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We generalize to the anisotropic case some classical and recent results on the

(n — 1)-Minkowski content of rectifiable sets in R™, and on the outer Minkowski
content of subsets of R™. In particular, a general formula for the anisotropic outer
Minkowski content is provided; it applies to a wide class of sets that are stable under
finite unions.
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1. Introduction

The notion of Minkowski content was introduced by Minkowski in order to study an
intrinsic definition of the k-dimensional area of a compact set. Precisely, if S C R"
is a closed set, the (n — 1)-dimensional Minkowski content of S is defined by

M(8) = lig 2SR dist(2, 5) < e
= %

(1.1)

whenever the limit on the right-hand side exists and is finite; here | - | denotes the
Lebesgue measure in R™. Note that if B denotes the unit ball in R™, then |{z €
R™: dist(z, E) < e}| = |E+¢eB)|; in other words, we are thus looking for the limit of
the volume of the tube around S divided by the thickness 2¢. The set E+¢B is called
the parallel set or Minkowski enlargement of E at distance €. A natural question
arises: is it true that the (n —1)-dimensional Minkowski content of S coincides with
the (n — 1)-dimensional Hausdorft measure of S? A first result in this direction can
be found in [10], and the answer is affirmative if the set S is smooth enough in the
sense of geometric measure theory, i.e. it has good rectifiability properties (see § 2 for
details). The notion of the Minkowski content of sets recently played a fundamental
role in the approximation and estimation of the mean density of (n—1)-dimensional
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random closed sets (see, for example, [5,18]), and thus has applications in statistics,
stochastic geometry and image analysis. A computer graphics representation of
lower dimensional sets in R? is in any case provided in terms of pixels, which can
offer only a two-dimensional box approximation of points in R? (an interesting
discussion on this is given in [14]). Therefore, the possibility of evaluating and
estimating the surface measure of a set (the mean surface density for random sets)
by the volume measure of the Minkowski enlargement of the involved set, which is
much more robust and computable with respect to the H"~'-measure, could provide
a solution to problems of this kind. Other examples of applications to statistical
problems concerning non-parametric estimation of the boundary of deterministic
sets can be found, for instance, in [3,4].

More recently, in [2], motivated by problems arising in stochastic geometry, the
notion of outer Minkowski content of a set was introduced:

"odi < . -
lim {z € R™ : dist(z, E) < e} \ E| ~ lim |E + B E|;
e—0 £ e—0 €

SM(E) := (1.2)
in this case, we are looking for the limit of the volume of the part of the tube
‘outside’ E, now divided by the thickness . Ambrosio et al. [2] investigated the
general conditions that ensure the existence of SM; in particular, they prove that
SM(E) coincides with the perimeter P(E) of E whenever E has finite perime-
ter and M""1(OF) equals the perimeter of E, where OF denotes the topological
boundary of E (see theorem 3.1).

A more general formula for the outer Minkowski content of a set has been inves-
tigated in [16], and also holds when some points of E have density 0 in the sense of
geometric measure theory; roughly speaking, the points of density 0 of E, denoted
by E° (see §2 for a precise definition), form the part of E that looks like a (n —1)-
dimensional manifold, or any of its subsets. In order to understand what happens
in this case, take, for instance, the set E in R? given by a square and a line seg-
ment outside the square: the line segment is the set of points of E of density 0.
We expect that SM(FE) takes into account the perimeter of the square plus twice
the H!'-measure of the added line segment. A rigorous formula that formalizes this
intuition holds for a suitable class of sets that is stable under finite unions (see the-
orem 4.3), and such stability is a particularly relevant feature in connection with
applications to the study of some stochastic processes. Precisely, the formula takes
the form

SM(E) =P(E)+H" 1 (0ENE°). (1.3)

Possible applications of this are the study of the evolution equations of the mean
density of the surface measure of random sets evolving in time and modelling grain
growth in recrystallization processes in materials science (see, for example, [17] and
the references therein for a more exhaustive treatment). Note that isotropic growth
may be modelled by the Minkowski enlargement of the involved crystals, and so
the role played by the outer Minkowski content in the study of the surface measure
of the crystallized region is evident.

It thus seems crucially important to try to extend the above results on the (outer)
Minkowski content to the anisotropic case, in order to deal with the problem of
anisotropic growth in recrystallization processes. Very recently, an anisotropic vari-
ant of the outer Minkowski content of a set was considered in [7] from a purely
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mathematical point of view, also motivated by the study of anisotropic perimeters
arising from discrete perimeters (see [6]). So, by replacing B in (1.2) with a convex
body C' C R", i.e. a compact and convex set with 0 in its interior, we may look at

the limit
E —|FE
SMc(E) == lim |1E+Cl - |E]

e—0 e

(1.4)

whenever it exists and is finite.

Note that SM(E) and M"~}(JFE) may suggest using statistical methods to
estimate the H"~1-measure of the boundary of E (see, for example, [8]); similarly,
their anisotropic generalizations SM¢(E) and M (OF), and related results proved
in theorems 3.2, 3.4 and 4.4, may be applied analogously in order to estimate the
measure of the anisotropic perimeter of E, or, eventually, the H™ !-measure of its
boundary, whenever they coincide. Moreover, the study of SM¢(E) and Mg (OF)
with C' = [~1,1]? may also be of interest in image analysis in order to compare
or improve the existing results in boundary estimation by taking into account the
fact that pixels are actually squares in digitized images. Finally, an anisotropic
version of the outer Minkowski content may be of further applications in stochastic
geometry concerning the so-called contact distribution function of random closed
sets (see, for example, [12,13]).

Surprisingly, much less is known about the anisotropic case than the isotropic
case. In order to understand easily what happens in the anisotropic case, take
a convex body C' that is not a ball: there exists a direction v € R"™ for which
he(v) is not 1, where he is the so-called support function of C, defined as ho(v) ==
sup,cc - (for a very nice explanation of ho we refer the interested reader to [11]);
without loss of generality, we can assume v = e,,, where e, is the last vector of the
canonical basis of R™. Consider thus the half-space £ = {z € R": z,, > 0}, which
has v as exterior normal, and measure locally (see what happens on a bounded
set A that intersects OF) its anisotropic Minkowski content using (1.4): note that,
since F has a flat boundary, it is very easy to compute the measure of the e-
tube around GF, and we obtain ehc(v)H" 1 (OE N A) + o(e) for any A such that
H"YH(OE N OA) = 0. This very simple computation suggests that for sufficiently
smooth sets the anisotropic outer Minkowski content of E takes the form

SMc(E) = / ho(vg)dH™ 1, (1.5)
OF

where vg is the exterior unit normal at E: therefore, SM¢(E) is not, in general,
the perimeter of E, unless C = B, when we have hc = 1 identically; of course
it may be that, for particular sets E and for a particular choice of C; SM¢(E)
coincides with H"~1(OF) (think of sets with flat boundaries and take a suitable
(), but this is not the general case, as (1.5) shows. As a very simple example in
R? take E = [0, L] x [0, Lo] C R?; if C = [—1,1]?, then

SMc(E) =2(Ly + L) = H' (OF),

whereas if C' is the rotation of C' through 7 /4, then SM¢(E) = v/2H! (dE). Cham-
bolle et al. [7] prove that for sufficiently smooth sets (always in the sense of geo-
metric measure theory) (1.5) holds.
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In this paper, first of all we want to find an integral formula for the anisotropic
Minkowski content of a set, i.e. the quantity, whenever it is well defined, given by
S +eC]

Mc(S) = gl_I}(l) o

Note that if S is a boundary, taking S = OF, the anisotropic Minkowski content of
S should be equal to
SMce(E)+ SMcR"\ E)
5 .

Therefore, we expect that

1

M(8) = [ (helws) + he(-vs) @,

where vg is a unit normal to S. We are able to prove such a formula under suitable
conditions on S similar to those one must assume for the isotropic case (see theo-
rems 3.4 and 3.7). Actually, we need to show the anisotropic Minkowski content, as
is this essential, following our approach, in order to prove a general formula for the
anisotropic outer Minkowski content SM¢(FE) that also takes into account points
with density 0, as done in the isotropic case: such a general formula is stated in
theorem 4.4, coincides with (1.3) when C' = B and holds for a suitable class of sets
that is stable under finite unions.

2. Notation and preliminaries

2.1. Notation

Let n > 1 be integer. Given a measurable set A C R", we shall denote by |A]| its
Lebesgue measure. If k € {0,...,n}, the k-dimensional Hausdorff measure of S C
R™ will be denoted by #*(S). We shall use the notation z -y for the standard scalar
product between x and y in R™, and B, (z) for the closed ball of radius r centred
in z. For each k € N with & < n we denote by G, the set of unoriented k-planes on
R™; for any m € G}, we denote by 7+ € G,,_j, the (n — k)-plane orthogonal to 7.
Finally, if p is a positive, real or vector measure on some space X and f: X —» Y
is measurable, we define the measure fyu on Y as fyu(F) := p(f~1(F)) for any F
measurable in Y; a positive and real measure p on X is said to be a probability
measure if p(X) = 1.

2.2. Geometric measure theory

In this subsection we recall some basic notions of geometric measure theory that
we shall need; for details we refer the reader to [1,10,15]. Let n > 1 be integer and
let £k € N with & < n. The following general property of Radon measures holds;
here wy, is the volume of the k-dimensional unit ball.

THEOREM 2.1. Let £2 C R™ be an open set and let p be a positive Radon measure
on 2. Then, for any t > 0 and for any B Borel set in {2, the following implications
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hold:
B )
hmsupM(f)) >t VaeB = pu>tHL B,
p—0 WEp
B
hmsupM(f)) <t VeeB — u<2MtHFL B.
p—0 Wgp

A very useful consequence of theorem 2.1 turns out to be the following;:

B Borel in 2 with u(B) =0

i AB(@)

l = 0 for H*-almost every (a.e.) z € B. (2.1)

Now let S C R™. We say that S is k-rectifiable if there exist a bounded set B C R*
and a Lipschitz function f: B — R™ such that S = f(B). We say that S C R" is
countably H*-rectifiable if there exist countably many Lipschitz functions f; : R¥ —

R™ such that
+oo
H’“(S\ U fh(R’“)> =0.
h=0

If, in addition, H*(S) < 400, then S is said to be H*-rectifiable. A classical rectifi-
ability criterium says that a Borel set S C R™ with H*(S) < 400 is H"-rectifiable
if and only if

H* (SN By(2))

- =1 for HF-ae. z€8S. (2.2)

lim
p~>0 wkp

It turns out that if S is countably HF-rectifiable, then for H*-almost any point
xg € 5, the approximate tangent space Taunl’“(S’7 zo) € Gy is well defined, i.e.

i [ o( =2 ) anto) = [ o, A Yo CE)

In particular, if K = n — 1, then Tan""!(S, 2¢)" is generated by some unit vector
denoted by vg.

We recall that by a Lipschitz k-graph we mean the graph of a Lipschitz function
¢:m — w1, where 7 € Gj. Given a countably H*-rectifiable set S, it is well
known that S can be covered, up to a H*-negligible set, by a countable family
of pairwise disjoint compact subsets of S that are contained in some Lipschitz k-
graph and with finite k-dimensional Hausdorff measure. We now recall the notion
of a k-dimensional Jacobian and the area formula. Let L: R*¥ — R™ be a linear
map. The k-dimensional Jacobian of L is defined by JiL := y/det(L* o L), where
L*: R™ — R* denotes the transpose of L. The Jacobian is related, as is well known
in the smooth case, to the change-of-variable formula for multiple integrals: more
precisely, if f: R¥ — R™ is Lipschitz, then for any measurable set £ C R* the
multiplicity function y — H°(E N f~1({y})) is measurable and the area formula

J

o) dH* (y) = /E o(@) T df, da (2.3)

" zeENf-1({y})
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holds for each g: E — R Borel, where df,: R¥ — R" is the differential of f at z,
which exists for a.e. z € R*¥ by Rademacher’s theorem.

There is another useful formula, known as the coarea formula: if 2 is open in R™,
f: 2 — R is Lipschitz continuous and g: {2 — [0, +o0] is Borel, then

+oo
)|V f(z)|dx = dH™ 1 (y) dt. 2.4
/Q o)V ()] / ) /Q o (2.4)

Now, let £ C R™ be a measurable set and let {2 C R™ be an open domain; we
denote by x g the characteristic function of E. We say that E has finite perimeter
in 2 if the distributional derivative of x g, denoted by Dxg, is an R"-valued Radon
measure on {2 with finite total variation; the perimeter of E in {2 is defined by
P(E;$2) := |Dxg|(£2), where |Dxg| denotes the total variation of Dyg. We also
let P(E) := P(E;R™). For sufficiently smooth boundaries, the perimeter coincides
with the (n — 1)-dimensional Hausdorfl measure of the topological boundary. An
interesting situation is the following: given a Lipschitz map f: A — R, with A open
and bounded in R" ™!, the subgraph of f turns out to be a set with finite perimeter in
A xR, and its perimeter coincides with the (n — 1)-dimensional Hausdorff measure
of the graph of f. The upper and lower n-dimensional densities of E at = are
respectively defined by

O (E,z) := limsup M, Oun(E, x) := liminf W.

p—0 Wn P p—0 wpp"
If ©f(E,z) = O.n(E,x), their common value is denoted by ©,(E,z). For every
t € [0,1] we define E' := {z € R": O,,(F,z) = t}. The essential boundary of F
is defined as *F := R™ \ (E° U E'). It turns out that if E has a finite perimeter
in 2, then H"~1(0*F \ E'/?) = 0, and P(FE; 2) = H"~(0*E N 2). Moreover, one
can define a subset of E'/2 as the set of points z where there exists a unit vector
vg(x) such that

EF—x

—{yeR": y-vp(r) <0} in L. (R™) asp— 0,

which is referred to as the outer normal to E at x. The set where vg(x) exists
is called the reduced boundary and is denoted by FE: roughly speaking, if we
zoom in around a point on the reduced boundary (more properly, blow up), we
see something flat and precisely a half-space orthogonal to what we call normal
at that point. Note that the standard definition of reduced boundary, which can
be found in [1], is different from that presented here, and in [1, definition 3.54]
the reduced boundary is defined precisely in terms of the distributional deriva-
tive of xg and its behaviour with respect to the total variation of such a deriva-
tive; we admit that the distributional definition is more intuitive, but the defini-
tion given here, based on a result obtained by De Giorgi in 1954, turns out to
be more practical. One can show that H"~1(9*E \ FE) = 0. Moreover, one has
the decomposition Dyg = (—vg)H" 'L FE. We also introduce the set 9°E :=
{x € DEN E?: 3Tan" *(OE,z)}. Let us collect some elementary properties of sets
with a countably H™ !-rectifiable boundary and with finite perimeter in {2; for any
E CR" welet E°:=R"\ E.
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LEMMA 2.2. Assume that E has a finite perimeter in {2 and that OF is countably
H"~L-rectifiable. Then the following hold:

H'H(FE) =" (FE°); (2.5)

H" YOE\ FE) = H" 1 (9*E) + H" 1 (O°E°); (2.6)
vie(x) = —vg(x) for any x € FE; (2.7)
H" L OE) = H" 1 (9*(OF)). (2.8)

Proof. Properties (2.5), (2.7) and (2.8) are trivial. In order to prove (2.6) we note
that

H"Y(OF) = H" 1 (OE®)
= H""H(FE) + H"H(OE N (E)') + 1" (OB N (EX)°)
=H""Y(FE)+H" H(OEN E°) + H" "1 (9°E)
_ an—l(]_—E) + Hn—l(a2E) + Hn_1(82EC).
Therefore, H" "1 (OE \ FE) = H""Y(0*F) + H" "1 (0?E®), which is (2.6). O

REMARK 2.3. Using lemma 2.2, we may observe that if E is such that its topological
boundary OF is a set countably H" !-rectifiable and bounded, then one of the
following holds for H" -a.e. z € OE:

(1) x € FE, and the outer normal vg(x) to E at z exists;
(2) x € EYNOFE (in such a case no outer normal exists);
(3) x € 9?E, and two outer normals to E at z exist, say vg(r) and —vg(z).

This is in accordance with known results in the literature for sets with positive reach
(see, for example, [9]); namely, it can be shown that the topological boundary of
a compact subset E of R™ with positive reach is (n — 1)-rectifiable, and that, for
H " t-ae. x € OF, either v € FE or x € 0?°E (see also [2]).

We now recall the well-known Besicovitch theorem.

THEOREM 2.4. Let A C R™ be a bounded set and let p: A — (0, +00) be a function.
There exists a set S C A at most countable such that

AC U BP(I)(CL').

€S

Moreover, every point of R™ belongs to at most & balls B, (x) centred at a point
S, where & is a constant depending only on n.

We shall also need the following variant of the Vitali covering theorem concerning
the Lebesgue measure: if A C R™, we say that F is a fine cover of A if for each
x € A there exist balls in F centred at x and with arbitrarily small radii.
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THEOREM 2.5. Let A C R™ be a bounded and Borel set and let F be a fine cover
of A. Then, for any positive Radon measure p in R™, there exists a disjoint family

F' C F such that
u(A\ U F) =0.
FeF

3. The anisotropic Minkowski content

Let C C R™ be a convex body, i.e. a compact and convex subset of R™ with 0
in its interior; here and in what follows a,b € R are such that 0 < a < b and
B,(0) C C C By(0). We denote by h¢ its support function, i.e.

ho(v) :=supzx-v, veR™

zeC
Define, for any S C R™ closed,
50y s S +¢eC| S +e0)
ME(S) = hranj(l)lp — M, (S) = hgn_gglf -

If ME(S) = M.c(S), their common value is denoted by M (S). As we saw in § 1,
there exists a relation between Mp, (0)(OF) and SM(E). To be more precise, let
» di <
SM(E; ) = lim {x € 2: dist(z,E) < e} \ E| ~ lim |(E +¢eB1(0)) \ E

e—0 IS e—0 e

whenever such a limit exists; of course we have SM(E) = SM(E;R™). Hence, the
following theorem holds (see [2]).

THEOREM 3.1. If E has finite perimeter in 2 and Mp, )(0E) = P(E;(2), then
SM(E;2) =P(E;2).

Moreover, we need to give the precise statement of the main result in [7]; let

SMo(B; 9) = lim BN = |E]

e—=0 3

Note that in this case we also have SM¢(E) = SMo(E;R™).

THEOREM 3.2 (Chambolle et al. [7, theorem 3.4]). If E has finite perimeter in (2
and SM(E; 2) = P(FE; 2), then

SMe(E; 2) :/ he(vg)dH" L.
FE
LEMMA 3.3. Let A C R™ ! be open and bounded and let f: A — R be Lipschitz
continuous. Let G be the graph of f, i.e. G := {(z,y) € AxR:y = f(x)}. Then
Mc(G) exists and

Mo(G) = /G(bc(uc;)dH"_l,

where
ho(v) + he(—v)

5 Yo € R™.

¢C(U) =

https://doi.org/10.1017/50308210515000542 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000542

A general formula for the anisotropic outer Minkowski content 401

Proof. Let E := {(x,y) € A xR:y < f(x)} be the subgraph of f. Since f is
Lipschitz, E has finite perimeter in A x R and M"Y (9E) = Mp, ()(0E) =
P(E; A x R). Applying theorem 3.1, we deduce that also SM(E; 2) = P(E;12).
Thus, using (2.7) and theorem 3.2 we get

_ SMo(B; 2) + SMo(2\ E; 2)

Mc(G) 5
:/ hC(VE) + hC(-VE) danl
Fe 2
= / pc(vg)dH" ™,
G
which yields the conclusion. O

We are ready to prove the first main theorem of this section, which may be seen
as the generalization to the anisotropic case of theorem 2.104 in [1]. Of course, the
next proofs are similar to those for the classical Minkowski content in [1], which are
anyway not elementary, but for the convenience of the reader we shall give details.

THEOREM 3.4. Let S C R™ be a compact and countably H" ' -rectifiable set such
that

(B (z)) ="~
holds for all x € S and for all r € (0,1) for some v > 0 and some Radon measure n
on R™ that is absolutely continuous with respect to H" 1. Then Mc(S) exists and

Me(S) = /S¢c(u5)d7-t"‘1. (3.1)

Proof. Let {Sp}ren be a countable family of pairwise disjoint compact subsets of S
that covers S, up to a H"'-negligible set and that is contained in some Lipschitz
(n — 1)-graph and with finite "~ measure. Applying lemma 3.3 and using the
subadditivity of the liminf operator, we get, for any N € N,

AU Sh O] oy IS+ eC)
— > L
M.c(S) > hgn_}glf % > };hgn_)%lf 5
N N
=Y Muc(Sn) = | oclvs)dH .
h=0 h=0"5h

Passing to the limit as N — 400, we find the estimate from below:
Moo(S) > /S b0 (vs) dH L. (3.2)
The main point of the proof concerns the proof of the estimate from above, i.e.
ME(S) < /S b0 (vs) dH 1. (3.3)

The idea is to use a suitable covering argument to control what remains outside a
region covered by a finite number of subsets of S, where we can say that M¢ exists
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by lemma 3.3. Fix o € (0,1). We can find a finite number N of pairwise disjoint
compact subsets S, of S that are contained in some Lipschitz (n — 1)-graph, with
finite H"~!-measure and such that

N
n(S) <o+ Y n(Sh).
h=1

Consider the set N
E:= S\ Sk
h=1

and, for any ¢ € (0,1),

N
Sa',a = {.T € S dist (1‘7 U Sh> > O.l/na}.
h=1

Using Besicovitch’s theorem (theorem 2.4) we are able to cover S, . by many balls
{Bao1/ne(xj)}jes (recall that a has been chosen such that B,(0) C C') with z; €
S, for each j € J, and such that, for ¢ small enough, using the assumption on 7,
we have

N
S (a0 )" < S 9 (Bge)) < 577<(5 + o)\ | Sh> <&,

jed jed h=1

where £ is as in theorem 2.4. As a consequence we get the estimate
1/n
HO(JT) < 7/}@5?15”_1'
Therefore, recalling that C C By(0), we obtain
wpb™(1 4 20/ gt/
,yanfl

o wnb"?)”al/”éa
= 'ya”—l :

|Soe + (1 + Ol/n )eC| < Z |Bb(1+201/") ()| <
JjeJ

Now, since it holds that
N N
S+eCC(E+eC)U U Sh+€C) C (Soe + (1+0/™eC)U | J (Sh +20),
h=1

=1
we deduce that, by lemma 3.3,

C
ME(S) = limsup %
e—0 &
Spe+ (1+0/meC] & Sy, +eC
<limSUP| ’E+<2+U Je I—i—Zlimsupi' nteC
e—=0 £ oy €0 2e
wpb"3%a 1/n .
S e KL
and (3.3) follows by sending o — 0. O
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We now move towards the case of (n—1)-rectifiability, as the first existence result
for the Minkowski content, which can be found in [10, p. 275].

THEOREM 3.5. If S is compact and (n—1)-rectifiable, then Mg, 0y(S) = H"(S5).
The next lemma can be found in [1, lemma 2.105].

LEMMA 3.6. Let K C R™! be a compact set and let f: K — R™ be Lipschitz.
Assume that J,,_1dfy =0 a.e. v € K. Then Mp, o) (f(K)) = 0.

THEOREM 3.7. Let S C R™ be compact and (n — 1)-rectifiable. Then M (S) exists
and

MC(S):A¢C(U5)dHn_1.

Proof. The estimate from below,

Moo(S) = /S b (vs) MY,

can be proved as in theorem 3.4. Let f: K — R™ be Lipschitz with K c R"~!
compact such that S = f(K) and fix o € (0, 1). Consider the subset of K given by

F:={z € K:3df, and J,_1df, > 0}.

Let K’ C K\ F be compact and such that £"~}(K \ (FUK")) < o, where £"~! is
the Lebesgue measure of dimension n — 1. Moreover, let Sy := f(K’). Combining
theorem 3.5 with lemma 3.6, we get H"~1(Sy) = 0; thus, we obtain

S By (0
M (So) < limsupM
e—0 2e

= bM™(Sp) = bH"(Sp) = 0,

which means that M¢(Sp) = 0. Now, consider the measure n := fy(L"~' L F). By
definition, 7 is concentrated on f(K) = S; moreover, if S’ C S is H" ‘-negligible,
then by the area formula we deduce that

/ Joor dfode = / HO(F 0 FL({y}) dH " (y) = 0.
Ff-1(s") s

Since, by the very definition of F', it holds that J,, _; df, > 0on F, we get L*~}(FN
F71(S")) = 0, which proves that 7 is absolutely continuous with respect to H" 1.
Now we are ready to use the same covering argument as in the proof of theorem 3.4
in order to control the ‘bad’ part of .S using the properties of the measure 7. More
precisely, we can find a finite number N of pairwise disjoint compact subsets S},
of S that are contained in some Lipschitz (n — 1)-graph, with finite 4"~ !-measure

and such that
N

o+ > n(Sh).

=
2
N

Consider the set
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Now, note that n(E) < o and f~Y(E)\ F C K\ (FUK') since EN Sy = 0; we
deduce that £L"~(f~}(E)) < 20. If L now denotes the Lipschitz constant of f and
we choose & > 0 such that £L""}((K +L~1C) \ K) < o, we can consider, for any
€ € (0,€), the set

N
Soe = {x € S: dist <a:, U 5h> > 0.1/77,5}.
h=0
Applying Besicovitch’s theorem, we are able to cover S, . by many balls

{Bagi/ne(x))}jes

centred at points of S, . and such that, for € small enough,

S wnaaL o) < ST LK +eLTIC) O T (B ()

jeJ JjeJ
<L (K e 'oyn ! Boyi/mne ()
(e (Uton))
LN UE) + LN (K +6L710) \ K))
< 3¢o,

where £ is as in Besicovitch’s theorem. Therefore,

360.1/n

0
J) < ;
H ( ) wn_lanflLlf’nE’ﬂfl
hence,
|So.e + (1+0/™)eCl <Y [Byrsarr/me(@))]
jeJ
o wpb™(1 4 20/ ™M)t/ 3¢
wnilan—lLl—n
- wnbn3n+lo.1/n€€
= wn_lan—lLl—n .
Using
N N
S+eC C(E+eC)U | J(Sh+eC) C (Soe+ (1+0™eC)U | J(Sh+2C)
h=0 h=0

again, we deduce that, by lemma 3.3,

S C
ME(S) = limsup 7| +eC]
e—=0 2e
Spe+(1+ot/me0] X S+ C
glimsup| et (@+o/M)e |+thsupM
e—0 2e e—0 2e

h=0

+ /S pc(vs)dH™

wnbn3n+1o_1/n£
= anilan—lLl—n

and the conclusion follows. O
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4. A more general formula for SM¢c

In this section we prove the generalization of (4.1). First, let us introduce the classes
O and Of.

DEFINITION 4.1. Let O be the class of Borel sets E of R™ such that
(i) OF is a countably H"!-rectifiable bounded set,

(ii) there exist v > 0 and a probability measure 7 in R™ absolutely continuous
with respect to H"~! such that n(B,(x)) = yr"~! for all x € OF and for all
r e (0,1).

Moreover, let O be the class of Borel sets E of R™ such that

(i") OF is a countably H"~!-rectifiable bounded set and

Mo(OE) = | dc(vop)dH" Y,
oF

(ii") there exist v > 0 and a probability measure 7 in R™ such that n(B,(z)) >
yr"~1 for all x € OF and for all r € (0, 1).

REMARK 4.2. Condition (ii"), and therefore also condition (ii), implies, by theo-
rem 2.1, that H"~!(JE) is finite; in particular, any set in O or Of has a finite
perimeter.

We now recall the main result of [16].

THEOREM 4.3 (Villa [16, theorem 3.1]). The classes O and O}, () are stable under
finite unions, and, for any E € O (or O'BI(O)), it holds that

SM(E)=P(E)+2H" ' (0OEN EY). (4.1)
Now we are ready to state the main result of this section.

THEOREM 4.4. The classes O and O are stable under finite unions, and, for any
E €O (or Op), it holds that

SMc(E) /fE he(vg)dH ™ +2 - bo(ve) dH" L. (4.2)

REMARK 4.5. If E € O (or E € O,) is such that SM(E) = P(E), then by (4.1) it
follows that H"~1(E° N OF) = 0, and so H""1(§*F) = 0. As a consequence, from
(4.2) we get

SMC(E)Z/ he(ve)dH™ 1,

FE
in accordance with theorem 3.2. Moreover, if

SM(E) + SM(E®)
2

= P(B),
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then by (4.1) it follows that H" " 1(E° N OE) + H" Y(E' NIE) = 0, and so
H'HOPE) = H"H(PE°) = 0.

In this case, again as a consequence of (4.2), we get

SMc(E) + SMc(E9) 1 </
FE

_ n—1
B) = 9 hc(VE) dH +LEC

:/ hC(VE) + hc<_I/E) df}_ln—l
FE ’

he(vge) dH"1>

2
in accordance with [7, theorem 3.7].

We shall now prove theorem 4.4 by using the arguments in the proof of [16,
theorem 3.1]; for the reader’s convenience we shall also give complete proofs for the
series of auxiliary lemmas that we need. First, it is easy to observe that ENW € O
for any E € O and any closed W C R"; the following lemma implies that the same
also holds for the class Of.

LEMMA 4.6. If S C R™ is a countably H™!-rectifiable compact set such that

Ma(S) = /SG;C(VS) aHmL
then

M(SaW) = [ gofvs)an?
Snw
for all W C R™ closed.
Proof. Since SN W is countably H" !-rectifiable and compact, by (3.2) we know
that

M*C(S N W) 2 / (ﬁc(l/s) dHn_l.
SNW

Let us show that the opposite inequality holds for Mg (S N W). Consider the
sequence {Wp, }ren of closed sets Wy, := {x € W°: dist(x, W) > b/h}, which implies
that

(m + flLC> NwW=20
for any x € W*, since
T+ %C C Byn(x).
Note that W}, W€ as h goes to infinity. Let us observe that
S+eCO((SNW)+eC)U((SNWy) +eC)

and

(SNW)+eC)N(SNWp)+eC) =0
for all e sufficiently small. Hence, for all h € N,

M*C(SQW> < ME‘(S)—M*C(SﬁWh) < /S(bc(l/s) d']—["_l_L ¢C(VS) dH”_l,

NWh
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Now, by taking the limit for h, which goes to infinity, we get

ME(SOW) < / b (vs) A1
SNW

and so prove the assertion. O
Observing that for each G C R™ Borel set and for each 7, p > 0 it holds that
|(0G +1rC)NG N B,(x)|] C [(0G+ rbB1(0)) NG N B,(x)],
the following assertion is a direct application of [2, lemma 2].

LEMMA 4.7. Let G C R™ be a Borel set and assume that there exist v > 0 and a
probability measure n on R™ such that n(B,(z)) = yr"~! for all x € G and for all
r € (0,1). Then

B
Jim sup |(0G +eC) NG N B,y(x)

n—1
e—0 € )

=o(p

for H" '-a.e. 2 € G°NOG.

For each Borel subset A of R™ let SM,c(E; A) and SMG(E; A) be given by

SM.c(E; A) = lim inf \((E+502\E) N4
SMG(E; A) = limsup [(E+eC)\E)N A|'

e—0 €

We also let SMc(E) := SM.c(F;R") and SME(E) := SME(E;R™).

LEMMA 4.8. For any E € O (or O ), the following hold:

SM.c(E; By(x)) = o(p" ') for H" *-a.e. v € E' NOE, (4.3)
SM.c(E;By(z)) > / ho(vg)dH™™ Y for H* t-a.e. x € B2, (4.4)
FENint B, (x)
SM*C(E; Bp(a:)) 2 2/ ¢C(VE) d/Hn71 + O(pnil)
92 ENint B, (x)

for H" t-a.e. 2 € O*°E.  (4.5)

Proof. Equality (4.3) follows directly from lemma 4.7 with the choice G := E°, and
by taking into account that

|OF +eC| = |(E+eC)\ E| + |(E°+eC) \ E°|. (4.6)
Equality (4.4) can be found in [7]. It remains to prove (4.5). Since 0 € int C, for

any closed set W CC B,(z) there exists € > 0 such that W + ¢C C B,(«) for all
€ < €. So, noting that OFE N'W satisfies the assumption of theorem 3.4 if E € O (or
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(') in the definition of the class O if E € O), we get that

2/ ¢o(ve) dH" ™ = lim inf [(OENW) +C]
OENW

e—0 £

< it (OB +20) 0 (W +<0)
e—0 £
< liminf [(OE 4+ ¢C) N B,(z)| .

e—0 g

Let {W}ren be an increasing sequence of closed sets with W}, CC B, (z) and such
that W " int B,(z). By taking the limit as k tends to co, we obtain that

liminf (OEHEOOB@] o 5 1) o (vp) dH!
e—0 £ k—o0 OENW),
= 2/ do(ve)dH L. (4.7)
OENint B,(x)

Finally, we have that

SM.c(E; B,(x))
[(OE +¢C) N B,(z)| — |(OE +eC) N E N B,(z)]

= lim inf
e—0 £

> limint [(OE +eC) N By(x)| lim sup |(OF +<C) N EN By(x)|
€0 € e—0 €

Thus (4.5) follows from (4.7), lemma 4.7 and by taking into account that
H Y (OENE®) = H"1(9?FE).

Now we are ready to prove the main result of this section.

Proof of theorem 4.4. Let E € O (or E € O,). Let us show that the following lower
bound for SM.c(E) holds:

SM.c(E) > he(ve)dH™ ™ +2 bc(ve)dH L. (4.8)
FE O0?E

Let u be the measure in R™ defined by
u(A) = / he(vg)dH™ ™ + 2/ pc(vg)dH™™ ' A C R" Borel.
FENA 02ENA
By rectifiability we can say that

lim
p~>0 p’ﬂ*l

H* Y OENE°NB,(x)) Jwu—1 for H" -ae ze€dENE",
o for H" l-a.e. z € (OE N E%)¢;

the same conclusions hold for the quantities
H Y OE N E' N B,(x)) and H"Y(FE N B,(x))
pnfl pnfl '
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Taking into account all this information and using lemma 4.8 we get that, for any
e >0 and for H" l-a.e. x € OF,

. n—1 1
i inf SM.c(E; By(x)) +'€"H (E'NOE N B,(z))
p—0 p(int B,(z))

> 1. (4.9)

(Note that the term eH" 1 (E* NOE N B,(z)) in the above fraction is to avoid an
indetermination of type 0/0 at points z € E'NOE.) Since the family of closed balls
B, (z) with p(0B,(z)) = 0 is a fine cover of OF, by the Vitali-Besicovitch covering
theorem (theorem 2.5) for any & > 0 there exist finitely many disjoint closed balls
Wi, ..., Wx with p(0W;) = 0 such that

u(aE\ CJ Wi> <.

i=1
The balls W; can be chosen with centres in JF and such that

(4.9)
SM.c(E; W)+ eH" Y E'NOENW;) > (1 —8)u(W;), i=1,...,N.

Then, the following chain of inequalities holds:

SM.c(E) +eH" H(E' NOE)

N N
> SM.c (E; U Wi) +eH" ! (E1 noENn | Wi>
=1 =1
N
> ) (SMuc(E; W) + X" 1 (E' NOE N W)

> (1 5)§M(Wi> = (1-4) (H(R”> - “(R”\QW’))

> (1 _5)(/H he(ve) dH ™ +2 pc(vg)dH L — 5>.

O%2E

By taking the limit first as § — 0 and then as £ — 0, we obtain the inequality (4.8).
Observing now that E° also belongs to O (respectively, Of), we can also claim
that

SM.c(E®) = / he(vge) dH™ ™ + bc(vpe) dH L. (4.10)
FEe 92E°
Let us now define, for any € > 0,
[(E°+eC)\ E°|

(E+eONEl
€ ’ ° € '

e =

Observe that, by taking into account (2.6) for H" l-a.e. z € OE \ FE,

/ po(vg)dH" ! = pc(vg)dH™ ™ + po(vpe)dH™ L (4.11)
OE\FE 02E 92 Fc
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Moreover, it holds that

(4.8)
liminfa. = SM.c(E) > / ho(ve) dH" ™ +2 pc(vg)dH" ™ =: a,
e=0 FE 2E

and, using also (2.5) and (2.7),
liminf b, = SM.c(E°)
e—0

(4.10)
> / hc(—z/E)dH”_1+2/ bc(vge) dH™ ™! =:b.
FE 92E°
By (4.6) and by (3.1) if E € O (respectively, by (i’) in the definition of the class
O it E € Op) it follows that

lim sup(ac + be) = lim sup
e—0 e—0

|OF + eC|
€

= QMC((?E) = 2 QSC(VBE) d,Hn71
OFE

= 2/ (bC(VE) dHn_l + 2/ ¢C(VE) dHn_l
OENFE OE\FE

(4;1) /}_E(hc(VE) + hc(*l/E)) d,Hnil

+2 pc(vp)dH ™ + 2/ bc(vpe)dH !
o2E 92 Ee

=a-+b.
Since

limsup(ae +b:) <a+b, liminfa. >a€R and liminfb. >beR
e—0 e—0 e—0
imply a. — a and b, — b, (4.2) follows.

To conclude the proof it remains only to show that the class O is stable under
finite unions, since the stability of the class O under finite unions has already been
proved in [16]. Let Eq,Es € O and let E := Ey U Ey. As OF C 0FE; U 0E,, it
is clear that OF is a countably H"~!-rectifiable bounded set, and that (ii’) in the
definition of the class O is fulfilled. We know that, from (3.2),

M,c(OE) > | ¢c(ve)dH™ (4.12)
OFE

Next, we have to prove that
ME(OE) < bc(ve)dH L. (4.13)
OFE

We first localize the lower and upper anisotropic Minkowski content: if S is compact
and H" l-rectifiable, A C R" is closed and B C R" is open, let
S+eC)N B|

£ (S A) = i [(S+eC)nA| AR [
ME(S; A) = hrenjélp % , M.c(S;B) := 111611_)161f 5
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Of course, we obtain M§(S;R™) = ME(S) and M.c(S;R™) = M.c(S); further-
more, following the proof of (3.2), we can see that, for any B C R™ open, the
following holds:

M.c(S;B) > bc(vs)dH L (4.14)
SNB

By observing that Xop+ec + X (0E1n0E)+2C S XoE, +2C + XoE,+ec and using (4.14),
we get, for any = € R™ and for H'-a.e. p > 0,

ME(OF; B, (x)) < / bo(ve,) M + / dc(viy) dH!
(’}ElﬁBP(JL’) 8E2ﬁBP(I)
- / dc(Veng,) dH" !
OE1NOEyNint B, (x)

/ (ZSC(VElUEQ)dHnil
(8E1 UBEz)ﬂBP(a:)

+ / pc(VE,np,) dH" (4.15)
dE1NAE2NB, ()
and thus

M(0F; By()) < / b (vp) dH !
OENB,(x)

+ / ¢C(VE> dr}_ln—l
(OE1UOE2)N(OE)°NB,(x)

+ / dc (Ve ng,) dH" . (4.16)
OE1NOEy ﬁBBP(a:)

We note that now, for H" l-a.e. x € OF,

/ b (Vi) AH = o),
(0B, U0 E,)N(DE)°NB,(z)

since we can apply (2.1) to the Radon measure 5 given by
n(D) ;:/ ¢c(v,up,) dH" ™Y, D Borel in R".
(8E1UOE2)N(OE)°ND

Moreover, observe that H"~1(0E; N 0E> N OB, (x)) = 0 for H'-a.e. p > 0. Indeed,
if for any p € A with £*(A) > 0 we had H"~1(0E1 N OE> N dB,(z)) > 0, then, by
the coarea formula,

+oo
L"(0E; NOFE,) = / H" 1 (OE1 NOE2 N OB, (x))dp
0

> / H" N (OE1 NOE2 N OB, (x))dp
A
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and therefore £L"(0F; N 0F3) > 0, which implies that H" 1 (0E; N dE,) = +oo,

which is a contradiction (see remark 4.2). Thus,

/ bc(VE,nE,) AH" 1 =0, H'-ae. p>0.
OE1N0E2NOB, (x)

From this we obtain, by (4.16), the key estimate
ME(OF; By(z)) < / pc(ve)dH" L +o(p" ) for H' lae. x € OF.
OENB,(x)

(4.17)
Now the assertion follows on applying theorem 2.5. For any D C R™ Borel, let

o(D)i= [ o) dnr .
AEND
As a consequence of (4.17) and (2.2) we may claim that

o sup MEOE: By (1)
TV E)

Since OF is bounded, for any § > 0 there exists a finite covering By, ..., By of dF,
where B; are disjoint closed balls in R™ with

a(aE\ L_NJ Bi> <46

note that the balls B; can be assumed to have centres in OF, such that ¢(0B;) =0
and

<1 for H" tae. z € IE.

o(Bi)
Finally, let B := R"™\ Ufil int B;. Note that M (OE; B) = 0, and thus

<140

C=

M5(OE) < M5 (OE, B) +MC( E, Bz>
N i:1N
Z G(0E,B;) < (146)> o(B;
i=1 N =1
=(1 —|—5)0<U Bi> < (1+9) /aE bc(ve) dH L.

i=1

Inequality (4.13) follows by sending § — 0, and this completes the proof. O

Acknowledgements

The authors were supported by Project GNAMPA 2014 ‘Perimetri anisotropi e
ottimizzazione di forma’ of the Gruppo Nazionale per ’Analisi Matematica, la
Probabilita e le loro Applicazioni of the Istituto Nazionale di Alta Matematica
(INdAM, Rome). They thank the anonymous referee for valuable comments and
suggestions to improve the readability of the paper, and Luigi Ambrosio (Scuola
Normale Superiore, Pisa) for useful discussions and suggestions.

https://doi.org/10.1017/50308210515000542 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000542

A general formula for the anisotropic outer Minkowski content 413

References
1 L. Ambrosio, N. Fusco and D. Pallara. Functions of bounded variation and free discontinuity
problems (Oxford Scientific, 2000).

2 L. Ambrosio, A. Colesanti and E. Villa. Outer Minkowski content for some classes of closed
sets and applications to stochastic geometry. Math. Annalen 342 (2008), 727-748.

3 I. Armendriz, A. Cuevas and R. Fraiman. Nonparametric estimation of boundary measures
and related functionals: asymptotic results. Adv. Appl. Prob. 41 (2009), 311-322.

4 J. R. Berrendero, A. Cholaquidis, A. Cuevas and R. Fraiman. A geometrically motivated
parametric model in manifold estimation. Statistics 48 (2014), 983-1004.

5 F. Camerlenghi, V. Capasso and E. Villa. On the estimation of the mean density of random
closed sets. J. Multivariate Analysis 125 (2014), 68-88.

6 A. Chambolle, A. Giacomini and L. Lussardi. Continuous limits of discrete perimeters.
Math. Model. Numer. Analysis 44 (2010), 207-230.

7 A. Chambolle, S. Lisini and L. Lussardi. A remark on the anisotropic outer Minkowski
content. Adv. Calc. Var. 7 (2014), 241-266.

8 A. Cuevas, R. Fraiman and L. Gyorfi. Towards a universally consistent estimator of the
Minkowski content. ESAIM: Prob. Statist. 17 (2013), 359-369.

9 H. Federer. Curvature measures. Trans. Am. Math. Soc. 93 (1959), 418-491.

10 H. Federer. Geometric measure theory (Springer, 1969).

11 P. K. Ghosh and K. V. Kumar. Support function representation of convex bodies, its
application in geometric computing, and some related representations. Comput. Vision
Image Underst. 72 (1998), 379-403.

12 D. Hug, G. Last and W. Weil. A local Steiner-type formula for general closed sets and
applications. Math. Z. 246 (2004), 237-272.

13 D. Hug, G. Last and W. Weil. Polynomial parallel volume, convexity and contact distribu-
tions of random sets. Prob. Theory Relat. Fields 135 (2006), 169-200.

14 S. Karkkéinen, E. B. V. Jensen and D. Jeulin. On the orientational analysis of planar fibre
systems from digital images. J. Microsc. 207 (2002), 69-77.

15 L. Simon. Lectures on geometric measure theory. Proceedings of the Centre for Mathe-
matical Analysis, Australian National University, vol. 3 (Canberra: Australian National
University Mathematical Sciences Institute, 1983).

16 E. Villa. On the outer Minkowski content of sets. Annali Mat. Pura Appl. 188 (2009),
619-630.

17 E. Villa. On the specific area of inhomogeneous Boolean models: existence results and
applications. Image Analysis Stereol. 29 (2010), 111-119.

18 E. Villa. On the local approximation of mean densities of random closed sets. Bernoulli 20

(2014), 1-27.

https://doi.org/10.1017/50308210515000542 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210515000542



