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This paper focuses on the role of a government of a large population of interacting agents as a mean-
field optimal control problem derived from deterministic finite agent dynamics. The control problems
are constrained by a Partial Differential Equation of continuity-type without diffusion, governing the
dynamics of the probability distribution of the agent population. We derive existence of optimal
controls in a measure-theoretical setting as natural limits of finite agent optimal controls without
any assumption on the regularity of control competitors. In particular, we prove the consistency of
mean-field optimal controls with corresponding underlying finite agent ones. The results follow from
a I'-convergence argument constructed over the mean-field limit, which stems from leveraging the
superposition principle.
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1 Introduction

In the mathematical modelling of biological, social and economical phenomena, self-
organisation of multi-agent interaction systems has become a focus of applied mathematics and
physics and mechanisms are studied towards the formation of global patterns. In the last years,
there has been a vigorous development of literature describing collective behaviour of interacting
agents [29-31,40-42, 61], towards modelling phenomena in biology, such as motility and cell
aggregation [15,43,44,54], coordinated animal motion [7,20,23,25-27,31,49,51,52,56,60,64],
coordinated human [28,33, 58] and synthetic agent interactions and behaviour, as in the case of
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cooperative robots [24,48, 53, 59]. Part of the literature is particularly focused on studying the
corresponding mean-field equations in order to simplify models for large populations of interact-
ing agents: the effect of all the other individuals on any given individual is described by a single
averaged effect. As it is very hard to be exhaustive in accounting all the developments of this
very fast growing field, we refer to Refs. [18,19,21,22,62] for recent surveys.
Self-organisation is an incomplete concept, see, e.g., Ref. [12], as it is not always occurring
when needed. In fact, local interactions between agents can be interpreted as distributed controls,
which, however, are not always able to lead to global coordination or pattern formation. This
motivated the research also of centralised optimal controls for multi-agent systems, modelling
the intervention of an external government to induce desired dynamics or pattern formation. In
this paper, we are concerned with the control of deterministic multi-agent systems of the type

%i(t) = FN (xi(0), x(¢)) + ui(t), i=1,...,N. (1.1)

The map F" : RY x (RY)Y — R? models the interaction between the agents and u represents the
action of an external controller on the system. The control is optimised by minimisation of a cost
functional

N ! 1 o N 4 1 o
&V (x, u) = ]ﬁ < ;L (1), x(0)) dt + ]ﬁ v ZI:\/I(ui(t)) dr, (1.2)

where LV is a suitable cost function used for modelling the goal of the control and capturing the
work done to achieve it, and v is an appropriate positive convex function, which is superlinear at
infinity and models the effective cost of employing the control. When the number N of agents is
very large, dynamical programming for solving the optimal control problem defined by minimi-
sation of (1.2) under the constraints (1.1) becomes computationally intractable. In fact, Richard
Bellman coined the term ‘curse of dimensionality’ precisely to describe this phenomenon.

For situations where agents are indistinguishable, e.g., drawn independently at random from
an initial probability distribution 9, and the dynamics FN (x;(f), x(t)) = F" (x,-(t), uly ) depends
in fact from the empirical distribution uY = % vazl dx,1)» one may hope to invoke again the
use of mean-field approximations for a tractable (approximate) solution of the control problem.
By formally considering the mean-field limit of the system (1.1) for N — oo, one obtains the
continuity equation of Vlasov-type:

dutts + V - (FCx, ) + v)ue) =0 in (0, 7) x R, (1.3)

where u is the weak limit of "V and represents the (time-dependent) probability distribution
of agents and v = vy is a suitable vector control measure absolutely continuous w.r.t. u and
subjected to a cost functional

T T
&1, v) = ]€ /R L ) i) e+ ]ﬁ /R ) i) . (1.4)

The vector measure v = v can in fact be obtained as the weak limit of the sequence of finite
dimensional control measures:

T N
1
vV = ]€ s@vid, vN= v ;_1 w8y, €0, T].
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Under suitable assumptions on 1/, on the convergence of F" to F and of L" to L and assuming
for simplicity that the initial data are confined in a compact subset of R?, one of the main results
of this paper can be summarised as follows.

Theorem 1.1 [f the initial measures y = % vazl 8,5, weakly converge to a limit probability

measure [Ly, then the minimum EN (,ué’) of (1.2) among all the solution of the controlled system
(1.1) converges to the minimum E(1g) of the functional (1.4) among all the solutions of (1.3) with
initial datum py. Moreover, all the accumulation points (in the topology of weak convergence of
measures) of the measures associated with minimisers X", u" of (1.2) are minima of (1.4).

The idea of solving finite agent optimal control problems by considering a mean-field approxi-
mation has been considered since the 1960s [36,37,45] with the introduction of stochastic optimal
control. The optimal control of stochastic differential equations

4X! = F(X 1)) +0(.X) +0dW], i=1.. N,

with non-degenerate diffusion and independent Brownian motions W' has been studied for a
long while via the optimal control of the law ©, = Law(X;) constrained by a McKean—Vlasov
equation:

s + V- ((F(x, M) + (2, x))ﬂt) =oAu,

under a suitable control cost

E(u, v) = ]€ ' /R L 1) dyas(x) d + ]€ ' /R V() .

Most of the literature on stochastic control is focused primarily on the solution of McKean—
Vlasov optimal control problems. The most popular methods are based on extending
Pontryagin’s maximum principle [2, 6,9, 14, 17] or deriving a dynamic programming principle,
and with it a form of a Hamilton—Jacobi—Bellman equation on a space of probability measures
[8,47,55]. However, the rigorous justification that the McKean—Vlasov optimal control prob-
lem is consistent with the limit of optimal controls for stochastic finite agent models has been
proved surprisingly just very recently [46]. The techniques used in the latter paper are largely
based on martingale problems, combining ideas from the McKean—Vlasov limit theory with a
well-established compactification method for stochastic control [36].

The first work addressing the consistency of mean-field optimal control for deterministic finite
agent systems is [39]. In the latter paper, an analogous result as Theorem 1.1 is derived for general
penalty functions ¥ with polynomial growth, including the interesting case of linear growth at
0 and infinity, motivated by results of sparse controllability for finite-agent models [10, 11, 16].
Other models of sparse mean-field optimal control have been considered in Refs. [1,13,38]. The
generality of the penalty function ¥ in Ref. [39] has required to restrict the class of controls:
they have been assumed to be locally Lipschitz continuous in space feedback control functions
u;(f) = v(t, x;) with controlled time-dependent Lipschitz constants.

In this paper and in our main result Theorem 1.1, we remove this restriction, but we still impose
suitable coercivity on the admissible controls, by requiring the function ¥ to have superlinear
growth to infinity. As sparsity of controls, i.e., the localisation of controls in space, is mainly due
to the linear behaviour of the penalty function at 0, the superlinear growth at infinity does not
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exclude the possibility of using this model for sparse control. Moreover, in this framework, there
is no need for enforcing a priori that controls are smooth feedback functions of the state variables
and the limit process comes very natural in a measure-theoretical sense. In view of the minimal
smoothness required to the governing interaction functions F", F (they are assumed to be just
continuous), there is no uniqueness of solutions in general of (1.1) and (1.3). Hence, the main
results of mean-field limit are derived by leveraging the powerful machinery of the superposition
principle [3, Theorem 3.4].

Finally, a comparison between deterministic and stochastic cases is in order. The consistency
result obtained in [46] allows for degenerate diffusion o = 0 (and deterministic initial condition)
but does not subsume the results obtained in Ref. [39]. In the present paper, the assumptions
on the system can be further weakened by employing the superposition principle, for which a
stochastic counterpart is missing. It seems that sharp results for purely deterministic dynam-
ics require in fact measure-theoretical methods, which are difficult to be directly applied to the
stochastic setting. Recall also that stochastic control problems are linked to their deterministic
counterpart up to non-anticipativity restrictions on the control policy. Nonetheless, determinis-
tic consistency results in control theory could be fruitfully applied to the stochastic setting in
the study of large-deviation asymptotics. We refer to Ref. [50] for an application of the present
result to the analysis of fluctuations of stochastic interacting particle systems in the mean-field
and small-noise regime.

The paper is organised as follows: after recalling in detail the notation and a few prelim-
inary results on optimal transport, doubling functions and convex functionals on measures in
Section 2, we describe our setting of optimal control problems in Section 3, together with the
precise statements of our main results. We address the existence of solutions of the finite agent
optimal control problem in Section 4. Crucial moment estimates are derived in Section 5 for
feasible competitors for the mean-field control problem, which are useful for deriving compact-
ness arguments further below. Section 6 is dedicated to the proofs of our main theorems. A
relevant part is devoted to Theorem 1.1 by developing a I'-convergence argument. While the
['-lim inf inequality follows by relatively standard lower semicontinuity arguments, the deriva-
tion of the I'—lim sup inequality requires a technical application of the superposition principle.
Equi-coercivity and convergence of minimisers follow from compactness arguments based on
moment estimates from Section 5.

2 Notation and preliminary results

Throughout the paper, we work with R as a state space and we fix a time horizon 7' > 0. We will
denote by A the normalised restriction of the Lebesgue measure to [0, 7], A := %Z 'LT0, 7.

Given (8,d) a metric space, we use the classical notation AC([0, T']; 8) for the classes of
8-valued absolute continuous curves. We indicate with M(R¥), M(R¢; R?) the space of Borel
(vector-valued) measures.

2.1 Probability measures and optimal transport costs

We call P(R?) the space of Borel probability measures. If f : 2 — R’ is a Borel map defined in
a Borel subset Q of R and n € P(R?) is concentrated on Q, we will denote by f; 1 the Borel
measure in R” defined by f; i(B) := u(f~'(B)), for every Borel subset B C R”.

https://doi.org/10.1017/50956792519000044 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792519000044

Mean-field optimal control as Gamma-limit of finite agent controls 1157

Whenever ¥ : RY — [0, +-00] is a lower semicontinuous function, we set

@w(uo,m)izinf{ /R W) H(Mo,m)}, @.1)

xR
where IT(ug, 1) is the set of the optimal transport plans:

(0. 1) = [y € P (R x BY) 1y (B x RY) = puo(B). y (B! x B) = p11(B)
Y B Borel set in ]Rd}.

In the particular case, when ¥/(z) := |z, z € R?, (2.1) defines the L'-Wasserstein distance

Wi, p1) :=inf{fd ., x—yldy(x,y):y € H(uo,m)}; (2.2)

xR

the infimum in (2.2) is always finite and attained if 1, it belong to the space P;(R?) of Borel
probability measure with finite first-order moment:

PIRY) = {M € P(RY): / x| dpe(x) < +oo}.
R4

P1(R?) endowed with W;(jo, it1) is a complete and separable metric space. In particular, we
will consider absolutely continuous curves ¢+ i, in AC([0, T]; P1(R)). They will canonically
induce a parameterised measure i := [ &, ® p, dA(¢) in Py ([0, T] x R?) satisfying

T T
[ 10t = /0 /R (%) di ) 40 = ]€ /R Je0du@d @)

Convergence with respect to W] is equivalent to weak convergence (in duality with continuous
and bounded functions) supplemented with convergence of first moment; equivalently, for every
sequence (/,)nen C P1(RY) and candidate limit i € P;(RY)

lim W (up,0)=0 < lim /Cdﬂn=/é'du for every ¢ € C(RY), sup {®
n—00 n—00 ceRd 14 |x]

In P (RY), we consider the subset PV (R¥) of discrete measures

N
1
PVRY) = {MZJ_V Z‘Sxf forsomexiERd}.

i=1

A measure p belongs to PV(RY) if and only if #supp(1) <N and Nu(B) € N for every Borel
set B of R?. Let us now fix an integer N € N and consider vectors x = (x1,...,xXy) € (Rd)N; we
will use the notation o : (RY)Y — (R)" to denote a permutation of the coordinates of vectors in
(RN and we set

N

N
1 1
dy(x,y)i=min 3 b — o (il Ixly = dv(x, 0) = ; .

i=1
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To every vector x € (R?)Y, we can associate the measure u[x]:= zlv va: | 8y, € PV(RY) and we
notice that by (6.37) [5, Theorem 6.0.1]

dy(x,p) = Wiulx], ulyD,  |xlv = /Rd bl dufx]Cx) = W (], 8o)-

From now on, we say that a map G" : R? x (RY)¥ — R* is symmetric if
GV (x,y)=G"(x,0(y)) forevery permutation o : (R))¥ — (R%)".

Given a symmetric and continuous map G, we can associate a function defined on measures
GV :R? x PV(RY) — R by setting

GY(x, uly]) == G"(x,p).

Throughout the paper, we use the following notion of convergence for symmetric maps:

Definition 2.1 We say that a sequence of symmetric maps GV, N €N, P;-converges to G:
RY x P;(RY) — R¥ uniformly on compact sets as N — +oc if for every sequence of measure
i € PY(RY) converging to w in P;(R?) as Ny — oo, we have

lim sup |GV (x, ur) — G(x, )| =0, for every compact C C R’

k=400 yeC

2.2 Doubling and moderated convex functions

Definition 2.2 We say that ¢ : [0, +00) — [0, +00) is an admissible function if ¢(0) =0, ¢ is
strictly convex and of class C' with ¢’(0) = 0, superlinear at +oo and doubling, i.e., there exists
K > 0 such that

o(2r) < K(l + ¢(r)) for any r € [0, +00). 2.4

Let U be a subspace of R?. We say that a convex function v : U — [0, 4-00) is moderated if
there exists an admissible function ¢ : [0, +00) — [0, +00) and a constant C > 0 such that

o(x) =1 =¥ () = C(1 +¢(lx])) foreveryxeU. (25)

By convexity, an admissible function ¢ satisfies ¢(r) + ¢'(r)(s — r) < ¢(s) for every r,s €
[0, +00); in particular, choosing s = 0 and s = 2r, one obtains

0= ¢(r) < rd/(r) < (p2) — $(r)) <K(1+ () forevery re[0,400).  (2.6)
It is not difficult to see that if a differentiable convex function ¢ satisfies
r¢'(r) <A(1 + ¢(r)) forevery r >R,

for some constants 4, R > 0, then ¢ satisfies (2.4) with K = max(e, max[oz] ¢). In fact, differ-
entiating the function z — (¢(zr) 4 1) forz € [1, D] and r > R, we get - (¢(0r) + 1) = r¢'(0r) <
A(1 4+ ¢(67)) so that

d(Dr) < (p(r)+ 1DeP™M D> 1, r>R.
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In particular, (2.4) yields
¢(Dr) < (p(r)+ e DK D> 1, r>0.
We also recall that ¢’ is monotone, i.e.,
(@' (r)— ¢'(s))(r—s5)>0 foreverys,r>0. 2.7)
The next lemma shows that it is always possible to approximate a convex superlinear function
by a monotonically increasing sequence of moderated ones.
Lemma 2.3 Let U be a subspace of RY and v : U — [0, +00] be a superlinear function with
¥(0)=0.

(1) There exists an admissible function 6 : [0, +00) — [0, +00) such that
1
Y(x)=>0(|x]) — 7 for everyx e U. (2.8)

(2) If Y is also convex, then there exists a sequence Y™ : U — [0, +00), N € N, of moderated
convex functions such that

YN ) <YV (x), YN P Y (x) asN— +oo foreveryxe U.

Proof It is not restrictive to assume U = R¥.

Claim 1. Let us set h(r) := minjy>, ¥(x) and 72 :=min {n > 0:h(2") > 1}, 7:=2". The map h:
[0, +00) — [0, +0¢] is increasing, lower semicontinuous and satisfies lim,_, o 2(r)/r = +00. By
a standard result of convex analysis (see, e.g., [57, Lemma 3.7]), there exists a convex superlinear
function k& : [0, +00) — [0, +-00) such that 4(r) > k(r) for every r € [0, +00), so that ¥ (x) > k(|x]|)
for every x € R?.

Let us define the sequence (a,),en by induction:

a, =0 foreveryneN,n<n; =27"
Apy1 = min (2an 270 (k2" — (2” ) ) for every n > 7.
Since & is convex and increasing, the sequence n+> a, is positive and increasing; since k is
superlinear, it is also easy to check that lim,,_, o, a, = +00.

We now consider the piecewise linear continuous function 6 : [0, +00) — [0, +00) on the
dyadic partition {0, 202122 ... 2" ..}, neN, satisfying

61(N=0 if0<r<r=2", 6/(r=a, if2"<r<2""', neN, n>n

Since 6] <k’ a.e. in [0, +00), we have 6; < k. Moreover, by construction, for 0 <r < 27, we have
01(r) < 6:(27) =1 and 6{(2r) < 26{(r) if » > 7, so that 6; is also doubling since

91(2r)=91(217)+/ 29;(2s)dsg1+4/ 0/(s)ds=1+46,(r) foreveryr>F.

Replacing now 6, by the convex combination 6,(r) := %91(}”) + %r/ r, we get a strictly increasing
function, still satisfying (2.8).
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By possibly replacing 6, with 65(r) := [, 6(s) ds (where we set 65(s) = 6,(0) = 0 whenever
s < 0), we obtain a C! function. Strict convexity can be eventually obtained by taking the convex
combination 0(7) := (1 — £)03(r) + &(+/1 + 2 — 1) for a sufficiently small ¢ > 0.

Claim 2. Notice that the function x — 6,(]x|) is convex. We can define ¥ by inf-convolution:

Y ()= ir]g; V(¥ +Nox(lx—yl), xeR% 2.9
ye

It is easy to check that the infimum in (2.9) is attained, ¥V is convex (since it is the
inf-convolution of two convex functions) and satisfies the obvious bounds

YN <NO(x), V@) <yx), YVx) <y ¥T(x) foreveryxe R

In particular, ¥ is continuous; since x > 6,(x) is continuous at x =0 and 6,(|x|) > 2i;|x|, we
easily get limy_, o, ¥V (x) = ¥ (x) for every x € R?.

It remains to show that ¥ is moderated. Since ¥ (x) > 6,(|x|) — 1/2 and for every y € R the
triangle inequality yields min(|x — y|, [y]) > |x|/2, we get

. 1 1
YV (x) + 1/2 = inf 62(1y]) + NO>(Ix — ) > 62(1x1/2) = = 0>(|x]) —
yeRd 4 4
and the bounds
1e|| 3 gV <4N19||
200D = 7 <V < 4N Z0x(x)).

By possibly replacing 6, with 6, we conclude. O

Let us make explicit two simple applications of the properties of Definition 2.2.

Remark 2.4 If K C P (RY) is a relatively compact set and  : U — [0, +-00] is a superlinear
function defined in a subspace U of R with 1(0) = 0, then there exists an admissible function
0 : [0, 400) — [0, +00) such that

sup /d O(lx]) du(x) <oo, O(x)) <1+ Y(x) foreveryxeU. (2.10)

neX JR

In fact, Prokhorov theorem yields the tightness of the set K= {lxlp: e X} of finite measures,
so that we can find a superlinear function o : R? — [0, o) such that

sup /1;11 a(x) du(x) < oo.

neXk

We can then apply the first statement of Lemma 2.3 with superlinear function o A .

Lemma 2.5 Let ¢ : R? — [0, +00) be a moderated convex function with £(0) =0 and let p! €
Pi(RY), i=0,1, be two sequences converging to i in Pi(R?Y) and let y, be the optimal plan
attaining the minimum in (2.2) for Wy (1%, uby. If

limsup/g“du;f/{du, (2.11)

n—00
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then

lim / ¢(y—x)dyu(x,»)=0, lim C (i), u}) =0. (2.12)

Proof Let ¢ be an admissible function satisfying (2.5) for i :=¢. We observe that for every
x,yeR?

oy —xD) = ¢+ D <K (146 (Sl +311) ) < K(1+ 9D +o(bD).  213)

Inequality (2.11) shows that ¢ is uniformly integrable w.r.t. i, (see [5, Lemma 5.1.7]) so that

tim [ () dujo = [ @(x) . i=1.2
whence
tim [ (63D + 60 ) =2 [ 9005 st = [ (6D + 41 s

where y := (x, x)y i is the weak limit of y,,. It follows that the function (x, y) — ¢(|x|) + ¢(|y]) is
uniformly integrable with respect to y, so that, by (2.13) and [5, Lemma 5.1.7]

lim / (1 — x|) dya(r, ) = / $(1y — ) dy (x,) = .

Since ¢(y —x) < C(1 4+ ¢(ly — x])) by (2.5), we get (2.12). a

2.3 Convex functionals on measures

We are concerned with the main properties of functionals defined on measures, for a detailed
treatment of this subject, we refer to [4]. Let ¥ : R" — [0, +-00] be a proper, ls.c., convex and
superlinear function, so that its recession function sup,. ‘“:x) = oo for all x # 0; we will also
assume ¥ (0) =0.

Let now 2 be an open subset of some Euclidean space, i € M (Q2) be a reference measure
and v € M(Q; R") a vector measure; we define the following functional:

W(vlu):= /Q Y(v@)dulx) ifv=vp<u, Yrp) :=4oco ifvLpu. (2.14)

We state the main lower semicontinuity result for the functional W.

Theorem 2.6 Suppose that we have two sequences i, € MT(Q), v, e M(2;R") weakly
converging to i € M () and v € M(RQ, R"), respectively. Then

liminf W(v,|u,) > ¥(v|w).
n—+00

In particular, if lim inf,_, . oo (v, |®,) < +00, we have v K .

The proof can be found in Ref. [5, Lemma 9.4.3].
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3 The optimal control problem and main results

Cost functional

Assume that we are given a sequence of functions LV : R? x (R?)" — [0, +00), N €N, and a
function L : R? x P;(R?) — [0, +00) such that L is continuous and symmetric for every N € N
and L is continuous. We assume that

LN P-converges to L uniformly on compact sets, as N — o0, 3.D

in the sense of Definition 2.1.
Assume that we are given

a subspace U C R and a moderated convex function v : U — [0, +00) with ¥(0) = 0.

We will also fix an auxiliary function ¢ satisfying (2.5).
Typical examples we consider for ¥ include

o Y= P, p>1;
. w(x)=;;|x| for x| < 1 and ¥ (x) = 117|x|1’ for |x| > 1,p> 1.

Denoting by UY the Cartesian product, we define a cost functional £V : 4C([0, T]; (RY)") x
LY([0, T]; UY) = [0, 400) by

T q N T q N
eN(x, u) = ]€ v ;LN(xi(t),x(t)) dr + ]€ ¥ ; U (u;(t)) dt. (3.2)

We consider also another cost functional & :AC([0, T]; P1(R%) x M([0, T] x RY; U) —
[0, +00) defined by (recall (2.3))

T
eui= [ Lo due e+ woi, (33)

0o Jr
where W is defined as in (2.14). Notice that if W(v|it) < oo, then v =vu for a Borel vector

field v GL}L([O, T] x R?; U) so that for r-a.e. ¢ € [0, T], the measure v, := v(¢, -)i1, belongs to
M(RY; U) and we can write

T T
Wv|i) = /{WW I/f(v(t,X))dﬁ(t,x)=]€ /R d w<v<t,x>>dufdr=]€ Wl di. (34)

We shall prove below that the functional & is the I'-limit of £V in suitable sense [34].

The constraints (state equations)

Assume that we are given a sequence of functions FY : RY x (RY)Y — R9, N € N, symmetric
and continuous and a continuous function F : RY x P(R?%) — R?. We assume that there exist
constants 4, B > 0 such that

[ FV(x.p)| < A+ B+ i), | Feew)| <4+ B (|x| + [ v du(y)) SENEE)
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and FV, F and U satisfy the compatibility condition
FN(x,y)—F(x,u) e U foreveryxeRY ye R, ueP(R. (3.6)
Moreover, we assume that
FN P, -converges to F uniformly on compact sets, as N — oo, (3.7

in the sense of Definition 2.1.
Given u = (uy, . ..,uy) € L'([0, T]; UV), a control map, we consider the system of differential
equations:

%,(t) = FN (xi(0), x(8)) + ui(t), i=1,...,N. (3.8)

The map F" : RY x (R?)Y — R? models the interaction between the agents and u represents the
action of an external controller on the system. For every u € L'([0, T]; UY) and xy € (R%)",
thanks to (3.5) and the continuity of F, there exists a global solution in the Carathéodory sense,
x € AC([0, T]; (R%)N) of (3.8) such that x(0) = x,. Since we have assumed only the continuity of
the velocity field FV, uniqueness of solutions is not guaranteed in general. We then define the
non-empty set:

N = {(x, u) e AC([0, T, (Rd)N x L! ([0, T]; UN) : x and u satisfy (3.8), EV(x, u) < oo}
Moreover, we also define for every xo € (RY)" the non-empty set

N (xg) 1= {(x, u)e oV :x(O):xO}.

Every initial vector xo = (xo,1, . . ., Xon) € (RHN gives rise to the empirical distribution:
|
o = pxo] := N Z Sxo-

i=1

Similarly, every curve x € AC([0, T1; (R?)") is associated with the curve of probability measures:
|
p=plx]€4C ([0, T Py (RY)): o= ; 8w, €0, 7],

and every pair (x, u) € AC([0, T]; (R))V) x L!([0, T]; U") is linked to the control vector mea-
sure:

T 1 N
v=v[x,u]l e M([0, T] x R, U): v :=/ S@vidh,  vii=— Y w0,
0 N i=1

We will show that for every choice of solutions and controls (xV, u") € &7V (x]') such that the
cost functional EY(x", #") remains uniformly bounded and the initial empirical distributions
M{)V = ,u[xf)v ] are converging to a limit measure /i in P;(R?) a mean-field approximation holds:

Theorem 3.1 (Compactness) Let (xév Ywen be a sequence of initial data in (RY)N such that the

empirical measure ,uf)v = ,u[xf)v ] converges to a probability measure [y in Pi(R?) as N — oo,
and let (X", u") € o7V (xS’ ) such that the cost functional EN (X", u") remains uniformly bounded.
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Up to extraction of a suitable subsequence, the empirical measures " = u[x"] converge
uniformly in P, (Rd) to a curve of probability measures 1 € AC([0, TT; P1(RY)), the control mea-
sures vV = v[x", u"] converge to a limit control measure v weakly* in M([0, T] x RY; U) and
(e, v) fulfils the continuity equation:

O + V- (F(xa Mo+ Vt) =0 in(0,T)x R¢ (3.9
in the sense of distributions.

Motivated by the above result, we define the non-empty set
o = { (1, v) € AC(0, TT; Py (RD) x M([0, T] x RY; U) :
w and v satisfy (3.9) in the sense of distributions, £(u, v) < oo},

and its corresponding subset associated with a given initial measure o € P;(RY):
A (o) :={(1, v) € & : (0) = po}-

The elements of <7V can be interpreted as the trajectories (x, . . ., xy) of N agents along with
their strategies (uy, . . ., uy), whose dynamics is described by the system of Ordinary Differential
Equations (ODEs) (3.8). Analogously, the elements of ./ can be interpreted as the trajectories
of a continuous or discrete distribution of agents whose dynamics is described by the Partial
Differential Equation (3.9) under the action of an external controller described by the measure v.

The minimum problems

The objective of the controller is to minimise the cost functional &V (resp. €). We consider the
following optimum sets, defined by the corresponding optimal control problems:

EN(xo) = mgi{n EVx,u), PV(xp):= argmin {EN(x, u):(x,u) e ,Q%N(xo)} ,  (3.10)
(e N (xo)
E(po):=_min &(u,v), P(po) := argmin {E(u, v) : (i, v) € & (o)}, (3.11)

(uv)ed (ko)

where we suppose that g € D(E) := {u € P1(R?) : o7 (1) is not empty}.
We are interested in the rigorous justification of the convergence of the control problem (3.10)
towards the corresponding infinite dimensional one (3.11).

Main results
We state now more formally our main result concerning the sequence of functionals £V to &,
inspired to I"-convergence.
Theorem 3.2 (I"-convergence) The following properties hold:

e I'—liminf inequality: for every (i, v) € AC([0, T]; P1(RY)) x M([0, T] x R?; U) and every
sequence (xN,u™)e AC([0, T]; (RHY) x L'([0, T]; UN) such that u[x"]— win C([0, T];
PR, v[xV, u¥]—* v in M([0, T] x R?; U), we have

lim inf € (¥, ) = €(u, v). (3.12)
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e I'-lim sup inequality: for every (i, v) € o such that
/1¢(|X|)dl$0(x) < 00, (3.13)
R(

there exists a sequence (X", u") € o/ with xf)v’i € supp(io) for everyi=1,..., N, such that

w[x] = win C (10,7 P (RY)), v [x",u"]—=*vin M([0, T] x R; U),  (3.14)

e
Jim 5 3o = [, ¢ draco (3.15)
and
limsup &V (x", u") < E(u, v). (3.16)
N—oo

As a combination of Theorems 3.1 and 3.2, we obtain the convergence of minima.

Theorem 3.3 Let 1 € P1(RY) be satisfying (3.13).

(1) There exists a sequence x’o\' e RYN, N e N, satisfying

Jim Wy (i [x] o) =0, (3.17)

1 N
imsup 3 3 (1) = [ oD dro (3.18)
Jim EY (x)) = E(ko). (3.19)

(2) If a sequence xﬁ’ satisfies (3.17), then for every choice of (x",u") e P(ng) with pN =
wlxN] and vV :=v[x", u"], the collection of limit points (u, v) of (™, v") in C([0, T];
P1(RY)) x M([0, T] x RY; U) is non-empty and contained in P(j1,).

(3) Ifmoreover U =R and v has compact support, then every sequence (xf)v )NeN Satisfying
(3.17) and uniformly supported in a compact set also satisfies (3.18) and (3.19).

3.1 Examples

First-order examples

Take a continuous function H : R? — R satisfying
|H(x)| <A +B|x] VxeR?

and set
1 N
Fayyimy Y HG =)= [ He=) duli)
j=1

and

F(x,p) = /Rd H(x —y)du(y).
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When H = —VW for an even function W e C'(RY), the system (3.8) is associated with the
gradient flow of the interaction energy W : (R?)" — R defined by

N
1
W(x) = 2—]\]2 E W(Xl' — Xj)
Lj=1

with respect to the weighted norm |lx||? = 5 SVl
More generally, we can consider a continuous kernel K(x, ) : RY x R? — R satisfying

IK(e, )| <A+B(x|+y))  V¥x,yeRY,

obtaining
FV(y) =~ im,y) - f K(x, ) du ()
N = J RrRd

and
Flx, ) = /R K@) du(),

An example for LY and L is the variance:
2

N
1
LY(x,x) = |x — N ij ,
j=1

and
2

Lix, p):=

x— fRdy du(y)

A second-order example

Second-order systems can be easily reduced to first-order models if we admit controls on posi-

tions and velocities. Let us see an example where controls act only on the velocities. Assume d =

2m and write the vector x = (¢, p), where ¢ € R” denotes the position and p € R™ the velocity.
We consider the vector field F" (x, x) = (F le @), f 12\/ (x,x)) defined by

1 N
Fi(@m=pr.  F(@p.@p)==5 D VW(p-p) (3.20)
j=1

where the first component F} is local and it is not influenced by the interaction with the other
particles.
We are interested in the system

4i = pis
pi=—% XL VW (pi—p) +

which corresponds to (3.8) where the vector u has the particular form u = ((0, u,), . . ., (0, uy)),
so that it is constrained to the subspace U" where U = {(0, u) : u € R”} C R*". The limit vector
field F(x, u) = (F1(x), f,(x, 1)) is defined by

Fi((q,p)) =p, Fy((q,p), W) ==V, W * p,
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and the continuity equation
s+ V- (F s +v,) =0

becomes a Vlasov-like equation
e +p - Valbe + V- (Fz(xa Hee) e + Vx) =0.

It is easy to check that this structure fits in our abstract setting, since F", f satisfy the compati-
bility condition (3.6): for every x € R, y € (RY)Y and p € P;(RY), we have F(x, u) — FV(x,y) =
(Oa F2(x’ M‘) - szv(xﬂy)) € UN'
By choosing F5 in (3.20) as
N
1
F)((4,p), (q,p)) = —ap — ¥ > VW(p-pp,
j=1
for some o > 0, we obtain a model with friction in the velocity part. By choosing F’ 12\/ in (3.20) as
N

1
F(@.p) (@.p) == D alg—a(p—p),
j=1
where a : [0, +00) — R is a continuous and non-increasing (thus bounded) function, we obtain
a model of alignment in velocity. A particular and interesting example for a is given by the
following decreasing function a(|g|) = 1/(1 + |¢|*)? for some y > 0, which yields the Cucker—
Smale flocking model [31,32].

An example for LV and L in the second-order model is the variance of the velocities:
2

1 N
M(@.ph@p)i=lp— 3 pi| -
j=1

and
2

L((g,p), 1) := ‘p - /R Re du(ry, r2)

4 The finite dimensional problem

Here we discuss the well-posedness of the finite dimensional control problem (3.10).
A first estimate on the solution is presented in the following Lemma, where we use the notation

Wiy =% >0, il, withy = (y1, ..., yw) € RDV.

Lemma 4.1 Let (x,u) € o/". Then
T
sup |x(7)|y < <|x(0)|N +AT+/ |ee(s) v dS) e, 4.1)
te[0.7] 0

where A and B are the constants of the assumption (3.5).

Proof From the integral formulation of equation (3.8), we get
t t
01 = )+ [ 1P x6)ids + [ o)l ds
0 0

< IJCZ-(0)|+/0 (4 +B(|xi(S)|+IX(S)IN))dS+/O |ui(s)| ds.
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Averaging with respect to N, we obtain

T t
x(D)ly < (O)l + AT + /O ()l ds + 2B /0 1x(s) s

and we conclude by Gronwall lemma. O

Proposition 4.2 For every N e N and xy € (RY), the minimum problem (3.10) admits a
solution, i.e., the set PN (xy) is not empty.

Proof We fix N e N and x € (RY)". Let A :=inf {EV(x, u) : (x, u) € o7V (xy)}. Since &7 (x()
is not empty, A < +oo. Let (x*,u*) € o/¥(xy) be a minimising sequence and C :=sup, &V
(o, k) < 4-00.

Since

T
sup][ Yt de < C, Vi=1,...,N, 4.2)
k 0

and the function v is superlinear, then the sequence #* is equi-integrable and hence weakly

relatively compact in L'([0, T]; UV). Hence there exists u € L'([0, T], U") and a subsequence,
again denoted by u*, weakly convergent to u in L'([0, T], UM).

Thanks to Lemma 4.1, the associated trajectories x* are equi-bounded. Let us now show the
equi-continuity of xf?(t). For s <t, by equation (3.8), we have

X (t) — x(s) = / t FN (), x(r) dr + / tuf(r) dr. (4.3)

Using the growth conditions (3.5) and (4.1), we get

N
1 t t
(1) = ¥ (s)], < ¥ Z f | (F ), 2 ()| dr+ f |u* ()], dr
i=1 "¢ $
t t
§A(t—s)+ZB/ FGIN dr+/ |u* ()], dr
) r ,
<A(t—s)+2B (|x0|N + AT +/ (7], dr> BTt —5)+ / |t (r)|y dr.
0 K
Since fOT |te*(7)| v dr is bounded, we have
t
/ " ()|, dr|, Vs, te[0,T], (4.4)
where C:=A4 4 2B (Ixol N+ AT + sup i 1k ()]y dr) €87 By the equi-integrability of u*, the
inequality (4.4) shows the equi-continuity of x*. By Ascoli-Arzela theorem, there exists a con-

tinuous curve x and a subsequence, again denoted by x* such that x¥ — x in C([0, T]; (R¥)Y).
Passing to the limit in (4.3), we obtain

sup |xk(t) —xk(s)|N <Clt—s|+ sup
k k

xi(t) — xi(s) = /Z FN(xi(r), x(r))dr+ /Z u;(r) dr, i=1,...,N,

N N
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from which we deduce that x is absolutely continuous and solves equation (3.8). Hence (x, u) €
AN (x0).

Finally, by the convexity of ¥ and the continuity of LV, we obtain the lower semicontinuity
property:

liminf & (x*, ") = lim inf ][ 1 XN:LN (@), X 0) de+ L XN: ][ Tw (uf(t)) dt
k ’ o k 0 N 1 i ’ N —1 0 g

T 1 N 1 N r
. ]ﬁ EOIECUROIEEDS ]€ V(o) dr,

whence the minimality of (x, u) € 27" (xp). O

5 Momentum estimates

In this section, we study the set 7. We observe that if (i, v) € <7, then for any ¢ € C! (RY), we
have that the map ¢ — fRd ¢du, is absolutely continuous, a.e. differentiable, and

% /Rd Z(x) du,(x) = /1;1 (f(t,x), VL (x)) dp(x) + /Rd (Ve(x),dvi(x)) fora.e.te[0,T], (5.1)

for the vector field f(¢, x) := F(x, ,) satisfying the structural bounds

(60| <A+ B <|x| + /R T dm>. (5.2)

In order to highlight the structural assumptions needed for the a priori estimates of this section,

we introduce the set
o = {(u,v, f): e AC ([0, T]; Py (RY)), v e M ([0, 7] x R U), € (v, i) < oo, 53)
f:10,7] x RY — R? Borel function satisfying (5.1) and (5.2)}; '

the above discussion shows that if (u,v)e€ o/, then setting f(¢,x):=F(x,u;), we have

(u,v, fled.
Firstly, let us show a uniform bound in time of the first moment, which is the infinite
dimensional version of Lemma 4.1.

Lemma 5.1 If (u,v, f) € o, then the following estimate holds true

sup /R , x| dpas(x) < ( fR , x| dpo(x) + AT + [v] (0, T) x Rd)> T, (5.4)

te[0,7]

In particular, there exists a constant M > 0 only depending on A,B, T, E(u, v) and fRd [x] dpeg
such that

Lf(t,x)| <M1+ |x]) forevery (t,x) € [0, T] x RY. (5.5
Proof Let¢ e C! (RY) be a cut-off function such that 0 < ¢ < 1,

1 it <1,
C(")_{o if x| > 2,
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and |V¢| < 1. Let ¢, be the sequence ¢,(x) := ¢ (x/n). Consider now the product &,(x)|x| and
smooth it out in zero by substituting |x| with g.(x):=+/|x|*> + &. Now ¢,g. is a proper test
function and the following equality holds true:

/ () (it () — / £, (g (X)dptox)
]Rd Rd

- / f (5,0, V(5,02 ()) iy () ds + j f (V) (), dv () ds.
0 R4 0 R4

Thanks to

x|

—<1,
Vix2+e

1
[VEu(x)] < p g() < Ixl+ e, |VgW|=
we can write

/ £, () (D) — / £, () (W dro®)
R4 R4

< (1+*/7E) /0 /R G Dl (s + <1+¢7z> /O / dln, (s

Apply now monotone convergence as ¢ — 0 first, then let » — co. Owing to ¢,|x| /7 |x|, we get

/Rd|x|dltz(x) - Ad |x[deeo(x) E/O .é{d | (s, 0)|dpes(x)ds + v] (0, T) x R)
= _/(; /llgd |:A +B <|x| + /H‘Qd |X| d/J/A(x)>:| d,u«s(X)dS + |V| ((O’ T) X Rd)

t
§AT+ZB// lxldus(x)ds + [v] ((0, T) x RY),
0 JRd

and we conclude by Gronwall inequality. O

Lemma 5.2 If (u,v, f) € o with v =vjl, then for any v € Cﬂip(Rd) the following equality

holds:
d
— f P(x) dp(x) = / (f(t,x)+ v(t,x), VI (x)) dues(x) fora.e te[0,T],
dt R4 R4
where Cﬂip(Rd) denotes the space of continuously differentiable functions with bounded gradient.

Proof Let ¥ € Cﬁip(Rd) and ¢, the sequence of cut-off functions defined in the proof of
Lemma 5.1. Then ¢, is a test function and

d
5 L 6 = [0+ w009, Ve w9
= [ 0+ 560, 95,000+ 6,009 ) o).

Taking into account that |V¢,| < % XB,,» the Lipschitz continuity of ¥, the growth condition on f
and Lemma 5.1, by dominated convergence, we obtain that

/ P 0du () = / 9 (IdL0(x) + / (F(t ) + (2, ), VO () (x).
]Rd Rd Rd
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]

Now we are ready to prove the main result of this section. It involves an auxiliary admissible
function 6 : [0, o) — [0, 00) (according to Definition 2.2) dominated by , i.e.,

O(x]) <1+ ¢¥(x) foreveryxe U, (5.6)

notice that, combining Lemma 2.3 and Remark 2.4, if 1 € P;(RY), we can always find an
admissible function 0 satisfying (5.6) and

/R 000D dpofx) < oo. (5.7)

Proposition 5.3 Let (u, v, f) € o and let © be an admissible function satisfying (5.6) and (5.7).
Then there exists a constant C > 0, depending only on A, B, T, [ga 1x| dpo(x), (i, v), 6(1) and
the doubling constant K of 6 (see (2.4)), such that

sup / e(|x|)duf(x)sC(1+ / 9(|x|)dﬂo(x))- (5.8)
re[0,7] J A RA

Proof Since &(u, v) < 400, we have that v = vfi. We also set 9 (x) := 0(]x|), x € RY.

Step 1: We start by approximating 6 from below with a sequence of C' functions:

o(r) if x| <n

O'(x) :=0"(Ix]), 0"(r):= {9,(,1)(,_”)4_9(”) ifr > n.

Observe that 6" are Lipschitz since (6") (r) < 6'(n), for every r > 0.
t
[ 0w = [ 0@+ [ [ 604060, V" 0hdnods
R4 R4 0 Jrd

< [ @i+ [ [ 160+ o601V 0l s

By construction, 0"(|x]) 7 0(|x]) [V®"(x)| /' |V (x)|, for every x € R?; we can thus pass to the
limit in the relation above to get

/ POd ) < / P0duo() + / / £ + 0D VIWIdms(ds. (5.9)
R4 R4 0 JRY

Step 2: We want to estimate the right-hand side of (5.9). Since 6’(r) > 0 by (2.6) and |V (x)| =
0/ | = 0/(J1, (5.5) vields

[ 19201 = [ (14 D0 a0,
R R
By the monotonicity of 6’ (2.7) in [0, 1] and (2.6), we have

(1+m0'(r) <2K(1 +6(1) +6(r)),
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so that
/Rd | f(s, 0l VI (x)dps(x) < 2MK (1 +9(1)+/1;d 9(|X|)dus(X)>-

Concerning the second term on the right-hand side of (5.9), we have

(s, DIIVI@)] < 6(Jv(s, 0)) + 6" (IVI(x)])
=0(lv(s,x)]) + 070" (Ix])
=0(v(s,x)) + 0'(Ix)lx] — O(|x])
< 0(Jv(s, 0)) + K(1 +0(|x))),

where the equality 0(|x|) + 0*(6'(|x])) = 6’(]x])|x| comes from the definition of the Fenchel
conjugate 9*. What we end up with is the following:

t T t
/0 fR 100, DIl (s < fo /1; 00105, Ol ds + K+ K /0 /}R 0(0xdu (s

<TE&u,v)+(1+K)T+ Kfo /Rd O(|x])dps(x)ds.

Summing up the two estimates, we obtain for every ¢ € [0, T] and a suitable constant C > 0 :

/1; 00D < [R 0o + CT + € /0 /l; 000 (ds,

and thanks to the Gronwall inequality, we get

/ O(Ix)dp(x) <e" ( / 0(x)dpo(x) + CT). 0
R4 R4

6 Proof of the main theorems

6.1 The superposition principle

We first recall the superposition principle for solutions of the continuity equation
Ay + V- (w(t, ) = 0. (6.1)

Let us denote with I'r the complete and separable metric space of continuous functions from
[0, T] to R? endowed with the sup-distance and introduce the evaluation maps e, : 'y — RY
defined by e,(y) := y (¢), for t € [0, T]. The following result holds:

Theorem 6.1 (Superposition principle) Let u; be a narrowly continuous weak solution to (6.1)
with a velocity field w satisfying

T
/ / [w(t, x)| dus(x)dt < 4o00.
0 Jrd
Then there exists w € P(T'r) concentrated on the set of curves y € AC([0, T1; R?) such that

y(&)=w(t,y(t)) forae te|0,T].
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Moreover, ;= (e;)ur for any t € [0,T], i.e.,
[ omaum=[ svware. o ecum.
R4 I'r

For the proof, we refer to Ref. [3, Theorem 3.4].

6.2 I'-convergence
Let us start with a preliminary lemma.

Lemma 6.2 Let (x, u) € AC([0, T1; (RY)N) x L([0, T]; UN) and p = pu[x], v = v[x, u]. Then we
have

1 N
N 2 V() = Yilw)  forae t€[0,T] (6:2)
i=1
Moreover, if (x,u) € &/, then

| X
NE Yui()=Yiw)  foraetel0,T] (6.3)
i=1

Proof Let us first compute the density of v w.r.t. i. We introduce the finite set Iy :={I,
2,...,N} with the discrete topology and the normalised counting measure oy = zlv Zf\; | ;.
We can identify x with a continuous map from [0, 7] x Iy to R, x(z, i) := x;(¢), so that u, =
x(t, -);oy. Similarly, we set u(t, i) := u;(f), where u : [0, T] — U" is a Borel representative. In
order to represent ji and v, it is useful to deal with the map y : [0, T] x Iy — [0, T] x R?, y(t, i) :=
(t, x(t, 1)), which yields i =y, (A ® oy) and v =, (u - (A ® oy)). We denote by ¥ C [0, T x R
the range of y and by

X(={xeR:(t,x)e Y} ={x e R?: x;j(f) = x for some i € Iy}
its fibres. For every (z, x) € [0, T] x R?, we will also consider the set

) o . . ] 1 ifx(H)=x
J(t,x) = {i € Iy : x;(¥) = x} with its characteristic function X,(i) := ) (6.4)
0 otherwise.

Forevery ¢ € [0, T], the collection {X,, : x € X()} provides a partition of unity of 7y and for every
i € Iy, the map (¢, x) — X, is upper semicontinuous in [0, 7] x R?. The conditional measures
ey € P(Iy) are then defined by

/:LI,X(J) = UN(J ﬂJ(t, x))/UN(J(ta .XT)), (ta x) € Y,

since for every J C Iy

1
oy NJ(t,x))= / Xixdoy = N Z X 1x(0),
J ieJ

the map (¢, x) — on(J NJ(t, x)) is also upper semicontinuous and i, is a Borel family.
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One immediately checks that fi,, provides a disintegration (see, €.g., [5, Theorem 5.3.1]) of
A ® oy w.r.t. the map y, i.e.,

A ®oy = / e dji(t, )
[0,T]xR4

Since v =y, (u -(A® UN)), we eventually end up with the representation formula for the Borel
vector field v :

> w(n) if(Lx)ey,

ieJ(t.x)

(t,x) 1= /1 u(t, i) dfios(i) = Ty

v(t,x):=0 otherwise.

In particular,

J(t, x
ve=v(t I =Y el )Sx,
xeX(r)
and consequently
1J(t,x) 1
woduy= [ woumanm= 3 v (s Y un). 69)
R xeX () *M e (tx)
The convexity of ¥ immediately yields
LN
W) < = > W), (6.6)
i=1

Let us show that equality holds in (6.6) if (x, u) € &7V.
Let & be the collection of all the partitions P of Iy. It is clear that for every ¢ € [0, T, the
family P,(¢) := {J(¢,x) : x € X(¢)} is an element of &; moreover for every P € &, the set

Sp:={te[0,T]: Py(t)=P} isBorel (6.7)

To show (6.7), we introduce an order relation on &: we say that P < P, if every element of P,
is contained in some element of P,. We denote by P:={Q € & : P < O} the collection of all the
partitions Q coarser than P.

It is easy to check that for every P € &, the set Py (P) = {t € [0, T] : Px(t) € P} is closed. In
fact, if P.(f) € P, then there is a set / € P not contained in any element of P.(), so that we can
find two indices 7, j € I belonging to different elements of Py(?), i.e., x;(f) # x;(¢). By continuity,
this relation holds in a neighbourhood U of ¢, so that Py(s) & P for every s € U.

Since for every partition P € 2 {P} = P\ U{Q :Qeb,0# P}, it follows that

s=r' PN U B (2).
QeP,0#£P

so that Sp is the difference between closed sets and (6.7) holds.
We can therefore decompose the interval [0, 7] in the finite Borel partition {Sp: P € &}. On
the other hand, for every partition P € & and every pair of indices i, j in / € P, we have x;(t) =
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x;(f) in Sp so that x;(f) = x;(¢) for A-almost every ¢ € Sp and consequently, by (3.8), we obtain that
ui(t) = u;(t) for A-a.e. t € Sp. We eventually deduce

Iy (i > ui(t)> =Y Y(u(t) foreverylePy(f), A-ae.inSp,

tu iel iel
and therefore, by (6.5),

o= Y v <ﬁ—1, Zum) =5 2 Yo

1€P(f) IeP(t) iel

iel

N
= Z V(u(t)) for r-a.e.te Sp.

i=1

Since {Sp : P € &} is a finite Borel partition of [0, 7], we get (6.3). O

Proof of Theorem 3.2 The lim inf inequality. Let (i, v) € AC([0, T]; P1(R?)) x M([0, T] x
R U) and (xV,u") e AC([0, T]; (RH)Y) x LI([0, T]; UY), N eN, such that puV = pu[x"]—
win C([0, T1; P1(RY)) and v = v[x", u¥] —* v in M([0, T] x R?; U).

Since LV >0, L¥(x,xV(f)) = L(x, ;t)) on compact sets and u[x“]—* u, then for every
compact K C R?, by (3.1) we have

lim inf / , LY (3, 2V (1) dp (x)
R

Moo (6.8)
> lim inf / LV (x, 2 (t)) duf(x) = / L(x, ) dpey(x).
N—+o0o Jg K
Since
|
=YLV (0. x" (1) = / LY (x, 2V (1) du (x)
N =1 R4
and L > 0, by (6.8) we obtain
"1 N (N N !
lﬂg.}f]g N ;L (¥ (), x (t)) dt > ]€ /Rd L(x, i) dpes(x) de. (6.9)
By (6.2) we have
N
lzw(uN(t))>\Il(vN| M fora.e. 1€ [0, T] (6.10)
N i . t M - s 41 .
i=1
and Theorem 2.6 yields
T T
liminf][ v (va ’uﬁv) df =lim inf ¥ (vN ’[LN) >VY(vlp)= ][ W (v u,)dt. (6.11)
N—oo [o N—oo 0

By (6.9), (6.10) and (6.11), it follows (3.12).

The lim sup inequality. Recall that ¢ is an admissible function satisfying (2.5). Let (u, v) € <7,
such that E(u, v) < 400 and fRd d(|x|) dpo(x) < oo.
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Since W(v|ft) < 400, we have v = /i for a Borel vector field v : [0, 7] x RY — U. Since
(1, v) € of the continuity equation

e+ V - (w(t, ) =0 (6.12)

holds with the vector field w(¢, x) :=f (¢, x) + v(¢, x), f (¢, x) :== F(x, u;). By (3.5) and Lemma 5.1,
we have that

T
FeC([0,TIxRY), | £(tx)] <M1+ |x]), /(;/Rd|w(t,x)|du,(x)dt<+oo. (6.13)

By Theorem 6.1, there exists a probability measure & € P(I'r) such that (e;)sm = u, for every
t € [0, T] and it is concentrated on the absolutely continuous solutions of the ODE:

YO =£(y () + v, y(@)). (6.14)

The strategy of the proof consists in finding an appropriate sequence of measures 7V € PV(I'y)
narrowly convergent to 7, defining u :=(e,);7" and x" a corresponding curve such that
w[xV]= V. Then the objective is to construct a suitable sequence of controls #” in such a way
that the sequence (x", ") belongs to @V, uV — u in C([0, T]; P1(R)), v =v[x, uV] —=*v
in M([0, T] x R?; U) and (3.16) holds.

Step 1: Definition of auxiliary functionals. We define the set
A:={y elr:y eAC([0,T];RY),(6.14) holds for a.e. t € [0, T}

and we observe that 7(4) = 1.
Starting from p and L, we define the functional £ : 4 — [0, 4-00) by

T
L) = ]ﬁ Ly (0, o) dr.

Starting from v and v, we define the functional F: 4 — [0, +00) by

T
Fy) = ]€ (e, y ()

By Fubini’s theorem and the finiteness of £(u, v), we have

T T
]g /R dL(x,Mz)sz(X)dt=]€ /A Leed(y). ) du(y) di = /A Loydny) (615

and

T T
fo /R d vf(v(r,x»dut(x)dr:]g /A V(0(t, ely)) dr(y) di = /A Fy)dr(y).  (6.16)

We define the functional H : 4 — [0, +00) by

T
H(y) = fo $(1v(t, v (D)) dr

Starting by ¢ satisfying (2.5), we define the functional §: 4 — [0, +00) by

T
5(r) = (¥ O)) + fo (v () dr.
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It is not difficult to show that G and £ are continuous. Here we prove that F and H are lower
semicontinuous. Let y € 4 and (yx)ren be a sequence in 4, such that limy—, o0 SUp;cfo 7 174(1) —
v ()| = 0. We define the sequence f; € L'([0, T]; RY) by fi(£) := v(¢, yi(£)).

If supien J%T d(Jv(t, yr(2))]) df < 400, then by de la Vallée Poussin’s criterion [4, Proposition
1.12] for equi-integrability and Dunford—Pettis theorem, there exist g € L'([0, T]; R¢) and a
subsequence (not relabeled) of f; weakly convergent in L'([0, T']; RY) to g such that

T T
limint oo di= f plgonar
Since y; satisfies
yi(ta) — ye(t) = / ) GO d Y e0. 7] (617)

and y satisfies

y(t) — V(t1)=/ [v(t, y () +f (&, y ()] dz, Vi,5€[0,T] (6.18)

passing to the limit in (6.17) as k — oo, we obtain

y () = y(0) = f "L £ty ()]

By (6.18) it holds:

/Q g(tydt = /fz v(t, y(1))dt, Vi, €[0,T],

o n

and Lebesgue differentiation theorem yields g(t) = v(¢, y(¢)) for a.e. £ € [0, T1].

Step 2: Construction of 7V, We define the function ¥ :=(F, £, 5, H): 4 — R*.

Notice that the finiteness of E&(u,v), (6.15) and (6.16) implies that [, F(y)dm(y)
<400, [, L(y)dn(y) <+ooand [, H(y)dn(y) < +o0. Since [, §(y) dn(y)= fOT Jga (1x])
du,(x) dt, by Proposition 5.3, we also have that fA S(y)dn(y) < +oo.

By Lusin’s theorem applied to the space 4 with the measure 7 and the function §, there exists
a sequence of compact sets A; such that 4, C Ay C A, 7(A\ 4Ay) < %, forall k> 1, and §y, is
continuous. Moreover, we have

o0 o0
lim () =7 UlAj =1, = A\UlA, =0. (6.19)
J= J=

Then we define 7% € P(I'7) by
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It is easy to check that (7%);cy weakly converges to 7 as k — oo; since for each component S
j=1,2,3,4, of § is non-negative, Beppo Levi monotone convergence theorem yields

Jim [ maxo= [

k=1

30 dn(y) = f 30 dr(y), (6.20)
Ag A
and (6.19) easily yields

lim ‘ / St - / T c«y)dn(y)' =o0. (6:21)

Since Ay, is compact, we can find a sequence of atomic measures

1
~k .__
me> 1, = m Z S8yiims  Vikm € Ags

i=1

narrowly convergent to 7k as m — 4o00. Since § 14, is bounded and continuous, in particular, it
holds that

tim [ 50147500 = [ 00070
m—00 Jp,. rr
Hence, for every k € N, there exists m(k) satisfying

Wk =g wd || seeitor- [ smate)|sn vezan, 62
I'r r'r

where W is any distance metrising the weak convergence.
We define 7% := 77y ) and we clearly have that 7* € P"®('r), W(7*, ) — 0 as k — oo and,
by (6.21) and (6.22),

lim

k— 00

S(V)dﬁk()/)—/ S(V)dﬂ()/)'=0- (6.23)
I'r r'r

Since we can choose the sequence k — m(k) strictly increasing, we can consider the sequence
N+ 7V such that 7V € PV(I'y), 7" := ¥ when m(k) < N < m(k + 1); 7 narrowly converges
tomr as N — +o0 and

Jim [ saror= [ 5ear) (624)

Since all the components of § are non-negative and lower semicontinuous maps, by a com-
bination of [4, Proposition 1.62 (a)] and [4, Proposition 1.80], we have that (6.23) yields, in
particular, that the measures

UIN:=3"7T+3"71N, (72N:2971+97rN, 63N:=9{7T+U{7TN, af’::Ln+LnN

weakly converge to o ;=23 1, 05 :=2G 7, 03 :=2H 7 and o4 := 2L 7, respectively. In partic-
ular, they are uniformly tight, so that for every & > 0, there exists N(¢) € N and a compact set B,
and such that

B, CAy, (7 +7tN)(FT\B£)+/ (F+L+TH+G) di +7V)<e forevery N > N(e).

Ir\Bg
(6.25)
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Step 3: Definition of (x", #"V) and convergence. We define u := (¢,); 7" € PV(R?) and we
denote by x" a corresponding curve such that u[x"¥] = u". We define

Ax)=F" (x,x"(0))=F (x,n)), o"(tx):=v(t,x)+f(t,x)—f(t,x) (6.26)
! (1) ==V (1, %) (1) (6.27)

and " = (), ..., uY). Notice that
f(t,x) —fN(t,x) € U and u" € U", thanks to the compatibility condition (3.6).

We have that vV := v[x", u"] = v" 1" Since each component x)' of x" belongs to 4, then the
sequence (xV, #") belongs to 27V, so that (1", v") € o7. Using the same computation of the
proof of Proposition 5.3, taking into account that u"V satisfies

) + V- ((ft. )+ vt ) ) =0, (6.28)

with (recall (6.16) and (6.24))

T
b veemadwa= [ 5ea o<1+ e
0 JRrd I'r
for N sufficiently large, we obtain by (6.13), (5.8) and (5.5) that

sup sup/ x| duf’(x)<+oo, sup sup/ ¢(|x|)duf’(x)<+oo, (6.29)
NeN te[0,T] JRY NeN te[0,7] JRY

which implies the uniform convergence 1V — w in C([0, T]; P;(R%)) and the uniform estimate
|V (t,x)| <M'(1+|x]) foreveryte[0,T], xeR?, NeN, (6.30)
for a suitable constant M’ > 0. By a direct computation, using the assumption (3.7), we obtain

that vV —* v in M([0, T] x R; U).

Step 4: Definition and convergence of 7. We define FV : 4 — [0, +00) by

T
FV(y) = ]€ v (6 y () d. 631)

Here we show that the sequence 7V converges to I uniformly on every compact set A C 4,
for some 7 € N. To do it, we fix A C 4, and we prove that for any y € A and every sequence
(yn)nven C A such that sup,c(o 7y [yv(?) — ¥ ()] — 0, we have FN(yn) = F(y) as N — +o0.

By the assumption (3.7), we have that

N1—1>I-lﬂ-loo ‘f(t9 VN(t)) _fN(ta ]/N(t))| = 09 Vie [09 T]

Since H is continuous in Ay, it holds

T T
lim /0 ¢(|v(l,VN(t))|)dt=/0 o(lv(z, y()]) dz. (6.32)

N—+o0

Since ¢ is strictly convex and superlinear, by Visintin’s Theorem [63, Theorem 3], v(-, yn(-))
strongly converges in L'(0,T) to v(-, ¥(-)). Then, using also the continuity of 1, along a
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subsequence (still denoted by yy), we have

i Yt v () (¢ yv(0) —f Yo, @)= v (@ y(@),  foraete[0,T].
Since by (5.5) and (6.30), we have

| £t yn @) = £ (1 yu ()| < M+ M) (1 + [yw(O)]),

then, using the doubling property and the uniform convergence of yy, we can find a constant C
such that

¥ (90 ) +£ () =70, 7)) = C (14 @10 e )D)-

By (6.32), the generalised dominated convergence theorem (see for instance [35, Theorem 4,
p. 21]) shows that

N—+o0

T T
lim /0 @V (0, (1)) di = /0 Yl y (1)) d.

Step 5: Definition and convergence of £". We define £V : 4 — [0, +-00) by

T
LN(y):= ][O LN(y (1), X" (1)) dt. (6.33)

Here we show that the sequence £V converges to £ uniformly on every compact set A C 4,
for some 4 € N. As in Step 4, we fix A C A4;, and we prove that for every sequence (yy)yeny C A,
with sup,cio 7y lyv(?) — y(0)] = 0, we have LN (yn) = L(y) as N — +o0. Indeed, by (3.1),

Jm LY@, O) =Ly (0, ), V1e[0,T],
Since (yy)y is bounded and Y — w in C([0, T]; P1(R%)), by (3.1) we obtain that

sup LY (yy (1), x" (1)) < +o0.
NeN

By dominated convergence we conclude.

Step 6: Conclusion. By the growth assumptions (6.13) and (6.30) on f, fV, the doubling
property of ¢ and (2.5), we have

Fy)<CU+TF()+S(y) VYyed, VNeN (6.34)
Moreover, by (3.1) and the uniform convergence of iV to u, there exists a constant C such that
LNy)<L(y)+C Vyed, VNeN. (6.35)

Fix ¢ > 0 and let B, and N(¢) such that (6.25) holds and

<E€.

/ Ty )V () — / Ty ) (y)
rr I'r

By (6.34), (6.35) and (6.25), we have

/ Fy)dr + 7)) <e, / LYy +7V)y)<e  YN=N(e).
I'7\Be I7\Be
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Moreover, from the previous step, there exists N(¢) such that

sup |F¥(y) — F(y)| <e, sup |[LN(y)—L(y)|<e  VYN=N(e).

y€Be Y€be
Hence
V() () - f Fodro)| < | [ F0a ) — / :F(y)dn(y)‘
'y r'r Be B
+ / V() () - ff(y)dn(y)‘
I'7\Be C7\Be
<e+2e, V N > max{N(¢e), N(¢)},
which shows that

N@;o . FV(y)dnV(y) = /F ) F(y)dr ().

Analogously we obtain

Jm [ &= [ cwre 0

I'r

6.3 Convergence of minima

Proof of Theorem 3.1 Equi-continuity. Let N be fixed and s <¢. From the constraint (3.8),
we get

1 N
Wi, ') = 5 D7 | s) == o)
i=1

1 N t 1 N ;
Sﬁgf ’FN(xz'(V),xN(r))| dr—}—ﬁ;[ ’ufv(r)} dr

N

(N
si-9+ [ 3 X o)l o,
§ i=1

where C:=A4+ 2B (supN XY (0)|y + AT + supy fOT [t ()| dr) e?BT (see the proof of (4.4))

which is uniformly bounded, since u is converging in P1(R?Y) and E(uN, vY) is uniformly
bounded.

By Remark 2.4, we can select an admissible function 6 satisfying (2.10) with K :={ue} U
{i : N € N}. The uniform bound on (", v") implies that

Tl N
sgp/o N;@ (Ju (1)) dr < +oo,

by the convexity and superlinearity of 6, there exists a uniform modulus of continuity w :
[0, +00) — [0, +00) such that supy [ + SN | 1Y ()] dr < (¢ — ).
Hence we have just shown the equi-continuity property

(), 1)) <ot =sh+Clt=sl  Yi,5€[0,T].
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Compactness. From Theorem 5.3, we have

sup sup / O(|x]) duy(x) < 4o00.
NeN re[0,7] JRY
This implies that the family (u")yen C Pi(RY) is relatively compact (see, e.g., [5,
Proposition 7.1.5]).
The application of Ascoli-Arzela theorem provides a limit curve u € C([0, T]; P;(R)) and a
subsequence, still denoted by w1/, such that
sup Wi (e [x"],, i) > 0. (6.36)
te[0,7]
Concerning the control part, we write v = vV u". Since EV(x", #") is uniformly bounded, we
have

sup/ f N(t x) d,ut (x) dt < +o0.

NeN
By the superlinearity of i and the convergence (6.36), using the same argument of the proof of
Ref. [5, Theorem 5.4.4], we obtain that there exist v : [0, T] x R? — U and a subsequence (again
denoted by v") such that

T
//w(v(f,x))d,uz(x)dt<+oo
0o Jrd

and

T T
lim/ /R dg(t,x)-vN(t,x)duﬁv(x)dt= /0 /R dE(t,x)-v(t,x)d,u,(x)dt,

N—oo [y

V& e C([0, T] x RY R,

This proves the convergence of vV — v :=wvu in M([0, T] x R?; U) and the fact that (i, v)
satisfies (3.9). O

Proof of Theorem 3.3 The first two claims are standard consequence of the I'-convergence
result of Theorem 3.2 and the coercivity property stated in Theorem 3.1. We thus consider the
third claim.

Let us fix 1 € P (RY) with compact support and (i, v) € P(i10). By Theorem 3.2, we can find
a sequence of discrete solutions (ch iV ) corresponding to initial data fcg/ supported in supp(iLo)
and measures (2", Y ) converging to (u, v) such that (3.15) and (3.16) hold. Theorem 3.2 also
yields limy_, o, EV (%)) = E(uo).

Let now (x) )yen be any other sequence satisfying (3.17) with (xV, u") € P(x)') and puV =
w[x], vV = v[x", u"]. Applying Lemma 2.5, we deduce that the associated measures ) satisfy

Jim € (1,1) =0

Up to a permutation of the initial points ()?Af 15X0 25 - - - » X0 ) (and of the corresponding solutions

(ch i )) which, however, leaves i Mo , N, " invariant, we may assume by (2.1) that

1 N
en = Cp (10> 1) = 5 D (I8, —x0il). (6.37)
i=1
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For 0 <8 < 7 and y™9 := 8~ (&) — x)), we can then define a new competitor by

(1) {(%V— 1/8)x + 178 % ifre[0,5),
-5 ifres, T,

W) = NARESY 24 (xﬁv"s,xN"s(t)) ifre[0,9),
" (t—5) ifre[s, 7).

It is easy to check that (x?, uV) € o7 (x])) so that EV(x})) < E¥(x"4, u"%). On the other hand,
TeN (9, ") < 1 / 6 XN:LN (4@ x"0)) det
’ N Jo i=1 l ’

%fo’s i 4 (J/N’S _FN(fo»S,xN,S(t))) di 4 TEN ()}N,ﬁN)-
i=1

From the doubling property and the compactness of supports of (xf)v ), applying the same argument
as in the proof of Theorem 3.2, we get

v (70 =Y (7, 290) ) = ¢ (14 (|8 -] 19))
< ek (1+¢(&3’—xg‘)) 0<5<l.

Setting Mﬁv,a = u[xV4(1)] we get,

T (EN (xN’a, uN"S) —eN (&N,ﬁN)> <Cecyé (1 + eK/‘S) + 6 sup / Y (x, /Lﬁvl> duﬁv’l.
tef0,1] JRY

(6.38)

If we choose § = (V) := —K ( log(cN))_l, since limy . oo SUp;cfo.1) Wi (uM!, 11o) = 0, we see that
the right-hand side of (6.38) tends to 0 as N — oo, so that we eventually obtain

limsup EV (x{) <limsup £V (x"*, u"*) < lim sup &V ()ACN, itN) ‘= E(uo).
N—o0 N—oo N—o0
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