3) If0<e<]1/n,thenne <(1+¢€)* —1<3neandne/3 <1— (1 —¢)" <ne.

Proof. Letz =a(l +re'?) for0<r <eand 0 <6 < 27, then
12" —a"| = (1 +re®)" —1]-Ja” <[(1+¢&)" — 1] |al".

This proves (1). The first statement in (2) follows from |a/z|* < 1/(1 —¢) <14+ 2¢if0 <
& < 1/2. For the second statement, let 7" = a" (1 + re?) for0<r <egand 0 <6 <27,
then z = ae” /" (1 4 re'?)1/" for some 1 < j < n and we have

|z — ae® M| = |(1 +re®)!/" — 1| - Ja| <[(1 +&)'/" =11 |a| < ¢la|

if n>2. The claim (3) can be proved by applying Lagrange’s mean value theorem to
x — x" on the intervals [1, 1 4+ ¢] and [1 — &, 1] respectively. The proof is complete. O

Fixn >2andletd, ..., d, > 2 be n positive numbers such that § =Y '_,(1/d;) < 1.
We use K > 3 to denote the maximal number among dy, ..., d,. Let u; = s1K 73 and
v = 51 K2, where

0 <s; <min{K /08 g>372Ky 1, 2.1

sé+(1/dn)+2(1—$)/3, vo = sél/dn)+(1—$)/3

Letug = , Where

0<so< min{z—(l—srl[1+(1/dn)—(2§/3)r1’ (4K)~31-5) K—2K[1+<1/dn)+2(1—5)/3r1} <1
2.2)
F _ . 1/dy _ dig
or p € {0, 1}, let |a,—1,pl =v,™" and |a; p| = u, |ai+1,p| be the n — 1 parameters
in the family f) 4,,...,q,» where 1 <i <n —2. Since the cases p=0 and p =1 can be
discussed uniformly in general, we use s, u, v and a;, respectively, to denote sp, up, v,
and a; , for simplicity when the situation is clear, where 1 <i <n — 1.

LEMMA 2.2.
(1) u¥K <k
(2) If1<j<i<n-—1, thenl|a;/a;| <u=D/K
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3) Ifp=1, then:
(3a) (s/laD? < su/Qv) =sK3/2; and
3b) (la1l/9)v/2> K.

@) Ifp=0, then:
(4a) 2Ku/v <sand 1/2Kv) > (2/s)'/;
@b) (s/lai)™ < sv/2 <u'/?/2; and
(4c) (Jarl/)Mu/@v) > (2/s)!/dn.

Proof. (1) From (2.1) and (2.2), we have s; < K5=2K and 5o < K ~2K{1+(1/d)+20-8)/3}7"
This means that u?/K = (51 K‘S)Z/K < K% and uS/K < K4,
(2) If j =i, then (2) is trivial. Suppose that | < j <i <n — 1, then

laj/a;| = uVdj)t+A/d) < ((=))/K

since K > d; for 1 <i < n. This proves (2).
B)Ifp=1,thenu =sK > andv =sK 2. Since s < K ¢/0-8) we have s' ¢ K¢ <
1, so

1= (1/dD) o= [(1do)++(1/dn)] g SI fd)+w+(1 )1+ dn) 1y g3/dy |

This is equivalent to s!~(1/4021/d1 g3/d1 /14| < 1 since

lay| = VU dy ) ) ey (o)1) g S d) oy ) /)

So we have (s/|a;)¥ < su/(2v) = sK /2 and (3a) is proved. Moreover, (3b) can be
derived from (3a) directly since (|ai|/s)? > 2K3/s = 2K Jv.
(4) If p =0, then

U= s 1 H1/d)20-6)/3, (1/d)+(1-€)/3

v=s

From (2.2), we know 4K s1=8/3 <1, which means 2Ku/v = 2K s1TIA=8)/31 - ¢ Note
that 211(1/dn) g (0=6)/3 — 1 which is equivalent to 1/(2Kv) > (2/s)Y/4  This ends the
proof of (4a).
From (2.2), we know that
1 > 25 (1=OU+1/d)=26/3] | o1/di ((1-§)1+(1/dy) 25 /3]
- o1/d g1=(1/d))
- sl(/d2)++1/dy— )]+ /d)[(1/d 1)+ +(1/dn)]+26(1-6) /3
91/di g1—(1/d)
sld/d2) 4+ /dp_ 1)1+ /d)[(A/d 1)+ /d)+[(1=5) /30 (A /d1)+2[(1 /dp)+-+(1 /dp—1)]+(1/dn)}
= sV fay).

>

This means that (s/|a; )% < sv/2 = u!'/2s1+1/d1/2 15 < 4172 /2 So (4b) holds.
The proof of (4c) is similar to (4b). We just need to note that

1 > 25I=OI+/dn)=2E/3)] o (1/d)+/dn)] (A=E)[14(1/dn)—=2(5/3)]
> (s/]ai])Qu/u)/4 (2 /s)!/ddn

This means that (a;|/s)%u/(2v) > (2/s)"/%. -
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In the following, we use f to denote fp 4. ....d, for simplicity. Note that 0 and oo are
critical points of f with multiplicity d; and d,, respectively, and the degree of f is Y &, d;.
Denoting D; =d; + dj4+1, we have 5 < D; <2K, where | <i <n — 1. Besides 0 and oo,
the rest of the Z::ll D; critical points of f are the solutions of

fl@ & (=D DizPi
f@) Z Di — a; Di

(—)Pz + (=1)"d; =0. 2.3)

For 1 <i<n—1,let CP; :={il; j = ria; exp(mi((2j — 1)/D;)) : 1 < j < D;} be the
collection of D; points lying on the circle T4 uniformly, where r; = X/d;/d;;1. The
follg\;vigg/ lemma shows that the Z?:_ll D; free critical points of f are very ‘close’ to
U=, CP;.

LEMMA 2.3. For every Gi,j € (:N1>,~, where 1 <i<n—1 and 1 < j < D;, there exists
w;, j, which is a solution of (2.3), such that |w; j — @i,ﬂ < uz/KlaiL Moreover, w;, j; =
Wiy, j, if and only if (i1, j1) = (i2, j2).

Proof. Note that the right side of equation (2.3) is equivalent to

e (22 G =0 24
(=D (rai[)i_l)+ i(2) =0, (2.4)
where
1y
o= Y PN e, @)

\<j<no1,jzi 7P —a/
After multiplying both sides of (2.4) by (P — a; i) /di+1, where 1 <i <n — 1, we have
(D" + dia” [dis1) + P~ aP?)Gi(2) /di1 = 0. 2.6)

Let @ = {z: 2% + dia] /di41] < ela;|P7}, where ¢ =u*¥ and 1 <i <n— 1. For
every z € €2;, since ¢ < K by Lemma 2.2(1), we have

K™ <di/div1 — e <|z/ai|” <di/dis1 +e <K —1<K. @7
This means that
K< |a,~/z|D" < K and therefore K~ < |a,~/z|5 <K. (2.8)
If1 <j<iandzeQ;, wehave
laj /2P < lai /2| ai—y fai) P < Ku' /4 < 2.9)

Therefore, |aj/z| < 1. By a similar argument it can be shown that |z/a;| <1ifi < j <
n—1landze ;. If 1 <j <i,byLemma2.2(1) and (2) and (2.8), we have

laj/z|Pi < lai/z)la;/a;]® < K~ D/2 < k0. (2.10)
Similarly, if i < j <n — 1, we have

1z/a;|Pi < |z/ai)\aija;)’ < Ke>V™D/2 < K70 2.11)
J J
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By definition, we have

Y DD+ (=D)"di + (=)' d; =0. (2.12)

1<j<i

From (2.5), (2.10), (2.11) and (2.12), we have

1Gi(2)]

(=0"7/D; (=1)""1D;(z/a))? \ L
= T a0 T + (=D"d; + (—=1)"'d;
1SX]:'<i 1= (aj/2)Pi i<j§—1 1— (z/aj)Pi (=17 +(=1)

(=D)"(a;/2)" (—D" I (z/apP
<2K - e 4
152];,- 1— (Clj/Z)Dj i<j§r;—l 1-— (Z/aj)Dj
5/2

2 n—l1 2
4K ZSSkﬂ - 1 4K € K252
k=1

STk 4 KT

since £7/2 < K~10, This means that if z € ;, we have
i D; i i
122 — @ | - 1Gi ()| /dip1 < 3K |a;|P < ela;|P (2.13)

by (2.7) and Lemma 2.2(1).

From (2.6) and by Rouché’s theorem, there exists a solution w; ; of (2.3) such
that w; ;j € Q; for every 1 < j < D;. In particular, |w; ; — @,-J| < gla;| by the second
statement of Lemma 2.1(2). Note that for 1 <i <n — 2, we have

lair1] — lai| — 2ela;| — 2¢lai+1] > lair1|[1 — 2 — (1 +2)K 2] > 0. (2.14)
By Lemma 2.2(1) and r; = 2/d;/d;i+1 < (K /2)'/5, we have,
. 1/5
rlailsine/D) a2\ 2w @15
gla;| K T 2K

This means that w;,, j, = wj,, j, if and only if (i1, j1) = (i2, j2). The proof is complete. O

For1<i<n-—1,let CP;:={w; :1=<j<D;} be the collection of D; free critical
points of f which lie close to the circle Ty, |4, and denote CV; = f(CF;).

LEMMA 2.4. For every 1<i<n—1, there exists an annular neighborhood A;

containing C P; UT,, 4, U Ty, such that:

(1) if p=1, then f(A;) CDy for odd n —i and f(A;) C C\Dg for even n —i. In
particular, the set of critical values of f satisfies Ul'-:]l CV; c Dy UC\Dg. The
disks D and @\ID)K lie in the Fatou set of f and f’1 (KS,K) C As ks

(2) if p=0, then f(A;) C Dy for even n —i and f(A;) C C\Dy for odd n — i, where
M = (2/s)Y%  In particular, the set of critical values of f satisfies U::ll CV; C
Dy, U C\EM. The disks Dy and C\]DM lie in the Fatou set of f and f’1 (KS,M) C
As m.

Proof. Let ¢ =u?*X < K=* be the number that appeared in Lemma 2.3. For every
1 <i <n — 1, define the annulus

A; = {z: (min{r;, 1} — 2¢)|a;| < |z| < (max{r;, 1} + 2¢)|a;|}, (2.16)
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where r; = 2/d; /d;+1. Obviously, A; D CP; UT,, 4| U T4 - By the definition, we have
2/K)YPi < min{r;, 1} < max{r;, 1} < (K /2)V/Pi. (2.17)
If z € A;, we have

1/D;
1 (&

1/D; 19/5
(2/,()1/01_28—1_2K_4(K/2)1/5<(K/2) (14+4/K77°)  (2.18)

lai/z| <

and
lz/ail < (K/2)VP" + 26 < (K/2)'PF +2/K* < (K/2)VPi(1 +1/K7).  (2.19)
This means that
lai /2> < (K /2)5/Pi(1 4+ 4/K19%)5 < (K /2)?Y K" < (K 12)e23"" < 7K /10

(2.20)
and also

lz/ai® < (K/2)5'Pi(1 +1/K3)° < (K/2)e5'K < (K /2)e5? <7K/10.  (2.21)
Moreover, similar to the argument of (2.20) and (2.21), we have

lai /2|% + |z/ai|%" < 7K /5. (2.22)

Recall that |a; /a; 1|9+ = uforevery 1 <i <n —2and |a,_1|%™ = v. Letting 1 <ij <

i» <n—1and p € {0, 1}, we have

ir—1 (=D)"=I=Pd; 4

i _ . .
—Dr=J—rPp; —_Hr—i1—rg; —_Di2=Pg;
H |Clj|( ) i — |ai1|( ) i |ai2|( ) iy +1
J=i j=ii
(D TPy g (DT Py (<1122
1 2

aj+1

= |a;
_[dar¥u/v)=D" ifiy =1and iy =n — 1 is even, 2.23)
“lai /)Y ifip=1andi; =n — 11is odd. :
By (1.2) and the second equation of (2.23), we have
|f ()]
D n—i—p n—p izl n—j—p n_l n—j—p
— |ZDi —aj i|(—1) |Z|(—1) d H |Z|(—1) I7PDj l_[ |aj|(—1) D; . 0i(z)
j=l1 j=i+1
= 11— (2/apP " 2y VT
_ 11— _yn—i—p_(_1\1—
5 Jayg |0 P (GO =(=D2
_ 11— _1\n—i—p_(_1\1— . . _1\n—i—
= D TP LD (D) ”]/2|(ai/z)dz —(Z/Cli)d'“|( 1) p'Qi(Z)
< U(—l)‘*pu[l—(—l)‘*p]/2(|al./z|di + |z/a; %) Qi (z) if n —i — piseven,
> v =D (g 21 4 2/ Qi(z) i n — i — pis odd,
(2.24)
where
i—1 ip n—1 ip
(=1 C(—1\V T
Qi) =[] 11— @j/2)?1|7" [T 1n=@apP=="" (2.25)
j=1 j=i+1
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For1 <i <n—1, consider z ezi. If1 <j <i, by (2.20), we have
a;/z|77 <la;/z|"|aj/a;i|” < gNi=J < K™°. .
la; /2P < lai/z)laj/ai® < TKeD2 710 < K2 (2.26)
Ifi <j<n-—1,then
z/ai|” <|z/ail’|a;i/a;|]” < gli—i <K~ .
iIPi Sajja;® <TK D210 < K70 (2.27)

by (2.21). Sincee® <1+ 2xifO<x <lande < K4, by (2.25)—(2.27) we have

> 14K &%/% /5
@ <[la+7Ke )2 < exp 14Ke"/5) + K73 <1.01 (2.28)
Q 1 5k/2 3 2
k=1 1 —&2
and
o0
0i(z) > ]_[(1 +7Ke*/%/5)72 > 1/1.01 > 0.99. (2.29)
k=1

For p =1, by Lemma 2.2(2) and (3a), forevery 1 <i <n — 1, if |z] <5, we have
2P fal) < 1s/arPilar/ai| P < (sK 3 /2)3 Ky DIK (2.30)
If we notice Lemma 2.2(1), then

b (sKT3/2)MK g 0/K)-10
D P al | < e < e < 1/200. @.31)
i=1

For p =0, by Lemma 2.2(2) and (4b), forevery 1 <i <n — 1, if |z] < s, we have
127 fa | < Is/ar P a7 < @17 2) KW DIK, (2.32)
By Lemma 2.2(1), then
n—1 w!/22)5/% K-S

> 1Piyal < ok S T < 1/200. (2.33)
i=1

Since (1 +2Ja))~! < |1 +al*!' <1+2|a| if 0 <|a| <1/2, by (2.31) and (2.33) we

know that
n—1 i n—1
[T =22/ <[] +212/al”) <10 < k. (234
i=1 i=1
Therefore,
n—1 i n—1
[Tin=2ya 10" = TTa +21z/@ 1Py > 1 > 17k (235)
i=1 i=l

(1) We first consider the case p =1. If n —i is odd, by (2.22), (2.24) and (2.28), if
z € A; we have
|f()|<v-(TK/5)-1.01 <2Kv <s. (2.36)

If n — i is even, by (2.22), (2.24) and (2.29), for z € A; we have
[f@ = W/u) - (7K/5)_1 -0.99 > v/(2Ku) > K. (2.37)
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If n is odd, by Lemma 2.2(3a), (2.23) and (2.34), for every z such that |z| < s, we have

(71)n7i71

ZPi
< |s/al|dlvu_1 -1.02 < s.

|

n—1 n
T (| Di(=Dr
1f@1=1z [ lai] I1 5
i=1

i=1 a;

It follows that f(ﬁx) C D for odd n. If n is even and |z| < s, by Lemma 2.2(3b), (2.23)
and (2.35), we have

(— l)”’ 1

If(2)| = |a1/z|d1 > lar/s|v/1.02 > K.

(1

Therefore f(Dy) C C\Dg for even n.

Note that f is very ‘close’ to z — z% on the outside of Dk since |a;|? is extremely
small, where 1 <i <n — 1. This means that f may exhibit some dynamics of z > 7% if
|z| > K. More specifically, by arguments completely similar to those for (2.34)—(2.35), if
|z] > K, then

n—1 D\ —1
£ @)= [z H(l +2||‘:||Di > > K. (2.38)

i=1
This means that f (@\D k) C @\ﬁ[(. Then we have f _I(KL k) C A g for every n > 2
(see Figure 2).
(2) Now we consider the case p =0. If n —i is even, by (2.22), (2.24), (2.28) and
Lemma 2.2(4a), if z € A; we have

lf() <v 'u-(7K/5)-1.01 <2Ku/v <s. (2.39)
If n — i is odd, by (2.22), (2.24), (2.29) and Lemma 2.2(4a), for z € ‘A; we have
| f ()] = vl (7K/5)71-0.99 > 1/2Kv) > M, (2.40)

where M = (2/s)!/4n.
If n is even, by Lemma 2.2(4b), (2.23) and (2.34), for each z such that |z| < s, we have
1 — >

—1
If(z)l—lzld‘HIaID‘( v H 5
a

i=1 i

It follows that f(ﬁs) C D for even n. If n is odd and |z| < s, by Lemma 2.2(4c), (2.23)
and (2.35), we have

Sl di, 1 1/100
<|s/ap|“'v™ el /100 ¢

(l)nt

zP 1
> |a1/s|d‘uv L1100 o pp.

|f ()| = la1/z|"uv

i

Therefore f(IDy) C C\Dy, for odd .
If |z] > M, then

[f@|=lz|"™

(=1yn—i » n—1 2la;|P .
<M~ 1+ <M =5, (241
H( |z| i ) (24D

This means that f(@\ID)M) C Dy. Then we have f_1 (KS,M) C As p foreveryn>2. O
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; 1
<s s [ay /2] [a, 1l K

FIGURE 2. Sketch illustrating the mapping relation of fj 4, .. 4,, Where n is odd and even respectively (from left
to right). The small stars denote the critical points and critical values, and the numbers shown at the bottom of
the figures denote the approximate coordinates.

THEOREM 2.5. If |ap_1|= (51K )Y and |a;| = (s K )%+ a; 1| for 1<i<
n —2, where s1 >0 is small enough, then the Julia set of fiq,,..a, is a Cantor set
of circles. If lan—1| = (sél/d")+(17§)/3)l/d" and |a;| = (séﬂl/d")Jrz(li'gw)1/”‘1'“r1 laiy1] for
1 <i <n—2, where sy > 0 is small enough, then the Julia set of fo q,,....a, is a Cantor set
of circles.

Proof. We only focus on the case p =1 since a similar proof can be used for the case
p =0 by using Lemma 2.4(2). We also use f to denote fi q4,,.. 4, for simplicity. Let U;
be the component of f~!(D) containing a;, where D = I if n — i is odd and D = C\Dg
if n —i is even. By Lemma 2.4(1), it follows that the set of critical points CP; C U;
and U; is a connected domain containing the annulus A;. Moreover, U; NU;jy; =0
since f(U;) N f(Uj+1) =@ by Lemma 2.4(1), where 1 <i <n — 2. This means that
U; NU;j = @ for different i, j. Suppose that U; has m; boundary components. Since there
are exactly D; critical points in U; and f : U; — D is a branched covering with degree
D;, then the Riemann—Hurwitz formula tells us xy, =2 —m; = D; xp — D; =0, where
x denotes the Euler characteristic. This means that m; = 2 and therefore U; is an annulus
surrounding the origin forevery 1 <i <n — 1.

For 1 <i <n — 2, let V;41 be the annulus domain between U; and U;. It is easy to
see that f : V;41 — Ay k is a covering map with degree ;. Note that every component
of f -1 (Ag, k) is an annulus since A g is doubly connected and contains no critical values.
It follows that there exist two annuli V; and V,,, which lie between O and U;, U,,—1 and
oo respectively, such that f: Vi, V,, - A x are covering maps with degree d; and d,
respectively. In fact, the restriction of f on dU; and dU,_; has degrees d; and d,,
respectively, and there are no critical points in V; and V,, (see Figure 2).
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The Julia set of f is J ={ ;- f‘k(As,K). By construction, the components of J
are compact sets nested between 0 and oo since each inverse branch fliAg g — V;
is conformal for every 0 < j <n. Since the component of J cannot be a point and f is
hyperbolic, every component of J is a Jordan curve (actually quasicircle) by Theorem 1.2
in [PT]. The dynamics on the set of Julia components of f is isomorphic to the one-

sided shift on n symbols ¥, :={0, 1,...,n — I}N. In particular, J is homeomorphic to
¥, x S!, which is a Cantor set of circles as desired. This ends the proof of Theorem 2.5
and hence Theorem 1.1. O

Remark 2.6. Since f is hyperbolic, the Julia set of f is also a Cantor set of circles if we
perturb some a; gently, where 1 <i <n — 1. In the first version of our manuscript of this
paper, only d; =n + 1 for every 1 <i < n was considered. In this case, it was shown that
foreveryn>2and 1 <i <n —1,if |a,—;| =[n/(n + 1)]i_1si for 0 < s < 1/10, then the
Julia set of f1 ,+1....n+1 is a Cantor set of circles.

THEOREM 2.7. Suppose that a; is chosen as in Theorem 1.1 such that the Julia set of
fp.di,...a, is a Cantor set of circles for n > 3, then f), 4,,....a, is not topologically conjugate
to any McMullen maps on their corresponding Julia sets.

Proof. Since the dynamics on the set of Julia components of f}, 4,,....4, is conjugate to the
one-sided shift on n symbols £, :={0,1,...,n — 1}N and, in particular, the set of Julia
components of g, is isomorphic to the one-sided shift on only two symbols X := {0, 1N,
this means that f, 4,.... 4, cannot be topologically conjugate to g, on their corresponding
Julia sets if n > 3. d

3. Topological conjugacy between the Cantor circle Julia sets
In this section we show that, for any given rational map whose Julia set is a Cantor set
of circles, there exists a map fp 4,,...d, in (1.2) such that these two rational maps are

topologically conjugate on their corresponding Julia sets.

LEMMA 3.1. If f is a rational map whose Julia set is a Cantor set of circles, then there
exist no critical points in J (f).

Proof. Suppose there exists a Julia component Jy of f containing a critical point cg of f
with multiplicity d. Then f is not one-to-one in any small neighborhood of c¢g. It is known
that f(Jp) is a Julia component containing f(co) [Be, Lemma 5.7.2]. Choose a small
topological disk neighborhood U of f(cp) such that U N f(Jp) is a simple curve. The
component of f~!(U) containing c( is mapped onto U in the manner of (d + 1)-to-one.
Note that the component J’ of f “wwn f(Jp)) containing cp is connected and contained
in Jy. However, J' possesses star-like structure and hence is not a simple curve. This
contradicts the assumption that Jy is a Jordan closed curve since J(f) is a Cantor set of
circles. O

We say that a compact set X C C separates 0 and oo if 0 and oo lie in the two different
components of C\X respectively. Let X and ¥ be two disjoint compact sets that both
separate 0 and oo respectively. We say X < Y if X is contained in the component of C\Y
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which contains 0. Let A be an annulus whose closure separates 0 and co, we use d— A and
0+ A to denote the two components of the boundary of A such that 9_A < 9, A.

THEOREM 3.2. Let f be a rational map whose Julia set is a Cantor set of circles. Then
there exist p € {0, 1}, positive integers n > 2 and d\, . . ., dy satisfying > ;_,(1/d;) <1
such that f is topologically conjugate to fy q,,....d, on their corresponding Julia sets.

.....

Proof. Let J(f) be the Julia set of f which is a Cantor set of circles, then every periodic
Fatou component of f must be attracting or parabolic by Lemma 3.1. We only prove the
attracting (hyperbolic) case in detail and explain the parabolic case by using the work of
Cui [Cui].

In the following, we suppose that f is hyperbolic. There exist exactly two simply
connected Fatou components of f and all other Fatou components are annuli. Let D and
A be the collection of simply and doubly connected Fatou components of f respectively.
We claim that f(D) C D and there exists an integer k > 1 such that f °k(A) e D for
every A € A. The assertion f(D) C D is obvious since the image of a simply connected
Fatou component under a rational map is again simply connected. If f(A;) = A, where
A1, Ay € A, then there exist no critical points in A; by Riemann—-Hurwitz’s formula. This
means that each A € A cannot be periodic since the cycle of every periodic attracting
Fatou component must contain at least one critical point. On the other hand, by Sullivan’s
theorem, the Fatou components of a rational map cannot be wandering. This completes the
proof of the claim.

Up to a Mobius transformation, we can assume that 0 and oo, respectively, belong to the
two simply connected Fatou components of f, which are denoted by Dy and D,. Namely,
D = {Dy, Dx}. Since f(D) C D, we first suppose that f(Dg) = Do and f(Ds) = Do.
Let f_l(Do) =DyUA1U---UA,, where Ay, ..., A, are m annuli separating 0 and
oo such that A; < Aj4 forevery 1 <i <m — 1. It is easy to see m > 1. Otherwise, Dg
is completely invariant, then J (f) = d Dy which contradicts the assumption that J(f) is a
Cantor set of circles.

Suppose that deg(f|p,: Do — Do) =d; and deg(fls_a, : 0-A; — 9Dg) =do; and
deg(fla, a; : 01 Ai — Do) =dyi11 for 1 <i <m. Tt follows that deg(f) = Y7"1" d;.
Let W, be the annular domain between Dy and A; and W; be the annular domain
between A;_1 and A;, where 2 <i <m. We have f(W;) =@\50 and deg(f|w, : W; —
@\50) = dy;_1 + dy;. This means that there exists at least one Fatou component B; C W;
such that f(B;) = Doo. If there exist B] # B; such that B/ C W; and f(B]) = Do,
there must exist one component of f ~1(Dy) in W;, which contradicts the assumption
that AjU---U A, is the collection of all annular components of f~!(Dg). So there
exists exactly one Fatou component B; C W; such that f(B;) = Dy and deg(f|p; : B —
Do) =dpi—1 + dri. A similar argument can be used to show that Dy, is the only
component of f~!(Dy) lying in the unbounded component of C\A,, which can be
mapped onto Dy,. Therefore, f_l(Doo) =B U---UB, UDsanddeg(f|p.,) = dom+1
since deg(f) = Y 21! d;. Denote C\(Dy U Do) by E. The preimage f~!(E) consists

j=1
of 2m + 1 annular components Eq, . .., Eoyy1 such that E; < E;41 for 1 <i <2m. The
map f : E; — E is an unramified covering map with degree d;, where 1 <i <2m + 1 (see
Figure 3).
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FIGURE 3. Sketch illustrating the mapping relation of f, where d;, 1 <i <2m + 1, denote the degrees of the
restriction of f on the boundaries of Fatou components.

Let n=2m+1 and p=1. The assertion Y :_, 1/d; <1 follows from Grotzsch’s
modulus inequality since each E; is essentially contained in £ and mod(E;) = mod(E)/d;.
In the following, we will construct a quasiconformal map ¢ : C — C which conjugates the
dynamics on the Julia set of f to that of fi 4,... 4,

For simplicity, we denote fi 4, .4, by F. Note that F(0) =0 and F(c0) = oo.
There exist two simply connected Fatou components D;, and D, both are invariant
under F such that O € D(’) and oo € D’oo. From the proof of Theorem 1.1, we know
that F_I(D(/)) =DjUA|U---UA, , where A|, ..., A} are m annuli separating 0 and
oo such that A} < A;H for every 1 <i <m — 1. Moreover, deg(F|D6 : Dy — D() =d,
deg(FlafA’r_ :0_A; — dDy) = dy; and deg(F|3+At/_ 104 A — 0D) =daiqy for 1 <i <m.
Let W be the annular domain between D and A} and W/ be the annular domain between
A;_, and A], where 2 <i <m. There exists exactly one Fatou component B C W/
such that F(B]) = D, and deg(F|p : B] — D) = dai—1 + doi. We have F~Y(D.) =
Bl U---U B, UD, anddeg(F|p, ) = dam+1. Similarly, let E’ := @\(D(/) U D.,). There
exist 2m + 1 annular components Ef, ..., Eém«H of F~Y(E’) such that E! < E;H for
1 <i<2m. Themap F : El/ — E’is a covering with degree d;, where 1 <i <2m + 1.

By quasiconformal surgery, it can be seen that 0Dy, 0 Do, aD(’), 8D<’>o and their
preimages are all quasicircles and the dilatation is bounded by a fixed constant. There
exists a quasiconformal mapping ¢ : C — C such that ¢ (Do) = Dy, and ¢po(Do) = Dy,
hence ¢9(d Do) = dD(, and ¢o(d Do) = dD,,. Moreover, ¢o can be chosen such that
oo f=FopyondDyU 9dDy.

Now we construct a lift ¢g, : E1 — Ei of ¢g: E — E’ as follows. For every z €
E1\0_E1, we choose a simple curve y : [0, 1] — E such that y(1) = f(z) and y(0) =
w € d_E. Since f:E| — E is a covering map, there exists a unique lift ¥ : [0, 1] —
E; of y such that (1) =z and w:=y(0) € 3_E;. Similarly, since F:E| — E’ is
a covering map, there exists a unique lift « : [0, 1] — Ei of ¢o(y): [0, 11— E’ such
that «(0) = ¢o(w) since ¢go f = F o pp on dDg = d_E|. Define ¢g, (z) :=a(1). We
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know that ¢g o f = F o ¢, on E| and ¢, : E1 — Ei is quasiconformal since f, F are
both holomorphic covering maps with degree d; and ¢ : E — E’ is quasiconformal.
Now some parts of ¢ : C — C are defined as follows: b1 |50 = ¢O|507 b1 |5OO = ¢0|500
and ¢1|g, =¢g,. Then ¢1o f=Fo¢; on dE;. Similarly, there exists a unique

quasiconformal mapping ¢g,,,,, : Eomy1 — E5,, 41> Whichis the liftof ¢o : E — E ', such
that¢g o f = F o ¢E,, ., on Eop1. Define ¢1|g,,,., = @E,,,,,- Then, ¢1 0 f = F o ¢y on
0E211.

Unlike the cases of Ey and Eyy 1, the lift ¢, : E; — E] of ¢ : E — E’ exists but
is not unique for 2 <i <2m. We first show the existence of ¢,. Without loss of
generality, suppose that i is even. Since f:9_E; — dDo and F:9_E. — 9D, are
both covering mappings with degree d;, there exists a lift (not unique) ¢, : 0_E; — d_E
of ¢ : Do — 3D/, such that ¢p o f = F o pg, on 0_E;. By using the same method
of defining ¢, , there exists a unique lift of ¢ : E — E’ defined from E; to E;, which
we denote also by ¢g, such that ¢p o f = F o ¢pg;, on E;. Note that ¢, : E; — El’ is
quasiconformal. Define ¢1|g; = ¢g,. Then, ¢po f = F o ¢ on Ulszq E;iand ¢10 f =
F o ¢ on U[sz—l J0E;.

In order to unify the notation, let Do;_1 := B; and Dy; := A; for 1 <i <m. Then
we have D; < D; for 1<i < j<2m. We need to define ¢; on U?;"l D;. For
every D;, where 1 <i <2m, its two boundary components 0, FE; and 0_E; | are
both quasicircles. Since ¢g, and ¢g,,, are both quasiconformal mappings, the map
¢1la, E;ua_E;,, has a quasiconformal extension ¢p, :D; — 5; such that ¢p,(D;) = le .
Now we obtain a quasiconformal mapping ¢; : C — C defined as ¢1|g, := ¢£;. ¢1lp ;=
¢Dj and ¢1|pyup., = ¢o, where 1 <i <2m+1land 1 < j <2m.

Next, we define ¢,. First, let ¢2|Dj =¢; for j €{0,1,...,2m, oo}. Then we lift
¢1: E — E' in an appropriate way to obtain ¢ : E; — E; for 1 <i <2m 4 1. Finally,
we check the continuity of the resulting map ¢, : C — C. Now let us make this precise. In
order to guarantee the continuity of ¢ on Do U E7, we need to have ¢2|y_g, = ¢1. Then
there exists only one way to lift ¢; : E — E’ to obtain ¢, : E; — E{. In order to guarantee
the continuity of the lift ¢, we need to check the continuity of ¢, on the boundary 94 E
first. In fact, ¢o|g and ¢1|g are homotopic to each other and ¢1|3r = ¢olsE, so it follows
that ¢2la, £, = @1l g, since ¢2ly_g, = ¢1ls_g,. This means that ¢ is continuous on
04 E;. Similarly, we can lift ¢y : E — E’ to obtain ¢ : E; — E] for 2 <i <2m +1
and guarantee the continuity of ¢». Above all, the map ¢, : C — C satisfies: (1) ¢» is
quasiconformal and the dilatation K (¢2) = K (¢1); (2) 2l 1-1(DyuDs) = P13 B)prof=
Fogyon|J2 M E; and hence ¢y o f = F o ¢y on f~2(3Dg U 3 Do).

Suppose we have obtained ¢, for some k > 1, then ¢ can be defined completely
similarly to the process of the derivation of ¢ from ¢;. Inductively, we can obtain a
sequence of quasiconformal mappings {¢x }x>0 such that: (1) K (¢r) = K (¢1) > K (¢) for
k> 15 (2) ¢res1(2) = dr(2) for z € fK(Dy U Doo); (3) o f =F oy on f~5(3Dy U
0Dy). This means that {¢ }x>0 forms a normal family. Take a convergent subsequence of
{&r}k>0 whose limit we denote by ¢, then ¢ is a quasiconformal mapping satisfying
Yoo f=F oo 0n | ;=g f_k(E)Do U 0D). Moreover, K (¢xo) < K(¢p1). Since ¢
is continuous, ¢ 0 f = Fo $oo holds on the closure of | ;. F%(3Dy U Do), which
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is the Julia set of f. Therefore, ¢ = ¢ is the quasiconformal mapping we want to find
which conjugates f to F on their corresponding Julia sets. This ends the proof of the case
f (Do) = Do and (Do) = Deo.

The other three cases: (1) f(Dg) = Do, f(Doo) = Doo; (2) f(Do) = Doo, f(Doo) =
Dy; and (3) (Do) = Dy, f (Do) = Dy can be proved completely similarly.

If one or both of the components Dy and D, are parabolic, there exists a perturbation
fe of f such that f; is hyperbolic and the dynamics of f; are topologically conjugate to
those of f on their corresponding Julia sets [Cui]. Then f has a ‘model’ in (1.2) since f;
always does. This ends the proof of Theorem 3.2 and hence Theorem 1.2. O

From the proof of Theorem 3.2 in the hyperbolic case, we have the following immediate
corollary.

COROLLARY 3.3. Ifthe parameters a; are chosen as in Theorem 1.1, where 1 <i <n — 1,

then each Julia component of ) 4,,....a, s a quasicircle.

.....

4.  Non-hyperbolic rational maps whose Julia sets are Cantor circles
The rational maps

_ (1/}’1)[(1 + Z)n _ 1] + )Lm+nzm+n
- 1 — amtngm+n

Py(2) . 4.1

where A € C* = C\{0} and m, n > 2 are both positive integers satisfying 1/m + 1/n < 1,
can be seen as a perturbation of the parabolic polynomial

~ 1 n __ 1
P(2) = (1+72) ) 4.2)

Note that P has a parabolic fixed point at the origin with multiplier 1 and critical point
—1 with multiplicity n — 1. This means that there exists only one bounded and hence
simply connected Fatou component of P in which all points are attracted to the origin. In
particular, the Julia set of P is a Jordan curve with infinitely many cusps.

We hope that some of the properties of P stated above will also hold for P, when A is
small. However, there are obviously many differences between P, and P. The degree of
P, ism +n and Py (0c0) = —1. There are 2(m + n) — 2 critical points of Py: m — 1 at oo,
n — 1 very close to —1, and the remaining m + n critical points lie near the circle Ty,
where rg = "%/n/m (see Lemma 4.3). In fact, we will see that P; can be viewed as a
‘parabolic’ McMullen map at the end of this section since P, is conjugate to some g, on
their corresponding Julia sets.

Firstly, we show that the fixed parabolic Fatou component of P contains the Euclidean
disk D(—3/4, 3/4) for every n > 2 and P, maps D(—3/4, 3/4) into itself if A is small
enough.

LEMMA 4.1.

(1) Foreveryn > 2, ﬁ(ﬁ(—3/4, 3/4)) Cc D(—3/4, 3/4) U {0}.

(2) If0 < |x| <1/(3n), then P,(D(=3/4,3/4)) C D(=3/4, 3/4) U{0}). In particular,
D(—3/4, 3/4) lies in the parabolic Fatou component of P, with parabolic fixed
point 0.
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Proof. If z e D(—3/4, 3/4), then |13(z) + (1/n)| =14 z|"/n < 1/n. In particular, the
inequality sign can be replaced by equality if and only if z = 0. This ends the proof of (1).

The proof of (2) will be divided into two cases: |z| is small and not too small. For every
z=—(3/4) + (3/4)ei9 € 0D(—3/4, 3/4), where — < 0 < m, we have |1 + ﬁ(z)| <5/2
by (1) and |Az|" ™ < 1/2 since |A| < 1/(3n). This means that

Ain+nzn1+lz (1 + P(Z))

1— )Lm+nzm+n = Slkz|m+n' (4'3)

|P.(z) — P(2)| =

Since |z| = (3/4)|1 — €| = 3/4)|e™10/2 — ¢!/2| = (3/4)|sin §| < (3/4)|6] and |A| <
1/(3n), we have N
|P(2) — P(2)| <5(161/(4n)"*". 4.4)

On the other hand, since |sin 6| > (2/7)|0] if |0] < /2, we have

i0n i0n
[(1/4) + (3/4)e'"] —l+§ - [(1/4) + (3/4)ée'"| —l+3

|P(z) + 3/4)| =

n 4|~ n 4
_ ) nj2 _ (202 4-2\1n/2
_ [1—(3/4)sin“(0/2)] 1 n E < [1 — (367 /4m7)] 1 n é
n 4 n 4
4.5)

If || < 27/n, then (36%/47%) < 2/n. By Lemma 2.1(3), we have

~ (n/2)30%/47%) 3 3 67
|P(Z)+(3/4)|§—T+Z—Z—8n—2- (4.6)

Therefore, combining (4.4) and (4.6), it follows that if |#| < 27 /n, then

~ ~ 2 m+n
P2+ B/ < 1B ) + G/ + 1P(2) — ()] < % _ +5(@) <3/4,

82 4n
4.7
If 2n/n) < 10| < m, from (4.5) and (4.6) we know that
P@+GMl<s - - (4.8)
< —4 2,7 ’
From (4.4) and (4.8), it follows that if (2w /n) < |0| < &, then
[Pr(2) + B3/ =< > ! +5 o1y 3/4 (4.9)
-—— — < . .
e 4 25 4n
Therefore, we have shown that | P (z) + (3/4)| < 3/4 for every z € 0D(—3/4, 3/4) and
|Py.(2) + (3/4)| = 3/4 if and only if z = 0. The proof is complete. O

As in the procedure in §2, we now locate the free critical points of P,. By a direct
calculation, the bounded m + 2n — 1 critical points of P, are the solutions of

(1+ 2" T = 4 (m/m)II(L+2)" +n— 11— z(1 + 2" '} =0. (4.10)
LEMMA 4.2. If 0 < |A| < 1/(3n), then there are n — 1 critical points of P, in

D(—1, [A]) S D(-3, 3).
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Proof. If |z + 1] < |A| < 1/(3n), then |z| - |1 +z|" ' < (1 4+ |AD|A|"! < 1 and
[(L+ m/mI(I+2)" +n—1<[1+@m/M)]I(A]" +n—1) <m +n. (4.11)
This means that if |z + 1| < |A|, then
IR 4 on/m))( 4 2" 41— 1] = 21+ 2)" )]
<A " TP e 4 n 4 D < AT @) O e P im 4+ 1)
<A m 40— 1)/@r)" T < am (4.12)
By Rouché’s theorem, the proof is complete. O

Let CP := {@; = (ro/A) exp(ri(2j — 1)/(m +n)) : 1 < j <m + n} be the collection
of the zeros of mA™ "z +" 4 n =0, where ro = "*¢/n/m. Since h(x) = x'/*, x > 0, has
maximal value e!/¢ < 3/2 at x = e, we have

2/3<1/%m<rg< Yn<3/2. (4.13)

The following lemma shows that the remaining m + n critical points of P, are very ‘close’
to CP.

LEMMA 4.3. If0 < |A| < 1/(2'”112), then (4.10) has a solution w; such that |w; — ﬁjl <
2(m +n)/m, where 1 < j <m + n. Moreover, w; = wj if and only ifi = j.

Proof. Dividing by (1 + 2)"~! on both sides of (4.10), we have

+n n—1
| amtngman—t (20 TRy —0. 4.14
+ Z nz—lr ; +(1+z)”—1 (4.14)
Or, in more useful form,
-1

n man . (mAn)Z" " n—1
1 =0. 4.15
w8 T, o @)

Let Q= {z: |2" " 4 (n/m)2.=" | < BIi| - (n/m) |3}, where B = 2(m +n)/
mro <3(m+n)/m. If z € Q, then A" + (n/m)| < BIA| -n/m and |z — W;| <
Bro for some 1 < j <2n by Lemma 2.1(2). If 7€ Qand 0 < |A| < 1/(2"n?), we have

n—1 n—1 n—1
— < — — < ) — <71% 4.16)
11+ z|" (A= = Byro — 11" [(2"+1n2/3) —3 — (2n/m)]" 15
and
2(m +n) 3 /1 1 1 14 BIA| 5
AM<—r—F<——+- — therefore ———— < —. 4.17
Bl |_2mn2_mr0 2’"n<m+n><4 erefore > 15 <& (4.17)

Therefore, if z € Q2 and 0 < |A| < 1/(2"n?), from (4.16) and (4.17) we have

(m + n)zm+tn-1 ! n—1 _ m+n AR gmn - n—1
(I+2)m=1 )| mla|mtn z (142!

m+n (BIA[+Dn/m 16 nplA] 1+ BJA| .E< nBIA|
mA T rg(1/ 1A = B) 15 mlAmn 2(1 — BIA) 15 T m|afmtn

. (4.18)
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Applying Rouché’s theorem to (4.15) and then using Lemma 2.1(2), the proof of the first
assertion is complete. By means of the same argument as for (2.15), if 0 < |A| < 1/(2"n?)

we have
(ro/IA]) - sin(rr/(m + n)) L mn__ 2 m L 19)
2(m +n)/m (m +n)?|xl = 3[(m/n) + 117
This means that w; = w; if and only if i = j. The proof is complete. a

Let CP :={w;:1 < j <m + n} be the m + n critical points of P; lying near the circle
Tyy/i and CV := {Py(w;) : 1 < j <m + n}. Let C P_; be the collection of n — 1 critical
points of P, near —1 (see Lemma 4.2) and CV_; = {P;(z) :z€ CP_1}.

Let Tp be the Fatou component of P, containing the attracting petal at the origin and
U :=D(-3/4, 3/4). By Lemmas 4.1(2) and 4.2, we know that CP_1 UCV_; C U C Tp.
Since P (0o0) = —1, it follows that there exists a neighborhood of co such that P, maps
it to a neighborhood of —1. Let T be the Fatou component such that oo € T, and
Up, Ux be the components of P[l (U) such that 0 € Uy and 00 € Uso. Obviously, we
have U C Uy C Tp and Uy C Too.

LEMMA 4.4. If 0 < |A| < 1/(21%"n3), there exists an annular neighborhood Ay of C P
containing T/, U CP such that P,(Ay) C U'so C Uso, where Ul is a neighborhood
of oo.

Proof. 1t is known from Lemma 4.3 that C P ‘almost’ lies uniformly on the circle T x|
and all the finite poles of P, lie on the circle T/|;|. Define the annulus

A1 ={z:1/QIA]D < |z| <2/|r]}. (4.20)
Note that
ro  2(m+n) 3 2n 2
—_— gt —— < — 424+ — < — 4.21
o + — < o + < o 4.21)
and
2 2 2 1
n_Xmim 2 _, 1 4.22)
[\ m 3| m 2|\
We have Ty UCP C Ay by Lemma4.3. If z € A and |A] < 1/(2!9"53), then
zZl—D" 1/2|x]) — )" 1 —=2]AD"
Po) 4 1] > (lz| = 1) Z((/II) o 2D
n(|Az|™ " + 1) n(2mtn 4 1) 2tp| AP (2MF + 1)
In fact,
(1 =2|AD" 1 — (2/210mu3) 0.9 1
om+n 4 1 = om+n 4 = om+n 4 = m+n+1 + znn|)h|n' (4'24)
This means that (4.23) follows by
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FIGURE 4. Sketch illustrating the mapping relation of P, . The small pentagons denote the critical points.

This is true because |A| < 1/(2!9"13). Now we have proved that if z € A and |A| <
1/2'9713) then | P (z)| > 2/|A| /™),
On the other hand, if |z| > 2/|A|!F®/™  then

D*+1 —lyn -
(Iz| + D" + S( +z|7)" + Izl 1 (4.26)
|)LZ|m+n —1 om _ |Z|—n 2
This means that P (z) € D(—1, 1/2) C U. Let U, be the component of P;l (D(-1, 1/2))
containing {z : |z| = 2/|A|'T@/™} then it follows that P;(A;) C Ulno C Uy (see
Figure 4). O

[P(z) + 1] <

Proof of Theorem 1.3. For every » such that 0 < [A| < 1/(21953),1let A := C\(U U UL).
Since P, : U/, — D(—1, 1/2) is proper with degree m, it follows that U/, is simply
connected and A is an annulus. Note that P, ! (UL,) is an annulus since there are m + n
critical points in P, ! (UL,) on which the degree of P, is m + n. This means that P, ! (A)
consists of two disjoint annuli /7 and I and /1 U I, C A. The degree of the restriction of
P, on I and I, are m and n respectively.

The following argument is very similar to that of Theorem 1.1. The Julia set of P,
is = Vs0 Py k(A). By construction, the components of J,, are compact sets nested
between —1 and oo since P, AT ;j is conformal for j =1 or 2. Since the component
of J, cannot be a point and the proof of Theorem 1.2 in [PT] can also be applied to
geometrically finite rational maps (see [PT, §9] and [TY]), we know that every component
of J, is a Jordan curve. The dynamics of P, on the set of Julia components is isomorphic
to the one-sided shift on two symbols £, := {0, 1} In particular, J; is homeomorphic to
¥, x S!, which is a Cantor set of circles, as claimed. O

Remark 4.5. From the proof of Theorems 1.3 and 3.2, we know that the dynamics on
the Julia set of P, is conjugate to that of some g, with the form (1.1). Therefore, we
can view P as a ‘parabolic’ McMullen map since the only difference is that the super-
attracting basin and its preimages of g, have been replaced by a fixed parabolic basin and
its preimages of P, (see Figure 5).
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FIGURE 5. The Julia set of Py, where m =3, n =2 and A is small enough such that Jj, is a Cantor set of circles.
All the Fatou components of P, are iterated onto the fixed parabolic component (the ‘caulifiower’ in the center
of this figure) with parabolic fixed point 1.

5. More non-hyperbolic examples

In this section we will construct more non-hyperbolic rational maps whose Julia sets
are Cantor circles but which were not included in the previous section. Inspired by
Theorem 1.1, for every n > 2, we define

n+1 1
(n+ 1)zD" D i1
nzn+1 - 1 | | (Z2n+2 b2n+2)( 1) + B (51)

Py(z) =

where |b;| = s’ for some 0 < s < 1/(25n?) and

1 ] i 2n+2)C
Ay ———— 1_[(1 _ bz'2n+2)(_1) ., B,= w
I+ @n+2)Cy 14 1+ (2n +2)Cy
n—1 i—12.2n+2
(=D = 'b;
and C,=)_ — (5.2)
iz1 1-=0b
LEMMA 5.1.

(1) P,(1)=1landP,(1)=1.
Q) 1—=sm+1) < |A) <1 +52T(m+ 1) and |B,| < 5?1 /(3n + 3).
Proof. Tt is easy to see P, (1) = 1 by a straightforward calculation. Note that

P/ (z) i (—1)i=1(2n + 2)72n+2

P.(2) — Z22n+2 _ bi2n+2

n(n + l)zn—i-l
nzttl 4+ 1
(5.3)

Fu(z) = ——2 + (D" 1) -

i=l
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This means that

)l 1 2n+2

A0
P op =@ +2)Z zm +(2n+2)

x z_:(—1)"—1+(—1)"+1(n+1)—n
i=1
n— 1( 1)1 lb2n+2
= (2n +2)Z b2"+2 +1:=@2n+2)C, + 1. (5.4)

Therefore, we have
Pi()=(1—-B)[2n+2)C, +1]1=1. (5.5)

It follows that 1 is a parabolic fixed point of P,. This completes the proof of (1).
For (2), since |1 — b7 2|71 < 1 42|y |>"*2for 1 <i <n — land0 < s < 1/(25n%) <

1/100, then
n—1
@n +2)|Cul < @n+2)(1+ 261" Y |52
i=1
2n+2\ 2n+2 2n+1
< 2n + 2)51_—{—;;_2 )s - 4sn — (5.6)
We have
|Bul = ‘% < @n+D)ICal[1 + (Gn +4)[Cyl] < ;;":13 5.7)
and
n—1
|4l < [1+ (@n +HIC 1 [T + 206
s2n+1 1_12n+2 2n+1
<<1+2n+2>(1+5s )<1+n+1. (5.8)
Moreover, we have
n—1
Al > [1 = @n+2)Ca1 [0 = 1B:7"2)
SZ"'H = S2"+2 S2n+l
>(1_4n+4)(1_1—s2n+2)>1_n+1' (5.9)
The proof is complete. O

Let us first explain some ideas behind the construction. For n > 2, define é(z) =
@ +m)/(n+1) and @) =1/z. then Q@) =godop ') =+ "/
(nz"t! + 1) satisfies: oo is a critical point of Q with multiplicity » which is attracted
to the parabolic fixed point 1. Since {b;}1<;<,—1 are very small, the rational map P, can be
viewed as a small perturbation of Q. The terms A, and B, here guarantee that 1 is always
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TABLE 1. The proof of Lemma 5.3.

i Y G A+ (D2

oddn oddi 0 -1 1
even i -1 0 1
evenn oddi 0 0 0
even i -1 1 0

a parabolic fixed point of P, (see Lemma 5.1). It can be shown that P, maps an annular
neighborhood of T, | into Ty or T, according to whether i is odd or even, where Ty and
T« denote the Fatou components containing 0 and oo respectively (see Lemma 5.5). The
Fatou component T, is always parabolic while T is attracting or mapped to T, according
to whether n is odd or even. The proof of Theorem 1.4 will based on the mixed arguments
in the previous two sections.

If |z] <1, then Ié(z)l < 1. This means that the fixed parabolic Fatou component of é
contains the unit disk for every n > 2. Therefore, the parabolic Fatou component of Q
contains the exterior of the closed unit disk C\ID. Although the polynomial Q has been
perturbed into P,, we still have following lemma.

LEMMA 5.2. P, (@\]D)) - (@\ﬁ) U {1}. In particular, the disk @\ﬁ lies in the parabolic
Fatou component of P, with parabolic fixed point 1.

The proof of Lemma 5.2 is very subtle, and will be delayed until the next section.

LEMMA 5.3. Letn>2and 1 <i <n — 1, then

. ) 1 -1 n+1
S i+ ¥ it DT (5.10)
—~ . 4 2
1<j<i i<j<n—1
Proof. The argument is based on several cases shown in Table 1. O

As before, we first locate the critical points of P,. Note that 0 and oo are both critical
points of P, with multiplicity » and the degree of P, is n> + n. The remaining 2(n> — 1)
critical points of P, are the solutions of F;(z) = 0 (see equation (5.3)).

Forl<i<n-—1,let Cf‘\f’,- ={w; j=biexp(@i(2j —1)/2n+2)):1<j<2n+2}
be the collection of 2n + 2 points lying on T),,| uniformly. The following lemma is similar
to Lemmas 2.3 and 4.3.

LEMMA 5.4. For every ﬁi,j € C"\ﬁi, wherel <i <n—1land1 < j <2n+ 2, there exists
wj, j, which is a solution of F,(z) =0, such that |w; j — W; j| < s"TU2|p;|. Moreover,
Wiy ji = Wiy, j, if and only if (i1, j1) = (i2, j2).

Proof. Note that F;,(z) = 0 is equivalent to

E(_l)i_lzzn+2 +bi2n+2 1+ (—1)n+1 B }’lZn+1 _
Pt Z2n+2 - bz'2n+2 2 nz"+!l 41 -

0. 5.11)
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Multiplying both sides of (5.11) by z2"+? — b?"*2 where 1 <i <n — 1, we have

(_l)i—l(Z2n+2 + bi2n+2) + (Z2n+2 _ bi2n+2) Gi (Z) _ 0’ (512)
where
2n+2 2n+2
. Z + b 1+ (_1)n+1 nzhtl
Giy= ), (1! G - (5.13)
I<j<n—1,j#i 72n+2 — bj” 2 nztl 1

Let @ = {z: 22742 4 p2"F2| < s +(1/2) | p; 2142} where 1 <i <n — 1. If z € ;, then
2|7 < (1 4+ s" T2y b | < (1 4 571/ by Lemma 2.1(2). So

<0351/

nzn+1 n(l + sn+(l/2))sn+1 1+ 10075/2)Sn+(1/2)/5
< <
nz" 41 ‘ T 1 —n(l 4 smt1/D)gntl = 1 — (14 100-5/2)100-5/2/5

since s < 1/(25n2) < 1/100. For every z € Q;,if | < j <, we have
\2/bj 22 — \2/b; 2142 |, /bj 2142 o (] 4 g H1/2)) G2 =) (5.14)
Ifi < j <n — 1, by the first statement of Lemma 2.1(2), we have
Ib; /Z|2n+2 \b; /Z|2n+2|b /b; 2142 < (1 4 2. s /2 Cn2) (i) (5.15)

From (5.14), (5.15) and Lemma 5.3, we have

nz+1
‘G (2) + TH‘
Z ) 1+(z/b )2n+2 . Z 1y- 11+(bj/z)2n+2 14 (=1)r!
155 —(z /b )2n+2 i<tz _ (bj/z)2n+2 2
<3-(1+2- Sn+(1/2))( Z sCntDGE=)) Z S(2n+2)(j—i)>
1<j<i i<j<n—I
<6- (142 s"T1/2)2gMm+2 (5.16)

The first inequality in (5.16) follows from the inequality 2x /(1 — x) < 3x if x < 1/3 (here
x < (142512 2142 - 10710) S0 we have

1Gi(2)| <6 (142 s"TU/2)2g2n+2 4 3571/ - 45m+1/2) (5.17)

Therefore, if z € Q;, then
2n+2 b1'2n+2| [1Gi(2)| < Q2+ sn+(l/2))|bi|2n+2 . O'4sn+(l/2) < Sn+(l/2)|bi|2n+2.
(5.18)
From (5.12) and by Rouché’s theorem, there exists a solution w; ; of Fy(z) =0 such
that w; ; € Q; for every 1 < j <2n+2. In particular, |w; ; — w; ;| <s"T1/?|b;| by
the second statement of Lemma 2.1(2). The assertion wj,, j, = wj,,j, if and only if
(i1, j1) = (i2, jo) can be verified similarly as for equations (2.14) and (2.15). The proof is
complete. O

|z

Forl <i<n—1,letCP; :={w;;:1=<j=<2n+ 2} be the collection of critical points
of P, which lie close to the circle Ty, |.
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LEMMA 5.5. There existn — 1 annuli {A,-}l'.’:_l1 satisfying A,—1 < - - - < Ay and two simply
connected domains Uy and U, which contain 0 and oo, respectively, such that

(1) Us DC\Dand P,(Us) C Uso U {1};

(2)  A; DTy, UCP;, Py(A;) CUgforoddi and Py(A;) C Us for even i;

(3)  P.(Ugy) C U for even n and P,(Ug) C Uy for odd n.

Proof. Let Uy, := @\ﬁ be the exterior of the closed unit disk. Then (1) is obvious if we
apply Lemma 5.2. Let ¢ = s"t(1/D and A; = Ay 1(1=2¢),1b;1(142¢)- From (5.1), we know
that

P,(z) — B nz"tl 4+ 1 oyl il
IR, (2)] := n - n i _ |Z|( 1) (n+l)|Z2n+2 _ bi2n+2|( 1) H;(2),
n
(5.19)
here
W i—1 . — .
—1)/— -1/~
Hi) =[] 1j® 2 T -2 00 (5.20)
j=1 j=i+l1
and
i—1 i1 n—1 -1
Qi) =[] 11— Gmop 20" T =/ (5.21)
j=l Jj=i+l
Ifz€ A;, where 1 <i <n — 1, we have
i—1 n—1
0i(2) < ]‘[<1+3|bi/bj|2"+2) I (1+3|bj/bi|2"+2> < (14652 (5.22)
j=1 j=i+1

and
i—1 n—1
Qi(2) > [ [ +31bi/b; ™)' T (4316 /b:i )7 > (1 + 6571372 (5.23)
Jj=1 j=i+1
Note that ¢ = s"T(1/2 < (5n)=2"=1 < 1075. If nisevenand 1 <i <n — 1 is odd, then
for z € A; we have
22— b "1+ (1 + 26)2"2] (1 + 6521122
|z|n+1 =D+ Qi(2) < (1 — 26yl sA—D@+D)
1+ (142e)F2
- (1 = 2¢)r+1
Ifnand 1 <i <n — 1 are both even, then for z € K,- we have
|b,'_1|2n+2|1|2n+2 1

|Rn(2)] =

(1 + 6S2n+2)2sn+1 < 21 . Sﬂ+1.

R (2)| = — 0:(2)
|Z|n+1|Z2n+2 _ bi2n+2| si—=2)(n+1)

1=2 n+1
L =297 g
1+ (14 2¢)2+2
This means that if n iseven and 1 <i <n — 1 is odd, for z € A; we have
2.1-s" 4+ DA,

s2172)2 = 0.49.

|Pa(2)] < o + Byl
+(1/2) . 2n+1 2n+1
21625 - A4 /4 D) s )
- 1 —n(l 4 2¢)sntl 3n+3
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by Lemma 5.1(2). If n and 1 <i <n — 1 are both even, then for z € ‘A; we have

0.49(n + HA
| Pn(2)] > Wl+—1+1’l — | Bnl
_ 049+ D1 — s+ 1) st a4 o
— > .
- 14+ n(1 4 2¢)snt1 3n+3 3

By completely similar arguments one can show that, if z is odd, for z € A; we have
|P,(2)] < s"T/? forodd i and | P, (z)| > 1 for even i. (5.24)

Let Ug = Dy, where r = s"t1/2) This proves (2).
If n is odd, for every z such that |z| < s"t(1/2) we have

|n+1 1—[ |bi |(2n+2)( i1 1—[ 1—

i=1

< A DI+ 4 D] 041 1—[ PP i |z|2"+2
- 1 — nst*+@/2) |b; |2 +2

(=D
+ | Bnl

(n+ 1A, n+2

nZnJrl +1

Z

[Py (2)] < b2n+2

S2n+l

+3n+3

< "t/
It follows that P,(D,) C D, for odd n, where r = s"T(1/2),

If n is even, then P, maps a neighborhood of 0 to that of co. For every z such that
1z] < s"t(1/D we have

| Py (2)| > (n+ 1)5—("4‘1)/2(1 _ s2”+1/(n +1) ﬁ 1-2 |Z|2n+2 — srt] >n>1
n - 1+ nsh?+/2) il |b; |2n+2 3n+3 ’
(5.25)

This ends the proof of (3). The proof is complete. O

Proof of Theorem 1.4. Let A := @\(Uo UUx). The Julia set of P, is equal to
ﬂkzo Pn_k(A). Note that P, is geometrically finite. The argument is completely similar
to the proofs of Theorems 1.1 and 1.3. The set of Julia components of P, is isomorphic to

the one-sided shift on n symbols X, :={0, 1, ...,n — 1}N . In particular, the Julia set of
P, is homeomorphic to X, x S!, which is a Cantor set of circles, as desired (see Figure 6).
‘We omit the details here. O

6. Proof of Lemma 5.2
This section will be devoted to proving Lemma 5.2, which is the key ingredient in the proof
of Lemma 5.5 and hence in Theorem 1.4.

Proof. Let ﬁ(z) =1/P,(1/z), then Lemma 5.2 reduces to proving ﬁ(ﬁ) cDuU{1}. Let
w = z"t!, by a straightforward calculation we have

w—+n 1

R(w) :=§(z)= P Tw)

6.1)
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FIGURE 6. The Julia set of P3, which is a Cantor set of circles. The parameter s is chosen small enough. The gray

parts in the figure denote the Fatou components, which are iterated to the attracting Fatou component containing

the origin, while the white parts denote the Fatou components iterated to the parabolic Fatou component whose

boundary contains the parabolic fixed point one. Some equipotentials of the Fatou coordinate have been drawn in
the parabolic Fatou component and its preimages. Figure range: [—1.6, 1.6] x [—1.2, 1.2].

where
(= mA2, 2 (==t wtn
S(w):A,,il:!(l—bi w?) +n+1B”
w—1 Hw) -1
=1 2C 6.2
+1+(2n+2)C,,< w—1 ) ©.2)
and
n—1 ; n—1 -
H(w) = ]‘[(1 — b2 ED ]_[(1 — b2 DT (6.3)
i=1 i=1

Since H (1) =1, it follows that H’(1) is a finite number. In fact,

I(w) : 6.4)

H’ n—1 -1 i—lb_2n+2
SR AUV S iy
H(w) = 11— w?

We know that I (1) = H'(1) = —2C,,. For every small enough w — 1, we can write S(w)

as
_ (w—1)? (Hw) — 1)/(w — 1) +2C,
Sy =t T oG, w—1
(w—1)?
=1+ ——— D(w), (©6.5)

1+@2n+2)0C,
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where
® (1)

H
d(w) =Y - (w — 1H*2. (6.6)

k>2

The next step is to estimate H% (1) for every k > 2.
For every k > 1, let

n—1 - bi2n+2 k
Yi(w) = ;(—n (m) : ©.7)
In particular, Y;(1) = C, and
Yi(w) = 2kwYiq1(w). (6.8)

If lw| =1, we have

|Yk(w)| - ‘ 2n+2 k< 2—: b2n+2(1 b%n+2) k) 11 ’ b%n+2 k (6 9)
Similarly, we have |Yi(w)| > (9/10)[b3" 2 /(1 — b3"T2)|¥. This means that
Yep(w)| _ 11 b7+ 2
<— <2522 < 1)2. 6.10
Yie(w) ‘9‘1_17%"” =2l (©10

We first claim that [1® (1)| < 2k+1k!|C,| for every k > 0. Since 1@ (w) = —2w¥; (w)
and 1D (w) = —2Y;(w) — 4w?Y,(w), it can be proved inductively that 10 (w) can be
written as

2k
10w) = Z Ok j(w) =Y P j(w)Y j(w), (6.11)

Jj=1 Jj=1

where Py ;(w) is a polynomial with degree at most k + 1 and Y; ; =Y, forsome 1 </ <
k + 1. Note that some terms Oy ; may be equal to zero (the degree of the corresponding
polynomial Py ; is regarded as —oo) and the formula (6.11) can be simplified, but what we
need is this ‘long’ expansion. In particular, without loss of generality, for 1 < j < 2k we
require further that

Pit1,2j—1 (W) Yer12j—1(w) = P j(w)¥g j(w) and
Pit1,2j (W) Yiey1,2j(w) = Py j(w) Yy (w). (6.12)

Since deg(Py,j) <k +1and Yy ; =Y, forsome 1 </ <k + 1, it follows that
[Prt1.2j—1(D) Yi1,2j—1 (D] + [ Pry1,2 (1) Yier1,2; (1]

=P ; (DY) + | P (DY (D)

< (k+ DIP (DY (D] 4+ 2(k + D[Py, j (D) Y141(1)]

<2(k + DI P, j (DY, j (D] (6.13)

since |Y;41(1)/Y;(1)] < 1/2 for every [ > 1 by (6.10).
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Denoting [17%(1)[| := X2, [Pe; (D Yij (D], we have [[7%(1)[] < 2&[|74=D1)]].
This means that

O < TP M) < 256 1O 1)) = 25 k1 G ). (6.14)

This proves the claim 1R (1) < 2K+ 1k11C,| for every k > 0.

Secondly, we check by induction that |[H® (1)| < 4Kk!|C,,| for k > 1. For k =1, we
have |H'(1)| =2|C,| < 4|C,|. Assume that |H® (1)| <4/i!|C,| for every 1 <i <k. By
(6.4), we have H'(w) = H(w)I (w). So

k
k! : 7-
|H(k+1)(1)| < |1(k)(1)|+zm|H(l)(1)|-|[(k 1)(1)|
i=1"" ’
< 2k+1k'|cn|(1 +2k+]|Cn|)S4k+](k+1)'|cﬂ| (615)

since |[7*=D(1)| < 2571+ 1(k — i)!|C,| and |[HD (1)| < 4%i!|C,| forevery 1 <i <k,
If w=¢'? for |6] < 1/20, then |w — 1| < |8] < 1/20. By (6.6) and (6.15), we have

D) <Y 41C1(1/20) 2 < 16]C, | ) 575 =20IC . (6.16)
k>2 k>0

By (6.5) and (6.16), it follows that

2 2n+1

0
ISw)| =1 — ——— 20|Cy=1— >

62 (6.17)
1 —(2n+2)|Cyl n+1

since n > 2 and |C,| < s*"*t1/[8(n + 1)?] by (5.6).
On the other hand, if w = ¢'? for 0 < |6| < m, then

w+n 4n .0 172 4n 2 172 2n 2
=(1— ———sin* = <(1-———4 <l—-———90
n+1 (n+1)2 2 72(n+1)2 (n+ 1272
(6.18)
since (1 — x)l/2 <1—x/2for 0 <x < 1. This means that if w = ¢'? for |6] < 1/20, then
IRw)| < (1 n_ po\(1- o <1 (6.19)
w —_ = — . .
- (n+1)2x2 n+1 -
Moreover, |R(w)| = 1 if and only if w = 1.
If w = 'Y for |6] > 1/20, by (6.2) and Lemma 5.1(2) we have
g2n+l n—1 onia g2+l 3g2n+1
Sw)|>(1- 1 — |b;|?"2) — >1— . 6.20
|<w>|_< n+1)5< L R e (6.20)

By (6.18) and (6.20), we have

2 3S2n+1 -1
[R(w)| < (1 — m) (1 R ) <1. (6.21)

This means that R (w) maps the boundary of the unit disk into the unit disk except at w = 1.
Since R(w) # oo if |w| < 1, we know that R(D) C D U {1}. Therefore, R(D) c D U {1}
and R maps {z € C: z"T! = 1} onto 1. This ends the proof of Lemma 5.2. a
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