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Abstract Let p be a prime number. For a positive integer n and a real number ξ, let λn(ξ)
denote the supremum of the real numbers λ for which there are infinitely many integer tuples
(x0, x1, . . . , xn) such that |x0ξ − x1|p, . . . , |x0ξn − xn|p are all less than X−λ−1, where X is the maxi-
mum of |x0|, |x1|, . . . , |xn|. We establish new results on the Hausdorff dimension of the set of real numbers
ξ for which λn(ξ) is equal to (or greater than or equal to) a given value.
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1. Introduction

Throughout, we let p denote a prime number. The present paper is concerned with the
simultaneous approximation to successive integral powers of a given transcendental p-adic
number ξ by rational numbers with the same denominator. It is partly motivated by a
mistake found in [6], namely, the definition of the quantity λn(ξ) given in [6, Definition
1.2] is not accurate and leads to the trivial result that λn(ξ) is always infinite. Indeed, for
any fixed non-zero integer y with |yξ|p ≤ 1, the quantity |yξ − x|p can be made arbitrarily
small, by taking a suitable integer x. The authors overlooked the fact that, unlike in the
real case, we can have simultaneously |yξ − x|p very small and |x| much larger than
|y|. Fortunately, they (essentially) argue as they were using the correct definition of the
exponent of approximation λn, which is the following one.

Definition 1.1. Let n ≥ 1 be an integer and ξ a p-adic number. We denote by λn(ξ)
the supremum of the real numbers λ such that, for arbitrarily large real numbers X, the
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inequalities

max{|x0|, . . . , |xn|} ≤ X, 0 < max
1≤m≤n

|x0ξ
m − xm|p ≤ X−λ−1,

have a solution in integers x0, . . . , xn.

We will sometimes use that the above definition remains unchanged if we impose that
the integers x0, . . . , xn have no common factor. To see this, it is sufficient to observe that,
for every integers x0, . . . , xn and any positive integer k, if we have |kx0ξ

m − kxm|p ≤
(k max |xi|)−λ−1, for m = 1, . . . , n, then also |x0ξ

m − xm|p ≤ (max |xi|)−λ−1, for m =
1, . . . , n. This requires a short calculation. The p-adic version of the Dirichlet theorem
(see e.g. [15]) implies that λn(ξ) ≥ 1/n for every irrational p-adic number ξ. Furthermore,
it follows from the p-adic Schmidt Subspace Theorem that λn(ξ) = max{1/n, 1/(d − 1)}
for every positive integer n and every p-adic algebraic number ξ of degree d ≥ 2. Moreover,
almost every p-adic number ξ satisfies λn(ξ) = 1/n for every n ≥ 1. This follows from a
classical result of Sprindžuk [20] combined with the p-adic analogue of the Khintchine
transference theorem, established by Jarńık [11].

In Definition 1.1, the inequalities |x0|, . . . , |xn| ≤ X replace the inequalities 0 < |x0| ≤
X occurring in [6, Definition 1.2]. All results of [6] hold for the exponents λn as in
Definition 1.1, but some of the proofs have to be modified accordingly. Beside pointing
out this mistake, we take the opportunity to considerably extend [6, Theorem 2.3] and
[6, Lemma 5.1]. Our main motivation is the determination of the spectrum of λn, that is,
the set of values taken by λn evaluated at transcendental p-adic numbers. We also aim
at extending to λn the p-adic Jarńık–Besicovich theorem [12, 14], which asserts that, for
any λ ≥ 1, we have

dim{ξ ∈ Qp : λ1(ξ) ≥ λ} = dim{ξ ∈ Qp : λ1(ξ) = λ} =
2

1 + λ
. (1.1)

Here and below, dim denotes the Hausdorff dimension. We do not solve completely
these problems, however, we manage to establish the p-adic analogues of the results of
[1, 18]. In the course of the proofs, we obtain new transference theorems. We also briefly
investigate uniform simultaneous approximation and establish the p-adic analogues of
results of Laurent [13] and Davenport and Schmidt [10]. As a consequence, we can slightly
improve a claim of Teulié [21] on approximation to a p-adic number by p-adic algebraic
numbers (respectively, integers).

Throughout this paper, �·� denotes the integer part function and �·� the ceiling function.
The notation a 	d b means that a exceeds b times a constant depending only on d. When
	 is written without any subscript, it means that the constant is absolute. We write a 
 b
if both a 	 b and a � b hold.

2. Main results

Our first result is a p-adic analogue of [18, Corollary 1.8].

Theorem 2.1. Let n ≥ 2 be an integer and λ > 1 a real number. Then, we have

dim{ξ ∈ Qp : λn(ξ) ≥ λ} = dim{ξ ∈ Qp : λn(ξ) = λ} =
2

n(1 + λ)
.
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Theorem 2.1 was established under the much weaker condition λ > n − 1 in [6] (note
that the correct definition of λn is used in the proof of [6, Theorem 2.3]). By adapting
the arguments of [1] to the p-adic setting, if n ≥ 3 we can relax the assumption λ > 1 in
Theorem 2.1. The next results are the p-adic analogues of Theorems 2.1 to 2.3 of [1].

Theorem 2.2. Let n ≥ 3 be an integer. The spectrum of λn contains the interval
[(n + 4)/(3n),+∞]. Let λ ≥ (n + 4)/(3n) be a real number. Then, we have

dim{ξ ∈ Qp : λn(ξ) = λ} =
2

n(1 + λ)
.

In particular, for any real number λ with λ > 1/3, there exists an integer n0 such that

dim{ξ ∈ Qp : λn(ξ) = λ} =
2

n(1 + λ)
,

for any integer n greater than n0.

We believe that Theorem 2.2 holds for n = 2 too. In view of Theorem 2.1, the conclusion
of this theorem is satisfied for all λ > 1 = (2 + 4)/(3 · 2). Therefore, only the case of
n = 2, λ = 1 remains open.

Theorem 2.3 shows that the assumption ‘λ > 1/3’ in the last assertion of Theorem 2.2
is sharp.

Theorem 2.3. For any integer n ≥ 2, we have

dim{ξ ∈ Qp : λn(ξ) ≥ 1/3} ≥ 2
(n − 1)(1 + 1/3)

.

Theorems 2.2 and 2.3 show that there is a discontinuity at 1/3 in the following sense.
The function n 
→ ndim{ξ ∈ Qp : λn(ξ) = λ} is ultimately constant equal to 2/(1 + λ)
for λ > 1/3, while the values taken by the function

n 
→ ndim{ξ ∈ Qp : λn(ξ) = 1/3}
are all greater than 2/(1 + 1/3).

Theorems 2.2 and 2.3 are special cases of the following general statement.

Theorem 2.4. Let k, n be integers with 1 ≤ k ≤ n. Let λ be a real number with
λ ≥ 1/n. Then we have

dim{ξ ∈ Qp : λn(ξ) ≥ λ} ≥ (k + 1)(1 − (k − 1)λ)
(n − k + 1)(1 + λ)

. (2.1)

If λ > 1/�n+1
2 �, then, setting m = 1 + �1/λ�, we have

dim{ξ ∈ Qp : λn(ξ) ≥ λ} ≤ max
1≤h≤m

{
(h + 1)(1 − (h − 1)λ)
(n − 2h + 2)(1 + λ)

}
. (2.2)

Theorem 2.3 corresponds to (2.1) applied with λ = 1/3 and k = 2. The deduction of
Theorem 2.2 from Theorem 2.4 follows the same lines as in the real case. Thus, we
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omit it and refer the reader to [1], and only remark that the special case n = 2, λ = 1
remains open, since the p-adic analogue of the metric results on planar curves obtained
in [2, 22] has not yet been established. For k ≥ 2, we remark that (2.1) is of interest for
λ < 1/(k − 1) only, otherwise the right-hand side is not positive.

A key ingredient for the proof of (2.1) is a transference inequality, which relates the
exponents of Diophantine approximation λn and wk, with k ≤ n. The exponents wn were
introduced by Mahler [16] to measure how small an integer linear form in the first n
powers of a given p-adic number can be.

Definition 2.5. Let n ≥ 1 be an integer and ξ a p-adic number. We denote by wn(ξ)
the supremum of the real numbers w such that, for arbitrarily large real numbers X, the
inequalities

0 < |xnξn + · · · + x1ξ + x0|p ≤ X−w−1, max
0≤m≤n

|xm| ≤ X,

have a solution in integers x0, . . . , xn.

For similar reasons as in Definition 1.1 we can impose to the integers x0, . . . , xn in
Definition 2.5 to be coprime. It follows from the Dirichlet Box Principle that wn(ξ) ≥ n
for every n ≥ 1 and every transcendental p-adic number ξ. For an algebraic number ξ
of degree d we have wn(ξ) = min{n, d − 1}. Finally, we remark that w1(ξ) = λ1(ξ) for
every ξ.

Theorem 2.6. Let k, n be integers with 1 ≤ k ≤ n. Let ξ be a p-adic transcendental
number. Then, we have

λn(ξ) ≥ wk(ξ) − n + k

(k − 1)wk(ξ) + n
. (2.3)

The case k = n of Theorem 2.6 has been established by Jarńık [11] (this is the p-adic
analogue of an inequality in Khintchine’s transference theorem).

For completeness, we state another transference inequality, whose real analogue is [1,
Theorem 2.4].

Theorem 2.7. Let ξ be a p-adic transcendental number. For any positive integer k,
we have

(k + 1)
(
1 + λk+1(ξ)

) ≥ k
(
1 + λk(ξ)

)
,

with equality if λk+1(ξ) > 1. Consequently, for every integer n with n ≥ k, we have

λn(ξ) ≥ kλk(ξ) − n + k

n
,

with equality if λn(ξ) > 1.

Taking k = 1 and n arbitrary, Theorem 2.7 shows that, if λn(ξ) > 1, then λ1(ξ) =
nλn(ξ) + n − 1. Combined with (1.1), this gives an alternative proof of Theorem 2.1.

We take the opportunity of this paper to present new results on the exponents of
uniform approximation λ̂n and ŵn.
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Definition 2.8. Let n ≥ 1 be an integer and ξ a p-adic number. We denote by λ̂n(ξ)
the supremum of the real numbers λ̂ such that, for every sufficiently large real number
X, the inequalities

max{|x0|, . . . , |xn|} ≤ X, 0 < max
1≤m≤n

|x0ξ
m − xm|p ≤ X−λ̂−1,

have a solution in integers x0, . . . , xn. We denote by ŵn(ξ) the supremum of the real
numbers ŵ such that, for every sufficiently large real number X, the inequalities

max{|x0|, . . . , |xn|} ≤ X, 0 < |xnξn + · · · + x1ξ + x0|p ≤ X−ŵ−1,

have a solution in integers x0, . . . , xn.

By Dirichlet’s Theorem, for every p-adic number ξ, we have the relations

λn(ξ) ≥ λ̂n(ξ) ≥ 1
n

, wn(ξ) ≥ ŵn(ξ) ≥ n. (2.4)

We remark that for the uniform exponents, and unlike in Definitions 1.1 and 2.5, we
cannot impose that the integers x0, . . . , xn are coprime, without losing property (2.4).
Theorem 2.9 is the p-adic analogue of a result of Schleischitz [19, Theorem 2.1].

Theorem 2.9. Let m,n be positive integers and ξ a p-adic transcendental number.
Then

λ̂m+n−1(ξ) ≤ max
{

1
wm(ξ)

,
1

ŵn(ξ)

}
. (2.5)

The case m = 1 of Theorem 2.9 implies the following result: For any integer n ≥ 1 and
any transcendental p-adic number ξ, we have

λ̂n(ξ) ≤ max
{

1
n

,
1

λ1(ξ)

}
. (2.6)

This is the p-adic analogue of [18, Theorem 1.12]. An alternative proof of (2.6) can be
supplied by adapting to the p-adic setting the arguments given in [1, Section 5].

For k ≥ 1, by applying Theorem 2.9 with m = n = �k/2� and noticing that k ≥
2�k/2� − 1, we get

λ̂k(ξ) ≤ λ̂2�k/2�−1(ξ) ≤ max
{

1
w�k/2�(ξ)

,
1

ŵ�k/2�(ξ)

}
≤ 1⌈

k
2

⌉ .

In fact, the stronger claim holds that for some c = c(k, p, ξ) > 0 the system

0 < max{|x0|, . . . , |xk|} ≤ X, max
1≤m≤k

|x0ξ
m − xm|p ≤ cX− 1

�k/2�−1, (2.7)

has no integral solution for certain arbitrarily large X, thereby establishing the p-adic
analogue of a result of Laurent [13] on uniform simultaneous approximation to the first n
powers of a real number. The stronger version (2.7) is justified by the application of the
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refined claims in Theorems 6.1 and 6.2 (that imply Theorem 2.9), we skip the details.
Furthermore, by applying Theorem 2.9 with m = n = k, we get

1
2k − 1

≤ λ̂2k−1(ξ) ≤ max
{

1
wk(ξ)

,
1

ŵk(ξ)

}
=

1
ŵk(ξ)

.

Again a stronger claim involving a multiplicative constant, as in (2.7), can be proved,
which is the p-adic analogue of [10, Theorem 2b]. We have thus established the following
theorem.

Theorem 2.10. For every positive integer n and every p-adic transcendental number
ξ, we have

ŵn(ξ) ≤ 2n − 1 (2.8)

and

λ̂n(ξ) ≤
⌈n

2

⌉−1

. (2.9)

For even integers n, (2.9) has already been established by Teulié [21], who got the
slightly weaker upper bound 1/�n/2� for odd integers n ≥ 5.

By applying a well-known transference theorem [10, 21], we deduce from (2.7) a slight
improvement on Teulié’s results on approximation to a p-adic transcendental number by p-
adic algebraic numbers (respectively, integers) of prescribed degree. As usual, throughout
this paper, the height H(P ) of an integer polynomial P (X) is the maximum of the
absolute values of its coefficients and the height H(α) of a p-adic algebraic number α
is the height of its minimal defining polynomial over Z with coprime coefficients. Let
ξ be a p-adic number. Let n ≥ 2 be an integer. Then, there exists a positive constant
c = c(n, p, ξ) such that the inequality

|ξ − α|p ≤ cH(α)−�n
2 �−1 (2.10)

has infinitely many solutions in p-adic algebraic numbers α of degree exactly n and also,
if |ξ|p = 1, in p-adic algebraic integers of degree exactly n + 1.

3. Proof of Theorem 2.1

We start with a general observation. It is clear that for every p-adic number ξ and every
non-zero rational number r, any of the irrationality exponents wk, ŵk, λk and λ̂k(ξ) takes
the same value at the points ξ and rξ. Since Qp =

⋃
m∈Z

pmZp, for all A ⊂ R and ν in
{wk, ŵk, λk, λ̂k}, we have

dim{ξ ∈ Qp : ν(ξ) ∈ A} = dim{ξ ∈ Qp : |ξ|p = 1 and ν(ξ) ∈ A}.
Therefore, throughout all the proofs, we may assume without loss of generality that
|ξ|p = 1.

Proof of Theorem 2.1. Let n ≥ 2 be an integer and ξ a p-adic number with
λn(ξ) > 1. Let λ be a real number with 1 < λ < λn(ξ). Then, there are integers
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q, p1, . . . , pn, with Q = max{|q|, |p1|, . . . , |pn|} arbitrarily large and gcd(q, p1, . . . , pn) = 1,
such that

|qξj − pj |p < Q−λ−1, j = 1, . . . , n.

Since |ξ|p = 1, we observe that p does not divide the product qp1 · · · pn. Note that

|pj+1 − pjξ|p = |pj+1 − qξj+1 − ξ(pj − qξj)|p < Q−λ−1, j = 1, . . . , n − 1.

Set p0 = q. Observe that, for j = 1, . . . , n − 1, we have

Δj := pj−1pj+1 − p2
j = pj−1(pj+1 − pjξ) − pj(pj − pj−1ξ),

thus, by the triangle inequality,
|Δj |p < Q−1−λ.

Since |Δj | ≤ 2Q2, we get that any non-zero Δj should satisfy |Δj |p ≥ (2Q2)−1. Therefore,
if Q is sufficiently large and λ > 1, we get that

Δ1 = . . . = Δn−1 = 0,

which implies that there exist coprime non-zero integers a, b such that

p1

q
=

p2

p1
= · · · =

pn

pn−1
=

a

b
.

We deduce at once that the point(p1

q
, . . . ,

pn

q

)
=

(a

b
, . . . ,

(a

b

)n)
lies on the Veronese curve x 
→ (x, x2, . . . , xn) and that q (respectively, pn) is an integer
multiple of bn (respectively, of an). We remark that, since gcd(q, p1, . . . , pn) = 1, we have
in fact (q, p1, . . . , pn) = ±(bn, bn−1a, . . . , an). In particular, we get

|qξ − p1|p = |bξ − a|p < Q−1−λ ≤ (max{|a|, |b|})−n(1+λ). (3.1)

This proves that
λn(ξ) > 1 implies λ1(ξ) ≥ n(1 + λn(ξ)) − 1. (3.2)

Furthermore, since Q (and, thus, max{|a|, |b|}) is arbitrarily large, we deduce from (3.1)
and the (easy half of the) p-adic Jarńık–Besicovich theorem (see (1.1)) that

dim{ξ ∈ Qp : λn(ξ) ≥ λ} ≤ 2
n(1 + λ)

.

The reverse inequality is easier. Let λ > λ1(ξ) be a real number and a, b be (large) integers
not divisible by p (recall that |ξ|p = 1) such that

|bξ − a|p ≤ max{|a|, |b|}−1−λ.

Then, for j = 1, . . . , n, we have

|bjξj − aj |p ≤ max{|a|, |b|}−1−λ and |bnξj − ajbn−j |p ≤ max{|a|, |b|}−1−λ,
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giving that
max

1≤j≤n
|bnξj − ajbn−j |p ≤ max{|an|, |bn|}−(1+λ)/n.

This proves that

λn(ξ) ≥ 1 + λ1(ξ)
n

− 1, (3.3)

which is the content of [6, Lemma 5.1]. Consequently,

{ξ ∈ Qp : λn(ξ) ≥ λ} ⊃ {ξ ∈ Qp : λ1(ξ) ≥ n(λ + 1) − 1},
and we conclude by (1.1). �

4. Proofs of the transference inequalities

Before proceeding with the proof of Theorem 2.6, we have to adapt to the p-adic setting
the argument used by Champagne and Roy [9] to improve the transference inequality
obtained in [1, Theorem 3.1]. We begin with a definition.

Definition 4.1. Let n ≥ 1 be an integer and ξ a p-adic number. We denote by wlead
n (ξ)

the supremum of the real numbers w such that, for arbitrarily large real numbers X, the
inequalities

max{|x0|, . . . , |xn|} ≤ X, 0 < |xnξn + · · · + x1ξ + x0|p ≤ X−w−1,

have a solution in integers x0, . . . , xn with |xn| = max{|x0|, . . . , |xn|} and |xn|p = 1.

The next lemma is a p-adic analogue to [9, Theorem].

Lemma 4.2. Let k ≥ 1 be an integer and r0, . . . , rk be distinct integers. There is an
integer M ≥ 1 such that, for each non-zero ξ in Qp, there exists at least one index i
in {0, 1, . . . , k} with ξ �= pri|ξ|−1

p , for which the p-adic number ξi = 1/(M(|ξ|pξ − pri))
satisfies wlead

k (ξi) = wk(ξi) = wk(ξ).

Proof. If ξ = a/b is rational and i is such that ξ �= pri|ξ|−1
p , then ξi is rational and

wk(ξ) = wk(ξi) = wlead
k (ξi) = 0.

Let ξ be an irrational p-adic number. Define ξ′ = |ξ|pξ and observe that |ξ′|p = 1 and
wk(ξ) = wk(ξ′). We follow the proof of [9], with suitable modifications. By Lagrange Inter-
polation Formula, there exists a positive constant C1 such that every integer polynomial
P (X) of degree at most k satisfies

H(P ) ≤ C1 max{|P (pri)| : 0 ≤ i ≤ k}.
There also exists a positive constant C2 such that

max{H(P (X + pri)) : 0 ≤ i ≤ k} ≤ C2H(P ).

Let M be an integer greater than C1C2 and not divisible by p. By definition of wk(ξ′),
there exists a sequence of polynomials (Pj)j≥1 in Z[X] of degree at most k such that
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H(Pj+1) > H(Pj) for j ≥ 1 and

lim
j→∞

− log |Pj(ξ′)|p
log H(Pj)

= wk(ξ) + 1. (4.1)

Furthermore, since |ξ′|p = 1, we may assume that, for j ≥ 1, the constant coefficient of
Pj(X) is not divisible by p. In particular, Pj(pri) is not divisible by p, for j ≥ 1 and
0 ≤ i ≤ k.

There exist i in {0, 1, . . . , k} and an infinite set S of positive integers such that H(Pj) ≤
C1|Pj(pri)| for every j in S. Let j be in S. Set

Qj(X) = (MX)kPj

(
1

MX
+ pri

)
∈ Z[X].

The absolute value of the coefficient of Xk in Qj(X) is Mk|Pj(pri)|, while its other
coefficients have absolute value at most

Mk−1H(Pj(X + pri)) ≤ C2M
k−1H(Pj) ≤ C1C2M

k−1|Pj(pri)| ≤ Mk|Pj(pri)|.

Consequently, the absolute value of the leading coefficient of Qj(X) is equal to the height
of Qj(X) and is not divisible by p. We also have |pri − ξ′|p = 1 and, setting

ξi =
1

M(ξ′ − pri)
,

we check that |ξi|p = 1 and

|Qj(ξi)|p = |Mξi|kp|Pj(ξ′)|p = |Pj(ξ′)|p.

Since the quotient H(Qj)/H(Pj) is bounded from above and from below by positive
constants, we deduce from (4.1) that

lim
j→∞,j∈S

− log |Qj(ξi)|p
log H(Qj)

= wk(ξ) + 1.

This shows that wlead
k (ξi) ≥ wk(ξ). As ξi is the image of ξ′ by a linear fractional trans-

formation with rational coefficients, we have wk(ξi) = wk(ξ′) = wk(ξ). Since wk(ξi) ≥
wlead

k (ξi), this proves the lemma. �

Proof of Theorem 2.6. The case k = 1 has been established in [11]. Let k, n be
integers with 2 ≤ k ≤ n. Let ξ be a transcendental p-adic number. Let ε be a positive
real number.

Assume first that wk(ξ) = wlead
k (ξ) and that wk(ξ) is finite. For arbitrarily large

integers H, there exist integers a0, a1, . . . , ak, not all zero, such that H = |ak| =
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max{|a0|, |a1|, . . . , |ak|} and p does not divide ak, and

H−wk(ξ)−1−ε ≤ |akξk + · · · + a1ξ + a0|p ≤ H−wk(ξ)−1+ε. (4.2)

Take such an integer H and set

ρ := akξk + · · · + a1ξ + a0.

Observe that the absolute value of the determinant of the (n + 1) × (n + 1) matrix

M :=

⎛
⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1 0 0 · · · 0 · · · · · · · · · 0
0 1 0 · · · 0 · · · · · · 0
...

...
...

. . .
...

...
...

...
0 0 0 · · · 1 0 0 · · · 0
a0 a1 a2 · · · ak−1 ak 0 · · · 0
0 a0 a1 · · · ak−2 ak−1 ak · · · 0
...

...
...

. . .
...

...
...

. . .
...

0 0 0 · · · · · · · · · · · · ak−1 ak

⎞
⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

.

is equal to Hn−k+1. It then follows from Satz 1 of Mahler [15] that there exist integers
v0, . . . , vn, not all zero, such that

|v0ξ
j − vj |p ≤ |ρ|p, 1 ≤ j ≤ k − 1,

|a0vi + a1vi+1 + · · · + akvi+k| ≤ p−1, 0 ≤ i ≤ n − k,

|vi| ≤ (pH)(n−k+1)/k|ρ|−(k−1)/k
p , 0 ≤ i ≤ k − 1.

Since the aj ’s and vj ’s are integers, we get that

a0vi + a1vi+1 + · · · + akvi+k = 0, 0 ≤ i ≤ n − k.

Taking i = 0 above and recalling that |ak| = max{|a0|, |a1|, . . . , |ak|}, we get that |vk| ≤
k(pH)(n−k+1)/k|ρ|−(k−1)/k

p and, by increasing i step by step, in a similar way we estimate

|vk+1|, . . . , |vn| ≤ kn−k(pH)(n−k+1)/k|ρ|−(k−1)/k
p .

Furthermore, for i = 0, . . . , n − k, we have

|akv0ξ
i+k − akvi+k|p =

∣∣v0

(
ak−1ξ

i+k−1 + · · · + a1ξ
i+1 + a0ξ

i − ρξi
)

− (a0vi + a1vi+1 + · · · + ak−1vi+k−1)
∣∣
p
.

Since |ak|p = 1, we derive inductively that

|v0ξ
i+k − vi+k|p �p,n,ξ |ρ|p, i = 0, . . . , n − k. (4.3)

Recall that
max{|v0|, |v1|, . . . , |vn|} �p,n H(n−k+1)/k|ρ|−(k−1)/k

p . (4.4)
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Since ε can be taken arbitrarily close to 0, we deduce at once from (4.2)–(4.4) that

λn(ξ) ≥ wk(ξ) − n + k

(k − 1)wk(ξ) + n
.

An inspection of the proof shows that it yields λn(ξ) ≥ 1/(k − 1) when wk(ξ) is infinite,
so (2.3) holds in all cases, provided that wk(ξ) = wlead

k (ξ).
If wk(ξ) > wlead

k (ξ), then we apply (2.3) with ξ replaced by a p-adic number ξi satisfying
the conclusion of Lemma 4.2. Since λn(ξ) = λn(ξi), we deduce that (2.3) holds in all
cases. �

Proof of Theorem 2.7.. Write λk = λk(ξ). Assume that λk is finite (otherwise, it
follows from (3.2) and (3.3) that λk+1(ξ) is infinite and we are done). Let ε be a positive
real number. There exist integers q, v1, . . . , vk, with Q = max{|q|, |v1|, . . . , |vn|} arbitrarily
large, such that

Q−λk−1−ε ≤ max{|qξ − v1|p, . . . , |qξk − vk|p} ≤ Q−λk−1+ε, (4.5)

where Q = max{|q|, |v1|, . . . , |vk|}. Take such an integer Q. In particular, q is non-zero. It
follows from Siegel’s lemma (see [5, Lemma 2.9.1]) that there exist integers a0, a1, . . . , ak,
not all zero, such that

a0q + a1v1 + · · · + akvk = 0

and

1 ≤ H := max{|a0|, |a1|, . . . , |ak|} �k Q1/k.

We may assume ak �= 0, otherwise we replace k by the largest index j with aj �= 0 in the
argument below. Then, we derive from (4.5) that

|q(akξk + · · · + a1ξ + a0)|p
= |q(akξk + · · · + a1ξ + a0) − (akvk + · · · + a1v1 + a0q)|p ≤ Q−λk−1+ε. (4.6)

Using triangle inequalities, we get from (4.5) and (4.6) that

|akqξk+1 + ak−1vk + ak−2vk−1 + · · · + a1v2 + a0v1|p
≤ max{|q(akξk+1 + . . . + a0ξ)|p, |q(ak−1ξ

k + · · · + a0ξ) − ak−1vk − . . . − a0v1|p}
�ξ max{|q(akξk + · · · + a1ξ + a0)|p, Q−λk−1+ε}
�ξ Q−λk−1+ε. (4.7)

Since ak �= 0, it now follows from

|ak−1vk + ak−2vk−1 + · · · + a1v2 + a0v1| �k Q1+1/k,

(4.5), and (4.7) that

1 + λk+1(ξ) ≥ λk(ξ) + 1 − ε

1 + 1/k
.
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As ε can be chosen arbitrarily close to 0, we deduce that

(k + 1)
(
1 + λk+1(ξ)

) ≥ k
(
1 + λk(ξ)

)
.

This concludes the proof of the first inequality of the theorem. By iterating it, we
immediately get the last inequality. In particular, we obtain

(k + 1)(λk+1(ξ) + 1) ≥ λ1(ξ) + 1 and k(λk(ξ) + 1) ≥ λ1(ξ) + 1. (4.8)

Assume now that λk+1(ξ) > 1. Then, we also have λk(ξ) > 1 and we get from (3.2) that
λ1(ξ) ≥ (k + 1)(1 + λk+1(ξ)) − 1 and λ1(ξ) ≥ k(1 + λk(ξ)) − 1. Combined with (4.8), this
gives at once

(k + 1)
(
1 + λk+1(ξ)

)
= k

(
1 + λk(ξ)

)
.

By iterating this equality, we obtain that the last inequality of the theorem is an equality
when λn(ξ) exceeds 1. �

5. Proof of Theorem 2.4

The following result, established by Bernik and Morotskaya [4, 17] (see also [3, Section
6.3]), is a key ingredient in the proof of Theorem 2.4.

Theorem 5.1. For every positive integer n and every real number w with w ≥ n, we
have

dim{ξ ∈ Qp : wn(ξ) ≥ w} =
n + 1
w + 1

. (5.1)

We observe that Theorem 5.1 extends (1.1).

Proof of the first assertion of Theorem 2.4.. Let k, n be integers with 1 ≤ k ≤
n. For k = 1, inequality (2.1) follows from combining (1.1) with the inclusion

{ξ ∈ Qp : λn(ξ) ≥ λ} ⊃ {ξ ∈ Qp : λ1(ξ) ≥ nλ + n − 1}
that follows from the consequence λn(ξ) ≥ (λ1(ξ) − n + 1)/n of Theorem 2.7. For k ≥ 2
and λ in [1/n, 1/(k − 1)), inequality (2.3) implies that

{ξ ∈ Qp : λn(ξ) ≥ λ} ⊃
{

ξ ∈ Qp : wk(ξ) ≥ (λ + 1)n − k

1 − λ(k − 1)

}
. (5.2)

By Theorem 5.1, this yields (2.1). Finally, the assertion is trivial if λ ≥ 1/(k − 1). �

The proof of the second assertion of Theorem 2.4 requires more work. We keep the same
steps as in the proof of its real analogue. Instead of appealing to a result of Davenport
and Schmidt [10] as in [1], we make use of its p-adic analogue, which was proved by Teulié
[21, Lemme 3].

We consider the (n + 1)-tuples p := (q, p1, p2, . . . , pn) of integers which approximate at
least one point (ξ, ξ2, . . . , ξn) on the Veronese curve, that is, which satisfy

|qξi − pi|p �ξ,n Q−λ−1, i = 1, . . . , n, with Q = max{|q|, |p1|, . . . , |pn|}. (5.3)

For convenience, we will often write p0 instead of q.
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Throughout this section, we extensively make use of matrices of the form

Δm,k :=

⎛
⎜⎜⎜⎝

pk−m+1 pk−m+2 · · · pk

pk−m+2 pk−m+3 · · · pk+1

...
...

. . .
...

pk pk+1 · · · pk+m−1

⎞
⎟⎟⎟⎠ .

Observe that Δm,k is an m × m matrix with pk in its antidiagonal. The matrices Δ2,k

have been used in the proof of Theorem 2.1.

Proposition 5.2. Assume that a tuple p = (p0, . . . , pn) in Zn+1 satisfies (5.3) for some
p-adic number ξ. Then, we have

|piξ − pi+1|p �ξ,n Q−λ−1, fori ∈ {0, . . . , n − 1} (5.4)

and

|det(Δ2,i)|p �ξ,n Q−λ−1, fori ∈ {1, . . . , n − 1}. (5.5)

Conversely, if an integer tuple p in Zn+1 with |p0|p, . . . , |pn|p 	 1 satisfies (5.5), then
there exists a p-adic number ξ for which (5.3) is true.

Proof. For the first two statements, see the beginning of the proof of Theorem 2.1
and observe that the assumption |ξ|p = 1 can be removed.

For the last statement, consider an integer tuple p which satisfies (5.5). Then, for
i = 1, . . . , n − 1, we have

|p2
i − pi−1pi+1|p �ξ,n Q−1−λ.

Setting ξ := p1/p0, these inequalities yield, for i in {0, 1, . . . , n − 1},∣∣∣∣ξ − pi+1

pi

∣∣∣∣
p

� ξ,n Q−1−λ, thus |piξ − pi+1|p � ξ,n Q−1−λ.

Now we use induction on i. For i = 0 and setting q = p0, the statement |qξ − p1|p �ξ,n

Q−1−λ follows from the last estimate. Assuming that (5.3) is true for i in {0, 1, . . . , n − 1},
we deduce from

|qξi+1 − pi+1|p = |(qξi − pi)ξ + piξ − pi+1|p �ξ,n Q−1−λ,

that it is also true for i + 1. �

The next proposition is the p-adic analogue of [1, Proposition 4.2].

Proposition 5.3. Let p be in Zn+1 which satisfies (5.5). Let ξ be given by the last
assertion of Proposition 5.3. Then, for any positive integers m, k with k − m + 1 ≥ 0 and
k + m − 1 ≤ n, we have

|det(Δm,k)|p �ξ,n Q−(m−1)(λ+1).
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Proof. For integers i, j with 0 ≤ j < i ≤ n − 1, observe that |pjξ
i−j − pi|p is, up to a

factor that depends on ξ only, at most equal to

max{|pjξ
i−j − pj+1ξ

i−j−1|p, |pj+1ξ
i−j−1 − pj+2ξ

i−j−2|p, . . . , |pi−1ξ − pi|p},

thus, by (5.4), we have

|pjξ
i−j − pi|p �ξ,n Q−(λ+1).

To compute the determinant of the matrix Δm,k, we replace its hth column by ξm−h

times this column minus the last column. Then, we expand the determinant as a sum
of m! products of m terms. Each of this product is the product of an integer by m − 1
terms which are p-adically �ξ,n Q−(λ+1). This proves the proposition. �

The proof of Proposition 5.3 can easily be adapted to show the next proposition, which
is more general.

Proposition 5.4. Let p be in Zn+1 which satisfies (5.5) and m a positive integer.
Let ξ be given by the last assertion of Proposition 5.3. For i = 0, . . . , n − m + 1, let yi

denote the vector (pi, pi+1, . . . , pi+m−1). Then, for any sequence c1, c2, . . . , cm of integers
in {0, . . . , n − k + 1}, the determinant d(c1, . . . , cm) of the m × m matrix composed of
the vectors yc1

,yc2
, . . . ,ycm

satisfies

|d(c1, . . . , cm)|p �ξ,n Q−(m−1)(λ+1).

The next auxiliary result is [21, Lemme 3].

Theorem 5.5. Let a0, a1, . . . , ah be integers with no common factor throughout.
Assume that, for some non-negative integers t, k with k + h − 1 ≤ t and t + h ≤ n, the
integers pk, pk+1, . . . , pt+h are related by the recurrence relation

a0pi + a1pi+1 + · · · + ahpi+h = 0, k ≤ i ≤ t.

Let Z be the maximum of the absolute values of all the h × h determinants formed from
any h of the vectors yi := (pi, pi+1, . . . , pi+h−1), i = k, . . . , t + 1. Let p−ρ with ρ > 0 be
the maximum of the p-adic absolute values of all the h × h determinants formed from
any h of the vectors yi := (pi, pi+1, . . . , pi+h−1), i = k, . . . , t + 1. If Z is non-zero, then

max{|a0|, |a1|, . . . , |ah|} �ξ,n (Zp−ρ)1/(t−k−h+2).

Proof of the second assertion of Theorem 2.4.. Let λ > 1/�(n + 1)/2� be a real
number and set m = 1 + �1/λ�. Let ξ be a transcendental p-adic number such that
λn(ξ) ≥ λ and consider an (n + 1)-tuple p for which (5.3) is satisfied and Q is large
enough.
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Let h be the smallest non-negative integer number such that the matrix

Ph :=

⎛
⎜⎜⎜⎝

p0 p1 · · · pn−h−1 pn−h

p1 p2 · · · pn−h pn−h+1

...
...

. . .
...

...
ph ph+1 · · · pn−1 pn

⎞
⎟⎟⎟⎠ .

has rank at most h. Obviously, h ≤ �n+1
2 �, because for � = �n+1

2 � the matrix P� has more
rows than columns and its rank is at most �. Also, we have h ≥ 1 since p is not the
zero vector. On the other hand, for q = p0 large enough, we get h ≤ m. Indeed, consider
m + 1 arbitrary columns of the matrix Pm. By Proposition 5.4, the determinant of the
integer matrix formed from these columns has p-adic absolute value at most cQ−m(λ+1)

for some positive constant c = c(n, ξ). Since all its entries are integers of absolute value
at most Q, the p-adic absolute value of this determinant is either 0, or at least Q−(m+1).
Consequently, since λ > 1/m, for Q large enough, this determinant is zero. Since λ >
1/�(n + 1)/2�, we have

h ≤ m ≤
⌊

n + 1
2

⌋
. (5.6)

By construction of the matrix Ph, there exist integers a0, a1, . . . , ah with no common
factor such that

a0pi + a1pi+1 + · · · + ahpi+h = 0, 0 ≤ i ≤ n − h. (5.7)

Note that the matrix Ph−1 has rank h and therefore the value of Z, defined in Theorem 5.5,
is non-zero. Moreover, with ρ defined as in Theorem 5.5, Propositions 5.3 and 5.4 imply
that

Zp−ρ �ξ,n QhQ−(h−1)(λ+1).

From inequality (5.6), we have h − 1 ≤ n − h and thus all the assumptions of Theorem 5.5
are satisfied. Applied with k = 0 and t = n − h, it yields

H := max{|a0|, |a1|, . . . , |ah|} ≤ (Zp−ρ)1/(n−2h+2) �ξ,n Q
h−(h−1)(λ+1)

n−2h+2 .

Consider the relation (5.7) for i = 0 and divide it by p0 = q. Then, the condition (5.3)
implies that

|ahξh + ah−1ξ
h−1 + · · · + a0|p �ξ,n |q|−1

p Q−1−λ �ξ,n Q−1−λ �ξ,n H− (1+λ)(n−2h+2)
h−(h−1)(λ+1) .

Here, in the second inequality, we used that |q|p 	ξ,n 1, by (5.3). Indeed, if otherwise
|q|p < min{|ξ|−n

p , 1}, then, since p does not divide all pi, we get |ξiq|p < 1 = |pi|p and
thus |ξiq − pi|p = max{|ξiq|p, |pi|p} = 1 for some i, in contradiction to (5.3). See also
the proof of Theorem 2.2. For the moment assume h − (h − 1)(1 + λ) > 0. By applying
Theorem 5.1, we conclude that

dim{ξ ∈ Qp : λn(ξ) ≥ λ} ≤ max
1≤h≤m

{
(h + 1)(h − (h − 1)(λ + 1))

(n − 2h + 2)(1 + λ)

}
,

which gives the expected result. Finally, in the special case h − (h − 1)(1 + λ) = 0, we
get h = m and λ = 1/(m − 1). We can then let λ tend to 1/(m − 1) from below and use
monotonicity and a limit argument to derive (2.2) in this case as well. �
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6. Proof of Theorem 2.9

Theorem 2.9 directly follows from the combination of Theorems 6.1 and 6.2.
For integers �, n with n ≥ 2 and 1 ≤ � ≤ n + 1, we write wn,�(ξ) for the supremum of

w for which there are arbitrarily large integers H such that the system

0 < |a0 + a1ξ + · · · + anξn|p ≤ H−w−1, max
0≤i≤n

|ai| ≤ H,

has � linearly independent solutions in integer (n + 1)-tuples (a0, a1, . . . , an). Note that
wn,1(ξ) = wn(ξ). The following theorem is the p-adic analogue of a result obtained in the
course of the proof of [19, Theorem 2.1]. Its proof is very similar.

Theorem 6.1. Let m,n be positive integers and ξ in Qp. We have

wm+n−1,m+n(ξ) ≥ min{wm(ξ), ŵn(ξ)}.
If m = n = ŵn(ξ), then the following slightly stronger claim holds: For arbitrarily large
H, there exist m + n = 2n linearly independent solutions to

|P (ξ)|p ≤ c(ξ, n)H−n−1,

in integer polynomials P of degree at most m + n − 1 = 2n − 1 and height at most H,
where c(ξ, n) is a suitable positive number depending only on n and ξ.

The second auxiliary result is a transference theorem.

Theorem 6.2. Let n ≥ 1 be an integer and ξ in Qp. We have

λ̂n(ξ) ≤ 1
wn,n+1(ξ)

. (6.1)

More precisely, if for some positive real number c1 and for arbitrarily large integers H,
the system

H(P ) ≤ H, |P (ξ)|p ≤ c1H
−w−1 (6.2)

has n + 1 linearly independent solutions in integer polynomials P of degree at most n,
then, there are a positive constant c2 and arbitrarily large integers Z such that the system

1 ≤ max
0≤j≤n

|yj | ≤ Z, max
1≤j≤n

|y0ξ
j − yj |p ≤ c2Z

− 1
w −1 (6.3)

has no solution in integers y0, y1, . . . , yn.

As in the real case, there is in fact equality in (6.1); the reverse inequality has been
proved in the course of the proof of [21, Théorème 3].

Recall that Gelfond’s Lemma (see e.g. [7, Lemma A.3]) asserts that there exists a
real number K(n) > 1, depending only on the positive integer n, such that all integer
polynomials P,Q of degree at most n satisfy

1
K(n)

H(P )H(Q) ≤ H(PQ) ≤ K(n)H(P )H(Q). (6.4)
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Proof of Theorem 6.1.. Let � be the smallest integer in {1, 2, . . . ,m} such that
w�(ξ) = wm(ξ). We will show that

w�+n−1,�+n(ξ) ≥ min{w�(ξ), ŵn(ξ)} = min{wm(ξ), ŵn(ξ)}. (6.5)

Then, the claim follows since, if � < m, it is sufficient to consider products of the involved
polynomials by the powers 1, X, . . . ,Xm−l of their variable X.

Assume first that w�(ξ) is finite. Let ε be in (0, 1). By Gelfond’s Lemma and the
definition of �, for arbitrarily large H, there exist irreducible polynomials P (X) of degree
exactly � that satisfy

H(P ) = H, |P (ξ)|p ≤ H−w�(ξ)−1+ε. (6.6)

With K(n) as in (6.4), set

H̃ =
H

2K(n)
.

Setting w = min{ŵn(ξ), w�(ξ)}, by definition of ŵn(ξ), there exists a polynomial Q0 in
Z[X] of degree at most n such that

H(Q0) ≤ H̃, 0 < |Q0(ξ)|p ≤ H̃−w−1+ε.

Set Q(X) = Xn−dQ0(X), where d denotes the degree of Q0. Since w is finite and ε < 1,
we have

H(Q) ≤ H̃, |Q(ξ)|p ≤ K1 · H−w−1+ε, (6.7)

for some positive K1.
By (6.4), the polynomial Q0 (and, thus, Q) cannot be a multiple of P . Hence, since

P is irreducible, the polynomials P and Q have no common factor over Z[X]. Moreover,
the pair (P,Q) satisfies the properties

max{H(P ),H(Q)} = H, max{|P (ξ)|p, |Q(ξ)|p} ≤ K1 · H−w−1+ε.

Consider the set P of � + n polynomials

P = {P,XP,X2P, . . . ,Xn−1P,Q,XQ, . . . , X�−1Q}. (6.8)

The determinant of the (� + n) × (� + n) matrix whose rows are given by the coefficients
of the polynomials in P is the resultant of P and Q, which is non-zero since P and Q
have no common factor. Hence, the elements of P are linearly independent and span the
space of polynomials of degree at most � + n − 1. Furthermore, it follows from (6.6) and
(6.7) that any R in P satisfies

H(R) ≤ H, |R(ξ)|p �n,ξ,p H−min{ŵn(ξ),w�(ξ)}−1+ε (6.9)

This shows (6.5). If w�(ξ) is infinite, then the same type of argument gives (6.5), we omit
the details.
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Finally, if m = n = ŵn(ξ), in place of (6.6), we may use a variant of Dirichlet’s Theorem
stating that for every ξ ∈ Qp and every large H the system

H(P ) ≤ H, |P (ξ)|p �n,ξ H−n−1

has a solution in non-zero integer polynomials P of degree at most n. Consequently, again
by Gelfond’s Lemma, the real number ε in (6.6) can be taken equal to 0 upon introduction
of a multiplicative constant. Thus, from the method above, we get the last assertion of
the theorem. �

Definition 6.3. For a convex body K ⊆ Rn+1 and a lattice Λ ⊆ Rn+1, for any
j = 1, . . . , n + 1, the jth of the successive minima of K with respect to Λ, denoted by
τj(K,Λ), is the smallest λ such that the convex body λK = {λk : k ∈ K} contains j
linearly independent points of Λ.

Proof of Theorem 6.2.. We follow the initial steps of the proof of [21, Théorème 3],
where we apply the shift n → n + 1 in the notation.

Let λ be a real number with

1 > λ >
1

1 + λ̂n(ξ)
.

By definition of λ̂n(ξ), the system

max
0≤i≤n

|zi| ≤ p(n+1)λh,

max
1≤j≤n

|z0ξ
j − zj |p ≤ p−(n+1)h (6.10)

has a solution in non-zero integer vectors (z0, . . . , zn) for every large enough h.
Equivalently, for every sufficiently large positive integer h the system

max
0≤i≤n

|yi| ≤ p−(n+1)(1−λ)h,

max
1≤j≤n

|y0ξ
j − yj |p ≤ 1 (6.11)

has a non-zero solution (y0, . . . , yn) in the Z-module p−(n+1)hZn+1. We may assume that
|ξ|p = 1. The solutions to (6.11) in p−(n+1)hZn+1 form a lattice generated by

(p−h(n+1), p−h(n+1)b1, . . . , p
−h(n+1)bn)

(0, 1, 0, 0 . . . , 0),

(0, 0, 1, 0, 0 . . . , 0),

...
...

...
...

...
...

...
...

...

(0, 0, 0, 0, . . . , 1),
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for a given set of integers b1, . . . , bn. Denote this lattice by Λ(h). Its dual lattice Λ∗(h),
defined by

Λ∗(h) = {y ∈ Rn+1 : ∀x ∈ Λ, x · y ∈ Z},
where · is the usual scalar product in Rn+1, is generated by the vectors

(ph(n+1), 0, 0, . . . , 0),

(−b1, 1, 0, 0 . . . , 0),

...
...

...
...

...
...

...
...

...

(−bn, 0, 0, 0, . . . , 1).

In other words, Λ∗(h) is the sublattice of Zn+1 consisting of the vectors (x0, . . . , xn) in
Zn+1 that satisfy

|x0 + x1ξ + · · · + xnξn|p ≤ p−h(n+1).

Let K be the convex body formed by the vectors (x0, . . . , xn) in Rn+1 that satisfy
max0≤i≤n |xi| ≤ 1, and K∗ its dual convex body defined by

K∗ := {y ∈ Rn+1 : ∀x ∈ K, |x · y| ≤ 1}.

Note that K is almost equal to K∗, more precisely c−1K∗ ⊆ K ⊆ cK∗ for some c = c(n).
Consequently, for j = 1, . . . , n + 1, the jth of the successive minima τj(K∗,Λ∗(h)) and
τj(K,Λ∗(h)) satisfy

τj(K∗,Λ∗(h)) 
 τj(K,Λ∗(h)).

Consider the first of the successive minima τ1(K,Λ(h)) of K with respect to Λ(h) and
the (n + 1)th successive minima τ∗

n+1(K
∗,Λ∗(h)) of K∗ with respect to Λ∗(h). Then, by

[8, Theorem VI, p. 219], we have

τ1(K,Λ(h)) · τn+1(K∗,Λ∗(h)) 	 1.

We remark that Teulié [21, (2.5)] used the reverse estimate (which is true as well).
Since the system (6.11) has a non-zero solution in the Z-module p−(n+1)hZn+1 for every
sufficiently large integer h, there exists an integer h0 such that

τ1(K,Λ(h)) ≤ p−(n+1)(1−λ)h, h ≥ h0.

Hence, recalling that c−1K ⊆ K ⊆ cK∗, we get

τn+1(K,Λ∗(h)) 	 τn+1(K∗,Λ∗(h)) 	 p(n+1)(1−λ)h, h ≥ h0.

Consequently, there exists c > 0 such that, for h > h0, the system

0 < max{|x0|, . . . , |xn|} ≤ cp(n+1)(1−λ)h, |x0 + x1ξ + · · · + xnξn|p ≤ p−h(n+1),
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does not have n + 1 linearly independent integer vector solutions (x0, . . . , xn). We have
shown that

wn,n+1(ξ) ≤ 1
1 − λ

− 1 =
λ

1 − λ
.

Since λ can be chosen arbitrarily close to (1 + λ̂n(ξ))−1, we see that the right-hand side
can be arbitrarily close to λ̂n(ξ)−1. This completes the proof of (6.1). Analysing the proof,
a very similar argument upon taking the contrapositive of the claim gives the implication
of (6.3) from (6.2). We omit the details. �
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