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We study the complexity of computable and X9 inductive definitions of sets of natural
numbers. For example, we show how to assign natural indices to monotone X9-definitions
and then use these to calculate the complexity of the set of all indices of monotone
>0-definitions that are computable. We also examine the complexity of a new type of
inductive definition, which we call weakly finitary monotone inductive definitions.
Applications are given in proof theory and in logic programming.

1. Introduction

Inductive definitions play a central role in mathematical logic and computer science. For
example, the set of formulas in a first-order language is given by an inductive definition.
Given a set A of axioms for a mathematical theory T and a set of logical axioms and
rules, the theory T is obtained by an inductive definition. The set of computable functions
can be realised by an inductive definition. Similarly, for any Horn logic program P, the
unique stable model of P is obtained by an inductive definition.

It is well known that for any computable or £ monotone inductive definition I, one
can construct the closure of T', CI(T), in at most w steps and CI(I) is always a X{ set.
In some situations it is important that CI(I") is computable. For example, it is important
that the set of formulas in a typical first-order theory is computable. In other situations
we know that CI(T") is £9 but not computable. For example, even a finitely axiomatisable
theory T may be XY but not decidable (computable). In this paper, we explore the
complexity of various properties of the closure of a £ monotone inductive definition
I'. As examples, we consider properties such as when the closure of I' is finite, cofinite
or computable, or when the closure ordinal of I' is finite or equal to w. We do this by
assigning indices to £ monotone inductive operators. In particular, this means that we
can effectively enumerate the family of all 2? monotone inductive operators as g, I'y,....
Then, for example, we show that the set C of indices e such that the closure or least fixed
point 1fp(T’,) is computable is 3 complete.

We also define a new class of inductive operators called weakly finitary monotone
inductive operators. The basic idea is that for a weakly finitary operator there may exist
a finite set of elements x such that x is forced into I'(4) only if 4 contains one of
a collection of possibly infinite sets. We show that if I' is a weakly finitary monotone
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inductive operator, it is still the case that Ifp(I") will be ¢ but that it can take more than
o steps to construct Ifp(I"). An example of such an operator is when we allow finitely
many instances of the w-rule to generate a partial theory of arithmetic. We also assign
indices to the family of weakly finite £ monotone inductive operators. We show that the
set of indices of weakly finitary £9 monotone inductive operators I" such that Ifp(I') is
computable is also X3 complete. However, for certain computable sets R, the set of indices
of weakly finitary XY monotone inductive operators I' such that Ifp(I') N R is computable
lies in the difference hierarchy over the X9 sets.

We use standard notation from computability theory (Soare 1987). Let N denote the
set of natural numbers and 2(IN) denote the set of all subsets of N. In particular, we let
d. (¢) denote the e-th partial computable function (e-th A-partial computable function)
from N to N and let W, = Dom(¢,) (W = Dom(¢%)) be the e-th computably enumerable
(c.e.) (e-th A-computably enumerable) subset of IN. Note that computably enumerable and
recursively enumerable (r.e.) have the same meaning, and, similarly, computable functions
are also known as recursive functions. We let W, (Wfs) denote the set of numbers m < s
such that ¢.(m) (¢2(m)) converges in s or fewer steps. Given a finite set S = {a; < ...a,},
the canonical index of S is >} 2. The canonical index of the empty set is 0. We let D,
denote the finite set whose canonical index is n.

We fix a primitive recursive pairing function, [x,y] = %((x + )2 4+3x+y) from N x N
to IN. For any sequence ay,...,a, with n > 3, we define [ay,...,a,] by the usual inductive
procedure of defining [ay,...,a,] = [ay,[az,...,a,]. The explicit index of the sequence
(ai,...,a,) is defined by (a;) = [1,a4] if n =1 and {ay,...,a,) = [n,[a1,...,a,]] if n = 2.

2. Inductive definitions

In this paper, we are going to consider inductive operators I' : Z(IN) —» Z(N) that
inductively define subsets of N. We begin with a review of basic definitions and results,
which can be found, for example, in Hinman (1978).

Definition 2.1. Let I' : Z(IN) —» 2(N).
1 T is said to be monotone if A = B implies I'(4) = I'(B) for all A, B.

2 T is said to be inclusive if A < I'(A) for all A.
3 I is said to be inductive if it is either monotone or inclusive.

An inductive operator I' recursively defines a sequence {I'* : o an ordinal} by setting
"= @, I**!' = I(I'*) for all « and T* = J,_, T'* It is easy to see that ['* = I'¥ whenever
a < B. By cardinality considerations, there exists a countable ordinal « such that I'* = I'#
for all f > a. The least such « is called the closure ordinal of I' and will be denoted by
IT'|. The set ' is called the closure of I or the set inductively defined by I' and will be
denoted by CI(T).

For a monotone operator, the closure is also the least fixed point Ifp(I") as indicated by
the following lemma, see Hinman (1978).

Lemma 2.1. If T" is a monotone operator, CI(I') is the unique least set C such that
I'(C) = C. In fact, for any set 4, we have I'(4) < 4 if and only if cl(C) < A.
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For any operator I' : Z(IN) —» 2(N), let Rr < N x 2(N) be given by Rr(m,4) <
m € T'(A). In general, we say that a predicate R(xi,...,xx, A) = NK x 2(N) is computable
if there is an oracle Turing machine M, such that for any 4 € Z(N), M, with oracle 4 and
input (xy,...,Xx,) outputs 1 if R(xy,..., Xy, A) holds, and outputs 0 otherwise. The notation
of a predicate being X0, T, X1, T1}, etc. can then be defined as usual over the class of
computable predicates. We then say that an operator I' is computable (respectively, =9,
arithmetical, etc.) if the relation Ry is computable (respectively, X9, arithmetical, etc.). The

following results are well known.

Theorem 2.1. Let I be an inductive operator.

(a) If T is computable, the sequence {I" : n € w} is uniformly computable, |T'| < w, and
CT) is X0

(b) If T is X9, then |T'| < @ and if T is monotone XY, then CI(T) is 9.

(c) Any XY set is 1-1 reducible to the closure of some computable monotone operator.

(d) If T is monotone arithmetical, |I'| < w{¥ (the least non-computable ordinal) and
CI(T) is T1}.

(e) Any IT! set is 1-1 reducible to the closure of a monotone I1) operator.

Example 2.1. The classic example of a computable monotone operator is given by the
definition of the set of sentences of a propositional logic over an infinite set ag, ai,... of
propositional variables. Identifying sentences p,q with their Gédel number gn(p), gn(q),
we have for any i, p, ¢, and 4:

(0) a; € I'(A).

(1) ~peT(A)if p e A.

(2) pAqeT(A)if pe 4 and q € A.
(3) peTI'(4)if p € A.

Other clauses could be added to include disjunction, implication or other binary connect-
ives. This operator is computable because for any sentence p, we can compute the (at
most two) other sentences that need to be in A for p to get into I'(4). Similar computable
inductive definitions can be given for the set of terms in a first-order language and the
set of formulas in predicate logic. In each case, the closure ordinal of such a I" is w and
the set of sentences (respectively, terms, formulas) is computable since for any sentence
(term, formula) p of length n, p € Ifp(I') if and only if p € T

Example 2.2. Suppose we are given a computable or ¥ set 4y of axioms for propositional
logic together with the logical axioms —pV p for each p and a finite set of rules as indicated
below. Then the set of consequences of A4y is generated by the operator I' where, for all
sentences p,q,r and all A:

(0) peI'(A) if p is an axiom.

(1) pvgqeT(A)ifpe AorgqeA.

2) pel(A)if pvpe A

3) (pvg)vreTl(4)ifpv(qVr) e A.

4) gvreTl(4)ifpvge Adand -pVr e A.
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In this case, I' is a £ operator but is not computable since, for example, the Cut Rule
(4) asks for the existence of a p such that pV g and —p V r are in A.

Now, in this particular case, the consequences of a computable set 4y will be a
computable set but a similar example can be given for first-order logic where the
consequences of a finite set of axioms for arithmetic is £ but not computable.

Example 2.3. The one-step provability operator for a computable Horn logic program is
a XY monotone operator. That is, suppose 4 is a computable set of propositional letters
or atoms. We assume that A = N. A logic programming clause is a construct of the form

C:p(_qla""qma_'rla"'a_‘rn (1)

where p,q1,...,qm,1,...,1, are atoms. Given a clause C, we let

[C] = [p.Aq1s-- s ) (1o s 7))

where, by convention, we let {q1,...,qn) = 0 if m =0 and (r{,...,r,) =0 if n = 0. The
atoms qy,...,qm, —1,..., 7, form the body of C and the atom p is its head. Given a set
of atoms M < A, we say M is a model of C if either

(i) there is a g; such that q; ¢ M or there is an r; such that r; € M ( M does not satisfy
the body of C); or
(ii) p € M (M satisfies the head of C).

The clauses C for which n = 0 are called Horn clauses.

A program P is a set of clauses. We say that P is computable (X%, arithmetical, etc.)
if {[C] : C € P} is computable (X!, arithmetical, etc.). A program entirely composed
of Horn clauses is called a Horn program. If P is a Horn program, there is a one-step
provability operator associated with P, Tp : Z(IN) —» 2(IN), which is defined by

Tp(A) equals the set of all p such that there exists a clause C = p « ¢qy,...,q, in P
such that ¢1,...,q, € A.

A Horn program always has a least model, which is the closure of T),. It is the intended
semantics of such a program.

For programs with bodies containing the negation operator not, we will use the stable
model semantics. Following Gelfond and Lifschitz (1988), we define a stable model of the
program as follows. Assume M is a collection of atoms. The Gelfond—Lifschitz reduct of
P by M is a Horn program arising from P by first eliminating those clauses in P that
contain —r with r € M. In the remaining clauses, we drop all negative literals from the
body. The resulting program GLj,(P) is a Horn program. We call M a stable model of P
if M is the least model of GLy(P). In the case of a Horn program, there is a unique stable
model, namely, the least model of P. Alternatively, one can define a one-step provabibility
operator Tp s relative to a logic program P consisting of clauses of the form of (1) and
a collection of atoms M by defining Tp (A4) to be the set all p such that there exists a
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clause C = p < q1,...,qn, —r1,..., 7y in P such that

(1) {Clla---an} = A, and
i) {ri,....rm} "M = .

Then M is a stable model if and only if the closure of Tp » equals M. In general, if M is
a computable set, Tp 1S @ monotone 2(1) operator.

It should be pointed out that both Examples 1 and 2 can be reformulated in the
framework of logic programming as computable Horn programs. That is, the set of
rules is a computable set, even though the corresponding inductive operator need not be
computable.

Example 2.4. Another setting where computable inductive operators arise is in computable
algebra and computable model theory. Surveys on various topics in computable algebra
and model theory can be found in Ershov et al. (1998a; 1998b).

A generic example of computable inductive operators that arise in computable algebra
are effective closure systems, which were introduced by Remmel (Remmel 1980). An
effective closure system .# = (M,cl) consists of a computable set M of the natural
numbers IN together with an operation cl : (M) —» #(M), where (M) denotes the
power set of M, which satisfies the following:

(i) 4 = cl(A).
(i) A = B implies cl(4) < cl(B).
(iii) cl(cl(A4)) = cl(A).
(iv) x € cl(A4) implies that for some finite 4’ = A, x € cl(4’).

Furthermore, we require that cl is effective on (indices of) finite sets. That is, we assume

that there is an effective algorithm that, given x, yy,...,y, € M, will decide whether or not

x € cl(yy,...,yn), where cl(yy,...,y,) denotes cl({y,...,y,}). Note that this condition plus

conditions (i)—(iv) ensure that such closure operators are at least £ monotone operators.
We also assume that(.#, cl) always satisfy the non-triviality axiom (v):

(v) (@) # M.

Here we write A =" B if there exist finite sets, E and F, such that cl(4UE) = cl(BUF).
Similarly, we write that 4 = B if there is a finite set F such that A = cl(B U F).

We say V is a substructure of ., or V is closed, if V.= M and cl(V) = V. It is easy
to see that both the set of c.e. substructures and the set of all substructures of .# form a
lattice, where the meet operation is just the set theoretic intersection and the join of two
substructures V' and W, denoted V + W, is given by V + W = cl(V U W). We use L(.#)
to denote the lattice of c.e. substructures of .# = (M,cl) and S(.#) to denote the lattice
of all substructures of .Z.

If .4 also satisfies

(vi) (Exchange) x € cl(A U {y}) — cl(4) implies y € cl(4 U {x}),

we say ./ is an effective Steinitz system. Effective Steinitz systems have been extensively
studied: see Nerode and Remmel (1982; 1983), Downey (1983a; 1983b) and Baldwin
(1982; 1984).
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Effective algebras form another natural class of examples. These are obtained as follows.
Let (M, R) be an effective universal algebra in the sense that M is a computable set and
R is a computable set of uniformly computable operations on M. Then we naturally
associate an effective closure system (M,clg) with (M, R) by setting clg(4) to be the
closure of A under the operations of R and their projections. We say that an effective
closure system .# formed in this way is an effective algebra. As we shall see, most natural
examples, such as groups, rings, fields and vector spaces, are effective algebras.

However, not all effective closure systems are effective algebras. For example, for any
effective closure system .# = (M,cl), we can define an intersection subsystem (A,cl}) for
A = M where for any B < A4,

cl'(B) = cl(B) N A.

It is easy to check that (4,cl}) is an effective closure system, but not necessarily an
effective algebra.

We conclude this example with a partial list of some specific examples of effective
closure systems that have been studied extensively in the literature. In particular, there
has been considerable work on the lattice of c.e. substructures of various structures.
Details can be found in the survey article Nerode and Remmel (1985). Some general
results on the lattice of substructures of effective closure systems can be found in Downey
and Remmel (1998). Here we shall only give a brief description of the closure systems;
refer to Nerode and Remmel (1985) or Downey and Remmel (1998) for more details.

Sets. Let .# = (w,cl) where cl(4) = A. In this case L(.#) is the lattice of c.e. sets. Clearly,
cl is a computable monotone operator in this case.

Vector spaces. Let 1, denote a fully effective infinite dimensional vector space over a

computable field. That is, V., consists of a computable subset U of w with computable
operations for addition and scalar multiplication on V,,. Moreover, we assume that V,
has an effective dependence algorithm, that is, there is a uniform algorithm that given
any x,yi,...,y, in U, decides whether or not x € ({y1,...,yn})", where (4)" denotes
the subspace generated by A. In this case, cl(4) = (4)" and L(V,,) is the lattice of c.e.
subspaces.
In this case, cl is a 2(1) monotone operator, but it is not computable. This follows from
a result of Dekker (Dekker 1971), which says that every c.e. subspace V of V,, has a
computable basis B. Thus, since there are c.e. subspaces that are not computable, it
follows that the relation Ry is only XY. Similar results hold for the remaining examples
of closure operators given below.

Fields. Here F,, denotes a fully effective algebraically closed field with infinite computable
transcendence base, and cl(A4) denotes the algebraic closure of A.

Affine spaces. In this case .# = (V,,K?/) where V,, a computable vector space over a
computable ordered field. We define y € K/(yy,...,y,) if and only if y = Z4;y; with
>J; = 1. Again this is a Steinitz algebra. We denote its lattice of c.e. affine subspaces
by L(V,,K/) to distinguish it from L(V,,) (¢f. Downey (1983b)).

Locally computable rings and modules. Many other computable rings and modules are
effective closure systems. For example, consider G = ®;c,Z, the free Abelian group
on m generators.
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Subalgebras of Boolean Algebras (Remmel 1978; 1980). A computable Boolean algebra
A = (B,Vg,N\y,—y) consists of a computable subset B of w and computable
operations for the meet, Ay, join, Vg, and complement, —4, operations, which turn B
into a Boolean algebra. In this case, cl(4) is the subalgebra generated by A.

Convex sets, K(V,,). Finally, consider the structure K (V) = (V,, ()) from Kalantari (1981)
and Downey (1984). Here we consider V,, where the underlying field is the rationals,
0, and () is the operation of taking the convex hull, viz.,

(X1, s xn)) = {yly =ZAix; with 24, =1 and 0 < /; < 1}.

Then (V,, () is obviously an effective closure system.

We note that in all the structures above, we can generate many classes of X0 inductive
operators by simply letting A be any computable or c.e. subset of the structure and
defining a new closure operator I'4 by T'4(S) =cl(AUS).

3. Index sets for =¥ and computable monotone operators

An important property of £ monotone operators I' is that the relation m € T'(4) depends
only on positive information about 4. That is, we have the following lemma.

Lemma 3.1 (Hinman 1978, page 92). For any X monotone operator I, there is a
computable relation R such that, for all m € N and 4 € Z(N),

meTl(4) < (An)(D, < 4 & R(m,n)). (2)

It follows from Lemma 3.1 that the £ monotone inductive operators may be effectively
enumerated as g, I'y,... in the following manner. For all e,m € N and all A € 2(IN), let

meTl,(A) < (An)[D, = A and (m,n) € W,].
Lemma 3.2.
(a) There is a primitive recursive function f such that for all m,e,a
Fe(Wa) = Wf(e,a)~

(b) The relation m € T is =9 in m, e and t.
(c) The relation m € Ifp(T’,) is ¢ in m and e.
(d) There is a computable function h such that Ifp(I',) = Wj).
Proof.
(a) We have
me T, (W,) < (An)[D, = W, and (m,n) € W,].

So we may define a partial computable function ¢, such that to compute ¢.(e,a,m),
we search for the least pair (n,s) such that D, = W, and [m,n] € W,,. If we find
such a pair, we set ¢.(e,a,m) = 1; otherwise, ¢.(e,a, m) is undefined. Then

me T (W,) < [e,a,m] € Dom(¢,).

Now the s-m-n theorem will provide a primitive recursive f such ¢ cq)(m) = ¢ (e, a, m).
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(b) Let Wy = & and let f be given by (a). For any fixed e, let g, be the partial computable
function defined by g.(a) = f(e,a). Then clearly, I', = W, ().

(c) This follows from the fact that m € Ifp(I',) < (Jt)(m € T%).

(d) This follows from part (c) by the s-m-n theorem. L]

Theorem 3.1. Fix an infinite ce. set W. Then {e : W N Ifp(I’,) is computable} is =9
complete.

Proof. We make use of the well-known fact that Rec = {e : W, is computable} is 2(3)
complete (Soare 1987). Let yp be a computable function such that W N W, = W) for all
e. Now let C = {e : W NIfp(I',) is computable} and h be the computable function defined
in the proof of Lemma 3.2.(d). Then e € C <= wy(h(e)) € Rec, so C is a =9 set.

For the completeness, first consider the case where W = IN. We can use the s-m-n
theorem to obtain a 1:1 computable function g such that

(m,s) € Tg(e)(A) <= me W, or (m,s+1) € A.

It is easy to see that Ifp(I'y)) = W, x N, so W, is computable if and only if Ifp(I'g()) is
computable. Hence, g witnesses the fact that Rec is 1:1 reducible to C since e € Rec <=
g(e) € C. Thus C is X9 complete.

For an arbitrary infinite c.e. set W, let R be an infinite computable subset of W and
let f be an increasing, computable function such that R = {f(0), f(1),...}. Then, for any
e, let Wy = {f(i) : i € W,}, and observe that W, < W for all e and that W is
computable if and only if W, is computable. It follows that W, is computable if and only
if W N Ifp(I'g(pe))) is computable. Thus g o p shows that, in general, Rec is 1:1 reducible
to C, so C is ZJ-complete for all W. U

Computable operators are continuous and we can use the indexing of Cenzer and
Remmel (1999, page 135) to define the e-th computable monotone operator A, for e in
the Hg set of indices such that ¢, is a total function. That is, let 69, 0q,... enumerate the
set {0,1}" of finite strings of 0’s and 1’s. For o,7 € {0,1}", we write ¢ C 7 if ¢ is an initial
segment of 7 and write ¢ = 7 if {i : (i) = 1} = {i : 7(i) = 1}. Then the partial computable
function ¢, : N — N defines a computable monotone operator A, : Z(IN) —» 2(N) if it
satisfies the following four conditions.

(1) (¥m)(3n)[p.(m) = n], that is, ¢, is total.
2) (VWL)(VH) [O-m C Opn — O¢,(m) cC O'qbt,(n)]'

(
(3) (Ym)3n)(Va; € {0, 1}")[|op,i)| = m].
(4) (Vm)(Vn) [on S 00 — O¢.(m) S O'([)L,(n)]-

The first three clauses above simply define the set of indices of computably continous
functions from {0,1}N — {0,1}™N. Then clause (4) ensures that the resulting operator
is monotone. Let ICM denote the set of indices e satisfying (1)—(4). For A = N and
n € N, identify A4 with its characteristic function and let 4, = i where ¢; = A[n =
(A(0), A(1),...,A(n— 1)). Then we may define the e-th computable monotone operator by
declaring that

m e A(A) <= (In)(Vo; € {0,1}")[|og,i)| = m & 64,(4,)(m) = 1]. (3)
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Note that if ¢, satisfies conditions (1)—(4), then A,(A) also has a 1) definition, namely,
me A(A) <= (Vn)[(Vo; € {0,1})[|ag,i)| =m] —> 04,4, (m) =1]. 4)
Theorem 3.2. The set ICM of indices of computable monotone operators is IS complete.

Proof. 1t is clear that ICM is a I19 set. For the completeness, we define a reduction of
the 19 complete set Tot = {e : ¢, is total} to ICM as follows. Let f be the computable
function such that for any i, we have ¢y)(i) = j where

7 = (9e(0), @e(1),..., e(lai| — 1))

Now, if e ¢ Tot, then, clearly, ¢, is not total, so f(e) ¢ ICM. However, if e € Tot, it is
easy to see that for all A, we have Ag)(A) = {m : ¢.(m) = 1}, so Ag) is a computable
monotone operator. Thus, e € Tot <> f(e) € ICM. U]

Lemma 3.3. There is a primitive computable function g such that for all e € ICM,
Ae = Fg(g).

Proof. Define (m,n) € Wy, if and only (3k)(Va; € {0,1}*)[|oy,| > m] and there exists
a; € {0, 1}¥ such that 64,(m) = 1 and {j : 6:(j) = 1} < D,. We now verify that A, = Ty,
if e € ICM.

Suppose first that m € A,(A4). Then we find the least k such that

(Vo; € {0, 13)[|og,)| > m].
Thus, for o; = A[k, we have a4,)(m) = 1. Now let
Dy=AN{01...k—1}={j<k:a(j)=1}

It follows that (m,n) € Wy(), s0 m € I'ge)(A).

Next suppose that m € I'y)(A4) and let n, k and o; € {0,1}* be given as above so
that o4,(m) = 1 and {j : o(j) = 1} = D, = A. It follows from clause (4) above that
O pe)4n)(m) = 1 and, therefore, m € A.(A).

Hence we have shown that, for all 4, we have A.(A4) = I'y,)(4) and hence A, =
Lye)- O

Lemma 3.4.

(a) There is a partial computable function § such that for all m,e,a with a € Tot and
e € ICM, we have d(e,a) € Tot and A.({m : pa(m) = 1}) = {m : Psea)(m) = 1}.

(b) There is a partial computable function 1 such that for all e, t with e € ICM, we have
¢y(es) 18 the characteristic function of Al

(c) There is a =¥ relation S such that

m e Ifp(A,) <= (m,e) € S.

Proof.

(a) To compute Pseq)(m), first find k so that |oy,m| > m for all ¢; € {0,1}¥. Then let
g = (¢a(0)> d’a(l)a cees ¢a(k - 1)) and set d’é(e,a)(m) = O'q’)g(i)(m)-
Parts (b) and (c) follow easily. |
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This shows that the closure of any computable monotone inductive operator is a c.e.
set. In Cenzer (1978), the first author considered the converse problem of whether any
c.e. set is the closure of some computable monotone inductive operator. It is shown there
that not every c.e. set is the closure of such an operator, but that every c.e. set is one-one
reducible to such a closure. Here is an index set version of that result.

Theorem 3.3. There are primitive recursive functions f and g such that for all e and m,
we have f(e) € ICM and m € W, < g(m) € lfp(Ay)).

Proof. Define the computable monotone inductive operator Ay, by
(m,s) € Afe)(A) <= [me W, V (m,s+1) € 4].
It is easy to see that Ifp(As«)) = {(m,s) :m € W,}, so for any m and e,
me W, <= (m,0) € lfp(Age)).
Thus we can take g(m) = (m,0). O

The index set complexity for £ operators given in Theorem 3.1 easily carries over for
computable monotone operators since the operator I'y() defined in the proof is uniformly
computable. Thus we have the following theorem.

Theorem 3.4. {e : 1fp(A,) is computable} is =3 complete.

For the rest of this section, we consider the complexity of two types of index sets
associated with monotone operators. The first type comes from the cardinality of the least
fixed point. For example, we will determine the complexity of the problem of deciding
whether Ifp(I',) is a finite or an infinite set. The second type comes from the closure
ordinal of the operator. For example, we will determine the complexity of the problem of
deciding whether the closure ordinal of A, is finite or equals w. For the remaining results
in this section, we will omit the routine verifications of the complexity upper bounds.

Theorem 3.5. {e : |[,| > 0} = {e : Ifp(T,) # &} is £ complete and {e : |T,| =0} = {e :
Ifp(T,) = &} is 1Y complete.

Proof. For the completeness, let E be an arbitrary c.e. set and define a computable
function fg so that

mEFfE(e)(A) > m=0&eckE).

Clearly, if e ¢ E, then |I'y, | = 0 and lfp(I'f,) = &, and if e € E, then [I'y, )| = 1
and Ifp(T'f,)) = {0}. Thus, fr shows that the arbitrary £ set E is 1:1 reducible to
{e :|T¢| > 0}, and at the same time N — E is 1:1 reducible to {e : [I,| = 0}. U

A set is said to be d.c.e. if it is a difference of two c.e. sets.

Theorem 3.6. For any natural number k > 0,
(a) {e :card(Ifp(T,)) > k} is =¥ complete and
{e : card(Ifp(T,)) < k} is TTY complete.

(b) {e :card(Ifp(I',) = k} is d.c.e. complete.
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Proof.
(a) For the completeness, modify the definition of f in the proof of Theorem 3.5 so that

me Tl d) < m<k&eckE]

Then Ifp(T's, ) = & if e ¢ E and Ifp(T'y, ) = {0,1,...,k} if e € E. Again f, shows
that E is 1:1 reducible to {e : card(Ifp(I",)) > k} and, hence, {e : card(Ifp(I',)) > k} is
%9 complete.

(b) Clearly, {e : card(Ifp(I',)) = k} = {e : card(Ifp(T’,)) < k} — {e : card(Ifp(T,)) < k — 1}.
For completeness, we need only show that for any c.e. sets C and D with D < C, there
is 1:1 computable function g such that e € C — D <= g(e) € {e : card(Ifp(I',) = k}.
So let C and D be c.e. sets where D = C and define g so that

meTlyed) <= [m<k&ecC)V im=k&k—-1€A4&ecD)].

If e ¢ C, then Ifp(Ige) = . If e € C — D, then Iyl = k and Ufp(Tye) =
{0,1,....,k—1}. If e € C N D, then [T'y()| = 2 and Ifp(I'ye)) = {0,1,...,k}. O
Theorem 3.7.
(a) {e :1fp(T,) is finite} is X9 complete and {e : Ifp(T,) is infinite} is T1) complete.
(b) {e :Ifp(T,) is cofinite} is Y complete and {e : Ifp(T,) is coinfinite} is T1J complete.

Proof. The statements follow easily from the fact that {e : W, is finite} is £ complete
and that {e : W, is cofinite} is £ complete by letting I'y(,)(4) = W, for all A. 0

The corresponding result for computable monotone operators is a corollary.

Theorem 3.8.
(a) {e :1fp(A.) is infinite} is T19 complete.
(b) {e :Ifp(A,) is cofinite} is Y complete and {e : Ifp(A,) is coinfinite} is TTJ complete.

Next we consider the closure ordinal of a monotone inductive operator.

Theorem 3.9. For any natural number ¢t > 1:

(a) {e: || >t} is £9 complete and {e : || < ¢} is [T complete.
(b) {e:|T,| =1} is I complete.

(c) {e:|T,|=t+ 1} is DY complete.

Proof. We will use the fact that Fin = {e : W, is finite} is a £9 complete set. We can
define a 1:1 computable function f such that

meTlieyd) <= m=0V (In<mm e )V (In=m)n e W,).

If W, is infinite, F}(e) = N and |T,] = 1. If W, is finite, let M be the largest element
of W, U {0}. Then F}(e) = {0,1,...,M}, FJ%(E) = N and, therefore, |T'f¢)| = 2. Thus
e € Fin < f(e) € {e : [I',| > 1}, which establishes completeness for part (a) when ¢ = 1
and the completeness of part (b).
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For the completeness in part (a), fix t = 1 and define a 1:1 computable function g such
that m € I'y()(4) if and only if

m=0V m<t&m—1€A)V m=2t&[EAn=m)(ne W,V (t—1 ¢ A)).
Then it is easy to see that if W, is infinite, for all i,
ng(e)z{x x<iVx=t},

50 |I'ge)l = t and Ifp(I'y)) = IN. However, if W, is finite and M is the largest element of
W., we have, for i <t,

Cyp=1x:1x<i Vi<x<Mj
and

t+1 _
rg(e) =N,

0 |Tge)) =t + 1. Thus e € Fin <= g(e) € {e : |T,| > t}.

For the completeness in part (¢) in the case where ¢t = 1, it suffices to define a computable
function h such that |'yqp| = 2 if and only if W, is finite and W, is infinite. Let Ev
denote the set of even numbers and Od denote the set of odd numbers. First define h(a, b)
so that

2m €Tpup(4) <= m=0V (An<m)(n € AV (In=m)(n € W,)).

Then, by our argument for case (a), Ev < 1"}1(“,,,) if W, is infinite. If W, is finite and M is
the greatest element of W, U {0}, then ['j,,) N Ev = {2x : x < M} and Ev € I['},;,. We
then complete the definition of h so that

2m+1 € yap)(4) <= [m=0V @3@An =m)(n € W,)]
V[0 € A & (In = m)(n € Wy)]
VIled & m>0& 2m—1 € A)].

Now if W, is infinite, 0d < T}, ;) s0 T}, = N and [[yep| = 1. Next suppose that
W, is finite and M is the greatest element of W, U {0}. Then our definition of h ensures
that T}, N0d = {2x 41 : x < M} since 0 ¢ ') ,,. Now, if W is infinite, Od = I},
50 Tj,» = N and [Tjup| = 2. Finally, if W, is finite and B is the largest element of
W,U W, U {0}, we have I'},,, N0d = {2x+1 : x < B} and 2B +3 € [} ), 50 [Tiap)| = 3.
This shows that {e : |, = 2} is DY complete.

For the general case of part (c), fix t > 1 and define & so that

2m € Tpap)(4) <= m=0VvV (im<t&m—1¢€A)
Vim=2t& [@Enz=m)(ne W,V 2(t—1) € A)]).

Then we can argue as in case (a) that Ev = I'j,, ) if W, if infinite. On the other hand, if
W, is finite and M is the largest element of W, U {0}, then

rjily NEv = Ev.
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We now complete the definition of h so that

2m+1 € yap(4) <= [m=0V 3An=m)(n e W,)]
V2(t—1) € A & (In = m)(n € W,)]
Vim>0&2(t—1)e 4 &2m—1¢€ A]

It can then be verified that W, is finite and W), is infinite if and only if T'pp) = ¢+ 1. [
Theorem 3.10. {e : |T',| = w} is I complete and {e : |T,| < w} is £Y complete.

Proof. We use the £ completeness of Cof = {e : W, is cofinite}. We define a 1:1
computable function f so that W, is cofinite if and only if |I'f()| < w. Define f so that

2n € I'y(e)(A4) = n=0VvV2n—2€A4 V 2n+1€A4;
n+1e I'je(d) = @m>n)2m+1e€ A)
VEm<nPmeAd& (Yisn(m<i — ieW,).

We make the following observations. First, F}(e) = {0} for all e. Next, it is easy to see by
the first of our two conditions defining f that we certainly have 2n € 1";’{;} for all n and e
and, moreover, 2n € F}-(e) forn >t if and only if 2n+1 € F}TJ). Thus, if Ev is the set of
even numbers, Ev = Ifp(I'y(,)) for all e.

Now fix e and let I' = I'y(). First suppose that W, is cofinite and M is the smallest
natural number such that i € W, for all i > M. It follows from our second condition
defining f that, since 2M € T'M*! we have 2n+ 1 € T’M*2 for all n > M. But then it is
easy to see that 2n+ 1 € I'M*3 for all n and 2n € ITM*+* for all n. Thus Ifp(I') = N and
IT] < M + 4. On the other hand, suppose that |I'| = k is finite. It follows that 2n € T* for
all n. Let ¢t < k be the least value such that {n : 2n € I'"} is infinite. By our observations
above, t > 1, so let M be the maximum of {m : 2m € I'"""!}. Thus, for infinitely many
n>=t we have 2n € T, so 2n + 1 € T""!. Now let s be the least k < t — 1 such that
{n:2n+1 € I'*} is infinite. Again it must be the case that s > 1, so I'*~! must be finite.
Now let p be the largest element such that 2p € I'*~!. Because {n : 2n+ 1 € I'*} is infinite,
it must be the case that for arbitrarily large n, there is an m < p such that 2m € I'*! and
i € W, for m < i< n. But this implies that W, is coinfinite. ]

The operator I'y(,) defined in the proof of Theorem 3.10 does not define a computable
monotone operator, so we cannot conclude that {e : |A,| = w} is Hg complete. In fact,
{e :|A.| = w} is T1Y complete, as our next result shows.

Theorem 3.11. {¢ :e € ICM & |A,| = w} is I19 complete.
Proof. We define a 1:1 computable function f such that for all e, we have f(e) € ICM

and W, is finite if and only if |Af)| < w. The desired f is the function defined in the
proof of Theorem 3.3 where

(m,s) € Afe)(A) <= [me W,5 V (m,s+1) € A].
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Suppose first that W, is infinite. Then there are arbitrarily large m and s such that
m € W1 — Wy, and, therefore, (m,0) € A}(*ez) — A}J(gl) Thus |Ase)| = w. On the other
hand, if W, is finite, there is a finite s such that m € W, implies m € W, for all m. It
follows that [As)| < s+ 1, and is finite. U

4. Weakly finitary monotone operators

It follows from Lemma 2.1 that any X9 monotone inductive operator I is finitary, that is,
for any x and any set A, we have x € I'(4) if and only if there is a finite subset D of A
such that x € I'(D). The idea of a weakly finitary operator is to have a finite set my, ..., my
of exceptional numbers that may be put into I'(4) when an infinite set is included in 4. If
there are exactly k exceptional numbers, the operator I" will be called k-weakly finitary.
For example, we might allow some finite number of consequences of the w-rule in a
subsystem of Peano arithmetic and still obtain a c.e. theory.

Definition 4.1.

(1) We say that a monotone inductive operator I' : Z(IN) — 2(IN) is weakly finitary if
there is a finite set Sp such that for all 4:

(a) x ¢ Sr and x € I'(4) implies there exists a finite set F < A4 such that x € I'(F).

(b) x € Sr and there is a family #r, of subsets of IN that includes at least one
infinite subset of IN such that x € I'(4) implies there exists an F < A such that
x € I'(F) for some F € Zr,.

If |Sr| = k, we say that T is k-weakly finitary.
(2) We say I = A, is a k-weakly finitary £ monotone inductive operator with index
(k,e) = (k,(d, (my,eq,...,my,e)) if:

(i) T is a weakly finitary monotone operator with Sp = {m; < -+ < my}.
(i) For all m; € Sr, Frpm, = {W, :a € W,}.
(iii) For all A € 2(N) and m € N, we have m € Ay .(A4) if and only if either:
(@) meTy(A); or

(b) for some i, we have m = m; and (3a € W, )(W, = A).

Example 4.1. One example of this type of operator comes from the attempts described in
Cenzer et al. (2005) to extend logic programming for reasoning about infinite sets. they
defined an extension of logic programming, which they call extended set-based programming
(esb). In this example, we shall give the formal definitions of ESB constraints, clauses
and programs, and define the analogue of Horn programs and stable models for ESB
programs. The basic idea is to incorporate constraints involving infinite sets into logic
programming clauses by using various types of indexing schemes.
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To describe the constraints used by Cenzer, Marek and Remmel, we first need to
describe three types of indices for subsets of the natural numbers:

1 Explicit indices of finite sets. Recall that D, = {x; <... < xi} where n =3, 2%.

2 Computable indices of computable sets. Let ¢, ¢1,... be an effective list of all partial
computable functions. By a computable index of a computable set R, we mean an e
such that ¢, is the characteristic function of R. If ¢, is a total {0, 1}-valued function,
we will use R, to denote the set {x € N : ¢,(x) = 1}.

3 C.e. indices of c.e. sets. By a c.e. index of a c.e. set W, we mean an e such that W
equals the domain of ¢,, that is, W, = {x € N : ¢,(x) converges}.

No matter what type of indices we use, we shall always consider two types of constraints
based on X and a finite set of indices &, namely, (X, %)~ and (X,Z)=. For any subset
M < o, we say that M is a model of (X, )=, written M = (X, Z)~, if there exists an
e € Z such that M N X equals the set with index e. Similarly, we say that M is a model
of (X, )=, written M = (X, 7)<, if there exists an e € & such that M N X contains the
set with index e.

Cenzer, Marek and Remmel then consider three different types of constraints:

(A) Finite constraints. Here we assume that we are given an explicit index x of a finite
set X and a finite family # of explicit indices of finite subsets of X. We identify
the finite constraints (X, %)= and (X, %)< with their codes, (0,0, x,n) and (0, 1, x, n),
respectively, where & = D,. Here the first coordinate 0 says that the constraint
is finite; the second coordinate is 0 or 1 depending on whether the constraint is
(X, 7)= or (X, #)<; and the third and fourth coordinates are the codes for X and
Z, respectively.

(B) Computable constraints. Here we assume that we are given a computable index x of a
computable set X and a finite family # of computable indices of computable subsets
of X. Again we identify the computable constraints (X, %)= and (X, #)< with their
codes, (1,0,x,n) and (1,1, x, n), respectively, where # = D,,. Here the first coordinate
1 says that the constraint is computable; the second coordinate is 0 or 1 depending on
whether the constraint is (X, %)~ or (X,#)<; and the third and fourth coordinates
are the codes for X and %, respectively.

(C) C.e. constraints. Here we are given a c.e. index x of a c.e. set X and a finite family %~
of c.e. indices of c.e. subsets of X. Again we identify the finite constraints (X, % )=
and (X, )< with their codes, (2,0, x,n) and (2, 1, x, n), respectively, where #" = D,
The first coordinate 2 says that the constraint is c.e.; the second coordinate is O or
1 depending on whether the constraint is (X, # )= or (X,# )<; and the third and
fourth coordinates are the codes for X and #".

An extended set-based clause is defined to be a clause of the form
<X7 '52{>* <« <Y1a'@1>g>' L) <Yk>gk>g3 <Zla(gl>:>' L) <Z[9 (gl>:9 (5)

where * is either = or =. We refer to (X,./)" as the head of C, written head(C), and
(Y1,%1)S,.... (Y, Bi)S, (Z1,61)=,...,{Z;,%;)~ as the body of C, written body(C). Here,
either k or I may be 0. M is said to be a model of C if either M does not model every
constraint in body(C) or M = head(C).
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Again, we consider three different types of clauses:

(a) Finite clauses. These are clauses in which all of the constraints are finite constraints.

(b) Computable clauses. These are clauses where all the constraints appearing in the
clause are finite or computable constraints and at least one constraint is a computable
constraint.

(c) C.e. clauses: These are clauses where all the constraints appearing in the clause are
finite, computable or c.e. constraints and there is at least one c.e. constraint.

An extended set-based (ESB) program P is a set of clauses of the form of (1). We
say that an ESB program P is computable if the set of codes of the clauses of P is a
computable set. Here the code of a clause C of the form of (1) is (c,eq,...,e, f1,...,f1)
where ¢ is the code of (X,.7)", ¢; is the code for (Y;,%;)< for i = 1,...,k and f; is the
code for (Z;,%;)~ for j=1,...,1.

Given a program P, we use Fin(P) (respectively, Comp(P), CE(P)) to denote the set
of all finite (respectively, computable, c.e.) clauses in P. It is easy to see from our coding
of clauses that if P is a computable ESB program, then Fin(P), Comp(P) and CE(P) are
also computable ESB programs.

Let P be a computable ES B program. We say that P is computable with finite constraints
if P = Fin(P). Similarly, we say that P is computable with computable constraints if
P = Fin(P) U Comp(P) and Comp(P) #+ &, and P is computable with c.e. constraints if
CE(P) #+ . Finally, we say that P is weakly finite with computable constraints if P 1is
computable with computable constraints and the set of heads of clauses in Comp(P) is
finite, and P is weakly finite with c.e. constraints if P is computable with c.e. constraints
and the set of heads of clauses in Comp(P) U CE(P) is finite.

Next we define the analogue of Horn programs for ESB programs. A Horn program P
is a set of clauses of the form

(X, )= — (Y1,81)<,.... (Y, By)= (6)

where .o/ is a singleton. We define the one-step provability operator, Tp : 2N — 2N so
that for any S < IN, we have Tp(S) is the union of the set of all F, such that there exists
a clause C € P with S = body(C), head(C) = (X, o/)< and A = {e} where F, = D, if
head(C) is a finite constraint, F, = R, if head(C) is a computable constraint, and F, is
W, if head(C) is a c.e. constraint. It is easy to see that Tp is a monotone operator, and
hence there is a least fixed point, which we denote by M. Moreover, it is easy to check
that M? is a model of P.

If P is an ESB Horn program in which the body of every clause consists of finite
constraints, then one can easily show that the least fixed point of Tp is reached in w-steps,
that is, MY = Tp 1° (). However, if we allow clauses whose bodies contain either
computable or c.e. constraints, we can no longer guarantee that we reach the least fixed
point of Tp in w steps. Here is an example.

Example 4.2. Let e, be the explicit index of the set {n} for all n > 0, let w be a computable
index of N and f be a computable index of the set of even numbers E. Consider the
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following program:

(10}, {eo})= <
({2x + 2}, {eax42})= <« ({2x},{ean})= (for every number x)
(0, (W)= (E.(})".

Clearly, N is the least model of P, but it takes @ + 1 steps to reach the fixed point. That
is, it is easy to check that Tp 1“= E and that Tp 1°T'=N

Several results for ESB and weakly ESB programs were proved in Cenzer et al. (2005).
Their basic result for ESB Horn programs is given by the following theorem.

Theorem 4.1.

(a) If P is a computable ESB Horn Program with finite constraints, then the least fixed
point of the one-step provability operator Tp is c.c..

(b) If P is a weakly finite ESB Horn program with computable constraints such that
Fin(P) is computable, then the least fixed point of the one step provability operator
Tp is ce..

(c) If P is a weakly finite ESB Horn program with c.e. constraints such that Fin(P) is
computable, then the least fixed point of the one-step provability operator Tp is c.e..

In fact, a similar result to Theorem 4.1 holds for k-weakly =9 monotone operators.

Theorem 4.2. Let A be a k-weakly =¥ monotone operator with index
<k7 e> = <k= <da <m1a €1y, My, ek>>' Then:

@IAl<w-(k+1).

(b) Ifp(A) is .

Proof. We will present an informal procedure that constructs the closure in < k + 1
rounds where each round may consist of as many as w steps.
Round (1). First let Uy = Ifp(T,). Since Ty is a ) monotone inductive operator, Uy is c.e.
by Theorem 2.1. Next consider the finite set

Fy= {m,- : (Ela € We,v)(Wa = U())}

We cannot necessarily find F effectively, but, nevertheless, Fj is a finite set, so 4; = UgUF
will be a ce. set. If Fy = ¢, we have Ifp(A) = Uy and |A] < w. Otherwise, go on to
Round 2.

We now present the description of Round n + 1, for n > 1, assuming that 4, is the
result of step n.
Round (n + 1). Consider the set U, = I'7(A4,). It is easy to see that since 4, is c.e., U, is
also c.e.. Next consider the finite set

Fy,={m; : (Ja € W,)(W, = U,)}.

Again, we cannot necessarily find F, effectively, but, nevertheless, 4,1 = U,UF, is a c.e.
set. Now, if F, = U,, we have Ifp(A) = U, and |A] < o - (n + 1). Otherwise, go on to
Round (n + 2).
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It is clear that this process must be completed after at most k + 1 rounds, so |A| <
o - (k+ 1) and Ifp(A) is always a c.e. set. ]

Example 4.3. It is easy to construct an example A of a k-weakly finitary =) monotone
operator with |A| = w-(k+1), as follows. Let Ay,..., A, be a set of infinite computable sets
that partition N. Let 4; = {ao; < a1; < ...} for i =0,...,k. Now define a £ monotone
operator I' such that for all 4 = IN:
(i) aop € I'(4).
(i) For all j = 0. aj+10 € I'(4) if and only if a;o € A.
(iii) For all i > 1, a;; € I'(4) if and only if ag; € A4.
(iv) Foralli>1and j =1, aj+1; € I'(4) if and only if a;; € 4.

Finally, we complete the definition of A by adding the following rules, which govern
when the elements ag1,...,dox can be in A(A4).

For all i > 0, ap; € A(A) if and only if 4;_; < A.

It is easy to see that A is a k-weakly finitary ) monotone operator and that

A” = Ay,
AT = Ay U {ao,l},
A = Ay U Ay,

A2w+1 = AU A1 U {ao,z},

AR = AgUA; U U Ay,
Akw+1 = AO U Al U... UA[(71 U {aO,k}a and
Ak+Do AgUA U --UAr =N.
Thus |A| = w(k + 1).

The following lemma gives an alternate approach to proving part (b) of Theorem 4.2,
and will be needed below.

Lemma 4.1. Let A be a k-weakly finitary 9 monotone operator with index

(k,e) = (k,(d,(my,ei,...,my, e)).
Then
(a) for some finite subset F of {my,...,my}, Ifp(A) = I'Y(F), and
(b) for some finite subset G of {m,...,m}, A =T'9(G).
Proof.

(a) Let F = {m; : m; € Ifp(A)}. Then, certainly, I'{(F) = A“(F) < Ifp(A). For the reverse
inclusion, it suffices to show that C = I'?(F) is closed under A. If A(C) — C # (&,
then either:

(i) there is some y ¢ Sy = {my,...,m;} such that y € T4(C) — C; or

(i1) there is some m; ¢ C such W, < C for some a € W,,.
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Note that (i) is impossible. That is, I'y(C) = C because I'; is a 2? monotone operator,
and thus I'y(I'“(F)) = I'’(F). But (ii) is impossible also since otherwise m; € F and
F < C. Thus it must be the case that A(C) = I'4(C).

(b) Let G = {m; : m; € A®}. Since G is a finite set, there is some finite ¢ such that G = A".
Then, certainly, I'7(G) = A®(G) = A”(A") = A®. For the reverse inclusion, suppose
D =T9(G) and A“ — D # &. Then let s be the least stage such that there is an
x € A’ — D. Then either:

(I)x ¢ Sr = {my,...,m;} and hence, there is some finite set F = A'"! such that
x € I'(F); or

(I1) x =m; ¢ G and W, = A""! for some a € W,,.

Note that in case (I), F = D by our choice of s. But since F is finite, there must be

some finite ¢t such F = I''(G), so x € I'(F) < I'(T"(G)) = I'°(G) = D. Thus case (I)

cannot hold. But Case (II) is impossible since otherwise m; € G and G < D. Thus it

must be the case that A® =T'{(G). U

It is possible to develop a theory of index sets for weakly finitary ¢ inductive operators.
In general, this theory is more subtle than the corresponding theory of X inductive
operators. We will not attempt in this paper to prove analogues of all the index set results
given in Section 3. Instead, we will give a couple of examples of index set results for
weakly finitary XY inductive operators where there is a contrast between the index set
result for weakly finitary =0 inductive operators and the corresponding index set result
for =¥ inductive operators.

Clearly, {e : |T,] < w} = N and is thus computable since for any X! inductive operator
I', we have I'” = Ifp(I"). By contrast, we have the following theorem for weakly finitary
> inductive operators.

Theorem 4.3.

(a) Forallk > 1, the set of e such that (k,e) = (k, (d, (my,e1,...,my, e))) and {my,...,m N
cl(Ake) = & (in which case cl(Ax,) =I'¢) is a complete Hg’ set.

(b) Forallk =1, {e : [Arel < & {my,...,m} = AP, } is Z§ complete.

(c) Forall k =2, {e : |Ar.| < w} is DY complete.

Proof. For the upper bound for part (a), suppose (k,e) = (k,{d, (my,eq,...,mg,ei))).
Then it is easy to see from our construction in Theorem 4.2 that {my,...,m}Ncl(Ax.) = &
only if there is no i and a € W,, such that W, = I'7. Since I'; is a Z? inductive operator,
I'} is a ce. set. Thus {my,...,mc} Ncl(Ax,) = & if and only if

(Vie{l,....k))(Va € W,)3c)c € W, & ¢ ¢ TY),

which is a T1J predicate.

Next we consider the upper bounds for parts (b) and (c). Fix a set F = {1,...,k}. For
each index (k,e) = (k, (d, (my,ey,...,my, ex)), let Mgy, =T ({m; :i € F}).

Now fix (k,e). By Lemma 4.1, we know there there is some F such that My, = AP,
We are interested in analysing the predicate that

O(F.k,e) : Mpre = AL, . (7)
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First suppose that F,G < {1,...,k} and Mgy, Mgk S A},. Then it is easy to see that
there must be some finite stage ¢ such that GU F < A ,. But then

Mrure = T{(GUF)

< I'{(Ake)
S Ale(Ake)
_A®

— ke

It thus follows that a particular F such that Mpx, = A}, is the maximal G such that
MG,k,e = ;é),e

Now if Mpk, = Ag’,e, we can list the elements of F in the order in which they appear in
the sequence {A;c’e}fZO’ That is, there is listing of F = {f1,....fs}, 1 <i; <...i, <s and
t1 <ty < -+ <tpq1 such that

t t1—1

fla"'afil € Akl’e_Aqug )

t ty—1

fil-‘rla"'afiz € Akz’g_Akz,e 5

t t,—1
f,‘p71+1, - ,f,’p € Ak‘je — Aklje , and
t thr1—1
fipt15--5fs € /\k”,Z‘ —/\:ff :
But in such circumstances it is easy to see that
t1—1 t1—1
At =T
ti—1
Ao = TaTi ) Uf1 o fi ) =T Udf1,. 0 fi

Now we can effectively find an index g, such that W, =T} U{f1,....f,} = A,i’,e from t;
and fi,..., f;,. This gives

Az =TT (W) and
A]tée = Fd(rfiz_l_ZI(Wlh)) U {fi1+1""’fi2}
= F;27t1(Wq1)U{fi1+1a"'3fi2}~

Now we can effectively find an index g, such that W, = ¢ (W, )U{fi,+1,.... fi,} = AR,
from ¢y, t2, and fi +1,...,fi,. Continuing in this way, if we have found an index g, such

that W, = Aj;', then

i = T T (W, ) and
Af, =TT Wy DU St fi )
= rzif*rrfl(W r—I) U {fir_1+1>' .. afir}-

Again, we can effectively find an index ¢, such that

Wo =T " We ) Ufi st fid = AL,
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from g,_1, t;, and f;,_,11,..., fi,. Finally, to verify that each stage works properly, we must
check for each r that

(firttoeean i} S Ao 7 H(W, )
or that for each m; € {i,._; +1,...,i,}, we have
(3a)a € W, & W, =T (W, ).

Again, we can effectively find an index v, for Ff;“l_t'*‘(WM) so that the predicate
that W, < W, = I'y7'"""1(W, ) is a T predicate. It follows that for each m; €
{i,~71 + 1»~~~>ir}7

(3a)a e W, & W, =Ty (W, )

is a 2(3) predicate. Thus the existence of sequences F = {fi,....fs}, 1 < i3 < ...i, <,
t1 < tr < tpyt, q1,...,qp+1 satisfying all the properties above is a 2(3) predicate. It then
follows that Mgk, < A‘,ﬁe is a 2(3) predicate, since it is equivalent to saying that there
exists an F < {1,...,k} such that G = F and there exist sequences F = {fi,...,fs},
1<y <.y <5, t1 < to < tptts q1s--.,qp+1 satisfying all the properties above. Thus
the predicate that Mgy, & A}, is I1Y. Now, for any F # {1,...,k}, the predicate that F
is the maximal G such that Mgy, < A;ge is the conjunction of 2(3) and Hg predicates. If
F = {1,...,k}, the predicate that F is the maximal G such that Mgy, < Af’e is just a
29 predicate. Note that if {mj,...,m} = A”, it must be the case that AP, = My jjke
Finally, to say that |Ax.| > w, we need only say that there exists an F # {1,...,k} such
that F is the maximal G such that Mgy, = AP, and Mr, is not closed under Ay,. Now
if Mpk, = A;;je, then, clearly, Mry, is closed under I'y, so Mpy, is not closed under Ay,
if and only if

(dm; ¢ F)3a € Wef)[Wa = MF,k,e] 5

which is a XY predicate. Thus the predicate |Ax.| > o is a conjunction of X9 and I19
predicates. Thus we have established the upper bounds for parts (b) and (c).

For the completeness of parts (a),(b) and (c), we will use the £} complete set Cof =
{e : W, is cofinite}. Let P = {py < p; < ---} denote the set of primes.

For completeness for part (a), fix k and let Wy, = {2"p,, :n >0 & m > i} for i > 0.
Then define a 1-1 computable function g so that (k,g(e)) = (k,{d, (my,eq,...,mex)))
where m; = i — 1 and W,, = {fo, f1,...}, for i = 1,...,k, and Iy is defined so that for all
A< N:

(1) forallm =k, p,, € Ty(A) < me W,; and
(2) foralln>1and m >k, 2"p,, € T4(A) <= 2" !p,, € A.

It is then easy to see that Fé ={pm meW, &m=k}, T9={2"p, me W, &m2=
k & n > 0}, and there is no finite ¢ such that Wy, = I} for some i. Thus, if W, is cofinite,
there will be an i such Wy, < T and, hence, {0,...,k — 1} = T%" —T'?. However, if
W, is not cofinite, there will be no i such that Wy, = I'7. Hence I'j = cl(Ayq()) and
{0, ok — 1} N Cl(/\k,g(e)) = . Thus

gle) € {e: (k,e) = (k,(d,(my,er,...,mp,er))) & {my,...,m} Ncl(Ar, = T}
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if and only if W, is not cofinite. It follows that
{e : (k,e) = (k,(d, (my,e1,....my,ep))) & {my,....m} Ncl(Ag, = &}

is 19 complete.

For the completness for part (b), fix k and for i = 1,...,k let m; = i — 1 and let
W,, = {bo,b1,bs,...} where for each n, W,, = N—{0,...,n}. Then define the 1:1 computable
function f by

fla) = (k,e) = (k,{d, (mi,eq,....mi, ex))
where I'; is defined by:

For all 4 < N:

(1) k € T'y(A).

(2) Forallx>1,x+kelyd) < xe W, v Vy<x)y+keA

Now, if W, is cofinite, it is easy to see that A1 is cofinite and hence {0,...,k — 1} = /\2
It then easily follows that Aj’, = N and hence [Ak.l < w. However, if W, is not coﬁnlte
it is easy to see that there is no t > 0 such that A}, is cofinite. However, it will be the
case that Ay, 2 {x 1k < x}, so A" = N. Thus

ac Cof <= f(a)e{e:|Arel <o & {my,....,m} = AL,

S0
{e 1 Arel <0 & {my,...,m; = AL}

is 9 complete.

For the completeness of part (c), fix k > 2. Then we need only show that there
is a 1:1 computable function h such that h(a,b) € {e : |Ar.| < w} if and only if
W, is cofinite and W, is not cofinite. Let P = {py < p; < ...} be the set of prime
numbers. For each i, let W, = {2"p; : n > 1}. Then let h be the computable function
such that (k,h(a, b)) = (k,(d,(my,ei,...,m,e)) where m; = 2(i— 1)+ 1 for i = 1,...k,
WeI = {bo,bl,bz,...} where Wb, = {2X+1 X E N} {1 3,...,2i+ 1} W {Co,Cl,Cz,...}
for j =2,...,k, where W, = {2"p,, : n >0 & m = i}, and I';is deﬁned so that for all
A<= N:

(1) 2k +1 € Ty(A).

(2) Forall x> 1,2(x+k)+1€T4(A4) <= xe W, VvV Vy<x)2y+k)+1¢€A

(3) Forallm>=0. 2p,, € I'y(4) <= m € W,.

(4) Forallm=>0and n>2, 2"p, € T4(4) < 2" !p, € A.

We can use the same analysis as we used in part (a) to conclude {2p,, : m € W,} = '},
{2"p :m e Wy & n > 1} = T'Y, and there is no finite ¢ such that W, = I'} for some
i. Moreover, {3,...,2k — 1} = 1“5;’“ —T'¢ if W, is cofinite, and {3,....2k — 1} NIy = &
otherwise. Next we can use our analysis from part (b) to conclude that if W, is cofinite,
1 € Aj,. and hence {1} U {2s+1 :s >k} = A,. However, if W, is not cofinite, there
is no stage t such that 1 € Af,, so {25+ 1 :s >k} = AP, and 1 € A" Tt follows
that [Axpnp| < o if and only if W, is cofinite and W) is not cofinite. Hence, for k > 2,
{e : |Ake| < @} is DY complete. O
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Next we need to define the family of difference sets of X9 sets. For two X9 sets 4 and
B, the difference 4 — B is the intersection of a X9 set and a ITJ set and is said to be a
2-39 set. For n > 0, we say that a set C is 2n-X} if and only if 4 is the union of n 2-X§
sets and is 2n + 1-X9 if and only if 4 is the union of a X} set with a 2n-X set. We say
that A is an n-I1 set if the complement of 4 is an n-XJ set.

We can then prove the following theorem.

Theorem 4.4. Fix any computable set R,. Then for each k, we have
{e : Ifp(Ax.) N R, is computable}
isa (M1 —1)-29 set.

Proof. Fix a set F = {1,...,k}. Let Mgy, = T'9({m; : i € F}) for each index (k,e) =
(k,{d, (my,eq,...,my,e)). We are interested in analysing the predicate that

P(F,k,e) : Mpk, =lfp(Ar.) & R N MFy, is computable. (8)

It follows from Lemma 4.1 that Ifp(Ax.) = Mrk, if and only if:
1 {m:@Fae W) (W, <= Mpy.)} <{m:i€cF};and
2 foral GEF, {m; :(Ja € W,)(W, S Mgye.)} & {mi i€ G}.
The predicate that {m; : (3a € W, )(W, S Mqk.)} & {mi : i € G} is Zg since it holds
if and only if there is an i € {1,...,k} — G such that (Ja)a € W,, & W, S Mgie)-
Since Mg, is uniformly c.e., the predicate W, = Mgy, is Hg, and hence the predicate
(Fa)(a € W,, & W, S Mgy,) is 3. It follows that the predicate {m; : (3a € W, )(W, <
Mrye)) < {m; :i € F}is Y if F # {1,...,k}. Finally, the predicate ‘Mpy, N R, is
computable’ is Zg. Thus, if F # {1,...,k}, the predicate P(F,k,e) is the conjunction of a
%9 and I predicate and hence is a 2-X predicate. If F = {1,...,k}, we may omit the T1}
predicate so that P(F,k,e) is a XJ predicate.

It follows that the predicate that {e : Ifp(I'k.) N R, is computable} is a disjunction of
2k — 1 2-%9 sets and one X set and hence a 281 — 1 set. O

It is important to note that the set of all (k,e) such that Ifp(Ay,) itself is computable
is just Z9. (In fact, if the set R, in Theorem 4.4 is finite or cofinite, then {e : Ifp(Ax.) N
R, is computable} is X9.) That is, for each finite F < {1,...,k} and each computable set R,
the question of whether R = Mpy, is a I1J question since M, is uniformly c.e.. If there
is an F such that R = MFy,, then the question of whether {m; : (3a € W, )(W, = R)} =
{m; :ie€eF}isa Hg question. That is, the question whether W, < R is a H(l’ question,
so the question of whether (3i € {1,...,k} — F)(3a)(a € W,, & W, < R) is a £ question.
Thus Ifp(Ay,.) is computable if and only if there is an s and there exists an F = {1,...,k}

such that Wy is computable, Mpy, = W, {m; : (3a € W,,) Wyt = {m; i € F},
and for all G € F, {m; : (Ja € W,)(W, S Mgp.)} & {m, i€ G} Smce the predicate
W, is computable, Mpy, = W, and {m; : (3a € W,) (W, = W,)} < {m; : i € F} are all

1Y and the predicates {m; : (3a € W, )(W, < MG,k’e } & {m; ;i€ G} are XY, we have
the predicate that Ifp(Ay.) is computable is 3. We can then proceed as in the proof of
Theorem 4.2 to prove {(k,e) : Ifp(Ax,) is computable} is £3-complete. Thus we have the
following theorem.
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Theorem 4.5. {(k,e) : Ifp(Ax.) is computable} is X3-complete.
Finally, we give a completeness result for Theorem 4.4 for the case k = 1.
Theorem 4.6. Let R, be a fixed infinite coinfinite computable set. Then
{e :1fp(A1.) N R, is computable}
is 3-29-complete.

Proof. The upper bound on the complexity is given by the proof of Theorem 4.4.
For the other direction, fix R, = {2n : n € N} without loss of generality. Let C = {e :
Ifp(A1.) N R, is computable}. Note that it is proved in Soare (1987) that Rec = {e :
W, is computable} and Cof = {e : W, is cofinite} are XY complete.

For the completeness, first we claim that

D = {{a,b,c) : (W, is not cofinite & W, is computable) VV W, is computable}

is 3-2% complete. Let S = (B — A) U C, where A,B,C are 2. Then there are functions
f.g,h such that a € A <= f(a) € Cof, b € B < g(b) € Rec, and c € C <=
h(c) € Rec. Thus, s = (a,b,c) € S iff [(f(a) ¢ Cof) and g(b) € Rec) or h(c) € Rec]
iff ¢(s) = (f(a),g(b),h(c)) € D. Thus it suffices to reduce D to C. So we will define a
1-weakly finitary Z? monotone operator Ajpe) such that Ifp(Asape)) N R, is computable
if and only if (a,b,c) € D. Since Rec and Cof are =3 complete, it follows that there
exists a computable function g such that W, is computable or W, is cofinite if and
only if W is cofinite. Let h be a computable function such that for each n, we have
Wiwm = {8i+3 :i > n}. The 1-weakly finitary inductive operator A = Ag(p,) is defined
by the following clauses:

(1) 0 € A(A) if Wy, = A for some n.
(2) 8(i,s) +1 € A(A) if i € Wy(ue)s or 8(i,s +1) +1 € A.
(3) 8i+3 e A(A) if 8(i,0) + 1 € A.
(4) 8(i,s) +5€ A(A) ifi € Wy or 8(i,s+1)+5 € A.
(5) 8i+2e A(A) if 8(i,0) + 5 € A.
(6) 8(i,s) +7 € A(A) if 0 € A and either i € W, or 8(i,s+1) +7 € A.
(7) 8i+4 e A(A) if 8(i,0) + 7 € A.
)

(8) 8i+2¢€ A(4)if 0 € A.

It is easy to see that clauses (2)—(8) define a computable monotone inductive operator,
so A is a 1-weakly finitary X9 operator with Sy = {0}.

Clauses of type (2) and (3) ensure that Ifp(A) must include {8i + 3 : i € Wy}, and
clauses of type (4) and (5) ensure that Ifp(A) must include {8i +2 :i € W}.

Let M = Ifp(A). If Wy, is cofinite, one of the clauses of type (1) will apply and then
the clauses of type (6), (7) and (8) will ensure that M N R, equals {0} U {8i+2 :i <
w}U{8i+4:ie W}, so MNR, will be computable if and only if W, is computable. If
Wa(a,) 1s not cofinite, M N R, will consist of {8i+2 :i € W,}, so MNR, will be computable
if and only if W), is computable.

If (a,b,c) € D, there are two cases. First suppose that W, is computable. Then Wy,
is cofinite, so M N R, is computable, as desired. Next suppose that W, is not computable.
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Then we must have that W, is not cofinite and W), is computable. This means that W,
is not cofinite and M N R, is again computable.

If {(a,b,c) ¢ D, then W, is not computable and either W, is cofinite or W, is not
computable. Again there are two cases. First suppose that W, is cofinite. Then Wy
is cofinite, so M N R, is not computable, as desired. If W, is not cofinite, Wy, is not
cofinite and W, is not computable. Thus again M N R, is not computable. U]

We conjecture that a similar completeness result will hold for k-weakly X operators.
Finally, we note that k-weakly computable monotone operators may be defined, and
corresponding versions of Theorems 4.4, 4.5 and 4.6 can be shown.
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