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We study the following polyharmonic Hénon equation:
(—A)mu=K(jyhu™ =", uw>0 in Bi(0), ue DG *(B1(0)),

where (m)* = 2N/(N — 2m) is the critical exponent, B1(0) is the unit ball in R,
N > 2m + 2 and K(Jy|) is a bounded function. We prove the existence of infinitely
many non-radial positive solutions, whose energy can be made arbitrarily large.
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1. Introduction

We consider the following polyharmonic equation with critical exponent (m)* =
2N/(N —2m):

(=A)™u = K(jy)u™ ", w>0 inBi(0), ueD;*(Bi(0)), (1.1)

where B1(0) is the unit ball in RV, N > 2m + 2 and K: [0,1] — R is a bounded
function. Dy**(B1(0)) denotes the closure of C5°(By(0)) with respect to the norm

| = {|Am/2u|2 if m is even, (12)

|VAMm=1/2y|, if m is odd,

where | - |, denotes the LP norm on B;(0).
When K(|y|) = |y|* and m = 1, (1.1) is reduced to the classical Hénon equation,

—Au = |z[*uP~  in By(0),
u>0 in B;1(0), (1.3)
u=0 on 0B(0),
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with p = 2N/(N — 2), which was first introduced by Hénon [15] in the study
of astrophysics. Mathematically, due to the lack of compactness, solving problem
(1.3) for L2N/(N=2)(B,(0)) is more difficult than solving it for H}(B1(0)). Ni [16]
observed that the non-autonomous term |y|* changes the global homogeneity of
the equation and also shifts the original critical exponent p = 2N/(N — 2) up to a
new exponent p* = 2(N + «)/(N —2). Ni proved that for any o > 0 problem (1.3)
admits a radial solution.

It is natural to ask whether (1.3) has a non-radial solution. Smets et al. [21]
studied problem (1.3) when N = 2, with exponent very near to critical, i.e. —Au =
ly|“uN+2)/(N=2)=¢ with ¢ > 0 small. They proved that there exists a constant
a* > 0 such that problem (1.3) admits at least one non-radial solution for any
a > a*. Cao and Peng [6] proved that when N > 3 the mountain-pass solution
for (1.3) is non-radial and blows up as e — 0. For the purely critical case p = 2*,
Serra [20] proved that (1.3) has at least one non-radial solution provided that
N > 4 and « > 0 is sufficiently large. Recently, Wei and Yan [24] considered the
multiplicity for problem (1.3); they proved that there exist infinitely many non-
radial solutions for N > 4 and any o > 0.

On the other hand, when m = 1 and K is defined in the entire space R", problem
(1.1) turns out to be the limit case

—Au = K(y)uNT/ N2y > 0 in RV, ue DVARY), (1.4)

where D12(RY) is the completion of C§°(RY) under the norm

1/2
= ( / |Vu|2) .
]RN

In this case, it is known (see [4]) that any solution of (1.4) is radially symmetric if
there is an ro > 0 such that K (r) is non-increasing in (0, 9] and non-decreasing in
[ro, +00).

It is natural to ask whether or not there exist non-radial solutions to (1.4) under
some other assumptions on the function K (y). This question was first raised by
Bianchi himself [4]. Wei and Yan [23] obtained infinitely many non-radial solutions
in the elliptic case by constructing a large number of bubbles. This result was later
extended to the polyharmonic case by Guo and Li [13]. For the non-radial solutions
in [13,23], the alternative assumption on the function K(y) satisfies the following
condition:

K(r) = K(1)— Ko|r —1|" +o(jr —1/"*%) as r — 1, where t € [2, N —2m), 6 > 0.
(1.5)

As far as we know, there are few results for the polyharmonic Hénon equation on
the unit ball B;(0). The aim of this paper is to prove the existence of infinitely many
non-radial solutions for the polyharmonic Hénon equation on the unit ball By (0).
The polyharmonic operators have long been of interest due to their application in
conformal geometry and elastic mechanics. For example, the conformal covariant
operator Py (m = 2) was first introduced by Paneitz [17] in 1983 when studying
smooth 4-manifolds, and the application of P, was generalized to any N-manifold
by Branson [5] in 1993. Problems relating to polyharmonic operators to the elliptic
operator (when m = 1) present new challenges. For more interesting results related
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to polyharmonic operators, we refer the reader to [1-3,7,11,12,18] and the references

thgjz)ll;e stating the main results, we recall (see [22]) that the family of functions
{U””’A(y) =By <1+/12|/§/—96|2>(NQm)/2 2RV, A> 0}
are the only radial solutions (usually called bubbles) of the following problem:
(=A)™y = g NF2/(N=2m) = 5 0 in RV, (1.6)
where L
Pon= [] (V+2h)
h=—m

is a constant, A > 0 is the scaling parameter and 2 € R,
For any fixed positive integer k > kg with kg large enough, we define the scaling
parameter juy, = k(N=2m+D/(N=2m) ‘N > 9 1 9 | (0,2]. Using the transforma-

tion
) o (L),
123

problem (1.1) becomes

(=A)"y = K(li)u(]v“m)/(NQm), u>0 in B, (0), uecDy*(B,,/(0)).
(1.7)

We define

H, = {u € D§"* (B, (0) | w(y,y") = u(e®/*g,y"), g€ R?, y" e RN 2},

Choose {z; };?:1 as the k vertices of the regular k-polygon inside B,,, (0), where

2(7—1 2(5—1
T = <rk cos <(]k)ﬂ>,rk sin <(]k)7r>70)7
OERN_Q, rE € (,Lt;g(l—::), Mk<1_2)>7 o > T

are positive constants. Let PrU,; 4, denote the solution of the following Dirichlet
problem (1.8) on By, (0):

xj, Ak

(—A)™(PUs,.1,) = US ™" in By, <0>,} (1.8)
(PuUs,.0,) € D§2(B,,, (0)). '

Let Wy, 4, (y) == Z?Zl PUy, 2, (y) be the approximate solution.
Our main result is as follows.

THEOREM 1.1. Suppose N > 2m+2. If K(1) > 0 and K'(1) > 0, then there exists
an integer kg > 0 such that for any integer k > ko the boundary-value problem (1.7)
has a solution uy, = Wy, a, + @i, where ¢ € Hy . |kl L= (B, (0)) = 0 ask — o0
and Lo < Ay < Ly for some large constants Lo, L1 > 0.
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As a consequence, we obtain the following.

THEOREM 1.2. Suppose N > 2m + 2. If K(1) > 0 and K'(1) > 0, then there exist
infinitely many non-radial solutions for the polyharmonic problem (1.1).

REMARK 1.3. The solutions of theorem 1.2 are constructed with bubbles near the
boundary of the unit ball B;(0), and the bubbles are all constrained in Bj(0)
instead of diverging to infinity in RV (see [13]).

Since there is no small parameter in (1.1), in order to prove the main theorem
we follow the idea in [24]: we use the scaling parameter A as the blow-up param-
eter. More precisely, we place a large number of bubbles inside a k-polygon in the
domain Bj(0) but near the boundary 9Bj(0). Then the scaling parameter will be
determined by the number of bubbles. The proof of the theorem consists of lin-
earizing the equation around an approximation solution (the sum of the & bubbles)
and studying the linearized problem. This is done in §2. Section 3 is devoted to
the energy expansion. Then the solution of the problem is reduced to finding the
critical points of a perturbed energy functional with parameters py and Ag. The
proof of the theorem is completed in § 4.

2. Finite-dimensional reduction

In this section, we study the linearized problem by using the Lyapunov—Schmidt
reduction method.
Let

8P/CUIi7/1k (y)

7 8P/€U$i7/1k (y)
) 7,2 - a1
Ok

Zi = = )
! : oA,

s

Ve =z, i=1,2,... k.

We introduce the Banach space
X = {u€Hypu | (U} 2 Zigu) =0, i=1,2,... k =12 ||u]. < +oo},

with the norm
k —1

1
lulle = sup [ u(y)l,
y€B,., (0) JZ:; 1+ |y — T, D(N 2m)/2+1

and the Banach space
Y={heH,, |(hZ,)=0,i=12,....k =12 ||h]s < o0}

with the norm

-1

k
1
[Alle == sup [ > |h(y)l,
yEB,, (0) ]:1 (14 |y — x;|)(N+2m)/247

where
N —2m

(u,v) = / uv, T=———.
Buk(o) N—2m+l
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We consider the following linearized problem:

2 k
Lilgp) =hi+ Y c; > U “2Zi ;5 in By, (0),
j=1 i=1
oK € X, hi €Y,

where

L = (—A)™ = ((m)" - 1)K(“’)W$Tﬁ<y>~

1225

Then it is known that (see [2, theorem 2.1])
span{Z;1 |i=1,2,...,k, 1 =1,2}
is the kernel space of the linear operator Ly.

LEMMA 2.1. Assume N > 2m + 2. Then, for any constant o € (0, N — 2m), there
is a constant C' > 0 such that

/ dz < C
Ry [y — 2 N72 (14 [z])2mte = (14 [y))o

LEMMA 2.2. Assume N > 2m+2, 7 € (0,2). Then there exists a small @ > 0 such
that

4m/(N 2m)
[ S R
RN |y—z|N 2m 1+|Z—CE D (N—=2m)/2+T

k
1
C’Zl 1+ |z — z|)(N-2m)/2+7+6"
‘7:

The proofs of lemmas 2.1 and 2.2 can be found in [13].

PROPOSITION 2.3. Assume that ¢y solves (2.1) for given values of hy and that
|hi]l«x — 0 as k — oo. Then ||dkll« — 0 as k — oo.

Proof. We argue by contradiction. Without loss of generality, we may assume that
llpkll« =1 and ||hg|l« — 0 as k — oo. By the potential theory, we have

only) = (m)" = 1) [ ) mwri’ff;%z)m(a dz

k
m)*—2
+/ o |y_Z|N - {hk )+ e S U T (2) Ziy(2) | e (22)
lLk

Jj=1 =1

https://doi.org/10.1017/50308210516000196 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000196

376 Y. Guo, B. Li and Y. Li

For the first term on the right-hand side of (2.2), we make use of lemma 2.2 such
that

() =) [ . mmﬁ’?}?(zm(@ dz]

k (m)*—2
W 2(2)
< Clgelle / 3 .y dz

Y — Z‘N72m 1+ |Z _ xj|)(N72m)/2+T

Wi 2 (2)
<C”¢k“*/ (Z Z|N 2m 1_|li|;_ .Z‘]|) (N— 2m)/2+7’>dz

1
< Clikll- Z (1+ |y — z;)(N-2m)/2+7+0° (2.3)

For the second term on the right-hand side of (2.2), we use lemma 2.1 and obtain
that

2 k
1 .
\ /B e W@ +> e > UL 2<z>zi,j<z>} a-
2 i ;

</ he(x)] .
h uk(o |I‘J—Z|N_2m

+ Z o] Z N AR = TN

NORL

1
<l [ ( )dz
B, (0 |7 — R Z 1 [ = )2z

2 k
1
t <Z |Cj|) Z (1+ |y — ) N—2m) /24740 (24)

=1 i=1

Now we estimate c;, j = 1,2, as follows. Multiply both sides of the linearized
equation (2.1) by the function Z;;, | = 1,2, and integrate both sides on the ball
B, (0), such that

/MO) {(—A)m(bk —((m)* — 1)K(Z€|)W7fk7/1k (2)én(z )} Z14(2) dz

- / h(2) Z1.0(2) dz
Bﬂk (0)

=Yy / U™ () Zi5(2) Z1(2) de

= [c+ ox(1)]e. (2.5)
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The left-hand side of (2.5) can be decomposed into three terms, i.e.
m * z m) —
Lo lemma - nx (D win oo | zue
M

- / hi(2)Z;1(2)dz =1+ 11+ 111, (2.6)
By, (0)
where

L= () =) [ 007 - W) 2 (o)
1y, (0)
— ((m)* — _ M (m)*—2 5 2 () dz
1= ((m) 1)/%(0) [1 K(Mk)}ww (2)6n(2) Zia(2) d,
I = — / N © hk(Z)ZiJ(Z) dz.

For the first term on the right-hand side of (2.6), we estimate that

m = ‘((m)* — 1)/ " [UQETX;*Q(Z) . WT(:?31172(Z)]ZM(Z>¢]€(2;) 1s

— il 6x(2) d2
%),
2 oo e e e

J#i

<cll X [ [ (25 = ) ((1+ |2 = )P (L |2 = 2al) ¥
J#i
X (14 |z —ay|)(N=2m)/247) =1 4,
o(||#x[)- (2.7)
For the second term on the right-hand side of (2.6), we choose an annular region
1/2
A ={z € By, (0) | |z] = prro| < "}

such that

= (1) [ » - (B wr e zue) e

k (m)*—2
1 K(|z 1%
<C||¢k|*</ 3 | N(|2|/,Uk)| A (N)2 e
LOna, = (L4 [z = )N =2m (1 + |2 — ay[)(N=2m)/247

]:1
m)*—2
+/ Zk: ‘1—K(|Z‘/Mk7)‘W7(k zlk (2) dz)-
By 0\ A (14 |z — 2 )N=2m(1 + |z — ;) (N—2m)/247
(2.8)
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Recall that K (1) =1, K'(1) > 0 in lemma 2.2 and the right-hand side of (2.8) are
all bounded, with

m)"—2
Zk 1= K (2| W 2 ()
sl N—2m (N—2m)/2++ dz
B, 0)na, i (1412 =z )N (1 + [z — 2y)

” 5 L= K (e /) W0, ) dz)
B o0 o (U [ = V2 (1 e — g V=227
(m) -2
< Cligull e ()
ey (T ]z — @)V

k
Hi by,
d
8 32:21 {(1 + |z — x| )N —2m)/2+7 + e xj|)(N2m)/2+rza} z

k —1/2
Hi My
<CH¢’€H*Z |: 1+|xA_£L. |)(N—2m)/2+7’+9 + (1+|x._$A|)(N—2m)/2+r—20+0:|
j=1 4 J g J
< Ollgwllulig " + 1. (2.9)

For the third term on right-hand side of (2.6), we estimate that

[III| = ‘/ hi(2)Z; (%) dz
By, (0)

1 1
< C”hk”**/ dz
B, (0) (1 + |z —a;)N—2m ; (1+ |z — )N H2m)/24r

k

1
< C”hk”** Z (1 + |SU - 1,_|)(N72m)/2+7'
i=1 C

< Ol (2.10)

Combining (2.7)—(2.10), and considering the assumption ||¢x|. = 1, we get the
weighted estimate of ¢ such that

k 1 -1
1= sup(o) {|¢k(y)| {Z (1+y— JEj|)(1\/—2m)/2+f} }

yeBF‘k j=1

‘ . K (|2l/m) W2 (2)len(2)]
s buP<o>{((m) 1)/ By, (0) &

yEB,, |y_Z|N 2m

k 1 -1
|:Z 1_|_|y_xj| N 2m)/2+‘r:|

Jj=1

/ 72 E
B“k(O) |y Z‘N 1 |y ZTj | (N 2m) /24T

—1
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U 2 (2) Zia(2) w

a:l,/l
+Z|cl|/ |y_;|N 2m

uk (0)

k 1 -1
|:Z 1+|y—x\ N 2m)/2+7':| }

Jj=1

1
[ k(1) +||hk||**+z (1 + |y — a|) D -2m)/247+0

(S o) | e

=1

We claim that there exist some ig € {1,2,...,k}, a > 0 and R > 0 large enough
such that ||¢k||Loo(BR(zlo)ﬂBu (o) = a > 0. Otherwise, there exist some £ large
enough, a € (0,1), R >0 such that Clog(1) + [[hkl++] < 3 and

I6kll L (Br@)nB,, o) <a<1 foralli=1,2,.. . Fk
Therefore, at some point y € B, (0) \ Ule Bpr(z;), we get

k 1 k 1 -1
CJ; A+ ly— ;) zm/2+7+0(z 1+ |y — ;) - 2m)/2+7’)

Jj=1

1 C 1
C < < —=. (212
BN Ty ey S Grrp ~o O

Thus, ||¢x |« can be bounded by a number strictly less than 1, such that
1= [ ¢xll+

<C sup

[oku) e
y€B,, ()\US_; Br(z:)

k
1
_l’_
j; (]_ + ‘y _ $j|)(N72m)/2+‘r+9

k 1 -1 1
<Z 1+|y—$| N 2m)/2+7-> :|<2’ (213)

Jj=1

which is a contradiction. Hence, we have proved that ||¢y HLoo(BR(wlo)ﬂB L(0) = a>

0 for some positive a and R. Therefore, the translated form ¢ (y) =: ¢r(y — 4,)
converges to a non-trivial ¢ with ||¢||Loo ®~) = a > 0, and ¢ solves the eigenvalue
problem

(—A)"¢ — ((m)* = DU 26=0inRY for some 4o € [Lo, L1],  (2.14)

which means ¢ € Ker(L), where L = [(~A)™ — ((m)* — D)UY ~*1).
In addition, by passing to the limit kK — co in

/ U™} 72 (9) Zia(y) di(y) dy = 0,
Mg (0)
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we have
\/I;N Ué?Amo) 72( )Zp(y)é(y) dy = 07 p= 17 27 7N + 17
where
Ker(L) = span {Z (y) 5%0,/10 ,1=1,2,...,N;
Yi

N —2m
Zyia) =y o)+ 25 Vo )}

Hence, ¢ € Ker(L)NKer(L)* = {0}, which contradicts the condition ||@|| &~y >
a> 0. O

Similarly to the proofs of [8, proposition 4.1] and [14, proposition 3.1], we can find
the unique solution of (2.1) by the Fredholm alternative and Riesz representation
arguments. The existence result can be stated as follows.

PROPOSITION 2.4. There exist some kg > 0 and a constant C > 0, both independent
of k, such that, for all k > ko and all h € L= (RY), the linearized problem (2.1)
has a unique solution ¢y, = Ly ' (k) with || Ly (h)|l« < C||A|xx-

Next we consider the following problem in terms of uj and Ag:

(_A)m(W"'k;Ak + ¢/€)

k
Y m)* — .
:K(')<W7-k,Ak+¢k><> LGS U2, in B, (). (2.15)

Pk =1 =1

PROPOSITION 2.5. There exists an integer kg > 0 such that, for each k > ko,

Ay € [Lo,Ll] and
Tk € |:,uk<1_ T0>7,u'k<1_ Tl):|7
Ik k

the perturbation problem (2.15) has a unique solution ¢y satisfying

1 /240
loell. < c() ,
Pk

where o > 0 is a small constant.

In order to prove proposition 2.5, we rewrite the perturbation problem (2.15) as
the following linearized problem:

2 k
Li(ér) = N(ér) + e + > ¢; Y U 225 in By, (0), (2.16)
Jj=1 =1

Nio(w) = K(f') [(Wrea + 6)™ 2 = W — (m)* = W) 2]
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is the nonlinear term dependent on ¢y, while

Y -1 -1

= s (MY - o o)
K 1
j=

is the other nonlinear term, which is independent of ¢y.
LEMMA 2.6. If N > 2m + 2, then || Np(ép)|l o < ||| 121

Proof. Observe that the number (m)* — 1 = (N 4 2m)/(N — 2m) is less than or
equal to 2 if N > 6m and remains greater than 2 if 2m +2 < N < 6m — 1. By
applying the mean-value theorem twice, there exists some s € (0, 1) such that

[Nk (dn)] = 5((m)* = 1)((m)* = 2)|Wr,.a, + sk ™ 72|

< {C|¢k| m-1 N > 6m,

. (2.17
ow™\ “*loxl%, N < 6m. )

In the following, we make use of the discrete version of the Holder inequality,

k k /q 1 1
Zajbjg(z ) (qu> ., aj,bj >0, 5+7=1, (2.18)

=1 1
and discuss the estimates for Ny (¢y) for two cases.

CASE 1 (N = 6m). Observe that

N —2m 1
S <0 and Y ————<C.
"N -2m+l o ;(1+|y—xj|)f

It then follows from (2.17) and (2.18) that

(N—=2m)/(N+2m)
(m)*—1 1
|Nk(¢k)(y)| < C”d)k”* |:<Z 14+ |y — T ‘ (N+27n)/2+7'>

k 1 4m/(N+2m)q (N+2m)/(N—2m)
>< -
Zoewar) |
k

(m)* =1 1
< Ol Z (1+ |y — z; ) r2m)/2+r (2.19)
j=1 /

Hence, || Nju(¢5)|+x < cnasknim)*‘l.

CASE 2 (2m+2 < N < 6m — 1). By the same reasoning as case 1, we have
k 1 2
| Nk (¢ C|¢k“2(2 1+ |y —a;) (V- 2m)/2+r>
k ’ (6m—N)/(N—2m)
|G e Gm}

Jj=1
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L& 1 (m)*—1
< Cllonli( )
2 Wy -y
a 1
< CII%IIE( ) (2.20)
j; (1+ ‘y*l'j|)(N+2m)/2+T
Thus, we get | Ni(dr) ||« < Cllok||?, as desired. O

LEMMA 2.7. Assume N 2 2m+2, v, € [p(1 — ro/px), pe(1 — r1/k)]. Then
1 /240
el <o)
Mk

Proof. We divide the ball region B,,, (0) into k slices:

0, — B A ) 2 N-2 Yy Lj (T
J ye Mk(o) y_(yvy)eR XR ’ TR >C05 )
ly'|” |5l k

i=12,... k.
Then we set Iy, = Jy + J1 + Jo, where
k
J ) lyl (m)*— P (m)*—1
o(y) = (er Ay Z( Bk U-'L‘ijk) )s
Kk =
k
y m)*— —
Tily) = K(") (L0 Syou D (221)
223 = =
S (2))
223

Note that the ball region By, (0) is evenly divided by k slices 21, £25, ..., 2. It
is sufficient to consider {2;; the discussion on the other regions (2, ..., {2 is similar.
Let y € £21. Then
1

C
ly — x| > |y —x1] and < for all j # 1.
! Lty — 2 | — o

Choosing some o € (max{1(N — 2m), 1}, min{4m, N — 2m}), we have

x>

1
Jo(y)| < C
e I e N (VR R

k 1 (m)*—1
C
! (Z TR

1 1
1+ |y = $1|)N+2m_“ ) — @il

+OZ 1+ ‘y_x | (N+2m)/2+7'
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1 4/(N—2m)

Mw

X {
J:2

k 1 /240
<X ) a2

Thus, |\Jo||** < (1/Mk)l/2+”'
On the other hand, it is known that there exists a Green function G,,: (B1(0) x
B;(0)) = R (see [9, ch. 4] for Boggio’s formula) such that
(=82)"Gm(,y) = 0(),
Gm(2,y) = Gm(y,z) Va,y € B1(0), (2.23)
D’YGm(xay”aBl(O) = 07 |7| Lm— 17

where ¢ represents the Dirac function on the unit ball B(0).
We define the regular part H,,: (B1(0) x B1(0)) — R such that

(L + [y — a; )V F2m) A ((N—2m) /2= (N—2m)/(N+2m))

Pm,N
Hy (2, y) = W = Gp(z,y).
Let Z; = z;/pr,y = y/pur € B1(0). Then it holds (see [10, proposition 3.1] and
[3,19]) that
H (gv ‘fj) _ C C

= < ,
Ty g =N (L fy )V

(2.24)

Uny e (4) = Pillay () = 2o Ta) O( ! ) d (1 i )l/l (2.25)
@, A \Y) = Ve, A Y) = — N—am— ~ ) d=(1-—] . (2
e i g HE

Using (2.24) and (2.25), and letting t = 1/2 + o/l, we have

IPkUJs A (Y) = Uz, (y)]
J Jo e
S E: (4 Iy — 2

el )
+0
L+ ly =D [y 2 di 1

VA
Mw

1

J

N
™M=

c (Hm(y,xj)>t+i c

j=1

k
1 C
(N 2m)f Z 1+ |y—x | 4m+(N 2m)t k,ué\’ Z (1_|_ |y—xJ )4m

Jj=1
147 k N k
1 1 1 1
< c() ¥ c() S
) Ly ) L ar

1 /240 k 1
s C(mc) ; (14 |y — a;[)N+2m)/2+7 (2.26)

Hence, [[ /]| < C/puy/**7.
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Now we define
- lyl (m)* Wl om)*
Jo=Y (K(=)-1)uimy +K(>me
i j—z( (Mk) > e W) [k o W)
for the following two cases.

Case 1 ((K(|yl/pr) — 1)U(T31k(y), Jj=2,3,...,k). Using that |y — z;| > |y — 21|

x

and 1/(1+ |y — z;|) < C/|xzj; — xy| for j # 1, we have

Y m)™ C
’ (K(L!) - 1) if}‘k (y)‘ S (14 |y — ;) N+2m)/247(1 4 |y — o) V+2m)/2—7
< c
S (L4 |y — @y | )V H2m)/247 |y — | (NH2m) /27
(2.27)

Case 2 (K (lyl/me) — DU, " (), = 1). In this case, we divide 21 by I and
I, where I:={y € 1 | ||ly| — p| = opr} and 11 := {y € 21 | ||y| — x| < Spx}-
For y € I C {21, we observe that ||y| — ur| = oug, where o > 0 is a fixed constant.
Then |ly| — |z1]] = [|ly| — pe| = ||@1] — px| > o4, and hence

|y|) ) (m)*—1 ' C
Kl—=—)-1)U <
‘( <Mk: o (9) (1+ |y — | )N F+2m

_ C 1 (N+2m)/2—71
5 (1—|—|y—$1‘)(N+2"L)/2+T i

C 1 \/2te
< - . (228
e (u) (2.28)

For y € II C £2;, we notice that ||y| — |z1]| < |ly] — x| + |1k — |21|] < 200, and

[ly| = [a1]]" o Cly — a['/2*e
pi (L4 |y — @ JNF2m = U200 (4 gy gy |)N+2m
C

< /240

1y (1 + ‘y _ x1|)N+2m—l/2—U
C 1 \/2te

< - . 2.29

(L+ |y — [y (N+2m)/28r (uk) (2:29)

Therefore, the estimate on subregion II is as follows:

|y| m)*—1
\(K (M — 1)U W)
Clly| — |21l N c
M%C(l + |y - x1|)N+2m M2/2+0(1 + |y _ xll)(N+2m)/2+T
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C C
S /240 (N+2m) /24T + /240 (N+2m) /247
(L4 |y — ) p (At |y — )

C 1 /240
< =) . 2.30
(14 |y — a1 [)(N+2m) /247 (Mk) (2.30)

Combining (2.28) and (2.30), the pointwise estimate of J in the slice 21 can be

written as
Y 1 U—m*fl K Y ~1 m*—1
( (l |> ) xj’Ak ‘ ’ <| ‘ ) o1,k (y)‘

1 1
(Z 21 — 2, |(N+2m)/2 ; T+ M2/2+g) 1+ [y — a1 |)N+2m)/247

k

[Ty <)

Jj=2

C
uﬁ!”“(l Yy — ml‘)(N-‘er)/Q-‘rT.

(2.31)

By symmetry, we have that the pointwise estimate (2.31) holds for all y € B, (0).
Thus,
1 /240

as desired. O
Now we are ready to prove proposition 2.5.

Proof of proposition 2.5. Let Ex = {& € X | ||&ll« < C(1/ux)/?*°}. Then the
linearized problem (2.16) is equivalent to the fixed-point problem ¢, = Ag (i) :=
L' (N(¢x)) + L;, *(Ix). By propositions 2.3 and 2.4, we see that L; ' is a bounded
operator from (Y, || - [l««) to (X,] - ||«). Considering lemmas 2.6 and 2.7, for any
or € By we have

[ Ak (@)1« < ClINK(Pr)[lex + [Tk ]l]
C(||¢k||inin{m*—1,2} +NJ}:(Z/2+U))

of L lmo, 2.32
() (232)

Mk

N

which implies that Ay maps Ej to Ej itself. By the fixed-point theory, it is sufficient
to prove that Ay is a contraction map. Choose any two different elements 1, 15 in
Ey. Then, by applying the mean-value theorem twice, there exist some s,t € (0,1)
such that

Ak (1) = Ax(W2)ll+ = 115 (Ne (1) — Ni(32))]]
< Cl[Nk(¥1) = Ni(1h2) [l
< O|IN; (591 + (1 = 8)12) (1 — 2) || (2.33)
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where
NG (51 + (1= 8)tba)| = |(Wrya + sth1 + (1= 8)eha) ™ =2 — W) =2
< C|Wiy 4y + tsthr + (1 — 8)ta| ™ =3|s3py + (1 — 5)eho|

<{aWﬂH%ﬂm*2 it N > 6m,
CWI 7 (a] + [ual) i N < 6m.

Tr, Ay

(2.34)

Similarly to the arguments in lemma 2.6, we estimate the difference Ag(v1) —

Ay (2) by

O™ 72+ ol ") Jr — ol if N > 6m,

C(l|[1ll« + Izl |11 — 2|« if N < 6m.
(2.35)

| Ak (1) = Ar(2) ||« < {

Choose k sufficiently large that, for all ¥, ¥y € E,

Cllnll ™ 72 + [l ™ 72) < L.

Then Ay, is a contraction map from Ej, to itself. By the Banach fixed-point theorem,
there is a unique fixed point ¢5 € Ej, such that ¢ = Ap(ér) and

min{ (m)*— 1 [/2+o
||¢k||*:||Ak<¢k>|*<C(||¢k||* {(m) 1’2}+(%) )

1 /240
<C<> . (2.36)
Hk

3. Energy expansion

The idea of the energy expansion comes from the observation that the nonlinear
energy can be approximated by a linear combination of simple terms with the
parameters u and Ay for k large enough. We define a perturbed energy functional
F,:R? > R by

Fy(di, Ag) := I (Wy, a,, + 01)s

where di, = (1 — ri/ux)™", ¢ is the perturbed solution obtained in the linearized
problem (2.1) and Ij,: D™?(B,,, (0)) — R is defined by

1 -

1/ | A 24| — —*/ K('yl) |ug| ™" m even,
() 2 /B, (0) (m)* Jp, 0 \Hk
k(ur) =

1 x
%/ |VAm=1/2q,12 — —*/ K('yl)|uk|(m) , m odd.
B, (0) (m) B, (0) Mk
(3.1)
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ProposITION 3.1. If N > 2m + 2, we have

B1H(zy,x
Ik(W"'k;Ak) =k|A+ % + B2K/(1)d§c
A i,
B3G (T, 1)
_ZAN 2m N 2m +O o
My

where A, B1, By and B3 are positive constants.

387

1
223

) s

Proof. Since P,Uy,, 4, satisfies the projected problem (1.8), we can write

Am/2er, ‘2

|
m) -1 /Bnk (0)

zj, Ay

PrUyg;n,, =

1A

m even,

/ (O)|VA(’"‘1)/2WT,€A’Ak\2, m odd.
F

(3.3)

Then the energy I, (W,, 4, ) can be split into two parts: the positive kinetic energy

ko k
1 )
Kk(WTk,Ak) = 9 ZZ/ UagJ,ZLk 1PkUwz,Ak’ (3.4)
j=1i=1" B (0)
and the potential energy
W)= [ k(W) r o 5
(m) B, (0) Hi

By changing variables, we have the following expansion of the kinetic term:

Kk(WTlmAk) = (UILAk

m)* m)*—1
wl [ o[ un
Buk(fl) Buk(o)

k
2,
; Buk(o)

[ o)
RN RN\B,, /(0)

B / Hm(gafl)
B, (0)

AN—Qm,uN—Qm
1
¥ o() "
e

Ui =

1
2

(m)"—1

UlAk

x

(y) dy

k

1
AN 2mMN 2m

xh k

- PkaL’l,Ak)

PkUﬂCi,Ak

<Z/“k(0) 2i, A ( )Gm(ffiayi)dyﬂ
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- 1 B1H,,(z1,%1)
1 14Im 1,41
— 2k|:A+O<Mﬁ€(m)*/2> - AkN_Qm,LL]ICV_Qm
1 By Sk G (7, 7)
+O< )* Tt (36)
ﬂk A3 MkN ?

Next, we discuss the potential part, Py(W;, 4, ). By the symmetry of the inte-
grations on the slices §2;, j = 1,2,...,k, we have

k y )
Pk(er,Ak) = (m)* A K(u) |WT1C,A1¢|( )

:‘é}{ﬂ;KCiyR”@A“m*

k
+ (m)* /_Q (Pk:Uthk)(m)*_l(ZPkijvAk>

ol () S

k
—2m N-—-2m
+Lﬂﬁﬂ@ymgﬁﬂ<m

=2

(m) —1
Il Ag m] Ay

The first term on the right-hand side of (3.7) can be calculated as

Ql /~Lk

- / Ua(fl zlk +/ < [(PkUﬂch/lk)( ™" — U£1731k]
.Ql -Ql uk
|y|> ) (m)*
+ K|=)-1|U,
/91 ( (/J'k 1,k

= _ /240

- . Bi1H, (21,2 _ 1

A o B ey o (L))
k k

C Ay B @LT) gy g o((:k)lmg). (3.8)

N—-2m N-2m
Ay My

By the definition of the Green function G,,, the second term can be estimated

as

k 5 k o
iy By i 5 G(Tj,71) KN
/_Q (PkUII’Ak)(M) ' ( PkUwJ’A"> = A]\}772mMN72m +0 (N)
! k

Jj=2 E 15
_ k o i
_ B2 Zj:QG"L(l'j,xl) +O((1>l/2+ >
AT [k

(3.9)
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Since |y — z;| = |y — x1]| for all y € 21, we can find some s close to N — 2m such
that the last term can be estimated as follows:

. k (m)~/2
1 (6(8) ()
21

Jj=2
U(m) -1
<o, o S e
o (1+|y—$1| N—zm—s ¥ Z\%—xﬂ
N/ElN 2m) k 1 N/(N—-2m)
C Tk d _
+ /Ql 1+ ‘y_x1|)(N—2m—s)N/(N—2m) y(z_: |33j _$1|s>
1 /240
< C'<> . (3.10)
K

We now combine the estimates (3.8)—(3.10) for the three terms on the right-hand

side of (3.7), such that the potential Py(W,, 4,) can be expanded in the following
form:

A . BiHy (21, 71) . al ByG(Z,71)
P(Weoa,) = — m [A—(m) W‘*‘(m) ZW
k k = Ak k

— K'(1)d'Bs + O((ij)lmg)} .

(3.11)
Considering the kinetic expansion (3.6) and potential expansion (3.11), we get
e (W ai) = Kk(Wey a,) + Pe(Wiy )
1 [[1 _ B1H,, (%1, %) n B Zfzg G (21,7;)

I(m)* /2
Ai\r&muzkvfzm Aé\rﬁmui\hzm + Oy, )}

k {A ~ (m)* B1H,,(Z1,%1)

1
2

_ A(m)* AIIC\/'—Qm,u}fCV—Qm
k5 _ /240
BQGm(xj,xl) (( , ) ):l
F(m) Y 2TmER ol Lo —
o S i o (i

B1H,,(Z1,Z1)
=k|A+ ——5—"—>
|: AN—QkaN—Qm
BQ Z?—2 Gm(fjﬁjl) 1 [/2+o
— = —|—BK’1dl+O(<) )}
Ai\f72mﬂi\ff2m sK'(1) m
(3.12)

where

A=(i-_t Vi p B p_ B By = D2
2 (m)*
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In the spirit of the expansion in proposition 3.1, we derive similar expansions for

alk( Tk, Ak) alk( Tk, Ak)
— 82 and ———FF
Z'Mk 8'71@

PrOPOSITION 3.2. If N = 2m + 2, then, for k large enough, we have

k _ —
Ok (Wrya) _ E(N — 9 B1Hpy(Z1,71) Bs ) i Gm(T, T1)
T = ( - m) *AkN+1_2m’uéV_2m Ai\/-}-l—zmui\l—zm

rof(2) )} s

Ik(WT‘k,Ak) — k[BlanrL(xlaxl)/a'}/k _ BZK]l@(l)ldlil

87]@ AN—leu/}ch—Qm 1

B30Gm (%, 7)/ 0, ([ L [/2+o
Z AN+1 2kaN 2m + E :

(3.14)

Now we study the respective expansions for the perturbed energy Fy(dg, Ag).

PROPOSITION 3.3. If N > 2m + 2, then

1Hy (Z1,%
Fio(dy, Ay) = k{A + W + By K (1) d!

k
1 /240
/1 M

(3.15)

Proof. Observe that ¢ is a solution of the linearized problem (2.1). Therefore,

up = Wy, A, + @i satisfies the equation
<I];(W"'k’/1k + ¢k)> ¢k> =0.

Applying the mean-value theorem to F'(dy, Ax) twice, there exist some t €
€ (0,1) such that

F(dy, Ay)
= Ii(Wr a,) — (D L(Wey 4, + tdr) (01), d1)
(m

(0,1),

_ 1 y m)* — m)* —
= Ii(Wyy,a,) + %/ ) K<||> (W, + 1) ™ 2 = W) 2167
B

13

- l/B . (Ne(ér) + k) o

2 “k( )
=I,(Wy, 1)
((m)* - 1)((m)* — 2) M (m)*—3 ;3
+ 2 /,Lk(o) K(’uk>t(er,Ak + tsor) g
1
- 2/%(0)(1\%(%) + 1)

https://doi.org/10.1017/50308210516000196 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210516000196

Solutions for the polyharmonic Hénon equation 391

Ik?(W"‘kaAk)
+0(/ (166l™" + 1N (60 l166] + |zk||¢k|>) it N > 6m
B 0

I‘rk( )

Ik(WTk,Ak)

+0( / )WT(:?L3|¢k3+|Nk<¢k>||¢k|+|zk|m) it N < 6.
' (3.16)

Using lemma 2.6, we find the remainder term of F'(dy, Ax) for two cases.

CASE 1 (N > 6m). The main part of the remainder term,

/ |¢k|(m)*7
By, (0)

is given by

/ A
By, (0)

k m)”
1
< Clewl" / (Z Aty -z, )™ 2m)/2+f>

Jj=1

k (m)*
1
<outed™ | [ (37 S )|

J=1

< Cllw] " {

L+ [y — $1|)N+T

k 1 (m)*
+/91 [Z (1+ Iy—le)(N”")/”T] }

j=2

. . (m)*
< CHllgwui "I + CHllgw]l3™ (/ <1+\y—m1 )(Z|x _mr>
J

1 \W/2+a)(m)®
< Cklnk ()
Kk

/240
< Ck lnk() . (3.17)
Mk

Meanwhile, the remaining two nonlinear terms related to Ni(¢x) and I are
estimated as follows:

|Ni(dr)[|0x] + 11| dx]
< COF[lonll« (I Nk (D) lex + llLkll4x)

<] e, &
B, (0) (1+ |y — @y [)NF+27 By, (0) (14 |y =z )N+
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< CFl|@w ][« (IINk (@) s + 1T ]|1x)

dy
{ <Z |25 — 21|V Qm)/2+7> /Buk(o) (I + [y —a )N+

< Okl k|« (INk (D) [ s + 1k [lx)
1 /240
< Ck() . (3.18)

23

CASE 2 (2m+2 < N < 6m —1). It is sufficient to estimate the integral

m)*—3
B, (0)

Pk

Observing that (m)* — 3 > 0 for N < 6m — 1, we have

m) —3
/ W =P owl?
Buk(o)
<clo [ Wik (
Buk(o) ]:1
k
< Ol / ( )
1
1+ |y—x | (3N 6m) /2437
< Chléul? / !
~ k * —
B,, (0) (1+ [y — a1 [)0m=N

k
1
x; (1 + |y — a;|)BN—6m)/2+3r dy

M;r

1 3
1+|y—$‘ N 2m)/2+7')

M»

j:1

dy
< Ckl|ow? f
C H¢k||*|:/B ©) (1+ |y7$1|)(N+6m)/2+37'

1,
k

+

¥ |

= /B%m) (L+ y — 21 )N (L + |y — ) OV -om)/2+57

k ) N
+ 7/ ]
j; 21— ;|7 JB, (o) (14 |y =z )NV HEm)/252
< Ckl|wl 31 —((6m— N)/2+3T)+Mk((6m N)/2+2T)]
1 l/2+0o
) C<> ' (3.19)
Kk
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Thus, the desired result is obtained by combining (3.17)—(3.19) with the expan-
sion (3.2) for I(Wy, 4, )- O

4. Proof of theorem 1.1

Observe that

) ) )
— = —ppdy ' — ~ =1

ady, HESy B B e

Recall the energy expansion (3.15) for the perturbed energy functional Fy(dj, Ax).
Then we have

aFk(dkaAk): ldl 1 0Fk(dg, Ag)
8dk 6rk

I g /240
B of (1)
ory, ik

B10Hpy (21,21) /0 BoK'(1) i 'l

= —ulk
Hie |: AN72mu]]€\ff2m Lk

Z B38§V; 256;,]\3’}'12/87% +O(<1)l/2+a):|
A mu m m

k

+ BoK'(1)1%d!

lBlaHm((Eh xl)/adk
=k AN72m/11N72m

k
" B3lOG (25, 71)/0dk 1 \/2+e
- § : N—2m N-2m +0 o
j=2 Alc My Hie

_ k[BllaHm(ml,fL'l)/adk +B2KI(1) d271l2

AN72muN72m
k

_ B3ZZ?=2 0Gm(Zj,%1)/0dy N O<(1>l/2+a>}
M

N—-2m  N-—-2m
A i,

Similarly, we obtain

OFy(dy, Ay)
0Ay,

_ Ik(er,/lk) +O(<1>l/2+a>
oAy, e

= k(N — 2m) { Bl (P Ta) | Be Yy OB T) 0(<1>l/2+g)].

N+1-2m 6K N—2m N+1-2m, N—2m
A o Ay Ky, Fk

Since Z; = x;/ur € B1(0), j = 1,2,...,k, letting Z7 = (1/(1 — di),0) be the
reflection of Z; with respect to the unit sphere, we have the following asymptotic
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estimates for H,, and G,,:

1
Hy(y,71) = — v (1 + O(dy)), (4.3)
ly — 27|
o 14 O(dg)
Hp(Z1,71) = W, (4.4)
_ 1 (14 O(dg))
G (y,T1) = — — — 4.5
(y 1) |y_$1|N_2m |y_l_1 ( )
For j = 2,3, ..., k, there exists some positive constant B4 > 0 such that

B i 1 ~ 1+0(d)
- |§7j _ i.llN—Qm |j"j _ j}*|N_2"”

kN—Qm

= ; |‘7 - 1‘N72m‘j1|N*2m

<

2 . _ = . . 2/(N—2m)
X (1 ~(1+ O(dk))(l 1 A & 442, — 3| sin((g 1>”/k)) )

|Z; — &1 |?
= BykN 7"+ O(KN T2 dy). (4.6)
Let
By /
Ay = oN—2m’ Ay = BoK'(1) and Az = B3By.

Utilizing (4.4) and (4.6), we can obtain a more precise expansion for F'(dy, Ax) and
6F(dk, Ak)/a/lk

A l
Fy(dy, Ay) :k[;u_ —— N~ T A2dj
B
e (]
e+ O [ — , 47
A;CV—QmH;CV—Qm m ( )
8Fk(dk,/1k) - |: Al(Nme)
a/lk de—2mAIICV+1—2kaN—27n
AskN=2m (N — 2m) 1\/2te
+ N+1-2m  ,N—2m +0 o ’ (4~8)
Ay Ky, Pk
aFk(dk,Ak) _ k|:— Al(N — 2m)
8dk di:V72m+1AII€\/'72mM;€V72m

+1A2d + O(Gk)zma)} (4.9)
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Thus, the pair (dg, Ax) is the critical point of the perturbed functional F if and
only if (d, Ay) satisfies the following system:

B Ay (N —2m) AskN=2m(N — 2m) s ( ( 1 )l/2+<’) L

de_2mA£V+1—2mM;€V—2m AiV—i—l—QmM}LV—Qm Lk )
A1 (N —2m) - /240

- diV72m+1AiV—2m'u/;€\772m + ZAQdk +0 E =0.

(4.10)
Letting Dy, := kdy, we define a vector functional F' = (fi, f2) as the principal
part of system (4.10):

_ Al (N - Qm) A3(N - 2m)
Ai\f72m+1D{€Vf2m Ai\f72m+1 ’

J1(Dy, Ay) =

Ay (N —2m) (4.11)

T AN—2m nN—2m+l
Ak Dy,

J2(Dy, Ay) = + 1 A,.

Then F' = 0 has a solution

1/(N—-2m) . ‘(N—2m+l)/(N—2m) 1/(N—-2m)
o= ((5) (B ) )

As AV =2 4,
with
9 o 0 0
f o, O o, 26 oy O -
9Dk | (po, a9) 94k | (pg,ag) 94k | (pg,ag) 9Dk | (pg,a9)

Hence, by (4.9) and (4.8), the Jacobian of the perturbed function Fj, at (DY, A9)
is strictly positive. The implicit function theorem implies that there exists some
(Dy, Ag) near (DY, A?) that solves (4.10) for any k > ko, where ko is sufficiently
large. Therefore, we obtain infinitely many solutions {ux = Wy, A, + Ok th>k, I
accordance with the infinite series {(Dg, Ak) tr>k,- O
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