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Evolution of a thin film of nematic liquid crystal
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We use lubrication theory on the flow equations for nematic liquid crystals to derive a
simple model describing the evolution of the film height under gravity, in the case of finite
surface “anchoring energy” at the free surface and at the rigid substrate. This means that the
molecules of the nematic have a preferred alignment at interfaces, modelled by a single-well
potential surface energy (first introduced by Rapini & Papoular [9]). This paper generalises
the earlier work of Ben Amar & Cummings, in which the orientation of the nematic liquid
crystal molecules is effectively specified at both surfaces (strong anchoring; isotropic surface
tension). Additional terms, analogous in some sense to Marangoni terms, are introduced into
the PDE governing the film height evolution. The stability of the derived model is considered,
and stability criteria are presented and discussed. The existence of static, drop-like solutions
to the model is also briefly considered.

1 Introduction

In this paper we follow Ben Amar & Cummings [1] to derive a simple model, based
on standard lubrication theory, describing the free boundary evolution of a thin film of
nematic liquid crystal (NLC) on a rigid substrate. That paper assumed strong anchoring
conditions on the director field r» at both the rigid substrate and at the free surface of
the film. Loosely speaking, the director field n = (sin 6 cos ¢, sin 0 sin ¢, cos f) is a unit
vector that gives the local preferred direction of the liquid crystal molecules; thus the
strong anchoring condition amounts to saying that the orientation of the nematic liquid
crystal molecules is effectively specified at interfaces. Here, we investigate the effect of
finite anisotropic surface energy (in the form of finite anchoring strength for the azimuthal
angle 6 of the director), firstly at the free surface only, and secondly at both the free
surface and the rigid substrate. We do this using the standard Rapini—Papoular [9] type
formulae for the surface energy g

o]

g=7+=(n p)

The (+4) sign here corresponds to the (unit) vector p being the unfavoured director
orientation, as any component of +n in the direction of p gives rise to an energy penalty.
(The vectors +n and —n are considered equivalent in the theory.) The (—) sign corresponds
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to p being the favoured orientation, since the surface energy is a minimum when n is
parallel to p. Both types of anchoring arise in practice, and both are considered in this
paper. Strong anchoring corresponds to the limit 4 — co.

The original study of Ben Amar & Cummings [1] was motivated by several experiments
carried out by Cazabat et al. [2] at the Laboratoire de Physique de la Matiere Condensée
du College de France, in which spontaneous fingering instabilities can be observed in such
thin films, under certain circumstances. The basic physical set-up we consider is flow of a
thin film of nematic liquid crystal, resting on a rigid substrate z = 0. The film height is
given by z = h(x, y,t), and gravity is assumed to be the only external force acting on the
system.

2 Leslie—Ericksen equations

The details of the theory governing the flow of NLCs are beyond the scope of this paper,
and we refer the reader elsewhere [3, 4, 7] for a discussion of the full model equations. The
notation we employ is mostly the same as that used by Leslie [7], the two main functions
being the velocity field of the flow, v = (vy,v3,v3) = (u, v, w), and the director field n, which
is a unit vector describing the orientation of the anisotropic axis in the liquid crystal (the
preferred direction of the liquid crystal molecules). Using standard tensor notation, and
an over-dot to denote the usual convective derivative 0, + v - V, the governing equations
holding in the bulk sample, in the absence of any applied external fields (except gravity),
are given by Leslie [7] as:

ow ow ~

oity = Anj— — + | — | + G, (2.1)
an,» ani,j J

pb; + oigng; = —1; + Geng + g, (2.2)
Voo=0. 2.3)

Here, ¢ is an inertial constant; 1 is a Lagrange multiplier ensuring that the director n is
a unit vector; p is the constant density of the liquid crystal; W is the bulk elastic (Frank)
energy, defined in terms of the director by

QW =K (V- -n)?> +Kyn-VAn?+Ks((n-V)n)-((n-V)n); (2.4)
~ 1 8vi an k
Gi = —y1N; — preiny, ¢ =5 (a + 6_x,) ; (2.5)
. _ 1 (0v; Qv |
Ni = Nn; — Wj Ny, wlj - 2 <axj ax1> 5 (2.6)
n=p+ W +y,, 2.7)

where Ki, K>, K3, y1 and y, are constants; p is the pressure and v, is the gravitational
potential (given, for instance, by pgz or pgx, depending on the orientation of the sample).
Finally, 7;; is the extrastress tensor (related to the stress t;; by t;; = —pd;; + ;;), given by:

tij = armghperpning + aoNinj + a3 N jn; + o4e;j + osepnin; + ogejxngn, (2.8)
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where the o; are constant coefficients having the dimensions of viscosity! (though they are
not necessarily positive), and p := o4/2 corresponds to the usual viscosity in the standard
Newtonian (isotropic) case, when all other o; are zero. The viscosities are related via the
‘Onsager’ relation

oy + 03 = g — ds. (29)

Equation (2.1) is the energy equation, in which the term in ¢ represents the rotational
kinetic energy of the NLC molecules, the terms in W represent the elastic energy associated
with the director field, and the G term couples to the fluid flow. The three contributions to
the elastic energy in (2.4) are known as splay, twist and bend, respectively, and represent
energy penalties incurred when the director field has local behaviour of this kind. (See
De Gennes & Prost [4] for further physical interpretation.)

Equation (2.2) is Newton’s second law applied to the liquid crystal, the momentum
equation for the flow, analogous in many ways to the Navier-Stokes equations, though
with a much more complex stress tensor. Equation (2.3) represents incompressibility of
the nematic liquid crystal.

2.1 Nondimensionalisation

Since we have a thin film, we make the usual lubrication theory scalings,

L. U

(.¥) = L(%.J), 7 = 0Lz, u=Ull, v = UB, w = 0UW, t = T, p = g‘z—Li),
where L is the lengthscale of typical variations in the x- and y-directions, U is a typical
flow speed; 0 = hy/L < 1 is the aspect ratio of the film based on a typical film height
hy, and p = o4/2 was chosen as the representative viscosity scaling in the pressure, since
this corresponds to the usual viscosity in the isotropic case in (2.8). The coefficient oy is
always positive, as may be shown by considering the entropy of the system [7]. If the free
surface in the dimensional variables is given by z = h(x, y, t) then we write h = hoh, and in
the dimensionless variables the free surface representation is z = (X, 7,7), with outward
normal v* given by

v = (=Shs, —dhy, 1)(1 4+ 0(5%)). (2.10)

If K = K is a representative value of the elastic constants Ky, K;, K3, (2.4) gives

K K -
W=0\zz) = V="

Henceforth we drop the tildes, on the understanding that we are working in the dimen-
sionless variables (unless explicitly stated otherwise).

3 Strong anchoring at substrate

In this section we derive the governing equations for the case in which the anchoring at
the rigid substrate is strong, but that at the free surface is relatively weak (finite anchoring

! In fact they are related to the y; in (2.5) by y; = o3 — o, 72 = 06 — s, though we shall not need
this.
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strength). Since it is fairly simple experimentally to change the anchoring strength at
a solid/nematic interface (and thus create a strongly anchoring surface if desired) by
suitable treatment of the solid [4, 11], it is legitimate to do this. The case of finite
anchoring strength at both boundaries is considered in §4.

3.1 Energy

In the dimensionless variables equations (2.1) become

052U2h . /152L2n _ G_W_i ow _i G_W _E ow
K ="k On;  Ox \ Onpy GAAANGLIT 0z \ Ony,
USL

+ 2—K(V1 —72)uznz =0,

cd?U% . 10°L? [fow 0 <6W>_ 0 <6W> 0 <6W>'

Oy

ny = n—|~————

K K | Ony  Ox \ Omyy Onyy Ony,

+ 2—K(y1 —p2)uznz =0,
ad2U? . _iész (oW 0 <6W>_ 0 <6W> 0 <6W>'

Oy

K "7 K "7 |om  ox Tz

6n3x 6n3y 6n3z

UoL
— Y(W + ) (u-ny +v.m) = 0.

Anticipating the velocity scale U = 0(5°pgL?/u) fixed by gravity acting perpendicular to
the film driving the flow, we see that provided

a6 [ pgl? : d4pgL?
— 1 y1 £ 1 3.1
(0] <1 g <, (3.

which should be the case for the O(um)-thickness films we consider, then the left-hand
sides and each of the final terms on the right-hand sides of the above equations may
be neglected, and (2.1) reduces to the appropriate static Euler-Lagrange equations for
minimising the free energy of the film subject to the constraint n-n = 1.2 Our (slow)
timescale is based on the fluid flow; we consider the regime in which the director
configuration moves on a much faster timescale, so that the director ‘instantaneously’
adjusts to the fluid motion, and the director is thus always in its static equilibrium
configuration.
Imposing the constraint n-n = 1 directly we have

n = (sin 0 cos ¢, sin 6 sin ¢, cos 0) (3.2)

for some functions 0(x,y,z), ¢(x,y,z), where ¢ is the azimuthal angle of the vector n
about the axis 8 = 0; this enables us to eliminate the Lagrange multiplier A in the Leslie
formulation above. Making the simplifying assumption K; = K3 = K (the validity of this
widely-used simplification is discussed by, for example, de Gennes & Prost [4, §3.1.3.2]),

2 Note though that if gravity instead acts parallel to the film the velocity scale is larger by a
factor 1/6, and the film must be correspondingly thinner for neglect of these terms.
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the leading order elastic energy in the bulk is given by (2.4) as
2W = 02 + ¢*sin® 0 4 0(5). (3.3)

The anisotropic surface energy enters only via the boundary conditions; to see how this
arises it is instructive to carry out the free energy minimisation directly using a variational
principle. Allowable director configurations are found at minima of the free energy, J,
which is made up of contributions from the bulk, and from surface effects. We write

Jz// WdV+// gds, (34)
Q(t) 0Q(t)

where W is the leading order bulk elastic energy density defined in (3.3), g is the surface
energy density, Q(t) is the domain occupied by the liquid crystal sample, and 0Q() is
the union of the free surface, 0Q7(t), and the fixed interface 02~ at z = 0. The form of
the surface energy, g, is chosen to mimic the fact that the NLC molecules at a boundary
have a preferred direction (which depends on the properties of the boundary, and may be
altered by treating the boundary). At the free interface we assume a Rapini—Papoular [9]
formula for g, given in dimensional form by

A A
g=7++ 7*(:: v =g+ 7* cos’ 0 + 0(3), (3.5)

where y, is the isotropic contribution, and v* is the normal to the free surface given by
(2.10). Thus the surface energy is a minimum when the director lies in the plane of the
free surface, and A, is the anchoring strength for this preferred configuration. This is
known as planar anchoring, and is thought to be the situation holding at the free surface
of certain nematic liquid crystals (e.g. PAA [4]). At the fixed interface z = 0 we shall for
the moment assume strong anchoring, for simplicity: § = 0, and the director is forced to
align perpendicular to the substrate (this is known as homeotropic anchoring; the angle ¢
is then arbitrary). The case of finite anchoring strength at this surface will be considered
later.

We consider the variation induced in the energy J by small variations in the fields 6
and ¢:

0(x,y,z;t) = 0(x,y,z;t) + en(x,y,z;t), ¢ d(x,y,z;t) + €A(X,y,2;t),

where 0 < e < 1. Considering J as a functional of 0, 0, and ¢,, in accordance with (3.4),
(3.3) and (3.5), we may compute its first and second variations, that is, the order-e and
order-€? terms in

AJ ==J[0+en, 0, +en., ¢, +ei]—J[0,0.,¢.].
We find, after applying the Divergence theorem,

AJ = /// n(Wo— (Wo,).) —A(Wy.).dV +6// n(go +viWp.) + Avs Wy, dS
Q 00
2
+ %/// n*(Woo — (Woo,).) + N2 Wa.o. + 22 We.p. + 212 Woyp, + 20.0: W4 dV
Q

&2
+ 5// n*(goo + v3Wop.) dS + O(€), (3.6)
00
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where v; = +1 (the z-component of the vector vt normal to the upper/lower surface of

the film, in the direction away from the fluid).

The first variation must vanish at a minimum, for all admissible variations # and A.
(The second variation tells us whether or not we have an energy minimum, and hence
whether or not the solution is stable, and will be used later.) Hence using (3.3), the volume
integral at order e gives

2
0.,

in Q, (3.7)
(¢- sin 9) =0 inQ, (3.8)

while the surface integral at this order tells us that (1) either n must vanish at the
boundary, i.e. 0 is specified at the boundary (a strong anchoring condition on 0); or

g9+ 0.=0 ondQE, (3.9)

and (2) either A must vanish at the boundary, i.e. ¢ is specified at the boundary (a strong
anchoring condition on ¢); or

$.sin>0 =0 on dQ* (3.10)

(a ‘natural’ boundary condition on ¢). A discussion of possible boundary conditions at
nematic/isotropic interfaces is given in De Gennes & Prost [4, §3.1.4]. As outlined above,
we shall assume strong anchoring of 0 at the rigid substrate (such conditions may be
created by suitable treatment of the bounding surface, e.g. rubbing or etching), and finite
surface energy defined by (3.5) at the free surface. Unless strong anchoring on the twist
angle ¢ is imposed (which is not anticipated at a free interface, and in any case is not
consistent with the assumed form for the surface energy g) it is immediate from (3.8) and
(3.10) that ¢. sin’> @ = 0 throughout Q, and so, unless 6 is a multiple of © throughout the
sample, ¢ must be constant everywhere. We thus set

$»=0 (3.11)

throughout the sample without loss of generality, and the director field is effectively
two-dimensional within the validity of our model. However, this does not preclude two-
dimensional disturbances to the film height.

Since we impose strong anchoring 0 = 0 at z = 0, to leading order the solution for the
director angle 0 is

0 =a(x,y,t)z. (3.12)

Thus, ah represents the total angle turned through by the director across the sample. To
satisfy the free surface condition (3.9) a(x, y,t) satisfies

a(x,y,t) = % sin[2a(x, y, 0)h(x, y, 1)), (3.13)

where the dimensionless anchoring strength .7, = § LA, /K. Nontrivial solutions of (3.13)
exist only if .«7h > 1 everywhere; if this is the case then there may be multiple solutions
of (3.13) (see Figure 1). Solutions a may be found in terms of h by considering the
intersections of the curves y = 2ah/(</+h) and y = sin2ah. In the case that multiple
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FIGURE 1. Solutions a are given by the intersection of the solid curves y = sin(2ah) and y =
2(ah)/(</ +h), and these are stable if the corresponding value of cos(2ah) (the dotted curve) is
negative. Thus, the first (trivial) root is unstable, the second stable (provided it lies in ah > n/4), the
third unstable, and so on, nontrivial solutions alternating between stable and unstable as a increases

for as long as roots exist.

solutions exist, not all will be stable. By considering the sign of the second variation in

(3.6), given by
2 2
(AJ), = 6—/// p2dv — L // 0 cos 2ah ds, (3.14)
2 Q 2 o+

it may be deduced that roots for which cos(2ah) < 0 are stable (small variations in
the solution only increase the energy), while those for which cos(2ah) > 0 are unstable.
Hence, considering Figure 1, only if o/ h > /2 everywhere will stable solutions for a
exist. The stable configuration observed in experiments will correspond to the smallest
(positive, without loss of generality) nontrivial root of (3.13), as this is the lowest energy
state (recall that ah represents the angle the director turns through across the film). Thus,
when nontrivial solutions exist, the observed solution will be such that

T i
The free elastic energy W is then given by
0% a(x,y,t)?
W=-2*2=—"1"" 3.16
> > (3.16)
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3.2 Momentum
3.2.1 Gravity perpendicular to the film

We turn now to the momentum equations (2.2), considering first the case in which gravity
acts in the z-direction. Looking at the x- and y-components, the dominant balance of
terms must be such that, in the original dimensional variables,

o on o
ox 0z  Qdy 0z’

and examination of the dominant terms in &, 7;3 and 73 gives the leading order equations
in the dimensionless variables as

i + A A = 35 E(Zul sin29c0520~|—(a5—a2)00529+(a3+a6)sin20+1)} (3.17)
o oW _ 0 {a—v((as—fxz)cosze-i-l)}. (3.18)

op a_W_a{au

dy dy 0z |0z
Here the dimensionless parameter .4 is defined by 4/ = K/(uUL), and is the inverse
Ericksen number. The o; are now normalised by division by oy = 2u. Note that if o; = 0
(i +4) and A" = 0 (zero Frank elastic energy), which is the case for a Newtonian fluid,
then (3.17) and (3.18) reduce to the standard Newtonian thin film equations (for example,
see Myers [8]).
The z-component of (2.2) gives
0= o + % (3.19)
0z
at leading order (W, as given by (3.3), (3.11) and (3.12) is independent of z), where the
Bond number # = §3pgL?/(uU). If gravity is the driving force, we fix the velocity scale
U = 83pgL?/u. As in Newtonian flows with surface tension gradients (Marangoni flows),
we assume that the normal component of the stress vector at the free surface balances
surface tension times curvature, and that the in-plane component of the stress vector is
balanced by surface tension (or surface energy) gradients in the plane of the surface. With

the stress tensor ¢;; = —pd;; + ;; this yields the leading order boundary conditions:
o*h  0%h
p=—¢(Fa+gs) ony=htuyn (320
0 . .
ou (20 sin® 0 cos? 0 4 (a5 — 012) cos® 0 + (o3 + o) sin® 0 + 1)
zZ

Oa, . Oa
=—od N &h sinf cos 0 = —Jt/ha& on y = h(x,y,t), (3.21)

@((as —oy)cos’ 0+ 1) = —&/+,/Va—ah sin 6 cos 0
0z Oy

= —Whag—i on y = h(x, y,t), (3.22)

https://doi.org/10.1017/5095679250400573X Published online by Cambridge University Press


https://doi.org/10.1017/S095679250400573X

Evolution of a thin film of nematic liquid crystal 659

((3.13) was used to simplify the right-hand sides of (3.21) and (3.22)), where the inverse
capillary number 4 = 63y, /(uU). We also impose no slip on z = 0:

u=v=0 onz=0,

and a kinematic boundary condition

oh oh oh
W:_+u_+v—y, on z = h(x, y,t),

which, taken together with (2.3), gives conservation of flux,

oh ) h(x,p,t) 0 h(x,y,t)
a-|-a(/0 udz)—}—@(/o vdz)—O. (3.23)

One can then solve (3.19) for p, substitute in (3.17) and (3.18) to solve for u, and v, using
the boundary conditions derived above, and, using the relations

h h h h
/ udz = / ug(h — s) ds, / vdz = / vs(h —s)ds
0 0 0 0

finally substitute the results into (3.23) to obtain a partial differential equation governing
the evolution of the film height:

oh 9 , .
n + o [(%(Vzh)x — Bh, — JVaax) I — Jt/haaxfz]
+% [(€(Vh), — Bhy — N aa,) 55— N haa, ] =0 (3.24)

where, recall, h and a are related by (3.13), subject to the restriction (3.15), and .#; to /4
are defined by:

Fi1(2ah F>(2ah 2ah F4(2ah
oo PN RCah) [ FQah) o Flah) 325)
a a? a a
where
1 / (.- &P de
4 Jo aysin® & + 2np(1 — cos &) + 27(1 4 cos &)
1 / (= &)de
2 Jo oy sin® & + 2np(1 — cos &) + 2n(1 + cos &)
N (A—¢&)yd¢
(%) 4/0 27.(1 + cos &) + (1 — cos &)
N (4—=8)d¢
F. == .
4(4) 2/0 2n.(14+cosé) + (1 —cos &)
Here the Miesowicz viscosities 7, and 7, are defined by [4]
1 1
ny = E(l + o3 +0g), N = E(l — oy + as), (3.20)

and the Onsager relation (2.9) was used in simplifying the expressions. These viscosities
np and 7, are real physical viscosities, and hence are positive. It is thus clear that F3(4)
and F4(/) are positive for 4 > 0, and hence that .#3 > 0 and .#4 > 0. Whilst the signs of
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FIGURE 2. The functions F;(4) for n/2 < A2 < =, using the values for the viscosities o; of MBBA at
25°C given in Kneppe et al. [6].

41 and .#, are not immediately obvious, we would at least anticipate .#; > 0, given the

form of the governing equation (3.24).

For the liquid crystal MBBA in the nematic state at 25°C, the values for the viscosities
provided by Kneppe et al. (Table I) [6] yield a; = —0.2191, o = —1.3365, a3 = —0.0133,
o5 = 0.9431 o6 = —0.4068 for the normalised viscosities. In this case the functions F;(4)
are all positive. They are sketched in figure 2, for n/2 < A < =, which, by (3.15), is the
range of interest. Thus the .#; are all positive for MBBA.

Note that the film thickness h cannot go to zero within the framework of this model,
since for sufficiently small thicknesses h no stable energy minima will exist (the stable roots
a all disappear; see Figure 1). Hence we are restricted to considering films sufficiently
thick that stable energy minima exist.

3.2.2 Gravity parallel to the film

When gravity in the (—x)-direction is assumed to be the driving mechanism, which is
equivalent to a flow driven by a constant influx supplied at x = +o0, (3.19) is replaced by
p. = 0, and (3.17) is modified with an extra gravity term (—4%;) on the right-hand side,
where 4, = #/6. An analogous procedure then leads to

oh 0 .
a0 oy [(6(Vh), = #1 = Naay) 51 — N haa s
0
L [((g(vz ), - Maay) S5 — Nhaa, f4] — 0. (3.27)

https://doi.org/10.1017/5095679250400573X Published online by Cambridge University Press


https://doi.org/10.1017/S095679250400573X

Evolution of a thin film of nematic liquid crystal 661

Note that if the gravity is the driving mechanism, then the velocity scale here is fixed by
setting #; = 1, giving a velocity scale a factor of 1/ larger than in the preceding case.

3.3 Limiting cases of the governing equations
Newtonian fluid
With oy = oy = a3 = a5 = 06 = 0 it is easily verified that
h? h?
f1=f3=?, and ef2=f4=?.

If we also take .4 = 0 (which is the case if the Frank energy coefficient K is zero, as is
the case for a Newtonian fluid), then equations (3.24) and (3.27) are standard, and have
been widely studied. The review article by Myers [8] gives an overview of lubrication-type
equations, and many related references.

o/ + — oo, strong anchoring

This is the case previously studied by Ben Amar & Cummings. In this case the function
a determined by (3.13) approaches n/(2h) as

so S| = Fi(n)/a®> = kih’, 55 - Fa(n)/d> = kh’, I35 > F(n)/a® = kh’, 54 —
F4(m)/a* = k4h?, for some positive constants k;-k4. In this case equation (3.24) reduces to

% + a% kil (% (V2h), — Bhy) + A by + ko))

d i
a5 [k3h3 (%’(Vzh)y _ ,@hy) + A hy(ks + k4)] —0, (3.28)

where /" = 4'n?/4, and (3.27) reduces to

oh 0 >
O Sl (V). o)+ T+ k)

+% esh® (%(V2h), ) + Ay (ks + k)| = 0. (3.29)

The one-dimensional version of these equations is equivalent to that given in Ben
Amar & Cummings [1] (redefine ./ and rescale time appropriately, as was done there),
but the two-dimensional versions given above are different, as the naive two-dimensional
generalisation assumed in Ben Amar & Cummings [1] does not in fact hold. The above
equations are the correct two-dimensional version when there is strong anchoring at the
free surface. Flows driven both by gravity parallel to the film, and by gravity perpendic-
ular to the film, were considered in Ben Amar & Cummings [1], instabilities being found
in both cases.
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3.4 Analysis of gravity-spreading case

We focus now on the case of §3.2.1, in which gravity acts perpendicular to the film.
There are two possible experimental situations: either partial or total wetting, according
as the ‘spreading power’ of the liquid crystal/substrate system is negative or positive [5].
We mostly consider the case of total wetting in this paper, to avoid the delicate issue of
contact lines.

3.4.1 Stability analysis of flat film

In the totally wetting case, in the absence of instability, we expect the drop to continue
spreading indefinitely, the ultimate state being a monolayer. For small drops spreading
under gravity, if the Bond number is unity, the timescale of the spreading is very long,
L/U = pu/(63pgL) > 1, so the spreading occurs slowly; however after some time the
initial drop will have flattened considerably.

Taking into account this flattening, and the slow timescale of the spreading, we simplify
the problem by considering the stability of the simplest static solution to the equation
(3.24): the flat profile h = 1. We perturb this solution, writing

h(x,y,t) = 1 + eePhi(x,y) + O(€?),
a(x,y,t) = ag + eellay(x,y) + O(e?),

where, in line with the observations after (3.13), and the inequalities (3.15), ag is the
solution of
. T T
2ag = .o/ 1 sin 2ay, 1 <a< 5
Since the solutions a and h must both more generally satisfy (3.13), it follows that a; and
hy are related by

aohy+/ % — 4a?
VR 0 (3.30)

ap = —

1+ y/ot% —4d}

i

(the restriction ./, > 2ap is necessary for the solution ay to exist), where the second
equality defines the positive constant 4. Substitution in (3.24) gives the eigenvalue problem
for hy

d
Phi+ 515 [€(V2hy)  — Bhix] + N agdhp (It + I2) +

d .
735, (€(V2), = By | + N aoihiyy (55 + 4 =0,

y

where the .#; are evaluated at the leading-order solution a = ag, h = 1. Bounded solutions
to this equation are (up to constant multiples) of the form h;(x,y) = exp(ikx + iqy) for k,
q € R. Thus the dispersion relation between  and the wavenumbers (k, q) is:

Blk,q) = —[F1k* + F3¢°1(C(K* + ¢°) + B — N agd) + N agA[I:k* + F4q],
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and the general solution to this order is of the form

h(x,y,t) = 1+e/ / A(k, q)ePFD kx4 dk dg.

Clearly, assuming the .#; are positive (which we have seen is the case for the liquid crystal
MBBA in the nematic state), then depending on the relative sizes of % and ./ there is a
range of positive eigenvalues f(k,q) for small wavenumbers (the capillary terms are then
negligible), hence for 4" sufficiently large the film will be unstable to small wavenumber

perturbations.
From the definitions of .4#" and # we see that
N K
B pg(oL)

The factor (JL) in the denominator is the representative thickness of the droplet, h*
say, which decreases as the droplet spreads. The ratio .4/"/% thus inevitably increases as
the spreading progresses, and, if it exceeds the critical value required to give a range
of positive eigenvalues then instability will set in. We conclude that when the anchoring
strength at the free surface is finite, with strong anchoring at the substrate, a sufficiently
thin film will destabilise spontaneously. This result is in line with the strong anchoring
result of Ben Amar & Cummings [1].

Physically, as the film gets thinner, the director is still required to bend through some
finite angle across it, and this becomes more and more difficult to achieve. Ultimately,
it is preferable for the film to change the orientation of its free surface, giving the
instability. In the extreme case of strong anchoring at both surfaces, the director is forced
to bend through a constant angle, irrespective of the thickness of the film. With finite
surface energy there is some leeway in the angle the director must turn through; roughly
speaking, the lower the value of the surface energy, the smaller the angle that the director
must bend through, and the thinner a film can be sustained stably.

4 Finite surface energy at substrate

We now derive the governing equations for the case in which the anchoring strength at
the solid substrate and at the free surface are both finite.

4.1 Energy: Finite homeotropic anchoring at substrate and finite planar
anchoring at free surface

The surface energy at the free surface is again given by (3.5) (planar anchoring of
finite anchoring strength), and as before we assume homeotropic anchoring at the solid
substrate, but now of finite anchoring strength A_, so that the surface energy at this
surface is given by
A_ A_

g =y_—7(n'v_)2 =y_—700520. 4.1)
One may again carry out the variational process, obtaining equations (3.6)—(3.10) exactly
as before. Now, however, we do not impose the value of 0 on z = 0, but fix it by (3.9).
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With the same assumptions as before we again obtain ¢ = 0 without loss of generality,
and the director angle 6 is then given by

0 = a(x,y,0)z 4 b(x, y, 1), (4.2)

where to satisfy the boundary conditions (3.9) at each interface a and b must satisfy
= % sin(2ah + 2b), (4.3)
a= % sin(2b). (4.4)

Clearly a =0, b = 0,1t/2 are possible solutions (these are the only possible solutions with
a = 0, because two solutions in which a is the same and b differs only by an integer
multiple of &, are equivalent).

To enable further analytical progress with the nontrivial solutions, we make the simpli-
fying assumption that the two anchoring strengths .o/, and .o/_ are equal (this is in the
same spirit as the equal-elastic-constants assumption made earlier in §2.1):

AL =9_=.J. 4.5
Then, combining equations (4.3) and (4.4), we find that possible solutions must satisfy
(1) sin(ah) =0, or(2) cos(ah+ 2b)=0. (4.6)

Stability of these solutions is determined by the sign of the second variation, which from
(3.6) has the form

2 2
A=< /// n2dv — 2E // 0 cos(2ah + 2b)dS
2 Q 2 o0+

2
+”Qf2€ / / n? cos(2b)dS. (4.7)

Case (1): sin(ah) =0

Here, ah = n=n for integers n (which may be assumed positive without loss of generality),
and there are two relevant solutions for b for each n:

1.y (2nm o 1.y (2nm
b—ESm (%), b—z—zsln (%),

where Sin~! denotes the principal branch of the inverse sine function. Clearly, these
solutions exist only if 2nn/(o/h) < 1. If they exist, then

cos(2ah + 2b) = cos(2b 4 2nm) = cos(2b).

Hence in the 2nd variation (4.7), whatever the sign of cos(2b), there is always one positive
surface contribution and one negative surface contribution, and so, by suitable choice of
test function # one will be able to make the 2nd variation negative. It follows that there
are nearby solutions with lower energy, and we deduce that solutions of this kind are
unstable.
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Case (2): cos(ah+2b) =0

In this case we have
. 1 case (2(1))
SMM+%%{—1mmmm

so using (4.3) it is easily deduced that solutions a are given by the roots of

_ [#%cos(ah)  case (2(i))

4= {—%/ cos(ah) case (2(ii)). (48)

With these two cases allowed, we may assume a > 0 without loss of generality, since the
a < 0 solutions in case (2(i)) are exactly equivalent to those a > 0 solutions in case (2(ii)).
The corresponding solutions b satisfy

Case (2(1)): sin(ah+2b)=1 = b=7— “7” (modulo 7), (4.9)
Case (2(ii)): sin(ah+2b)=—1= b= %“ — “7’1 (modulo ). (4.10)

Then, considering the surface contributions to the 2nd variation, we have

sin(ah)  case (2(i)),

cos(2b) = {_ sin(ah) case (2(ii)),

and
—sin(ah) case (2(1)),
sin(ah) case (2(i1)).
So, stability depends on the sign of sin(ah) in each case. For case (2(i)), a = . cos(ah)/2,
if sin(ah) > 0 then both surface contributions are positive, giving a net positive 2nd
variation, and a stable solution. If sin(ah) < 0 then both surface contributions to the 2nd
variation (4.7) are negative, and thus the 2nd variation can be made negative for a suitable
choice of #, so the solution is unstable. For case (2(ii)), a = —.o7 cos(ah)/2, the reverse
holds: if sin(ah) < O then both surface contributions to the 2nd variation are positive,
giving a net positive 2nd variation, and a stable solution, while if sin(ah) < O then both
surface contributions are negative, so the solution is unstable. Figure 3 illustrates the
situation.

The solution observed in practice will be that stable solution of lowest energy, i.e. that
with the lowest value of a, since ah represents the angle turned through by the director
across the film. Thus, the observed solution will be the smallest stable root of

cos(2ah + 2b) = {

a= %cosah (4.11)

(case (2(i)), with b given by (4.9) (see Figure 3(a)); this solution always exists, whatever
the value of ./), which lies in the range

T
—. 412
O<a< 7 (4.12)

The free elastic energy W is again given by

2 2
W:%:%, (4.13)
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(a) b
y (b) y
1 . y=sin(ah) ~ 1 y = sin(ah)
/ \\ /,/ \\‘ Bl y f\\ I
! / -
0.5 1 \ 7 05 1 J‘, \ Cc/hi‘"
/ ec/h |
0 /, ‘ ‘\. : \
6 0 3 i
-0.5 - ‘
y = cos(a —0.5 1
\ / y F —cos(ah)
-1 \/ n

FIGURE 3. (a): Case (2(i)) a = .o/ cos(ah)/2. Solutions a are given by the intersection of the solid
curves y = cos(ah) and y = 2(ah)/(«/h), and these are stable if the corresponding value of sin(ah)
(the dotted curve) is positive. Thus, the first root is stable, the second unstable, the third stable, and
so on, alternating between stable and unstable as a increases for as long as roots exist. (b): Case
(2(ii)) @ = —o/ cos(ah)/2. Solutions a are given by the intersection of the solid curves y = — cos(ah)
and y = 2(ah)/(=/h), and are stable if the corresponding value of sin(ah) (dotted) is negative. Thus,
the first root is unstable, the second stable, the third unstable, and so on.

4.2 Momentum

We now return to the momentum equations to see how the analysis of §3.2 is modified.
Equations (3.17)—(3.20) are unchanged; but the different solution for 0 means that the
right-hand sides of the stress conditions (3.21) and (3.22) are altered, giving the modified
stress boundary conditions

? (20 sin® 0 cos? 0 + (a5 — 02) cos® 0 + (o3 + o) sin® 0 + 1)
z
= — AN a(hay + by)

= —(/VTa (hax —ahy) on z = h(x, y,1), (4.14)
ov 3 |
3 ((as — oz) cos® 0 + 1) = —A"a(hay, + by)
= —JVTQ (hay —ahy) on z = h(x,y,t), (4.15)

where we have used (4.9) to eliminate b from the right-hand sides. Imposing no-slip at
z = 0 and the kinematic condition at the free surface as before, we may again obtain a
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partial differential equation governing the evolution of the film height:

O 241 (6(Vh), — Bhe— N aa) — #2.N alha — ahy)]

+% {/ ((6(V2h) — Bhy, — N aa, ) — 4N alhay, — ahy)} =0, (4.16)

where a is determined by (4.11) and (4.12), and #, to #4 are defined by

po GG GGl
where
1/ (/24 2 — &) d¢ “.18)
4 )5 oclsm E+ 2np(1 —cos &) + 2n.(1 + cos &) ’
l/ (/24 2—¢&)dé (4.19)
4 Js_; aqsin® &+ 2n(1 — cos &) + 2n(1 + cos &) ’
1 [t (/2 + A — &2 dé
Z/g 21 +cosé)+ (1 —cosé) (4.20)
1 3+ (m/24A—=¢)dE
G““)‘Zﬁ » 201 +cos &) + (1 —cos ) (420

where the #;,, . are the Miesowicz viscosities defined in (3.26). The G;(4) are plotted in
Figure 4 for 0 < A < m/2 (this being the physically-relevant range, by (4.12)) for the
o;-values of MBBA at 25°C quoted in Kneppe et al. [6]. Again, they are always positive
on the range of interest.

Again, if gravity instead acts parallel to the film then the governing equation analogous
to (3.27) is easily written down:

h
2 aa (71 (€(V*h) ,— B — Naay) — J2r.N a(ha, — ah,)]
ai [f3 <(5(V2h)y — ,/Vaay) — JaNalha, — ahy)} =0. (4.22)
4.3 Energy: Finite planar anchoring at substrate and finite homeotropic
anchoring at free surface

If we reverse the anchoring conditions considered above, and instead assume that the
liquid crystal molecules prefer to lie parallel to the rigid substrate, and perpendicular to
the free surface, then the above analysis follows through almost unchanged. The surface
energies now have the form

of
g4 = constant + Ti cos> 0, (4.23)

the director solution is again given by (4.2), where, to satisfy the boundary conditions
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FIGURE 4. The functions G;(4) for 0 < A < /2, using the values for the viscosities ¢;; of MBBA at
25°C given in Table I of Kneppe et al. [6].

(3.9) at each interface a and b must satisfy
a= —% sin(2ah + 2b), (4.24)
a= —% sin(2b). (4.25)
Again, a =0, b = 0,1/2 are the only possible solutions with a = 0, and both are unstable.

If we again assume .o/, = o/_ = .o/ then possible solutions must satisfy one of the
possibilities (4.6). Stability of solutions is determined by the sign of the second variation,

which here is
2 2
A, =5 /// v + € // n? cos(2ah + 2b)dS
2 Q 2 20+

—&{262 / / 1 cos(2b)dS. (4.26)
.

Case (1)

Here ah = nn, and so again cos(2ah + 2b) = cos(2b). Hence as before there is always one
positive and one negative contribution to the surface energy, and by suitable choice of
the test function # the 2nd variation (4.26) may be made negative. These solutions are
thus unstable.
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Case (2)

We have two subcases
case (2(1))
case (2(i1)),

with a > 0 without loss of generality; and correspondingly

sin(ah + 2b) = {1_1

T ah

Case (2(1)): b= 177 (modulo 7), (4.27)
Case (2(i1)): b= %n — %h (modulo ). (4.28)

Thus considering the terms in the 2nd variation (4.26),

sin(ah)  case (2(i)),

cos(2b) = {— sin(ah) case (2(ii)),

and
—sin(ah) case (2(i)),
sin(ah) case (2(i1)),

so stability depends on the sign of sin(ah). For case (2(i)), a = —</ cos(ah)/2, if sin(ah) > 0
then both surface contributions are negative and the solution is unstable, and if sin(ah) < 0
then both surface contributions are positive and the solution is stable. This is exactly
equivalent to the case (2(ii)) considered in §4.1 previously, and the situation is sketched
in figure 3(b). (The director solution is not identical however, as the value of b differs in
the two cases.)

For case (2(ii)), a = o/ cos(ah)/2, if sin(ah) < 0 then both surface contributions are
negative and the solution is unstable, and if sin(ah) > 0 then both surface contributions are
positive and the solution is stable. This is exactly equivalent to the case (2(i)) considered
in §4.1 previously, and the situation is sketched in Figure 3(a) (again though, the solution
for b differs).

Hence the observed solution will be the smallest positive root of

cos(2ah + 2b) = {

a= % cos(ah), (4.29)

with b given by (4.28). This director solution is exactly as in §4.1 except for an additive
term n/2. Thus the PDE governing the film height evolution follows almost exactly as
before, with just minor changes to the definitions of the #;:

% + a% (A 1(6(Vh)y — Bhy — N aay) — H N a(hay, — ahy)]
+% [ 3(6(V*h), — Bhy — N aay) — H 4N a(hay, — ahy)] =0, (4.30)

where a is determined by (4.29), and #"; to %4 are defined by

H(ah)
==

_ Hy(ah) Hi(ah)

Hy(ah
, A= P alah)

a2

A1 , A H 4= , (4.31)

a2
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FIGURE 5. The functions H;(1) for 0 < 2 < /2, using the values for the viscosities o; of MBBA at
25°C given in Table I of Kneppe et al. [6].

() = % /_j oy sin? & + 25,:(/12 : jo:éé))jrdzfnc(1 —cos &) (4:32)
= % /: oy sin® & + 275:(/12:0;_5)4:1;&1 —cos ) (439
mo= 4 [ i i e 43
Ha(%) = % /2_“ (1 (it/czo:_ 5;); (él)fii-écos &) (4.35)

where the #;,, n. are the Miesowicz viscosities defined in (3.26). The functions H; are
plotted in Figure 5.

4.4 Linear stability revisited

We again consider the linear stability of the simplest static solution to these two models
(4.16) and (4.30): the uniform film h = 1. We write

h =1+ eelhi(x,y) + 0(?), (4.36)
a = ay+ eefai(x,y) + 0(e?), (4.37)

https://doi.org/10.1017/5095679250400573X Published online by Cambridge University Press


https://doi.org/10.1017/S095679250400573X

Evolution of a thin film of nematic liquid crystal 671

where to satisfy (4.11) (or (4.29)) we require

hyagy/ /% — 4aj
24 /A —4d}
(the inequality /> > 4da3 is satisfied automatically), where the second equality in the

equation for a; defines the positive constant A,.
Substitution in (4.16) then gives the eigenvalue problem for h:

o
apg = — C0Sap, di = = —/12]’11 (438)

2

0 C
Bhi + o (71 (€(VPhy) . — Bhix + N agiahiy) + F2A ao(i2 + ao)hiy)]

d
+35 [/3 ((g(v%l)y — Bhy, + maoxzhly) ¥ FuNaolla + ao)hly)] —0, (439

if we instead substitute in (4.22) then we simply replace #; by 4’; in the above. Bounded
solutions to this problem are of the form h; = exp(ikx + iqy). Hence the eigenvalues
PB(k,q) are given by

B=—171k*+ 73471 (C(K* + q°) + B — Napiz) + [ F2k> + F4q* 1N ao(i2 + ao), (4.40)

(or the equivalent expression with ;) and stability again depends on the relative values
of # and ./, with instability if /" is sufficiently large relative to 4.

4.5 Physical examples
We consider a film with the following physical characteristics:

e L =film thickness= 0(107>)m

e L =horizontal extent of film, in range 107~10~?>m

e Elastic constant K = O(10~')N

e Anchoring energy 4 in range 1076107 Jm~2 [10]

e Representative viscosity u = 4 x 1072 Pa s (based on MBBA)
e Leslie viscosities o; as for MBBA at 25°C [6]

e Density p = 103kg m—3 (based on water).

Assuming a Bond number of unity, which fixes the velocity scale U, this gives approx-
imate values for the remaining dimensionless parameters:

N =0(), 1<o<10, y<%<ypl0? (4.41)

where y is the isotropic contribution to the surface tension. In the absence of accurate
data for y, if we assume it is not too different to that for an air-water interface, and
take y = 0.1 Nm~!, then we obtain a range of values 0.1 < ¥ < 10, the value ¥ = 1
corresponding to a film of horizontal extent L ~ 3 mm.

If we take .o/ = 5 then the value of ay as determined by (4.38) is ag = 1.1105, with
4y = 0.7677. The functions _#; can be easily evaluated at h = 1, a = ay, and we find that
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UNSTABLE
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FIGURE 6. The stability curve for the solution h = 1 of (4.16), in (7, ./")-space, using the values
for the viscosities o; of MBBA at 25°C given in Table I of [6]. Here the instability is always via a
k-mode.

the dispersion relation (4.40) becomes
B = —%(k*> + ¢*)[0.141k*> + 0.128¢%] — 0.374k*[0.376 — .A"] — 0.3284¢%[0.388 — A]. (4.42)

Thus in this case we anticipate instability of the free surface if .4/ > 0.376 (a k-mode),
which will likely be the case for the parameters quoted.

If we take o = 1 then ay = 0.45018, with A, = 0.08044. The #; are again easily
evaluated at h = 1, a = ao, giving the dispersion relation (4.40) as

B = —%(k*> + ¢*)[0.159k> + 0.1404%] — 0.0359k>[4.428 — 4] — 0.0313¢>[4.491 — .A].
(4.43)

Thus in this case we anticipate instability of the free surface only if A" > 4.428, again via
a k-mode.

More generally we may plot the curve of /. as a function of .o/, where A", is the
critical value of ./ at which instability sets in for the given value of &/ (A > A,
corresponds to instability). Figure 6 gives the stability diagram for the solution h = 1 of
(4.16); solutions for which (7, /") liec above the curve are unstable, and those for which
(<, /) lie below the curve are stable. Figure 7 gives the equivalent stability diagram for
the solution h = 1 of (4.30).

Again, the comments at the end of §3.4.1 apply. In all cases, the boundary conditions
require that the director bends through some finite angle across the film, which becomes
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FIGURE 7. The stability curve for the solution h = 1 of (4.30), in (<7, 4")-space, using the values
for the viscosities o; of MBBA at 25°C given in Table I of Kneppe et al. [6]. Here the instability is
always via a g-mode.

more difficult to do as the film becomes thinner. The stronger the surface energy, the
more firmly the director is anchored at either surface, and the more difficult its task of
bending when the film is very thin. At some point it becomes energetically favourable for
the free surface to destabilise. The smaller the value of the surface energy, the stabler the
film, as the restrictions on the director at each surface are weaker. This is borne out by
Figures 6 and 7, in each of which the stable region becomes smaller as ./ increases.

5 Can the film height go to zero?

An important question to consider is whether or not the film height can go to zero in
the modified model of §4. We know that neither the original model of Ben Amar &
Cummings [1] (with strong anchoring at both surfaces) nor the model of § 3 (with strong
anchoring at the substrate but weak (planar) anchoring at the free surface) admit solutions
with h — 0. To address this issue for the model with weak anchoring at both surfaces, we
consider the 1-d version of (4.16).

As h — 0 the value of a determined by (4.11) may be evaluated asymptotically; and we
find

A AW
) 16

(5.1)

For small values of the argument A the functions G{(4) and G,(4) may also be evaluated
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as
2)3 2h*
G =T+ = Si=fp (5:2)
22 h?
Gl = J o = Fr=got, (5:3)

where K = oy 4+ 2(np + 1¢).
Thus, retaining the leading order terms in capillarity, gravity, and nematic effects, for
small film heights h the 1-d version of (4.16) becomes

o + o~ | 3K (Ghyxx — Bhy) + K (5.4)

oh 0 [2}13 W&izhzhx} ~0
in which clearly the term in ./° dominates the term in 4 as h — 0. Hence, if static
drop-like solutions (i.e. having compact support) to the full problem (3.27) are to exist,
then locally they must satisfy

3 " 72
d (h3dh 3N oA hzdh>z0_

- e (5.5)

e 166 " dx

Integrating this equation, assuming that h’h” and h*h’ (' = d/dx) both vanish as h — 0
(thus we avoid the issue of a ©/2 contact angle), we obtain

d*h dh 3N of?
h—dx3 +,Ba =0, where f= T8
and, integrating twice more,
dh\? 5
) = —phlogh+ (ki + f)h + tan~ a, (5.6)

where o > 0 is the contact angle and k; is a constant of integration. If we take the positive
square root for dh/dx (so that the contact line is to the left of the fluid domain), and fix
constants such that the contact line is at x = 0, then the solution h(x) is determined by

' dH - 5
/0 (ki + B)H — H1IogH + tan’o) 2~ (5.7)

Clearly h cannot grow unboundedly from zero, as the term —fhlogh dominates for
large h, so that the right-hand side of (5.6) becomes negative, which is unacceptable. h
grows until dh/dx = 0, which occurs when h = h., where

—Bh.logh. + (ki + B)h. + tan® o = 0.
This must happen at a finite value of x. If we had h = h. and dh/dx = 0 only at x = oo,

then the integral from H = 0 to H = h" in (5.7) must be divergent. This can happen only
if the function D(h) = (k; + B)H — BH log H + tan® o in the denominator of the integrand
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FiGUre 8. (a) The droplet half-volume ¥ /2 as a function of contact angle o and droplet height
h. (the physical parameter f§ is taken to be 1). For each fixed «, V' is a monotonic function of h.,
hence if V' and « are specified, the corresponding h. is uniquely determined. The droplet length x.
(plotted in (b) as a function of o and h.) is then also uniquely determined.

has a repeated zero at h = h. (simple zeros, when square-rooted, are integrable). However,
D'(h) = 0 only at hy = exp(ki/f), and D(hy) % 0.

It follows that solutions starting from h = 0 inevitably increase to some finite value
h., which is attained at some finite value x = x., at which there is a turning-point, and
h must then decrease. Thus, for x > x. we must switch to the negative branch of the
square-root, and the solution will again touch down at x = 2x.. If the volume of the
compactly-supported drop is 2V then

V—/x*hdx—/hldh—/h* hdh (5.8)
= Jo M= angax = ), (Blog(h /i) + (1 — h/he) tan o)1 2 :

which fixes the maximum drop height h., and its length 2x. is determined by

dh

h
o /0 (Blog(hs/h) 4+ (1 — h/h.) tan® a)!/2 (59)

(see figure 8). Plotting V(«, h.) (Figure 8 (a)) we see that for a given volume 2V and
contact angle o, the drop height h. is uniquely determined, and hence so is the length, by
(5.9) (Figure 8 (b)). Thus, there is a unique droplet solution of volume 2V and contact
angle o, of height h., given by (5.7).

As an example, for f =1, « = /4 and V = 0.5 we find h. = 0.689, x. = 1.119, and the
corresponding solution A is shown in Figure 9.
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FIGURE 9. One half of a typical ‘touchdown’ solution to equation (5.5). The full profile is
symmetric about the point x. where the maximum height is attained.

6 Conclusions

We have used lubrication theory to derive a simple model governing the spreading
(under gravity) of thin films of nematic liquid crystal, for various anchoring scenarios.
This generalises the work of Ben Amar & Cummings [1], who considered only strong
anchoring at both surfaces. The relevant partial differential equations governing the film
height evolution were derived, and the stability of the simplest solution (h = 1) to these
PDEs was investigated. In all cases it was found that instability can occur, depending
on the relative sizes of the Bond number, %4, and the inverse Ericksen number, ./
This suggests that, for sufficiently thin films, instability will be observed in practice. This
fits with the experimental observations of Cazabat et al. [2], who observed spontaneous
fingering instabilities in thin (O(um)-thickness) spreading films of NLCs. Such instability
can be understood physically by the fact that the different conditions imposed at the two
interfaces (the anchoring on the NLC molecules) require the director to bend through
some finite angle across the sample. The thinner the sample, the greater the energy penalty
in doing this. At some critical film thickness, it becomes energetically favourable for the
free surface to destabilise. The lower the surface anchoring energy, the stabler the situation,
as is borne out by the stability plots of Figures 6 and 7.

In the case that our model is unstable, our results enable a most unstable wavelength
to be easily identified, given all the relevant experimental parameter values (just solve
0f/0k =0 =0p/0q for k and g to find the most unstable solution). It is hoped to be able
to use this to make comparison with experimental data, once further experimental results
are available.

We neglected the effect of Van der Waals® forces in this paper, thus, bearing in mind
the upper limits on the film thickness given by (3.1), the model derived is valid for films
of micron-level thickness. However, if thinner films are being modelled, the effect of such
long-range intermolecular forces could easily be incorporated [12].
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A numerical study of the film height evolution equations is underway, which should
provide much greater insight into the possible behaviour of such thin nematic films, and
which may also suggest possible new experimental investigations.

We finally considered briefly whether or not the models admit solutions in which the
film height can go to zero, and found compactly-supported solutions for the simplified
time-independent small-h equation; but the stability of these static solutions was not
addressed. Neither was the case in which the contact angle is m/2 considered. Again,
detailed numerical investigation of the equations will be of help.
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