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w-STABILITY AND MORLEY RANK OF BILINEAR MAPS, RINGS
AND NILPOTENT GROUPS

ALEXEI G. MYASNIKOV AND MAHMOOD SOHRABI

Abstract. In this paper we study the algebraic structure of w-stable bilinear maps, arbitrary rings, and
nilpotent groups. We will also provide rather complete structure theorems for the above structures in the
finite Morley rank case.

§1. Introduction. In this paper we provide structure theorems for the algebraic
structure of w-stable bilinear maps. arbitrary rings, and nilpotent groups. We will
also provide rather complete structure theorems for the above structures in the finite
Morley rank case. Our results are based on several classical works from 1970s. Mac-
intyre in [10, 11] showed that torsion-free w-stable abelian groups are precisely the
divisible ones, while infinite w-stable integral domains with unit are algebraically
closed fields. In [8] Cherlin and Reineke described algebraic structure of w-stable,
as well as of finite Morley rank, commutative associative rings with unit. These are
the results we use through out the paper. In [24] Zilber gave a precise description
of Wy -categorical torsion-free nilpotent groups and rings of characteristic zero. Our
description of groups and rings in question may be seen as a natural generalization
of the Zilber’s one, only taken further to the finite Morley rank and w-stable cases.
However, our techniques are quite different, for example, we do not use Zilber’s
indecomposability theorem in our theorems on the Morley rank of rings and nilpo-
tent groups. Instead, we rely on first-order interpretability of the largest ring of
scalars and its actions in a bilinear map from [12,13. 15]. This gives a powerful gen-
eral method in model-theoretical algebra that works for various groups and rings,
which are not necessarily even w-stable. Indeed, the technique of bilinear maps was
essential in proving the following results: description of the algebraic structure of
models of complete theories of finite dimensional algebras (see Theorem 4.14 below
for the exact statement in the directly indecomposable case) and unipotent groups.
as well as in giving a decidability criterion of such theories [14]; a precise description
of arbitrary groups elementarily equivalent to a given free nilpotent group of finite
rank [2]: Belegradek’s characterization of groups elementarily equivalent to a given
unitriangular group UT (n,7Z); elementary coordinatization of finitely generated
nilpotent groups [1].
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Recently, some interest in torsion-free nilpotent groups of finite Morley rank
reappeared, though from a different angle. In [20] Altinel and Wilson studied alge-
braic structure of such groups proving, in particular that they have faithful linear
representations over algebraically closed fields of characteristic zero. Their tech-
niques are inspired by those of B. Zilber [23]. Some other remarkable results have
been obtained by O. Frécon [6. 7]. where the main objective is to find and study a
suitable analogue of unipotence in the context of groups of finitely Morley rank. We
encourage the reader to compare Fact 3.13 in [7], which offers a structure theorem
for nilpotent groups of finite Morley rank with our Theorem 1.10 below. It seems
that our result clarifies the precise structure of the components in the mentioned
structure theorem.

We now describe the main results and structure of this paper. Section 2 collects
some of the classical structure theorems for w-stable commutative rings and groups.

We discuss bilinear maps in Section 3. Most results in the torsion-free case are
taken from [13] and [15] and inevitably we need to recall some material from those
papers. Later in that section we provide rather complete structure theorems for
arbitrary w-stable (of finite Morley rank) bilinear maps.

In Section 4 we analyze w-stable rings (of finite Morley rank). For us a ring is
just an abelian group with operation “ + ” together with a binary operation “ - ”,
where “ - 7 distributes over “ + 7. However a scalar ring is always assumed to be
commutative associative with a unit. We say that a ring R has characteristic zero if
its additive group R is torsion-free. Here are the main results in characteristic zero
case.

THEOREM 1.1. Let R be an w-stable ring of characteristic zero. Then R can be
decomposed into a finite direct product

RgR1X~'~XRn><R(),

where each R; is an indecomposable k;-algebra, k; is a characteristic zero algebraically
closed field, and Ry is a Q-algebra with zero multiplication.

THEOREM 1.2. Let R be a ring of characteristic zero. Then R is of finite Morley
rank if and only if R can be decomposed into a finite direct sum

R= R X -+ X R, X Ry,

where each R; is a finite dimensional indecomposable k;-algebra, k; is a characteristic
zero algebraically closed field and Ry is a Q-algebra with zero multiplication.

REMARK 1.3. Note that in Theorem 1.2 we did not claim that any of the com-
ponents R;, i = 0,...,n are definable in R, and in general there is no reason that
they are. However the statement implies that each of these components has finite
Morley rank.

Proofs of Theorems 1.1 and 1.2 will appear in Sections 4.2 and 4.4, respectively.
The statements regarding the arbitrary w-stable rings (of finite Morley rank) get
more complicated and a bit less illuminating, but still rather complete. We do
not state them here in the introduction and refer the reader to Section 4. We also
provide a criterion for uncountable categoricity of rings in Section 4 (Theorem 4.15).
In Section 5 we give a quick overview of the so-called Mal’cev correspondence
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between rational Lie algebras and torsion-free divisible nilpotent groups. The reader
may also refer to [20] for further details. Finally in Section 6 we look at w-stable
nilpotent groups, as well as at nilpotent groups of finite Morley rank. The structure
theorems in the torsion-free case will almost immediately follow from those on
characteristic zero rings and the Mal’cev correspondence mentioned above. Here
are the main results in this case. Proofs will appear at the beginning of Section 6
and Section 6.2.

THEOREM 1.4. Assume G is a torsion-free w-stable nilpotent group. Then G is a
finite direct product
GgG1X~'~XGnXGO,

where each Gy, i # 0, is an indecomposable k;-group where k; is a characteristic zero
algebraically closed field and Gy is torsion-free divisible abelian group.

THEOREM 1.5. A torsion-free nilpotent group G has finite Morley rank in the
language of groups if and only if G is a finite direct product

GgG1X~'~XGnXGO,

where each G;, i # 0., is a unipotent algebraic group over k;, k; is a characteristic zero
algebraically closed field, and Gy is a torsion-free divisible abelian group.

Then applying the following theorems of A. Nesin and our results, we get the
structure theorems for arbitrary w-stable nilpotent groups (of finite Morley rank).

We will state A. Nesin’s theorems below right after the following definition.

A group G is said to be a central product of some of its subgroups Hj. ..., H, if
H=H  --H, H <G foralli =1,....n, and [H;. H;] = 1 if i # j. Then we
write G = H; * --- x H,. Recall that for subgroups H and K of G, [H, K] is the
subgroup generated by all the commutators x 'y~ !xy = [x.y]. x € H. y € K.

THEOREM 1.6 ([16]. Theorem 2). Let G be an w-stable nilpotent group. Then G is
a central product D x C where D and C are definable characteristic subgroups of G .
D is divisible, and C has bounded exponent.

THEOREM 1.7 ([16]. Corollary to Theorem 2). The nilpotent groups of finite Morley
rank are exactly the central products D x C where D and C both have finite Morley
rank, D is divisible, C has bounded exponent, and D N C is finite.

THEOREM 1.8 ([16]. Lemma 3 and Theorem 3). Let G be a divisible w-stable
nilpotent group. Then G' = [G, G] is torsion-free. Moreover if T denotes the torsion
part of G, then T is central in G and G = T x N for some torsion-free divisible
nilpotent subgroup N. If G has finite Morley rank T is also of finite Morley rank.

Finally, here are our structure theorems for w-stable nilpotent groups (of finite
Morley rank).

THEOREM 1.9. Let G be an w-stable nilpotent group. Then G is a central product
D x C where D and C are definable characteristic subgroups of G, D is divisible, and
C has bounded exponent. Moreover D has a direct decomposition

D =D; x---x D, x Dy,

where each D;, i # 0, is a directly indecomposable k;-group over an algebraically
closed field k; of characteristic zero and Dy is a divisible abelian group.
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THEOREM 1.10. Let G be a nilpotent group. Then the following statements are
equivalent.

1. G has finite Morley rank.

2. Gisacentral product D+ C where D and C are definable characteristic subgroups
of G, D is divisible, C has bounded exponent and D N C is finite. Both G and D
have finite Morley rank. Moreover D has a direct decomposition

D:D1><~'~><Dn XD(),

where each D;, i # 0, is a directly indecomposable unipotent algebraic group
over an algebraically closed field k; of characteristic zero and Dy is a divisible
abelian group of finite Morley rank.

From our results we can also provide a positive solution to Conjecture 6.10 of A.
Borovik and A. Nesin [3].

COROLLARY 1.11. The subgroup N in Theorem 1.8 has finite Morley rank, provided
the group G has finite Morley rank.

We would like to remark here that the structure theorems for arbitrary w-stable
bilinear maps and rings are similar to Theorem 1.9 and Theorem 1.10. In those
cases we shall also give a better description of the bounded exponent component
(See Propositions 3.13 and 4.9).

Finally we would like to mention an example due to A. Baudisch. In [4], he
constructs an uncountable categorical nilpotent group of exponent p, for a prime
p > 2. which does not interpret any infinite fields. In particular, it shows that
Theorems 1.4 and 1.5 can not be extended to the bounded exponent case.

82. Some classical results on -stable algebraic structures. Here we collect a few
classical results which will be frequently used in the sequel.

THEOREM 2.1 (A. Macintyre [10]). An abelian group M is w-stable if and only if
M = Mp@ Mg where Mp is divisible and M g is of bounded order. M p is characteristic
and absolutely definable in M . The subgroup Mp can be replaced by a characteristic
absolutely definable subgroup M¢ . but then we only have M = Mp + M¢. If M has
finite Morley rank then |Mp N M¢| < oc.

THEOREM 2.2 (A. Macintyre [11]). An infinite w-stable integral domain with unit
is an algebraically closed field.

TaeoREM 2.3 (G. 1. Cherlin and J. Reineke [8]). Let R be a commutative asso-
ciative w-stable unitary ring. Then R is decomposed into a finite direct product
R = Ry X --- X Ry, of local rings R;, where the maximal ideal J; of R; is nilpotent
and the field of residues R; [ J; is either algebraically closed or finite.

TueoREM 2.4 (G. 1. Cherlin and J. Reineke [8]). Let R be a commutative
associative unitary ring.

1. R is of finite Morley rank if and only if it can be decomposed into a finite direct
product R = Ry x -+ x R, of local rings R;. where each R; is definable in R
and of finite Morley rank, the maximal ideal J; of R; is nilpotent. and the field
of residues R; /J; is algebraically closed or finite.

2. If R is local and of finite Morley rank with algebraically closed field of residues
then R is Noetherian.
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§3. Bilinear maps. Here we assume that R is a commutative associative unitary
ring and that M, M,, and N are R-modules. For the most part, we restrict ourselves
to those R-bilinear maps f : M| x M, — N, where M| = M,. For our purposes
this case is general enough, even though in all we do the general case M| # M,
reduces to the special case (See [15]. Section 2.1)

Soassume f : M x M — N isan R-bilinear map. The bilinear map /" is called full
if the corresponding canonical R-homomorphism f : M ®gr M — N is surjective.

Assume M; and M, are subsets of M, then by (f (M. M,)) we denote the
R-submodule of N generated by f(x,y), x € My, y € M>. In particular by im(f),
we mean (f (M, M)).

The two sided kernel of f, C(f). is the R-submodule of M defined by
C(f)={xeM: f(x.M) = f(Mx) =0} A mapping f is called identi-
cally degenerate if f(x,y) = 0forall x,y € M. The map f is called nondegenerate
if C(f) = 0. To any bilinear map f one can associate a full nondegenerate map

T M/C(f) x M/C(f) — im(f)
in the obvious way. We call £ the foundation of f . In case there is an R-submodule

My of M such that M = Mp @ C(f). we call the full nondegenerate map f* :
My x My — im(f) induced by f a foundation of f for obvious reasons.

3.1. Maximal scalar ring P(/) of a bilinear map /. In this section we define
a “canonical” scalar ring P(f) for a bilinear map f. The construction is taken
from [13,15] and we refer the reader to those references for the details left out here.
To follow the mentioned references we call it largest scalar ring of f . Even though it
is the largest scalar ring with respect to which f remains bilinear (assuming certain
conditions on /) in a proper sense we do not use the maximality in this paper. As
it was mentioned in the introduction (and will be observed in detail below) this
commutative object reflects many of the logical and algebraic aspects of the highly
noncommutative or nonsymmetric underlying object.

All the modules are considered to be faithful. Scalar rings are always commutative
associative with a unit.

Now assume f : M x M — N is a nondegenerate full R-bilinear mapping. We
need to introduce a few auxiliary objects first.

An R-endomorphism A4 of the R-module M is called symmetric if

f(Ax.y) = f(x.Ay)

for every x. y € M. The set of all these endomorphisms is denoted by Sym (M ).
Set

Z(f)={BeSymy(M): AoB=BoA, VAecSyms(M)}.
Then Z(f) is nonempty since the unit 1 belongs to Z(f) and it is actually an

R-subalgebra of R-endomorphisms Endg (M) of M. For each n, let Z,(f) be the
set of all endomorphisms 4 in Z( /') that satisfy the formula

Su(A) <:>V)_C,}7,L7,’5(Zf(xi,yi) = Zf(ui,’l)i) —
) i—1 ) i—1 (3.1)
S y) =) f(Augvp)).
i—1

i=1
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1.€.,
Z,(f)={A4eZ(f):S:,(4)}. (3.2)
Each Z,(f) is also an R-subalgebra of Z( /). Now define

P(f) =def m?ilzn(f)~

The identity mapping is in every Z,, (/) so P(f) is not empty.

Note that since the mapping f is full, forevery x € N thereare x; and y; in M such
thatx = Y7 | f(x;. ;) forsomen. The P(f)-module M is faithful by construction.
Now we can define the action of P(f) on N by setting Ax = >_/_, f(Ax;. ;). The
action is clearly well-defined since A satisfies all the S, (4) and makes N into an
P(f)-module. Moreover for any x.y € M and A € P(f) we have

f(Ax.y) = f(x. Ay) = Af (x.p).

thatis. f is P(f)-bilinear. Note that P( /) is independent of the ring R.

3.2. Decomposing bilinear maps.

DerFmNiTION 3.1. Given f : M x M — N we say that f is decomposed to a
direct sum of R-bilinear mappings f; and [, and write f = f| @ f if there are
R-submodules My, M>. M5. and M4 of M and N; and N, of N such that

. M =M M, =M;EMyand N = N; & N,
2. f1:M; x M3 — Nyand f5: M, x My — N, are R-bilinear mappings,
3. f(x.y) = fi(x1.y1) + fa(xz.y0) for all x,y € M., where x = x; + x.
y=y1+y2.x1€M.x€ M. yy € Myand y, € My.
If condition (1.) is replaced with
1. M =M+ M, = M3z + Mygand N = N; + N,
but still (2.) and (3.) hold, then we write /' = f| + f>.

LemMa 3.2 ([13]. Proposition 3.1). Given a nondegenerate full bilinear mapping
f M x M — N, f admits a direct decomposition into directly indecomposable
mappings [ = f1®---® fnifandonly if P(f) = P ®--- D P,. where each P; is a
directly indecomposable subring of P(f) and P; = P(f;).

We will need the following lemma for further results.

LemmA 3.3. Assume [ : M x M — N is an R-bilinear mapping where R is a
commutative associative unitary ring. Assume M and N split as R-modules over C (f")
and im( ). respectively. Let N° denote an R-complement of im(f) in N and let My
denote an R-complement of C(f) in M. Then f decomposes into f = fF @& f°,
where f¥ : Mp x Mp — im(f) is a nondegenerate full R-bilinear mapping and
O C(f) x C(f) — NO is the identically degenerate bilinear mapping induced
by f.

Proor. Let 1 of be the restriction of f to Mr x Mp. Then f7: Mp x My —
im(fr) is full and nondegenerate. Note that im(f*) = im(f) by definition. The
restriction f° of f to C(f) x C(f) is identically degenerate and in particular
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im(f°) =0 < N° Moreover forany (x. y) € M x M there are unique x;. y; € MF,
and x», y, € C(f) such that x = x1 + x2, y = y; + 3 and

f(xpy)=f(x1+x20.31 4 )
= f(xr.p1) + f(x1.92) + f (o2, 31) + [ (x2.32)
= f(x1.p1) + f(x2. )
= [T (x10) + fO(x2. 32).

This proves the statement. -

DerRINITION 3.4 (Foundations and additions). The bilinear maps /¥ and f°
obtained from f in Lemma 3.3 are called a foundation and an addition of f,
respectively.

3.3. Bilinear maps as multisorted structures. Given an R-bilinear map f : M x
M — N, we associate two multisorted structures to it. One

Ur(f) = (R.M.N.0.5pm.5N).

where the predicate 0 describes f and s, and sy describe the actions of R on the
modules M and N, respectively. The other one

U(f) = (M.N.5).

which contains only a predicate ¢ describing the mapping /. When we say R and
its actions on M and N are interpretable in f, we mean that Uz (/) is interpretable

in 4(f).

3.4. A structure theorem for »-stable bilinear maps. This section contains a rather
complete analysis of the structure of w-stable bilinear maps. Indeed we do not give
a single structure theorem but rather a collection of statements that can not be
realistically assembled in one theorem.

Recall the decompositions M = Mp & Mp = Mp+ M¢ from Theorem 2.1 for an
w-stable abelian group M. Also note that even though M, is absolutely definable in
M the subgroup Mp is just a complement of Mp in M and not necessarily definable
(See [3]. Exercise 7. page 78). However Mp = M/Mp, and as such M is absolutely
interpretable in M. Moreover Mp = Mg @& M7 where Mg is a Q-vector space
and M7 is a torsion divisible group. This later decomposition is not necessarily a
definable decomposition either. On the other hand, M¢ is absolutely definable in
M but M¢ N Mp is not necessarily trivial. Lastly, we clearly have Mc N Mp < M7.
We will follow this notation for the following results.

ProposITiION 3.5. Let [ : M x M — N be an w-stable bilinear map. Then
f = fp+ fc where fp: Mp x Mp — Np is a bilinear map of divisible abelian
groups and f¢ : Mc X M¢c — Nc¢ is a bilinear map of abelian groups of bounded
exponent. Both fp and f ¢ are absolutely definable in f. As such both fp and f ¢
are w-stable bilinear maps. Moreover Mp " Mc < My < C(f).

Proor. Firstly, by definition M and N are definable in f. So they are both
w-stable. Therefore M = Mp + M¢c and N = Np + N¢. Now pick arbitrary
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X € Mp and y € M¢. By assumption there is m € NT such that my = 0. Moreover
by divisibility of Mp there is x’ € Mp such that mx’ = x. Therefore

f(x.p) = flmx'.y) = f(x'.my) =0. (3.3)

This shows that f = fp + f¢ providing that im(fp) < Np and im(f¢) < Nc.
which are both easy to verify using bilinearity. The components fp and f¢ are
both absolutely definable in f since all the involved subgroups are so. Hence both
fp and f¢ are w-stable as claimed.

To prove the moreover part pick any x € M7 and any ¢t € M. There are y € Mp
and z € M¢ such that 1 = x + y. there is also m € N* such that mx = mz = 0.
Again there exist x’ € My and y’ € Mp such that mx’ = x and my’ = y. Then

fx.t)=f(x.y+2)
=f(x.y)+ f(x.2)
= f(mx.y") + f(x".mz)
—0.

The argument can clearly be repeated with respect to the second variable. So Mp N
Mc < M7 < C(f), the first inequality being a clear one. -

LemMA 3.6 ([15], Proposition 5.1). Let f be an w-stable nondegenerate bilinear
map. Then P(f) and its action on M are interpretable in f . i.e., the two-sorted module
(P(f), M, sy) is interpretable in U( f).

We need to remark that the above result is stated in [15] for torsion-free bilinear
maps. However, a quick study of the proof shows that the statement holds for the
arbitrary case.

ProposITION 3.7. Assume f : Mp x Mp — Np is an w-stable bilinear map of
divisible abelian groups. Then f = fo @ f° where fq is a foundation of f and
Q-bilinear, and f° is an addition of f .

Proor. To make notation of the proofless complicated we assume f : M x M —
N is an w-stable bilinear map of divisible groups. Firstly we prove that C(f) is
divisible. Assume z € C(f') and pick any nonzero integer m and consider z’ € M
such that mz’ = z. Then for any x € M there exists x’ € M such that mx’ = x and
therefore

[ x)=flzx)=0=f(x".z2) = f(x.2").

So z/ € C(f). Since C(f) is divisible there is a subgroup Mr of M where
M = Mp @ C(f). Next we prove My is divisible and torsion-free, or rather that
M/C(f) is so, since My = M/C(f). It is enough to prove that it is torsion-free
since M is divisible. If mx € C(f) for a nonzero integer m then for any y € M,
there exists y’ € M such that my’ = y. Therefore f(x.y) = f(mx.y") = 0 =
f('.mx) = f(y.x).Sox € C(f). This proves torsion-freeness of M. Consider
the largest scalar ring P(f) of f which is w-stable since by Lemma 3.6 P(f) and
its action on M are interpretable in /. My is a Q-algebra so is P(f). By defini-
tion P(f) has a well-defined action on im( f). Since P(f) is a Q-algebra, im(f)
is also a Q-algebra and therefore torsion-free. That im(f) is divisible is a direct
corollary of definitions. Since im(f) is divisible it has a complement N° in N.
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So f9: C(f) x C(f) — N is an identically degenerate map, fo : Mr x Mr —
im(f) induced by f is the corresponding foundation and Q-bilinear. -

COROLLARY 3.8. Assume [ : M x M — N is a full nondegenerate w-stable
bilinear map. Then in the notation of Propositions 3.5 and 3.7, f admits a direct
decomposition = fo @ fc where both fq and f ¢ are absolutely definable in f and
therefore w-stable.

Proor. Firstly M7 < C(f) = 0 by Proposition 3.5 and the nondegeneracy
assumption. So M = Mg @& M¢, where Mg is absolutely definable in M as Mp.
Clearly now fp = f@. The hypothesis that /" is a full bilinear map implies that

N =im(f) =im(fo+ fc) =im(fq) +im(fc).

By Proposition 3.7, im(fq) is torsion-free, so im(fg) N im(fc) = 0, and
N = im(fq) ® im(fc), while clearly Np = im(fqg). and N¢ = im(f¢). The
rest of the statement should be clear. —

ProposiTiON 3.9 ([15], Theorem 5.2). Assume f is an w-stable bilinear map of
torsion-free abelian groups. Then it decomposes into

f=f1® @ fadfO

where each f;.i = 1,....nisadirectly indecomposable k;-bilinear mapping for some
algebraically closed field k; of characteristic zero and f° is an identically degenerate
Q-bilinear map.

COROLLARY 3.10. Assume f is an w-stable bilinear map of divisible abelian groups.
Then it decomposes into

f=f1®®fadfO

where each ;.1 = 1,...,nis adirectly indecomposable k;-bilinear mapping for some
algebraically closed field k; of characteristic zero and f° is an identically degenerate
bilinear map of divisible abelian groups.

Proor. Clear from Propositions 3.7 and 3.9. -

Before analyzing the bounded case we need to state a classical result on the
structure of local complete rings due to 1. S. Cohen. We say that a local ring P with
the unique maximal ideal J is equicharacteristic if char(P) = char(P/J). We say
that such a ring P, admits a field of representatives if P contains a subfield L that
maps onto P/J under the canonical homomorphism P — P/J.

TraeoreM 3.11 (1. S. Cohen (See [22]. Theorem 27, Page 304)). A complete local
equicharacteristic ring admits a field of representatives.

LEMMA 3.12. Assume P is a local ring whose maximal ideal J is nilpotent. If
char(P) = 0 or char(P) # 0 and P is equicharacteristic then P admits a field of
representatives.

Proor. Firstly we prove that regardless of the characteristic of P, it is isomorphic
to its J-adic completion P; and therefore it is complete in its J-adic topology.
Recall that given the sequence of ideals (J);cy. elements of P, are sequences
(xi +J")ien € [l;en P/J'. where x; — x; € J' for all j > i. If J is nilpotent. say
J" = 0 for some n, each such sequence is completely determined by x, € P. So the
diagonal injection 7 : P — P;. x — (x + J') is indeed a surjection.
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Therefore char (P) # 0 case already follows from Theorem 3.11 since Pis assumed
to be equicharacteristic. So assume char(P) = 0. We need to show that P is
equicharacteristic. Consider the copy of the ring of integers Z - 1 p in P also denoted
by Z. Note that Z N J = 0, otherwise J" # 0 for any n € N*. This means that Z
embeds into the field P/J and so P is equicharacteristic. -

PropoSITION 3.13. Assume [ : Mg x Mg — Np is an w-stable bilinear map of
abelian groups of bounded exponent. Then the full nondegenerate bilinear mapping
fE:Mg/C(f)x Mp/C(f) — im(f) induced by f decomposes into

ff=ro-af).
where each fF.i =1...., m is a directly indecomposable bilinear mapping over a
ring P;. Each ring P; is a local ring with a maximal nilpotent ideal J; and the field
F; = P;/J; is either algebraically closed of positive characteristic or finite. In case

that P; is equicharacteristic, P; contains fields of representatives and therefore fF is
an F;-bilinear map.

Proor. Firstly note that C(f) is definable in /. So indeed f’ : Mp/C(fp) x
Mp/C(f) — N is interpretable in f and so w-stable. So to simplify the notation
of this proof we assume that f : M x M — N is an w-stable nondegenerate
bilinear map of abelian groups of bounded exponent. In particular, P(f) is an
w-stable scalar ring. So by Theorem 2.3, P = P(f') admits a unique decomposition
P = P x---x P, intoindecomposable ideals (each of which is a ring with a unit ¢;).
Each P; is a local ring with the nilpotent maximal ideal J; and the field F; = P;/J;
is algebraically closed or finite. Here since M is assumed to be of bounded order all
fields have to be of finite characteristic.

Define M; = ¢;M = P;M and let f; be the restriction of f to M; x M;. Note
that by definition P has a well-defined action on im( /') even though im( f) might
not be definable in N. If we set N; = im(f;) then im(f) = Ny & ---® N,, and
fF: M; x M; — N; is P;-bilinear. Therefore for /¥ : M x M — im(f) we have,

oo,
where P(f;) = P((f¥);) = P;. Moreover by Lemma 3.12 if char(A4;) = char(F;)

then P; contains a field of representatives of F;. Hence, in that case /I will be an
F;-bilinear map. Otherwise in general /7 is just P;-bilinear. -

3.5. Bilinear maps of finite Morley rank. Here we discuss bilinear maps of finite
Morley rank. Our plan follows the w-stable case. Again regarding the subscripts B,
C, D, T, and Q for abelian groups and bilinear maps we observe the convention we
made at the beginning of Section 3.4.

As a direct corollary of Proposition 3.5 we get:

COROLLARY 3.14. Let f : M x M — N be a bilinear mapping of finite Morley
rank. Then f = fp+ f ¢ where both fp and f ¢ are definable in f and consequently
they are both of finite Morley rank.

A full bilinear map f : M x M — N is said to have finite width if there is a
natural number s so that forevery z € N, thereare (x;, ;) € M x M.i=1.....s
such that

zZ= Zf(xiayi)-
i=1
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COROLLARY 3.15. If the bilinear map f : M x M — N is of finite width then
im(f) is definable in f .

PropoSITION 3.16. Assume [ : Mp X Mp — Np is a bilinear map of divisible
abelian groups. Then the following are equivalent:

1. f is of finite Morley rank.
2. f = fo® fOwhere fo: Mg x Mg — Ng is a foundation of f and Q-bilinear,
and [ is an addition of f . Both maps fq and f° have finite Morley rank.

ProOF. Proof of (1) = (2) is similar to the proof of part (1) of Proposition 3.7,
except the statement regarding the Morley rank of fg and £, the proof of which
will be rather indirect. Still similar to the proof of Proposition 3.7 P(f) and its
action on Mg are interpretable in M = Mp. So P = P(f) has finite Morley rank.
Since Mg is a Q-vector space, P(f) is a Q-algebra. So by Theorem 2.4 it admits a
decomposition

P=P x---XPy,

where each P;, i = 1,....n, is an indecomposable Noetherian local ring with
maximal ideal J; where k; = P;/J; is an algebraically closed field. Since P is a Q-
algebra k; is of characteristic zero. So by Lemma 3.12 and Noetherity of the P;, each
of them is a finite dimensional k;-algebra. This immediately proves that f g which is
P(f)-bilinear is a bilinear map of finite width and therefore im(f) = im(fq) < Np
is definable in f (or indeed in Np where Np inherits all the f-definable structure
it could from f'). This proves that fg is interpretable in f* and so of finite Morley
rank. Moreover any complement N° of the divisible subgroup im(f) of Np is
interpretable in /. and so f°: C(f) x C(f) — NV is interpretable in / and has
finite Morley rank too.

(2) = (1) is straightforward. Just recall that every bilinear map of torsion-
divisible abelian groups is identically degenerate (See Equation (3.3) in the proof of
Proposition 3.5 for instance.). -

COROLLARY 3.17. Assume [ : M x M — N is a full nondegenerate bilinear map.
Then the following statements are equivalent.

1. f has finite Morley rank.
2. f = fo® fc where both fq and f ¢ have finite Morley rank.

PrOOF. Proof (1.)= (2.) is similar to the proof of Corollary 3.8. (2.)= (1.) simply
follows from the fact that direct sum of two structures of finitely Morley rank has
finite Morley rank. |

PROPOSITION 3.18 ([15], Theorem 5.4). Assume f : Mgy x Mg — Ng is a bilin-
ear map of torsion-free divisible abelian groups. Then the following statements are
equivalent.

1. f has finite Morley rank.

2. f decomposes into [ = f1 @ -+ @ [ ® fO. Each factor is definable in f
and has finite Morley rank. Each ;. i = 1.....n is a directly indecomposable
ki-bilinear mapping of finite dimensional k;-spaces for some algebraically closed
field k; of characteristic zero and [ is an identically degenerate Q-bilinear map.
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The following statement is an immediate corollary of propositions 3.16 and 3.18.

COROLLARY 3.19. Assume f : Mp x Mp — Np is a bilinear map of divisible
abelian groups. Then the following are equivalent:

1. f is of finite Morley rank.

2. f decomposes into f = f1®---® fn ® f°. Each factor is definable in f
and has finite Morley rank. Each f;.i = 1,....n is a directly indecomposable
k;-bilinear mapping of finite dimensional k;-spaces for some algebraically closed
field k; of characteristic zero and f° is an identically degenerate bilinear map of
divisible abelian groups.

DEFINITION 3.20.  Assume v (x1.....x,)isaterm (word) of the language of rings.
The verbal ideal, v(A), of a ring A defined by v (%) is the ideal of A generated by all
elements v(a), ai.....an € A. ie.,

n
acvd)eInmeN a= Zv(a_i).
i=1

For example if 7 is an ideal of a ring 4. then I? is the verbal ideal defined by the
term v(x, y) = x - y. A verbal ideal v(A) defined by v(%X) is said to have finite width
if there is a number 7 € N so that every element a of v(A) can be written as a sum
of no more than n elements of the form v(@;). i = 1.....n. a1 € A.....a;, € A.

Now assume A4 is a commutative associative unitary Noetherian local ring, whose
maximal ideal J is nilpotent, say J” = 0, and the field of residues A/J is k. Then
we get a sequence of ideals

A=J">J>J)>>...>J"=0,

where each quotient J//J**! is a k-vector space. The Noetherity condition implies
that the dimension dimy (J'/J**!) of J'/Ji*! over k is finite. Define

re(A) = dim (J' )T,

i=l

In general if M is an A-module for a ring A4 as above we define

n
(M) =" dim(J77 M/J'M).
i=1

Lemma 3.21. Let A be a local algebra whose unique maximal ideal J is nilpotent
and the field k = A/J is algebraically closed. Consider the two-sorted structure
My = (M. A,s), where s is the predicate describing the action of A on M. If M 4 is
of finite Morley rank, then ri.(M) < RM (M), where RM (M) is the Morley rank of
M, M inheriting all the definable structure it possibly could from M 4. In particular,
A is Noetherian and M is a finitely generated module over A.

Proor. This is really a restatement of Theorem 3.2 from [8]. The proof of the
referred theorem will go through without any substantial changes. B

PROPOSITION 3.22. Assume [ : Mg x Mg — Np is a bilinear map of finite Morley
rank of bounded abelian groups. Then:
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1. The foundation
ST My /C(f) x Mp/C(f) = im(f)
of [ decomposes into
fr=eaf,
Each fF.i=1.....mis adirectly indecomposable P;-bilinear mapping, where
each ring P; is an indecomposable ring of finite Morley rank.
2. The components [F where ki = P;/J; is algebraically closed are P;-bilinear

maps of finitely generated P;-modules where P; is Noetherian. In particular,
those components are definable in f* .

Proor. The first statement is similar to the w-stable case (Proposition 3.13).
First part of statement (2) follows form (1) and Lemma 3.21. For the components
referred in (2). im(f ) is also finitely generated over the corresponding scalar ring
P; and so it is a bilinear map of finite width. The statement follows now. -

The following corollary will be useful in our analysis of algebras of finite Morley
rank.

COROLLARY 3.23. Let f : M x M — N be a bilinear map of finite Morley rank,
where all the residue fields k; = P;/J; of components P; of P(f) are algebraically
closed. Then the image im(f) of f is definable in f .

Proor. It should be clear from Proposition 3.18 and Proposition 3.22 that each
component f; is of finite width. Therefore their direct sum is of finite width. This
proves that f : M x M — im(f) is a full bilinear map of finite width. This implies
that im( f) is definable in . 4

84. w-stable algebras. This section contains a rather complete analysis of the
structure of w-stable rings (of finite Morley rank). Again similar to bilinear maps
we do not give a single structure theorem but rather a collection of statements. We
emphasis that rings (algebras) are not assumed to be associative, commutative or
unitary (for example Lie algebras). We use the term “algebra” interchangeably with
“ring” for these arbitrary rings. However the scalar rings are always assumed to be
commutative, associative and unitary.

4.1. Some preliminary facts on algebras. Consider an arbitrary ring R. Define
the two-sided annihilator ideal (center) of R by

Ann(R) = {x € R: xy = yx =0,Vy € R}.
Let R? be the ideal of R generated by all products x - y (or xy for short) of elements
of R.

4.1.1. Foundations and additions. Consider a scalar ring 4. An A-algebra R is
called regularif Ann(R) < R?>. A maximal regular A-subalgebra Ry of R containing
R? is called a foundation of R and an addition Ry of R is a direct complement (if it
exists) of the A-submodule R> N Ann(R) in Ann(R).

PrOPOSITION 4.1 ([14]. Proposition 6). For a k-algebra R, where k is a field. the
following hold.
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One can always construct a foundation Ry for R.

. A proper subalgebra Ry and a submodule Ry < Ann(R) are a foundation and
an addition of R respectively if and only if R = Rp X Ry.

3. Different foundations of R are pairwise isomorphic, and so are different additions

of R.

In general if R is not a k-algebra over a field k the situation is not as nice as
above. In particular, an addition Ry may not exist. Even if an addition exists it may
not split from R. We provide some examples below.

N —

ExampLE 4.2. In the following (. ) denotes the Lie bracket. So consider the
nilpotent Lie ring R with presentation:

R={(s.t.u:(s,u)=(t,u) =0,(s,t) =2u).

It is not hard to see that Ann(R) = (u) = Z, while R> N Ann(R) = (2u) = Z does
not split from Ann(R), and therefore Ry does not exist.

Next consider the Lie ring S with the following presentation in the variety of
nilpotent Lie rings of class 2:

S={(sttuv:(s,v)=(t,v)=(u.v) =0, Bus)= But)=0,(s1) =v).

Again it is not hard to see that Ann(S) = Bu.v). S? = (v), and Sy = (3u). Clearly
S does not split over S.

4.1.2. Largest ring of scalars A(R). Let R be an A-algebra where A4 is a scalar
ring. Here we only consider those algebras which are faithful with respect to the
action of their rings of scalars. Let u : A — A, be an inclusion of rings. We say that
an A-algebra R has an A4;-enrichment with respect to u if R is an A;-algebra and
ar = ula)r.r € R.a € A.

Assume R is an A-algebra, where A is an associative commutative unitary ring.
Denote by 4(R) the largest, in the sense defined just above, commutative subring
of End4(R/Ann(R)) that satisfies the following conditions:

1. R/Ann(R) and R? are faithful A(R)-modules.

2. The full nondegenerate bilinear mapping f'r : R/Ann(R) x R/Ann(R) — R>
induced by the product in R is 4(R)-bilinear.

3. The canonical homomorphism 7 : R> — R/Ann(R) is A(R)-linear.

ProposiTioN 4.3 ([14], Proposition 8). For any algebra R the ring A(R) is
definable, it is unique, and does not depend on the choice of the initial ring of scalars.

ProPOSITION 4.4 ([14]. Proposition 9). Let k be a field and R a regular k-algebra.
Then R = Ry x --- x R, for k-subalgebras R; if and only if A(R) = Ay X --- X A,,
where A; = A(R;).i =1,....n.

PRrOPOSITION 4.5 ([14], Proposition 10). Let R be a k-algebra for a field k. Then
any foundation of R is an L-algebra for any ring L. k < L < A(R).

4.2. w-stable algebras: The characteristic zero case. Again we remind that a ring
R has characteristic zero if its additive group R™ is torsion-free.
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LemmA 4.6. Let R be an w-stable ring of characteristic zero. Then:

1) R is a Q-algebra.
2) The two sorted structure (A(R). R, s) where s describes the action of A(R) on
R is absolutely interpretable in the pure ring R.

Proor. Firstly, note that R is a Q-algebra by Theorem 2.1. Therefore the product
in R induces a Q-bilinear mapping

f:RxR—R, f(x,y)=xy, Vx.y €R.

Let /' : R/Ann(R) x R/Ann(R) — R, be the nondegenerate bilinear map
induced by /. f is absolutely interpretable in A, henceis /. So f”is w-stable. Recall
the construction of Z( /') (Equation (3.1)) and its subrings Z,, (/') (Equation (3.2))
associated to f’ from Section 3.1. By proof of ([15]. Proposition 5.1) Z,(f’) <
Z(f") < Syms(R/Ann(R)) are all absolutely definable in f’ for every n since f”
is w-stable. Indeed all these rings are interpretable in R. Now let

~:R— R/Ann(R)

be the canonical projection. By definition each element o € Z,(f’) has a well
defined action on any element z = Y. | f/(x7.7) = Y., f(x;.y:) of R* by
setting

n
a-z= Zf’(ax_,-,ﬁ).
i=1
Now, for each n consider the subalgebra L, of Z,(f’) consisting of those « in

Z,(f") where
o (Zf(xiayi)> = <a2f(x,',yi)>~
i=1 i=1

For each n, L, is definable in Z,,( /). hence L, is definable in Z( /). Note that
A(R) =nN=\Ly.

1

As Z(f')is w-stable as a group interpretable in R and the L, are definablein Z( "),
by the descending chain condition

A(R) - ﬁ?ian - ﬂleLt - Lt

for some finite ¢. This proves that 4(R) which is commutative associative unitary
ring is interpretable in R. -

PrROOF OF THEOREM 1.1. By Lemma 4.6 the commutative associate unitary ring
A(R) is interpretable in R. Therefore A(R) is an w-stable commutative associa-
tive unitary ring of characteristic zero and therefore by Theorem 2.3 it admits a
decomposition

AR) = Ay x - x Ay,

where each A; is a local ring whose maximal ideal J; is nilpotent and the field

of residues k; = A;/J; is a characteristic zero algebraically closed field. By
Proposition 4.4, any foundation Ry of R admits a decomposition

RF:R1X~'-><R,,
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with 4(R;) = A;. Since R is a Q-algebra we have R = Rr x R, where Ry is an
addition of R which is a Q-algebra with zero multiplication.

As noted before, A; contains copies of k; = A;/J; called fields of representatives
of k; and so by Proposition 4.5 each R; is a k;-algebra. -

4.3. w-stable algebras: The general case. We call a ring R an A-quasi algebra for a
scalar ring 4 if R/Ann(R) and R? are A-algebras and the canonical homomorphism
7 : R* — R/Ann(R)is A-linear. We need to introduce this notion since in the general
case additions and therefore foundations may not exist. Even when they exit there
are examples where R/Ann(R) and R? carry compatible 4-algebra structures but R
itself does not admit any A-algebra structure compatible with those of R/Ann(R)
and R? (See [18]. Proposition 3.2.5).

We say that R is a central product of subrings Ry,.... R, if R=R; +---+ R,
and R;R; = R;R; = 0.if i # j. We denote a central product by R = R x---* R,,.
Clearly in a central product as above R; N R; < Ann(R) if i # j.

We say that a ring R is a divisible ring if its additive group R" is a divisible
abelian group. Similarly we say that R is bounded if it is additive group R™ has finite
exponent.

PROPOSITION 4.7.  An w-stable ring R decomposes into R = Rp x R¢ where both
Rp and R¢ are absolutely definable in R, Rp is a divisible subring and R ¢ is a bounded
subring.

Proor. By Macintyre’s Theorem 2.1, there are subgroups Rp and R¢ of the
additive group R* of R with the given properties. We recall that R}, = mR* and
R{ = {x € R : mx = 0} where m is the exponent of R. This also clearly shows
that both Rp and R¢ are closed under the ring multiplication and so both are
subrings of R. Also if x € Rp and y € R there exists x’ € Rp such that mx’ = x.
Therefore xy = x'(my) = 0 = (my)x’ = yx, which means they annihilate each
other and clearly Rp N R¢c < Ann(R). Both Rp and R¢ are w-stable since both are
definable in R. .

PROPOSITION 4.8. Assume R is a divisible w-stable ring. Then Ann(R) is divisible
andboth R/Ann(R) and R? are torsion-free divisible. Moreover there exists an addition
Ry of R and a corresponding foundation Rp such that R = Rp X Ry and Ry is a
Q-algebra.

Proor. The proof of the first part is completely similar to the first part of the
proof of Proposition 3.7 from bilinear maps. So we omit it and proceed to the proof
of “Moreover” part.

Firstly, we show that R?> N Ann(R) splits from Ann(R). Since in Ann(R) the
multiplication is trivial it is enough to prove that Ann(R) splits over R> N Ann(R)
as an abelian group. For that purpose we show that A(R) = Ann(R)NR? is divisible.
Assume z = Y x;3; € A(R). Given any arbitrary non-zero integer m the exists x/
such that mx] = x;. We claim z/ = " x/y; € A(R) while clearly mz’ = z. All
we need to show is that z/ € Ann(R) which was established in a similar situation
in bilinear maps (See the proof of Proposition 3.7). So A(R) is a divisible group.
Therefore Ann(R) splits over A(R) = Ann(R) N R>.

So let Ry be an addition of R. i.e., a subgroup of Ann(R) such that Ry & A(R) =
Ann(R). we claim that Ry is divisible. Indeed pick x € Ry and any nonzero integer
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m and choose x” € Ann(R) such that mx’ = x. Therefore there are unique x| € Ry
and x} € A(R) such that x’ = x| + x}. So mx{ + mx} = x. This shows that
mx} € A(R) N Ry = 0. Since A(R) < R? is torsion-free we have proved that x} = 0
and so x’ € Ry. On the other hand. since R? is divisible there is a subgroup C of
R* such that Rt = C @ R?. Since R* s divisible, C = R*/R? is divisible too.
Assume now that T denotes the maximal torsion subgroup of R*. Next we show
that 7 < Ann(R). Pick x € T and y € R. Since x is a torsion element there is a
nonzero integer m such that mx = 0. Let ' be an element such that my’ = y. Then

xy = x(my’) = (mx)y’ =0=y'(mx) = (my’)x = yx

implying that x € Ann(R). Since R’ is torsion-free we need to have T < Ry
for any choice of Ry. Since R is divisible and 7 is its maximal torsion subgroup
there is a divisible torsion-free subgroup S of Ry such that Ry = S @ T'. Finally
by the same argument there is a divisible torsion-free subgroup Q of C such that
C=0®dRy=0d®S®T.Now define Rr as the subring of R generated by Q and
R?. The ring Ry is clearly a foundation of R and a Q-algebra as an extension of the
Q-vector space R? by the Q-vector space Q. -

ProPOSITION 4.9.  Assume R is an w-stable bounded ring. Then there are local rings
A; with maximal ideal J; such that the field F; = A;]J; is either algebraically closed
of positive characteristic or finite and R is a central product

RZR]*---*Rn

of A;-quasi algebras R;.

ProOF. Similar to the proof of Lemma 4.6 the action of scalar ring A(R) on
R/Ann(R) is interpretable in R. Hence A = A(R) is w-stable. So 4 has a Cherlin—
Reineke decomposition 4 = Ay X - -+ x A, as in Theorem 2.3. In this case since R™"
has bounded exponent the F;" will have bounded exponent so the F; have positive
characteristic. By definition 4 has well-defined action on R/4nn(R) and R? and
the canonical map 7 : R*> — R/Ann(R) is A-linear. So indeed R is an A-quasi
algebra. Now consider R, = A4;(R/Ann(R)) and let R; be inverse image of R;
under the canonical map = : R — R/Ann(R). Clearly R is a central product of
the R;. Moreover if x € Ann(R;) then x € Ann(R) since R; annihilates every R;.
i # j.So Ann(R;) = Ann(R). Therefore by construction R;/Ann(R;) and R? are
A;-algebras and the canonical map 7, : R? — R;/Ann(R;) is A;-linear. so each R;
is an A;-quasi algebra. This finishes the proof. -

4.4. Algebras of finite Morley rank.

PropoSITION 4.10.  Assume R is a ring. Then R has finite Morley rank if and only
if R = Rp x R¢c where Rp and R¢ are both absolutely definable in R, Rp is a
divisible ring of finite Morley rank, R¢ is a bounded ring of finite Morley rank and
|RD N Rc| < 0.

Proor. Most of the proof of the only if direction is included in the proof of
Proposition 4.7. We just need to check |Rp N R¢| < co. By definition Rc = mR™,
where m is the exponent of Rc. Since R}, is divisible abelian of finite Morley rank it
follows from Theorem 2.1 that R}, = (D, Q") & (EB,,(@IP Z(p>))) where p ranges
over all primes and for each p the index set /,, is finite. This means the set of elements
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of exponent m in R is finite. In particular, |Rp N R¢| < oo. For the other direction
note that Rp * Rc = (Rp X Rc)/I where I = {(a.—a) : a € Rp N Rc}. The ideal
I is definable in the product Rp x R¢ since |[Rp N R¢| < oo. The product Rp x Re

is of finite Morley rank, so is Rp % R, since it is interpretable in Rp x Rc¢. -
LemMA 4.11. Let R be a divisible ring of finite Morley rank. Then the ideal R* is
definable in R.

PrOOF. The natural nondegenerate bilinear map f : R/Ann(R) x R/Ann(R) —
R associated to R is interpretable in R so it is a bilinear map of finite Morley rank.
By Proposition 4.8 R/Ann(R) is torsion-free. Note that R> = im(f) where the
latter is definable in /" since f satisfies hypothesis of Corollary 3.23 now. Therefore
R? is definable in R. .

PrOOF OF THEOREM 1.2. Most of the proof of the only if direction is already
included in the proof of Theorem 1.1. However in this case 4(R) satisfies the
hypothesis of Theorem 2.4. Therefore A(R) is decomposed into a finite direct sum

A(R) = Ay x -+ X A,

of Noetherian local rings 4;, where the maximal ideal of 4; is nilpotent and the
field of residues is a characteristic zero algebraically closed field. Similar to proof of
Theorem 1.1 we find that R can be decomposed into a finite direct sum

RgR1X~'~XRn><R(),

where each R;, i # 0, is an indecomposable k;-algebra, k; is a characteristic
zero algebraically closed field, and Ry is a central (and in particular with zero
multiplication) Q-subalgebra of R.

The only part left in this direction is to prove that R; is a finite dimensional
k;-algebra, i = 1....,n. Firstly, 4; is a Noetherian k;-algebra and therefore a
finite-dimensional k;-algebra. Since R; = e¢; Ry, where ¢; is the unit of A4;. is
a central extension of e;(Ann(R) N R?) by e;(R/Ann(R)) it is enough to prove
that each of these k;-vector spaces are finite dimensional over k;. Note that
R4 =df (R/Ann(R). A(R).s). where s is the predicate describing the action of
A(R) on R/Ann(R), is interpretable in R so it has finite Morley rank. Furthermore
(e;(R/Ann(R)), A;, s;) is definable in R using the constant ¢;, so the former is also
of finite Morley rank. So by Lemma 3.21, ¢;(R/Ann(R)) is a finite-dimensional
vector space over k;. For e;(R> N Ann(R)) the argument is similar but we need to
use Lemma 4.11 to show that R> N Ann(R) is definable in R.

Let us prove the sufficiency of the conditions above. It is enough to show that each
direct summand has finite Morley rank. Each of the algebras R; is interpretable in
the corresponding algebraically closed field k; using some fixed structural constants.
So each R; has finite Morley rank. The Q-algebra R is assumed to have zero
multiplication so its definable structure is no richer than that of a vector space over
the field of rationals Q, so it is of finite Morley rank. This finishes the proof. -

ProposITION4.12.  For a divisible ring R the following statements are equivalent.

1. R has finite Morley rank.

2. R admits the decomposition R = Rp X Ry where R is a characteristic zero
regular ring of finite Morley rank and Ry is divisible algebra of finite Morley
rank with zero multiplication.

https://doi.org/10.1017/js1.2016.29 Published online by Cambridge University Press


https://doi.org/10.1017/jsl.2016.29

772 ALEXEI G. MYASNIKOV AND MAHMOOD SOHRABI

Proor. Statement (2) clearly implies (1). Most of the other direction is
already included in proof of Proposition 4.8. Remains to prove the statements
regarding Morley rank of the components. The addition R, is isomorphic to
Ann(R)/(Ann(R) N R?). The latter is interpretable in R since both 4nn(R) and
R? are definable in R. So Ry has finite Morley rank. Similar to the proof of
Theorem 1.2 the scalar ring 4(R) has characteristic zero since R/Ann(R) is torsion-
free. The ring A(R) is interpretable in R, hence has finite Morley rank and makes
Rr an A(R)-algebra. Again by a similar argument as in the proof of Theorem 1.2,

Rrp =Ry X -+ X Ry,

where each component is a finite-dimensional k;-algebra for an algebraically closed
field k; of characteristic zero. So indeed each R; is interpretable in a k; with the help
of a finite number of fixed structure constants. Hence each R; has finite Morley
rank. Therefore Ry has finite Morley rank. -

ProposITION 4.13.  Assume R is a bounded ring of finite Morley rank. Then there
are local rings A; with maximal ideal J; such that the field F; = A;/J; is either
algebraically closed of positive characteristic or finite and R is a central product

R=R;*---xR,

of A;-quasi algebras R;. If F; is algebraically closed then A; is Noetherian and both
R;/Ann(R;) and R? are finitely generated A;-modules.

ProOF. Again most of the statement is a corollary of Proposition 4.9. The
statement regarding Noetherity of the A4; and finite generation of A4;-module
R;/Ann(R;), where F; is algebraically closed follows from Lemma 3.21. Subse-
quently the statement regarding R? follows. In addition for these R;, R? is of finite
width and definable. If F; is just finite no such statement can be made. -

4.5. Uncountably categorical algebras. We can now prove a criterion for uncount-
able categoricity of a characteristic zero algebra. We begin by discussing some known
facts and fixing some notation. So assume that R is a directly indecomposable finite-
dimensional k-algebras without zero multiplication. Now the ring 4(R) is a finite
dimensional k-algebra and we are in the set up of Lemma 3.21 and its proof. Let’s
call the series

R>JR>--->J"R=0,

a J-series for R and a k-basisii = (uy. . ...u,) adapted to this series a special k-basis
for R, and set k(R) =ger A/J . Pick a field of representatives L of k(R) in A(R) and
consider the subfield ko of L generated by the structure constants associated to .
Set Uy to be the ko hull of i in R. Then:

THEOREM 4.14 ([14], Theorem 8). Any model S of the complete theory of the
directly-indecomposable k-algebra R has the form Uy @y, k(S) where k(S) = k(R).

THEOREM 4.15. Assume R is a characteristic zero ring without zero multiplication.
Then R is Nj-categorical if and only if it is a directly indecomposable k-algebra without
zero multiplication, where k is an uncountable characteristic zero algebraically closed

field.

Proor. The proof is standard but we provide some detail here. For the only if
direction note that uncountable categoricity implies finite Morley rank. So R admits
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a decomposition as in Theorem 1.2. Now assume R has uncountable cardinality say
A. So at least one component R; for some 1 < i < n or Ry has to have cardinality 4.
If there is more than one component other than the one we already picked one can
replace it by a model of cardinality 4 < A contradicting the categoricity assumption.
Since the algebra is assumed to be without zero multiplication R is equal to R;,
i #0.

For the if direction by Theorem 4.14, R = Uy ®4, k(R). The field k(R) is a finite
extension of the algebraically closed field k so indeed k = k(R). Now assume R
has uncountable cardinality 4. If S = R and they have the same cardinality 1 then
k(S) = k(R) = k and they have to have cardinality A since k¢ is a countable field
by construction. The result follows from uncountable categoricity of algebraically
closed fields. -

REMARK 4.16. As mentioned in the introduction this theorem is due to B. Zilber
[24] for nilpotent Lie algebras. Our result seems to be new in this generality to the
best of our knowledge.

85. Bi-interpretability of k-groups and nilpotent Lie k-algebras.

5.1. Mal’cev correspondence between k-groups and nilpotent Lie k-algebras. Here
we briefly discuss the notion of a nilpotent group admitting exponents in a char-
acteristic zero field k or a k-group for short. The details may be found in either of
[9,21].

DEerINITION 5.1. A group G admitting exponents in a characteristic zero field &
or a k-group for short is a nilpotent group G together with a function:

Gxk—G (xa)—x"

satisfying the following axioms:

1. x! = x, x9xP = xl@th) (x4)> = x(@b) forall x € G and a.b € R.
2. (y~Ixp) =y~ Ix?forallx.y € Ganda € R.

3. xfxg o xt = (x1x2- ~x,,)“‘52()?)(;) e ‘c(()?)(‘) forallx;.....x,inG,a €
R, where 7; come from Hall-Petresco formula and ¢ is the nilpotency class
of G.

Now we can define a homomorphism of k-groups.

DEerFINITION 5.2, Let G and H be two k-groups. A map ¢ : G — H is a
homomorphism of k-groups if

e ¢ is a homomorphism of groups,
o ¢(x%) = (¢p(x))*forall x € Ganda € k.

The following theorem was proved first in the case where k = Q. R by A.I. Mal’cev
in the finite dimensional case. Later it was noticed by M. Lazard (in an unpublished
paper) that finite-dimensionality condition can be removed. D. Quillen [17] extended
these results to the pro-nilpotent case using the theory of complete Hopf-algebras.
Finally, R. B. Warfield [21] sketched, using Quillen’s approach, a generalization to
the case of arbitrary k-groups, where £ is a field of characteristic zero.
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Just a note regarding notation. We will write L; @& L, for the direct sum (or
product) of Lie algebras L and L, and we reserve G; x G, for direct product of
groups G| and G».

THEOREM 5.3. Let k be a field of characteristic zero, G be the category of k-groups
and L be the category of nilpotent Lie k-algebras. Then there is a category equivalence
p:L—G,

such that for any L € L and G = p(L), there are maps
exp: L —> G, log:G — L,

satisfying
1. exp(log(x)) = x for any x € p(L) andlog(exp(x)) = x for any x € L,
2. if (x.y) denotes the Lie bracket in L then exp satisfies the Campbell-Baker—

Hausdorff formula:
1
exp X -exp y = exp(x +y + E(xy)‘F)
where - - - is a linear combination of Lie brackets of weight greater than 2 with

rational coefficients,
3. moreover
[g1.82.....gal =exp((h ... ln) + )
where g; = exp(l;) and - - - is a finite linear combination of Lie brackets of weight
greater than n with rational coefficients, and

Proor. Statement (1) is Theorem 12.11 from [21]. Section 12. For (2) we refer to
the first paragraph of [21]. Section 12 again. Statement (3) appears in [5] last line of
Page 49 (the discussion following Theorem 4.4). Even though in [5] the statement is
for the case £ = Q the whole argument carries over to any characteristic zero field
k as far as a suitable notion of a k-group is available (We refer to the first few lines

of [21]. Section 12). -
We collected a few more or less direct consequences of the theorem in the following
lemma.

LeMMA 5.4. Assume G is a k-group and L = log(G) is the corresponding Lie
algebra. Then the following hold.

1. L isinterpretable in G as a pure group and G is interpretable in L as a pure (Lie)

ring. Moreover

2. G' = exp(L') where G' (resp. L") denotes the i-th term of the lower central

series of G (resp. L).

3. exp(Ann(L)) = Z(G).

4. Thegroup G is directly decomposable into G = Gy x Gy ifandonly if L = Li® L,

where L; = log(G;).

ProoF. All the statements are well known. For proofs of (1)-(3) refer to
Lemma 2.3 in [20]. The proofs in the said reference rely on results from [19]. Using
(2) and (3) of Theorem 5.3 one can check that subgroups and subalgebras corre-
spond to each other. So to prove (4) assume G = G| x G,. Then (L;.L;) = 0
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by (3) of Theorem 5.3 since [Gi.G>] = 1. The other direction is checked
similarly. 4

86. Nilpotent groups.

6.1. w-stable nilpotent groups. In this section we prove Theorems 1.4 and 1.9.
The proofs are really just easy applications of the results obtained in the previous
sections.

LeEmMA 6.1. A torsion-free w-stable nilpotent group is a Q-group.

ProoF. Note that for any element g € G the centralizer Cs(g) = {x € G :
xg = gx} is definable in G. Then the center Z(Cg(g)) of Cg(g) is a nonempty
torsion-free abelian group which is definable in G. So Z(C,(g)) is a torsion-free
w-stable abelian group, which by Theorem 2.1 and structure theory of divisible
abelian groups is a Q-vector space. In particular, all rational powers of g exist and
are uniquely defined. Now the fact that G satisfies axioms (1)—(3) of Definition 5.1
follows easily from the existence and uniqueness of roots and the fact that torsion-
free nilpotent groups are Z-groups (See [21], Section 6) and in particular satisfy
Hall-Petresco formula. -

Let G be a k-group. Then any direct complement Gy of G' N Z(G) in Z(G) is
called an addition of G. Since G is a k-group then one can actually write G = G x Gy
for some k-subgroup G, = G/ Gy of G, called a foundation of G.

ProOF OF THEROEM 1.4. By Lemma 6.1, G is a Q-group. By Lemma 5.4, the Lie
Q-algebra L = log(G) is interpretable in G. Hence L is w-stable. By Theorem 1.1,
L can be decomposed into a finite direct sum

L=Li®---@®L, D Lo.

where each L;, i # 0, is an indecomposable k;-algebra. k; is a characteristic zero
algebraically closed field, and Ly is an addition of L, which is a Q-algebra with zero
multiplication. By parts (2). (3). and (4) of Lemma 5.4, G can be decomposed into
a finite direct product:

G=Gx--x G, x Gy,

where G; = exp(L;).i = 1.....n.and Gy = exp(Ly). Since L; carries a k; structure,
G; is a k;-group and Gy is an addition of G and a Q-vector space. -

Proor oF THEOREM 1.9. The statement is a direct corollary of Theorems 1.4, 1.6,
and 1.8. We would just like to remark that now the addition Dy is a direct product of
an abelian Q-group and a divisible torsion abelian group (which is a direct product
of all Priifer p-groups, Z(p>)). =

6.2. Nilpotent groups of finite Morley rank. @ Here we provide proofs of
Theorems 1.5, 1.10, and 1.11. Again the hard work is already done.

ProOF OF THEOREM 1.5. The if direction is clear. The proof of the only if direction
follows the same plan as the proof of Theorem 1.4, we just need to use the only if
part of Theorem 1.2 instead. -

PrOOF OF THEOREM 1.10. (1) = (2) is similar to that of Theorem 1.9, just use
Theorems 1.5 and 1.7 instead of Theorems 1.4 and 1.6. Note that the addition
Dy is a divisible abelian group so it contains an abelian Q-subgroup Q so that
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Dy =T x Q. where T is the torsion part of D. The subgroup 7" has finite Morley
rank by Theorem 1.8. The subgroup Q is just a Q-vector space so of finite Morley

rank. (2) = (1) follows from Theorem 1.7. =
PrOOF OF COROLLARY 1.11. Just note that the subgroup N coincides with a
product

N=D;x---xD, xQ,

where each D; is a unipotent algebraic group over an algebraically closed field of
characteristic zero and Q is an abelian Q-group. Since each component of N has
finite Morley rank, hence does N. -

The following two theorems follow as corollaries of our results. For Theorem 6.2
just pick the algebraically closed field k£ whose cardinality is maximal among those
of the k; and Gy, from the decomposition given in Theorem 1.5. The addition G, will
have a 1-dimensional representation over k., while the unipotent components have
unitriangular representations over k by Theorem 11.7 of [21], or by Ado-Iwaswa
Theorem and the Mal’cev correspondence. Theorem 6.3 follows from Theorem 4.15
and the Mal’cev correspondence.

THEOREM 6.2 ([20], Theorem 1). A torsion-free nilpotent group of finite Morley
rank has a faithful finite-dimensional representation over a field of characteristic zero.

THEOREM 6.3 ([24]). A torsion-free nonabelian nilpotent group is Ni-categorical
if and only if it is an indecomposable finite dimensional k-group, where k is a
characteristic zero algebraically closed field.
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