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1. Introduction

In this work we investigate the celebrated Lane-Emden equation (see (1.1) below).
We restrict ourselves to the case in which the domain is a strip: given integers n > 2
and k > 1, we set

2 =R"*xw, wherew CR" is a smoothly bounded domain.

For p > 1, we consider the equation

—Au = |ulP"tu in £,
u=0 on 0f2.

The case of a homogeneous Neumann boundary condition

ou
5. =0 onon (1.2)

will also be considered. Strips provide an interesting example of unbounded domains
where, as we shall see, rather sharp classification results can be obtained. Let us
begin by observing that the symmetries of the domain allow solutions of the form!

w(@, 2") =u(z") forx=(a',2") € N (1.3)

1 With a standard abuse of notation, we have used the same letter u to denote distinct functions.
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and, more generally,
w(@' 2" = u(p,2”) forx = (2',2") € 2, p=|2'|. (1.4)

Solutions of the form (1.3) are simply solutions in the bounded domain w C R¥. As
can be read in any introductory book on partial differential equations (PDEs), in
the simplest situation, for example, when w is strictly star shaped, such solutions
with Dirichlet boundary condition exist if and only if 1 < p < pg(k), where pg(k)
is the classical Sobolev exponent in dimension k. Similarly, if n — k > 2, solutions
of the form (1.4) can be constructed when 1 < p < pg(n) by applying the mountain
pass lemma in the space H of functions u € H{(£2) having cylindrical symmetry,
i.e. such that (1.4) holds almost everywhere (a.e.); see Esteban [4]. The case in
which p > ps(n) seems rather unexplored for strips. To gain further insight into the
problem, we observe that the aforementioned solutions have very distinct stability

properties. Recall that a solution of (1.1) is said to be stable in an open subset
' cnif

/ V| dz fp/ lulP~1p?daz = 0 for every ¢ € CH(2). (1.5)
Ik e

We prove the following proposition.

PROPOSITION 1.1. FEwvery solution of the form (1.3) is unstable outside every com-
pact set, while if n — k > 2, the mountain pass solution in the space H of H!
functions with symmetry (1.4) is stable outside a compact set.

REMARK 1.2. The first part of the proposition is essentially due to Farina (see [5,
example 1]).

REMARK 1.3. For quite general nonlinearities, in the n — k < 2 case, Dancer [2]
proved that every bounded stable solution is, after rotation in the x’ variable, a
function of x1, 2" only, is monotone in the z; direction, and the limits of w(z, ")
as x1 — oo are stable solutions of the problem on w with the same energy.

The above results suggest that in the supercritical case the class of stable solutions
might also be relevant. We obtain the following result, also valid for nodal solutions.

THEOREM 1.4. Assume that p > 1. The Dirichlet problem (1.1) has no non-trivial
stable solution u € C?(£2). More generally, for p > ps(n), there is no non-trivial
solution that is stable outside a compact set.

REMARK 1.5. Farina [5, theorem 7] proved the above result in the special case in
which u is stable and 1 < p < p.(n — k), where p.(n — k) is the Joseph—Lundgren
stability exponent in dimension n — k; see, for example, [3] for the definition. Farina
also observed that the exponent p.(n) is sharp when 2 = R™. Our result shows
that this exponent is irrelevant when (2 is a strip. This also corroborates a recent
result of Chen et al. [1], who proved, in the case of the half-space 2 = R}, that
given any p > 1 there is no positive solution to (1.1). Note that in this case, every
positive solution is known to be stable.

REMARK 1.6. Recall that for 1 < p < pg(n) there exists a positive solution of the
form (1.4) and so, according to proposition 1.1, theorem 1.4 is sharp.
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We turn now to the case of homogeneous Neumann boundary conditions. Here,
stability in 2 means that (1.5) holds for every ¢ € H(£2).

THEOREM 1.7. Assume that 1 < p < p.(n—k). Then the Neumann problem has no
non-trivial stable solution u € C%(£2). More generally, if ps(n—k) < p < pc(n—k),
there is no non-trivial solution that is stable outside a compact set. Finally, if
p = ps(n — k), any solution that is stable outside a compact set is a function
of ¥’ only and it has finite energy

/ |Vul? :/ Ju[PT! < oo.
0 7

REMARK 1.8. We do not know whether the second statement of theorem 1.7 re-
mains true in the case in which 1 < p < pg(n — k). But the theorem is sharp in
the p > ps(n — k) case. Indeed, there exists a (radial) stable solution of the Lane—
Emden equation in R"~* whenever p > p.(n — k), which is also clearly? a stable
solution of the Neumann problem of the form (1.4). Similarly, when p = pg(n — k),
the standard bubble in R* % is a solution of Morse index 1 in R* . As such, it is
stable outside a compact set of R"~* and so it is also stable outside a compact set
of 2.

NoTATION. Without further notice, we shall use the following notation. A point
r € R™ is written x = (2/,2"") € R"7% x R*. The same applies to the operators
V =(V,V"’)and A = A’ + A”. Polar coordinates in the z’ variable are written
x’ = pf, where p = |2’| and 0 = 2’ /|2’| whenever 2’ # 0. In particular, 9, = V-2'/p
differentiates functions in the p-variable, and A’ = pt*k=ng (pn=k=19 ) 4 p=2A,,
where Ay is the Laplace-Beltrami operator on the unit sphere S”~*~1 of R*—*,

2. Proof of proposition 1.1

As mentioned in the introduction, the fact that solutions of the form (1.3) are
unstable outside any compact set is an obvious generalization of [5, example 1], so
we skip it.

Turning to mountain pass solutions in the space H of functions in H}(§2) having
the cylindrical symmetry (1.4), we recall that, thanks to Solimini’s work [8], they
have Morse index 1 in H. In particular, there exists a function ¢ € H such that
Qu(¢) < 0, where the second variation of the energy is defined as usual by

Qu(gb)Z/Q\V¢|2dx—p/n|u|p71¢2dx.

Without loss of generality, we may assume in addition that ¢ € C°(£2). Fix R > 0
large enough so that ¢ is supported in B’(0,R) x w. We claim that u is stable
outside B’(0, R) x w. To see this, assume by contradiction that a function ¢ €
C*(2\ B'(0,R) x w) satisfies Q,(¢) < 0. Let

" 1 2 fa //d 0 1z
x(p,z") = W Sn_k_1<P (p0,z")do(0)

2 The stability in {2 is a direct consequence of the stability in R”~* and Fubini’s theorem.
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denote the quadratic average of ¢ on the unit sphere of R*~* and let ¢o(z’, ") =
x(|2'|,2"). Clearly, ¢pg € H has disjoint support from ¢. We are going to prove that
Qu(Po) < 0, so that u would have Morse index in H at least equal to 2, which is a

contradiction. Note that
[rapie = [ p-ia, )
17} 2

Xe(p, &) = DP(p,2”") + €]/ and ¢ = xe(|2'],2").

Clearly, x. is differentiable in [0; +oco[Xw

For € > 0, let

OXe " 1 1 Op "
. — - - (pb do (0
ap (p,.’E ) Xe (|Sn_k_1| Sn—k—lwap (p ,LE ) G( ) )
and
OXe " 1 1 .
A = — ——— 0 do (0 —k+1<j<n.
8xj (P, “ ) Xe ‘Sn—k—1| Sn—k—1 637] (p v’ ) 0( ) » + J "

Therefore, ¢. € C1(£2) and, by Holder’s inequality, we have

Vola'sa ) < gz [, [Velooa) 2 do(o).

/\Wel“‘s/ Vgl
(9] 0

So, (¢¢) is bounded in H' and converges weakly in H! and a.e. to ¢ as € converges
to 0. In particular, ¢ € H'(£2) and

/ Vol < / Vol
0 N

So, Qu(¢o) < 0, and we obtain the desired contradiction. O

which also implies that

3. Proof of theorem 1.4

STEP 1 (capacitary estimate). The following estimate is due to Farina (see [5,
proposition 6]). Let u denote a solution that is stable outside a compact set. For
every v € [1,2p 4+ 2+/p(p — 1) — 1), there exist constants C,Cs > 0 such that, for
every R > 0,

/ (IV ]|~ D/202 4 |uPt) da < Oy + CoRM—F)=2e+7)/(=1), (3.1)
By xw

STEP 2. In fact, if u is stable, one can choose C; = 0. As in Farina’s work, we
readily deduce, by letting R — 400, that there is no non-trivial stable solution of
(1.1) in the special case in which 1 < p < p.(n — k).
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STEP 3. If 1 < p < ps(n — k) and wu is a solution of (1.1) that is stable outside a
compact set, then in view of (3.1), we obtain

/ Vul? + [ulP* < oo, (3.2)
(9]

By dominated convergence, it follows from (3.2) that if Ap = {R < |2/| < 2R},
then

/ IVl + [ufP*! = o(1) as R — oo, (3.3)
ARXW
Consider a test function ¢r(z) = ¢(|2’|/R), where ¢ € C2([0;00[) is a standard

cut-off function satisfying ¢(t) = 1if 0 < ¢t < 1, and ¢(¢t) = 0 if ¢ > 2. Multiplying
equation (1.1) by u¢r and integrating by parts over Bhp X w, we get

1
[ vuPon— [ prtton=g [ uace
Bipxw Bipxw Blpxw

Using Holder’s inequality and (3.3), we conclude that
/ |Vul|?pr — / |ulP™ pr = o(1) as R — oo.
Bijpxw Bipxw

Hence, letting R — oo, we get

/Q|Vu|2:/9|u\p+1. (3.4)

To complete the proof of theorem 1.4 for ps(n) < p < ps(n — k), we need the
following Pohozaev identity.

PROPOSITION 3.1. Let u be a solution of (1.1) that is stable outside a compact set
and let z = (0,2) € R"™% x w. Then, if 1 < p < ps(n — k), we have

2n 1
1—-— ulPtt = — / V'ul?(z—2)" V", (3.5)
< (n—2)(p+1)> .Q| | n—2 R"L*"'xawl |

where v denotes the outward unit vector normal on By X Ow.

Proof of proposition 3.1. Multiplying equation (1.1) by Vu-(xz —z)¢r(z’) and inte-
grating over Bl X w, we obtain

/ —AuVu - (x — z)pr = / lulP~uVu - (x — 2)¢p. (3.6)
Bl pxw

’
By Xw

For the left-hand side of (3.6), integrating by parts yields

Il(R) :

/ —AuVu - (r — z)pr
Bipxw

N =

V(Vul?) - (z — 2)or + / Vulfon

!
Bipxw

+

i
J

(V- Vér)(Vau- (z — 2)) — / (V- ) (V- (@ — 2))ébn.

! !’
LR XwW Bl x0w
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Integrating again by parts the first term of the last equality, we get

2—n 1
5 / |Vul?¢r + 5/ |Vul?(z — 2) - vér
Bl xw Bl x 0w

- / (V- 2)(Vu- (z — 2))pn +o(1), (3.7)
BZRX&U

L(R) =

where, in view of (3.3) and the definition of ¢g,

o(1) = /J%RXW(Vu VoR)(Vu- (r - )+ & /BW Vu2Von - (x - 2)
as R — oo.

Taking into account that v = (0,2”), and v = 0 on R"™* x Qw, at any point
r € R"* x Qw where V"u # 0, we have v = ¢(V"u/|V"ul), where ¢ € {—1,1}.
Therefore, (3.7) becomes

2—n 1
B =250 [ ey [ e 2 v+ o).
LR XwW SrX 0w

Now, integrate by parts the right-hand side of (3.6) to obtain

L(R) := /B |ulP~ uVu.(x — 2)dr
SRXW

n 1
=— ulPlop — —— ulP VR - (v — 2
pJFl/BéRle o p+1 BéRXw| | ?r - ( )
n
— [ Pt o), (38)
p BlpXw

Since I; (R) = I(R), combining (3.7), (3.8), and letting R — oo, from (3.6) we get

_ /| ‘p+1 _7/ |V”u\2(x—z)"-1/".
R~k x Qw

From (3.4), we derive the desired result. O

As a consequence of proposition 3.1, if w is strictly star shaped with respect to z,
it holds that (x—2)"-v" > 0 on R" % x 9w, and so u = 0 when ps(n) < p < ps(n—k).
The p = ps(n) case requires more analysis. In fact, from (3.5) one has du/0v = 0
on 912. In addition, applying (3.1) with v = p and recalling that
n—k—QQ—pl <n—k-— 2Zii<0

for p = ps(n), we find that
/ [u|?P < oo, ie. |ulP"lue L*(92).
Q

Recall that Poincaré’s inequality holds in H}(£2). By LP-elliptic theory, we deduce
that w € H? ¢ L*N/(N=% and by a standard boot-strap argument, one has u €
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W27 with r > n/2; then u € L>(2). Therefore, (1.1) becomes Au+ qu = 0, where
q = |ulP~t € L>®(2) with u € H?(2) satisfying u = du/dv = 0 on 9f2. By the
unique continuation principle for Cauchy data (see [6]), it follows that u = 0.

STEP 4. We derive a variant of a monotonicity formula due to Pacard [7]; see also
Wang [9]. For A > 0, define u* by

uMz) = NP Dy’ 2") forall z = (2, 2") e R"F xw
and

1
E(u;)\) :/B (%[V/UAF + )\Q‘V”U/\‘Q] B p+1|u/\|p+1> dz
I Xw
1
N W2 do.
p—1 OB Xw

We claim that E is a non-decreasing function of A. Furthermore, E is differentiable

and
dE
— = )\[/ \aAu/\|2da+/ |V”u)‘2dx}
dA OB xXw Bi xw

To prove our claim, we note that u* solves

—Au = NA" = MNP in RPTR xw, (3.9)
that
E(u; \) = E(ut;1), (3.10)
and that
Aorut = 3 1u’\ + pd,ut for x € 2, A >0, (3.11)

where we recall that p = |2'| and 9, = V - (2//p). So, if

1
E:/ (1V'u’\2u’\p+1>dx, 3.12
' o 3l | erl|| (3.12)

then
dE;

ax / (V'ut - V'oru? — [P~ ur oz da.
Bi xw

Integrating by parts and using (3.9), we have

dFE
=t )\2/ A" dyu? Jr/ 8pu)‘3>\u)‘.
dA Bi xw OB} Xw
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Integrating by parts again and using the boundary condition, the first addend is
equal to

)\2/ A" oy = —)\2/ AVALTEAR VAL TR
Bi Xw B xw

:_ﬁi |V”’LL)\‘2
2 dA Bi xw

d |:>\2/ A2 A2
=——|—= V" u?| Jr/\/ |V ur |7
dA| 2 Bi xw Bi xw

Thanks to (3.11), the second addend is equal to

2
/ apu’\(%\u’\ = / ()\8)\1/\ — u)‘> NTR
OB] xw OB) xw p—1
1 d
e v A
OB} Xw p—- 1dA OB} Xw

and the result follows.

STEP 5 (blow-down analysis for stable solutions). From step 1 (applied to u on a
ball of radius AR), we know that, given R > 0,

/ (|v/u)\|2 + >\2|V”u)‘\2 + ‘u)“erl)d:E < C R(n=k)=2(p+1)/(p=1) (3'13)
B xw

So, (u*)a>1 is uniformly bounded in H'NLPT! (B} xw) for any R > 0. In particular,
a sequence (u*») converges weakly to some function u* in H' N LPT(B), x w) for
every R > 0 as )\, — +o00. Note also that u* satisfies the following PDE:

A"t = NTHA W+ P ). (3.14)
Taking limits in the sense of distributions, it follows that
~A"u® =0 in D' (R"* xw).

The maximum principle applied for almost every 2’ € R”~* to the function u> (2, -)
implies that u*>° = 0.

Actually, the full family (u*) converges strongly to u™ = 0 in LPTY(Bj x w).
Indeed, by Rellich’s theorem, (u*) is compact in L?(Bj% x w), while it remains
bounded in LPT7 (B}, X w) for some v > 1, thanks to step 1. By Holder’s inequality,
(u*) is compact in LPT1(Bf x w); u™ = 0 being its only cluster point, the claim
follows.

Now, multiply (1.1) by pu¢?, where ¢ € C1(§2) is a cut-off function to be specified

soon.? We find that
p [ Vv =p [ i
I} I}

3 Such test functions can indeed be used in the stability inequality, thanks to the Dirichlet
boundary condition; see [5, remark 5].
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The left-hand side is equal to
p [ VO 9

while the right-hand side is bounded above by [, |[V(u¢)[?, since u is stable. It
follows that

(1) /Q V(o) < p / 2IVCP. (3.15)

Now choose ((x) = {o(z'/\), where (; =1 in Bj and (s = 0 outside B). Then,

/ |Vul? < C'/\_Q/ u?.
Bl xw B\ xw

Going back to u*, we arrive at

/;3 ‘VIUA|2+>\2‘V”’UJA|2 < C/ |u)\|2'
Ixw

’
By xw

Recalling that (u*) converges to zero in LP*1(B% x w), and thus also in L?(B} x w),

we conclude that
lim Fy(u;\) = lim Ey(ut;1) =0,

A—~+oo A——+oo

where Fs is given by

1
Ey(uM1) = LAV 2 + X2V ?) — ——|uMPH | da.
2
lew p+ 1

We claim that the same holds true for E. To see this, simply observe that since F
is non-decreasing,

E(u* 1) = E(u, \)

<= E(u,t)dt
AU
1A 1 L [P k) 2
=_ Eo(u,t)dt + ——A~ / A A / ul
A /,\ (u:1) p—1 A OB xw
< sup Es(u,t) + C |u? |2 (3.16)
t2X B Xw

Thanks to this, we deduce that
lim FE(u,\) = lim E(u* 1) =0.

A—+oo A—+oo
In addition, since u is C?, one easily verifies that
E(u,0) = 0.

Then E(u, A\) = 0, since F is non-decreasing, and so dE/dX = 0, which means that
u is homogeneous and independent of x/. Thanks to the boundary condition, we
readily deduce that u = 0.
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STEP 6 (blow-down analysis for solutions that are stable outside a compact set).
We assume that p > pg(n — k). As before, by step 1, (u*) is uniformly bounded
in LPY7 (B}, x w) for some v > 1. In addition, |[V/u*|? + A?|[V"u*|? is bounded in
LY(BY% x w), for any R > 0. As in step 5, this is enough to conclude that (u*)
converges strongly to u® = 0 in LPY(Bj x w). In addition, E2(u*;1) remains
bounded. This time, however, (3.15) remains valid only for cut-off functions ¢ €
CL(2\ Bg, xw), for Ry sufficiently large. So, choose ((x) = (o(z’/)), where (o =0
in B;/Q, Co=1in B{\ Bl and {p = 0 outside Bj. Then, for A > Ry/e,

/ |Vul? < OA*Q/ u?.
B\\B., xw B, xw

Going back to u* yields

/ ‘V/’LL)\|2 +)\2‘v//u>\|2 < C lu)\|27
Bi\B.xw Bl xw
and so
1
Ea(usn) = [ (;WW AV - |uA|P+1) du
B xw P+

IXw Bi{\B.xw

_ En—lcf2(1)+1)/(17*1)E2(u;)\z-:) +/
Bi{\B.xw

<C<€nk2(p+1)/(p1)+/ |ux|2).
Bl xw

Letting A — 400 and then e — 0, we deduce that limy_ 400 Eo(u;A) = 0. The
remaining part of the proof of step 5 can be used unchanged. O

4. Proof of theorem 1.7

We indicate here how to adapt the proof of theorem 1.4 to this case.

CASE 1 (p > ps(n —k)). Here the only difference comes from the classification of
the blow-down limit ©*°. In fact, multiplying (3.9) by usc¢dr(z’'), we see easily that

/ (V”u)\j . V”uoo)(bR
Blpxw

converges to 0 as j — oo. Since (uy,) converges weakly t0 uo in H'(Bhp x w), we
deduce that

/ IV"us|?pr =0 VR > 0.
Bipxw

In other words, u®° is a function of 2’ only. But integrating (3.9) in the " variable
and passing again to the weak limit then implies that u™ = (1/|w|) [ u™ dz” is
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an energy solution of
—A'u>® = [u®|P~ > in Rk,

In addition, since u is stable outside a compact set, u> is stable outside the origin. If
n—k > 2, points have zero Newtonian capacity and so u* is stable in all of R*~%. By
Farina’s theorem 1 of [5], which still holds for energy solutions, u™ = 0. Ilf n—k = 1,
then 4 is stable only outside the compact set {0}. But ps(n—k) = p.(n—k) = 400,
so we can apply, for example, [5, theorem 2] to arrive at the same conclusion.

CASE 2 (p =pg(n — k)). First we need the following version of Pohozaev’s identity.

PROPOSITION 4.1. Let u be a solution of (1.1) that is stable outside a compact set.
Then we have

(et o =i

Proof of proposition 4.1. Note that (3.2)-(3.4) hold for (1.2). As in the proof of
proposition 3.1, multiplying (1.2) by V'u - (x — 2)'¢r(]2'|) and integrating over
Blr X w, we get

/ —AuV'u- (z — 2)pp = / lulP" uV'u - (z — 2)pr. (4.1)
Blpxw

!
BypXw

For the left-hand side of (4.1), integrating by parts, we obtain

Ji(R) : /B —AuV'u - (z — 2) dr

s Vv @ ent [ VuPon-+ol).
BlpXw Bl pxw

Integrating again by parts the first term of the last equality, we get

k —
nE =" [ walers [ [9uPor-+ o)
SR XW

2 Bl pXw
—k-2
= / Vul?on - / Vulor+o(l).  (42)
2 Bipxw BipXw

Now, integrating by parts the right-hand side of (4.1) to obtain

n—k
S ] eno). (43
LrXw

Jo(R) = /B P~ V- (z — 2) = —
éRXw

Since J1(R) = J2(R), combining (4.2) and (4.3), and letting R — oo, from (4.1) we

obtain L9 .
R R L R
p+1Jp Q

Therefore, (4.4) becomes

2
2 p+l _ _ ",.12
/|Vu| 5 |t == [ 19
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From (3.4), we derive that

If p = ps(n — k), from (4.5) one has

/ |V"ul? = 0.
2

This gives the following classification: u(z’,z”) = u(z’) in 2 and u satisfies

—A'u=[ufP"tu in R"* with p = ps(n — k). O
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