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1. Introduction

We are concerned with the existence of infinitely many solutions to the class of nonlinear
boundary-value problems of Kirchhoff type

(1.1)

L(u) = Nz| 0 f(z,u) + |z| P|ul?"%u in 2,
u=0 on 02,

where

L(u) :== {M</0|z|ap|Vupdz>} div(|z|~ % |Vu|P~2Vu)

and 2 C RY is a bounded smooth domain with N > 3,1 < p < N, a < (N — p)/p,
p<q<p",0B< (a+1)g+N(1—q/p), with p* = Np/(N—dp) the critical Caffarelli-Kohn—
Nirenberg exponent, where d = 1+a—b with a < b < a+1, and with M: RTU{0} — R*
a continuous function.

* Corresponding author.
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Problem (1.1) with a =b=§ = =0 and p = 2, that is,

M</ |Vul? dx) Au = g(z,u) in §2,
[0}
u=20 on 042,

(1.2)

is called non-local because of the presence of the term M ([, |Vu|? dz), which implies
that (1.2) is no longer a pointwise identity. This phenomenon causes some mathemati-
cal difficulties, which makes the study of such a class of problem particularly interest-
ing. Besides this, this class of problem has a physical motivation. Indeed, the operator
M(f,, |Vu|? dz)Au appears in the Kirchhoff equation, which arises in nonlinear vibra-
tions, namely,

utt—M</Q|Vu|2dx>Au:g(x,u) in 2 x(0,7),
u=0 on 002 x (0,T), (1.3)
u(z,0) = uo(x), w(x,0)=wus(r) in 2.

Such a hyperbolic equation is a general version of the Kirchhoff equation

2 L 2 2

p@f <PO+E Ou dx>au =0, (1.4)
ot? h 2L J, |0z 0x?

presented by Kirchhoff in [26]. This equation extends the classical d’Alembert wave

equation by considering the effects of the changes in the length of the strings during the

vibrations. The parameters in (1.4) have the following meanings: L is the length of the

string, h is the cross-sectional area, F is the Young’s modulus of the material, p is the

mass density and P, is the initial tension.

When an elastic string with fixed ends is subjected to transverse vibrations its length
varies with time, which introduces changes in the tension in the string. This induced
Kirchhoff to propose a nonlinear correction of the classical d’Alembert equation. Later
on, Woinowsky-Krieger [34] (also Nash and Modeer [31]) incorporated this correction
into the classical Euler-Bernoulli equation for a beam (plate) with hinged ends. See, for
example, [4,5] and the references therein. The reader is referred to [1,2,9, 10, 20, 30]
and the references therein for more information on non-local problems.

To enunciate the main result we need to give some hypotheses on the functions M
and f. The hypotheses on the continuous function M : RT U {0} — R™ are as follows.
There exists mg > 0 such that

(M) M(t) = mg for all t > 0,
(M3) the function M is increasing.
The hypotheses on the Carathéodory function f: {2 x R — R are the following:
(f1) flz,=t) = =f(z,1) V(z,t) € 2 X R;
(f2) there exists r € [1,p*) and positive constants Cy, Cy with Cy < C3 such that
Crlt]™ < fla,t) < Colt]"™1 V(a,t) € 2 x (RT U{0});
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(f3) the function f satisfies the well-known Ambrosetti-Rabinowitz superlinear condi-
tion, that is,

t
0<§/0 flx,s)ds < tf(x,t) V(x,t) € 2 x RT for some & € (p,p*).

Moreover, we suppose that 6 < (a+ 1)r + N(1 —r/p).

The main results of this paper are listed below.

The first result gives us infinitely many solutions for problem (1.1) for the subcritical
case.

Theorem 1.1. Assume that (My), (f1) and (fz) hold and that p < ¢ < p*, 8 <
(a+1)g+ N(1—gq/p) and 1 < r < p. There then exists A\g > 0 such that problem (1.1)
has infinitely many solutions for each A € (0, \g).

In the last two results, we obtain infinitely many solutions for problem (1.1) for the
critical case.

Theorem 1.2. Assume that (M), (M2), (f1) and (f2) hold and that ¢ = p*, 3 = bp*
and 1 < r < p. There then exists \* > 0 such that problem (1.1) has infinitely many
solutions for each \ € (0, \*).

Theorem 1.3. Assume that (My), (Ms), (f1), (f2) and (f3) hold and that q = p*,
B = bp* and p < r < p*. There then exists \** > 0 such that problem (1.1) has a
non-trivial solution for each \ € (\**,400).

In recent years interest in the study of non-local problems of type (1.2) has grown
exponentially. That was, probably, due to the difficulties existing in this class of problems
that do not appear in the study of local problems, as well as due to their significance in
applications. Without hope of being thorough, we mention some papers with multiplicity
results and that are related to our main result. We will restrict our comments to the work
that has emerged in the last four years.

Problem (1.2) was studied in [20]. The version with the p-Laplacian operator was
studied in [15]. In both cases the authors showed a multiplicity result using genus theory.
In [18,23-25,29,32] the authors showed a multiplicity result for problem (1.2) using the
fountain theorem and the symmetric mountain pass theorem. The case with discontinuous
nonlinearity was studied in [16], where Corréa and Nascimento showed existence of two
solutions via the mountain pass theorem and Ekeland’s variational principle.

In [13] Chung and Quoc used the fountain theorem and showed a multiplicity result
of solutions for a problem involving a non-local operator and nonlinearity of Caffarelli—
Kohn—Nirenberg type and subcritical growth.

In this paper we study a different class of non-local operators to that considered in [13].
Moreover, our class of non-local operators includes, but is not restricted to, the type
(1.4). Besides this, our results are true for the subcritical and critical case. For this, the
arguments found in [13] could not be repeated and it was necessary to make a truncation
on the function M in the critical case.
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Our proofs of the main theorems are inspired by [6], where the authors showed a
multiplicity result for a problem involving the p-Laplacian operator. But since we are
working with a non-local operator, some refined estimates were necessary; for example,
the proof of Lemma 4.1, which does not appear in [6].

Before concluding this introduction, it is very important to say that recently we found
many papers in the literature in which the authors study the existence and multiplicity
of solution to problems involving nonlinearities of Caffarelli-Kohn—Nirenberg type (see,
for example, [11,22,35,37] and references therein).

This paper is organized as follows. In §2 we provide some preliminary results on the
Krasnoselskii genus and the variational framework. The Palais—Smale condition for the
Euler-Lagrange functional associated with problem (1.1) and the proof of Theorem 1.1
are found in §3. In §4, by using the concentration—compactness principle, we prove the
Palais—Smale condition, some auxiliary results and Theorems 1.2 and 1.3.

2. Preliminary results and variational framework

We start by considering some basic notions on the Krasnoselskii genus that we will use
in the proofs of our main results.

Let E be a real Banach space. We denote by 2 the class of all closed subsets A C E\{0}
that are symmetric with respect to the origin, that is, u € A implies that —u € A.

Definition 2.1. Let A € 2. The Krasnoselskii genus of A, v(A), is defined as being
the least positive integer k such that there is an odd mapping ¢ € C(A,R*) such that
o(x) # 0 for all x € A. If k does not exist, we set y(A) = +oo. Furthermore, by definition,

v(0) =0.

In what follows we enunciate some results on the Krasnoselskii genus that may be
found in [3,12,17,27].

Proposition 2.2. Suppose that E = RN and that 02 is the boundary of an open
symmetric and bounded subset £2 C RY with 0 € £2. Then v(0£2) = N.

Corollary 2.3. If 92 = SN~! is the unit sphere in R, then v(SN~1) = N.
We now establish a result due to Clark [14].

Proposition 2.4. Consider & € C'(X,R) a functional satisfying the Palais—Smale
condition and suppose that

(i) @ is bounded from below and even,
(ii) there is a compact set K € 2 such that v(K) = k and sup,¢c ?(x) < P(0).

Then @ possesses at least k distinct pairs of critical points and their corresponding critical
values are less than ®(0).

We point out that this result is a consequence of a basic multiplicity theorem involving
an invariant functional under the action of a compact topological group.

https://doi.org/10.1017/50013091515000395 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091515000395

Solutions for a Kirchhoff equation with subcritical and critical growth 929

Proposition 2.5. If K € 2, 0 ¢ K and y(K) > 2, then K has infinitely many points.

Now we will introduce the basic variational framework. Consider 2 € R to be a
bounded smooth domain with0 € 2, N >3, 1<p<N,a< (N —p)/p,a<b<a+1,
and p* = Np/(N — dp), where d =1+ a — b. From [8,36] we have

p/T
(/ |x|_“|u|rdx> < c/ e[~ VulP dz Vu € C°(82), (2.1)
(0] (9]

where 1 < r < Np/(N —p), a < (a+ 1)r + N(1 — r/p), and D}P is the completion of
C§°(£2) with respect to the norm

1/p
] = ( / |x|“p|w|pdx) ,
(9]

that is, we have the continuous embedding of D17 in L" (2, |x|~%), where L"(£2, |z|~*)
is the weighted L"({2) space with the norm

1/r
il = ([ bel-elulac) "
2

Moreover, this embedding is compact if {2 is a bounded smooth domain, 1 < r < Np/(N—
p), and o < (@ + 1)r + N(1 —r/p). The best constant of the weighted Caffarelli-Kohn-

Nirenberg type (see [8]) inequality will be denoted by C; ,, which is characterized by

fo |;v|_‘”’\Vu\p dx
)p/p*’

Cr = inf
P uentngoy (fp

We will look for solutions of problem (1.1) by finding critical points of the Euler—
Lagrange functional I: D}? — R given by

1
I(u) = =M(||ul/?) — /\m| SF (x,u) da:—f/ || =P |u|? dez,

where M(t) := fg (s)ds and F(x,t) fo x,s)ds. Note that I € C! and

I'(u)(¢) = M(llullp)/Qlefaplvulp”Vqu)dfﬂ
—)\/Q|x\_6f(;v,u)¢dx—/Q\x|_ﬁ|u|q_2u¢dx

for all ¢ € DLP.

Theorems 1.1 and 1.2 will be proved by using Proposition 2.4. From (f1) and (f2)
we have that I is even and I(0) = 0. However, we encounter the common difficulty of
ensuring that I is bounded from below in D}, so we will use a modified functional to

obtain the critical points of I. In the following we will construct the auxiliary functional.
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We obtain, by (My), (f1), (f2) and the Caffarelli-Kohn—Nirenberg inequality (2.1),
that )
mo ~ r ~
I(u) > ?HUH” — ACsJul]" - 5C||U||q = ga(llul?),

where gy : [0,+00) — R is given by
- 1~
ga(t) = 10 — ACytr/P — ZCpa/p,
p q

Note that r < p < ¢ < p* implies that lim; 1 gx(t) = —oc0. Hence, I is not bounded
from below in D!? and we cannot apply Proposition 2.4. But there exists Ag > 0 such
that for each A € (0, Ag) the function g, (¢) achieves a positive maximum, and there exist
t1,t2 € (0,+00) with t; < to and gx(t1) = ga(t2) = 0. Now, consider ¢ € C2(]0, +00))
with 0 < ¢ < 1, ¢(t) =1 for all ¢t € [0,¢1], ¢(t) =0 for all t € [t2, +00), and ¢'(t) < 0 for
all t € [0,+00). Define the function gy : [0, +00) — R given by

Gat) = 224 — Ayt — gqs(t)tq/P.
p q

Note that g»(0) = 0, gx(¢) > 0 for all ¢ > ¢;, and

lim ga(t) = lim 2% — ACot"/P = 400, (2.2)

t——+o0 t——+o0 D

because r/p < 1 and ¢(t) = 0 for all ¢ € [t2, +00).
The auxiliary Euler-Lagrange functional that we will use is J: DLP — R, given by

I = LAH(P) < A [ felF (o) o - ‘“”Z”) [ JelPlulsda,

where M (t) := fot M(s)ds and A € (0, ). Since J(u) = gx(JJul|?) and (2.2) hold, we
obtain that J is coercive in D}P, which implies that J is bounded from below in D!P.
Thus, the functional J is appropriate for proving Theorem 1.1.

The next lemma could be proved by using [21, Lemma 4.1]

Lemma 2.6 (S condition). Suppose that 2 C RY is a bounded smooth domain,
that 0 € 2,1 <p< N, —oo <a < (N —p)/p, (up) C DIP and u € DLP are such that
U, — u as n — 0o, and

lim sup/ 2|~ |V, [P 2Vu, V (u, — u)dr < 0.
o

n—oo

There then exists a subsequence strongly convergent in D1P.

3. Subcritical case: Theorem 1.1

We will prove the next lemma, which states that a critical point of J with energy less
than 0 is a critical point of 1. We also note that the critical level from Proposition 2.4 is
less than I(0) = J(0) = 0.
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Lemma 3.1. If ug is a critical point of J with J(ug) < 0, then ug is a critical point
of I.

Proof. Let uy be a critical point of the functional J with J(ug) < 0. Since J is
continuous, there exists Ry > 0 such that J(u) < 0 for all u € B(ug, Ry) C D}, which
implies that ||u]|? < t1, because J(u) = ga(||u||?) and gx(t) > 0if ¢ > t;. Therefore, for all
u € B(ug, Rg) we have ¢(||u]|P) = 1, and consequently J(u) = I(u) for all u € B(ug, Ro)-
In particular, it follows that wug is a critical point of 1. |

Lemma 3.2. Assume that (My), (f1), (f2) hold, and that ¢ < p* and § < (a+ 1)g +
N(1 —q/p). Then J satisfies the Palais-Smale condition.

Proof. Let (u,) C DL? be a Palais-Smale sequence at level ¢, that is, J(u,) — ¢
and J'(u,) — 0 (in the dual of D}P) as n — +oco. Since J is coercive, we have that
(un) C DIP is bounded. Then, passing to a subsequence if necessary, we have u € DL
such that

Up — U in D17,
Up —> U in L°(£2,]z|77), (3.1)
un(z) = u(xz)  almost everywhere (a.e.) in £2, .

lun]l = to =0

as n — +oo, where 1 < s <p* and 0 < (a4 1)s+ N(1 — s/p). Hence, J' (up)(up — u) =

on (1), that is,
p—2 _ 3
M(||un||?’)/ [Vt |"~*Vun ¥ (i, — ) dx_A/ flem)n —w)
2 |x|a’p o ‘x|
Unp a Vun p72VunV Up — U
2 gy [ [l g [ VYV~ )
I o lel? o 2]
|u"|q72un(un — u)
(||lunl” / dz = 0,(1).
(uall?) | o
(3.2)

From Holder’s inequality, (3.1) and since ¢ is continuous, we obtain

[t |72y (U, — 1) |un| 2 (U, — )
/ BE dz =0,(1) and o(||un|?) P dz = 0,(1).

By using (f2), Holder’s inequality and (3.1), we obtain

/ 12170 (2, 1) (1 — 1)
(9]

< Ca [ ol funl" o — ul 4z = on(1).
(9]

Therefore, substituting into (3.2), we have

dz = 0,(1).

b |Un|q :| |vu”|p_2vunv(un —u)
M Unp, Py — = Up, P dl‘
[8r0unl”) = o) [ 1] o

https://doi.org/10.1017/50013091515000395 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091515000395

932 G. M. Figueiredo, M. B. Guimardes and R. S. Rodrigues

Since M and ¢’ are continuous functions, M (t) > mg and ¢'(t) < 0 for all ¢ € [0, 00),
there exists C' > 0 such that

p _
mo < M([lun ) - 5¢’(||un||”)/glffl % lun|? dz < C.

Thus,
/ 2|7 P |V, [P 2V u, V (u, — u) dz = 0,(1).
2

Then, by using Lemma 2.6, the proof is finished. (]

Proof of Theorem 1.1. We have that D!? is a reflexive and separable Banach
space. Then, for any k € N, there is a k-dimensional linear subspace &} of D!P with
Xy, C C;°°(£2). Therefore, all norms on &} are equivalent. Hence, there exists a positive
constant C'(k) that depends on k such that rC(k)||u||” < Cl||uHTLr(Q’|x|,5) for all u € X},
Hence, if u € X, we obtain by (f2) that

/ 2|~ F(, u) da > 2 / 2|~ fuf” dz > CR)u]"-
I?) T Jo

Thus, for all u € &), with ||u|| < 1, from continuity of the function M we conclude that
there exists C' > 0 such that

J(u) < Cllu)|” = AC (k) [[u]l".

Take R = min{1, (AC(k)/C)"/=")} and consider S = {u € &} : ||ju| = s} with 0 < 5 <
R. Since 1 < r < p, for all u € S we obtain

J(u) < s"[CsP™" — AC (k)] < 0 = J(0), (3.3)

which implies that supg J(u) < 0 = J(0).

Since A}, and R* are isomorphic, and S and S*~! are homeomorphic, we conclude that
~v(8) = k. Moreover, J is coercive, even and satisfies the Palais-Smale condition (see
Lemma 3.2), so it follows from Proposition 2.4 that J has at least k pairs of different
critical points. Since k is arbitrary, we obtain infinitely many critical points of J. Then,
by using (3.3) and Lemma 3.1, we obtain infinitely many critical points of I. O

4. The critical case

In Theorems 1.2 and 1.3 we have 8 = bp*, ¢ = p*, and by (M) that M (t) is increas-
ing. Since we are working with critical growth and a non-local operator without more
information about the behaviour of function M at infinity, we need to make a truncation
on the function M (see Lemmas 4.2 and 4.11). In the case in which p < r < p* the
truncation is also necessary to prove Lemma 4.10.

Since p < p*, we can obtain 6 € (p, p*). From (My) there exists o > 0 such that mg <
M(0) < M(to) < (8/p)myg for the 1 < r < p case, and mg < M(0) < M(to) < (§/p)mo
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for the p < r < p* case, where ¢ is given by (f3). We set

M(t) if0<t<ty,
Mo(t) _ ( ) 1 0
M(ty) ift >t
From (M) we obtain
0
mo § Mo(t) S Z;’ﬂlo Vit 2 0 (41)
and
p

The proofs of the Theorems 1.2 and 1.3 are based on a careful study of solutions of
the auxiliary problem

Lo(u) = M|~ f(z,u) + 2| P|u|?%u in Q’} (4.3)

u=0 on 912,
where

Lo(u) = — [MO(/Q |x|_ap|Vu|pdx)] div(|z| =7 |VuP2Vu).

We will look for solutions of problem (4.3) by finding critical points of the Euler—
Lagrange functional Iy: DL? — R given by

1 - 1
D) = S¥o(lalP) = A [ fol 0P,y de = [ faf~Pluf? .
p o) 4J0
where My(t) := fot My (s) ds. Note that Iy is C* and for all ¢ € DL'P we have

VulP-2Vuv o
10)(0) = Mol[ul”) | [ulf Ve do =2 | f|x|a -, |u||ac|ﬁu¢

[P

4.1. The 1 < r < p case
Lemma 4.1.

lim #1(A) = 0. (4.4)

A—=0t
Proof. From g (t1(\)) = 0 and g} (¢1(X)) > 0 we have
~ 1 - *
% = )\02(151()\))(1“—13)/19 + EC(“W)(F —-p)/p (4.5)

and
mo > )\Tég(tl(/\))(r_p)/p + é«(tl(/\))(p*—p)/p (46)
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for all A € (0, \g). From (4.5) and (4.6) we obtain
ApCo(t (X)) TP/ 4 ]%é(tl()\))(p*fp)/p > MrCao(t (X)) PP L C(ty (X)) P PP,
which implies that
ACa(p —r) (L (W) PP > C(1 — 2%)(tl(k))“’**”)/”- (4.7)

From (4.7) we conclude that

SN p/(p™—r)
0 < t(N) < AP/(P°=7) {W] . (4.8)
C(1—p/p*)
Since p* > r, passing to the limit as A — 0% in (4.8), we conclude the proof. O

As in the subcritical case, we can construct an auxiliary functional Jy : D} — R given
by
1 - p « N
(@) = Saul?) = [ ol ae - D oo
p ? q 7]
where My(t) := fg My (s)ds.
Lemma 4.2. Let (u,) be a bounded sequence in D}P such that

Iv(uy) — ¢ and I§(u,) =0 in(DLP)™' asn — oo.

Suppose that (M), (Ms), (f1) and (f2) hold, and that

c < <; — pl*> (moczyp)lj*/(p*fp)
ACCy(1/r 4+ 1/0) 17 /@ =01 N/ g T/ 7 )
o i N B O
where C' = (fg(|x‘75+br)p*/(p**r) dxz)®"=7)/P" Then there exists a subsequence strongly
convergent in D.P.

Proof. Since (uy) is bounded in D}?, passing to a subsequence if necessary, we have

Up — U in D17,
Up —> U in L°(£2,]z]|77),
up(z) = u(zr)  ae. in 2,

[unl = to =0

as m — 400, where 1 < s < p* and ¢ < (a+ 1)s + N(1 — s/p). Moreover, using the
concentration—compactness principle due to Lions (see [28,36]), we obtain an at most
countable index set A, and sequences (z;) C RN, (u;), (v;) C (0,00) such that

2 P[P > || Va4 and o] P o] e (49)

Un
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as n — 400 in the weak® sense of measures, where
I/:ZVZ'(sz“ ;L}Zuiémi and Cj v f/p* < i (4.10)
ieA =
for all ¢ € A, where §,, is the Dirac mass at z; € (2.

Now let k € N. Without loss of generality we can suppose that By(0) C 2. Then for
every ¢ > 0 we set ¢,(z) := ¥((x — zx)/0), where ¢ € C§°(£2,1]0,1]) is such that ¢ =1
on B1(0), ¢ =0 on 2\ B2(0), and |Ve| < 1. Observe that (¢,u,) is bounded in D}P.
So we have I} (un)(¢¥pun) — 0, that is,

Up |V, P2 Vu,V
Mo ) [ 2 Yo 4 4 on(1)

|| P
[Vun|? 1/)9 f(@, uy wgun w@
_ )
=~ Mo(Jfun / Y |bp
It follows from (4.9) and (M) that
Un | VU |P72Vu, Vi)
Mo ) [ '| S e
x|
/ |VU| 'L/)gd _mo/ %du-i—)\/ f(-’If;’U,nl'L/)gun dz
|z|*P 7 17 |z|
n %‘Zf'* dz + | ¥, dv+ o0n(1).
o |zl 7}

Since u,, — u in L"(£2,|x|7?), by using (f) and the dominated convergence theorem
we obtain

)\/ |33|_6f(x,un)z/}gun de — )\/ |a:|_5f(x,u)z/Jgudx
Q 10,
as n — 0o. Thus, we obtain

. Un, vun Zvu”v
lim sup [Mo(HUan)/ | || |ap e d }

n—oo
NEE \“” o =l

1/)9 dx + / Yo dv.
From the dominated convergence theorem we obtain
|VulP w@ f L, U ¢9 w9|“‘
/ P dz L dz =0,(1) and PG = 0,(1),

where lim,_, o+ 0,(1) = 0. So, we obtaln

p—2
lim {limsup [MO(Hunp)/ U | V| Vunvngd }}
o—0%F n—o0 0 |l-|ap

< lim [/ngdl/—mo/gwgd,u]. (4.11)

0—0Tt
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Now, we will show that

lim {limsupMo(Huan)/ |x|_“pun|Vun|p_2VunV1l)gdx] =0. (4.12)
n—o00 0

0—0t
Indeed, by Holder’s inequality,

- p 1/p
‘/ Up |V [P~*Vu, Vi, dx‘ < ||Un||p_l< WW@'dgg) .
o 2

|| |]oP

Since wu,, is bounded in D}, My is continuous and supp(v,) C B(zy;20), there exists
L > 0 such that

p—2 p 1/p
MO(”un”p)/ Un|Vun P~ Vu, Vi, da:gL(/ [un V1), dz) .
(9} B(zk;20)

|| ||

Using the dominated convergence theorem and Hoélder’s inequality we obtain

Up |Vt P72V, Vi, dx]

[P

p P 1/p
Blori2o) 7]

1/N Ju|P N/(N—p) (N—p)/Np
<[ mea) (Lo () )
B(zx:20) B(ars20) \ 2|7

LN |uP N/(N—p) (N—p)/Np
< L|B(xy;20) " (/ XB(zk;Qg)< ) dx) .
o

[P

lim sup {MO(|un||p)/
Q

n—oo

Letting ¢ — 0T in the above expression, we obtain (4.12). Thus, we conclude from (4.11)

that
0 < lim [/ wgdl/mo/wgd,u].
p—0+ o) 0

That is,

0 < lim [/ wgdufmo/ zbgdu}
p—0+t B(zk;20) B(zk;20)

=v({zx}) — mop({zr})
<3 viba,({r}) —mo Y b, ({i)
i€ €A
=V — Mok
So, we have
mollk g V.

It follows from (4.10) that

. g 1 1 . gk
v = (moCyr )P /77 =P) > (9 — ﬁ)(moc;,p)fj /0" =p), (4.13)
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Now we shall prove that the above expression cannot occur, and therefore the set A is
empty. Indeed, arguing by contradiction, let us suppose that (4.13) holds for some k € A.
Thus, since mo < My(t) < (6/p)mo for all ¢t € R, and by using (f1) and (f2), we have

c=I\(uy) — %I;(un)(un) +on(1)

-4

p
11\ [ |ual” 1 1/|un|p*¢g
> ACo =+~ do+ (7= ) Bl Yeqp 4 o,(1).
2<r+9)/9|x5 “(0 p*> o Japr 47t on()

Letting n — 400 we obtain

11 |u|” 11 [P 1, 11
> —A\Cof — d - — = d - — =
‘ 2<7‘+9>/nr|5 x+<9 p*>/n || P e T ™
11N [ (N N
> -\ =+ - —d - —— 2d
2<r+0> o 2P “(a p*> o a7
11 . g o
+ (9 _ p*> (moC )P /(" —p)

By Holder’s inequality,

/ |’U,|T dx < C / ‘ulp* dx T/P
olzlP ™ o =[PP 7

e (0" =) /7"
C= (/ (|| ~o+bryp™/ (07 =1) da:) < 00.
o

So, letting 0 — 400, we obtain

where

11 wlP” NP1 i
> -A\CCo( =+ - g S ) Mg
‘ o) L)+ (i) e
11 RN
+<9_p*>(m00a)p)p /(" =p)
Define p: Rt — R by

1 1), 11
= - — — P _ - — T
o(t) (9 p*)t A002<r+6>t :

This function attains its absolute minimum at the point

(A CCy(1)r+1/0)\/ P
w= (Tt 7
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Thus, we conclude that
¢ = p(to)
1 1 v N/ (p—
= (0 — p*)(moca’p)zi /(p"=p)

B (; B pl*) |:/\C(«f/29(1/7417p1)/9)]p*/(p*_r) |:<]:*)7-/(p*_7') - (;*)p*/(p*_r)}

But this is a contradiction. Thus, 4 is empty and it follows that wu,, — win LP" (§2, |z|~"").
Now we will prove that u,, — u in DLP.
Indeed, since u,, — u in L"(£2, |z|~%) and in LP" (£, |z|~""), it follows from the domi-
nated convergence theorem that
lim J (@, ) (un = dx = lim / o [ 2t (1 — ) dz = 0.

n——+o0o |;L"5 n——+oo |x‘bp

Therefore, as (u”) is bounded in DL, I} (uy)(un — u) = 0 in (DEP)7L |lu,| — to as
n — oo, and M is continuous and positive, we conclude that

lim / 2|~ |V, [P 2V, V(u, — u)de = 0.
n—oo (9

It follows from Lemma 2.6 that u,, — u in DLP. O

Remark 4.3. Due to Lemma 4.1, we can consider Ag > 0 such that ¢; = t1(\) < o
for each A € (0, Ag). Also, we can obtain A* < A\g such that

11 -
<9 — p*>(m0q: P/ " =p)
{)\CCQ(l/rJr 1/9)}? K [ (r>r/<p*r> B <r>p*/<pw] .,

1/6 —1/p* p* p*

for each A € (0, \*).

Lemma 4.4. If Jy(u) < 0, then ||ul||? < t; and Jy(v) = I\(v) for all v in a sufficiently
small neighbourhood of u. Moreover, Jy verifies a local Palais—Smale condition for ¢ < 0
for all A € (0, \*).

Proof. Since gx(||u]|?) < Ja(u) < 0, arguing as in § 3 we conclude that ||u||? < t; and
Jxn(v) = I\(v) for all v € B(u; Ry). Moreover, if (u,) is a sequence such that Jy(u,) —
¢ < 0 and J;(u,) — 0 in DLP, then for n sufficiently large, Iy(u,) = Jy(un) — ¢ < 0
and I{ (u,) = J4(un) — 0. Since J is coercive, we obtain that (u,) is bounded in D!,
It follows from Remark 4.3 that for A € (0, A*),

c<0< <; — pl*) (moC; yPr /" =p)
ACCy(1/r +1/6)17 AN AR A ) O\ /P77
B B (3 R O B
and from Lemma 4.2, up to a subsequence, (u,) is strongly convergent in DP. (]
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Now we will construct an appropriate minimax sequence of negative critical values for
the functional J).

Lemma 4.5. Given k € N there exists ¢ = ¢(k) > 0 such that
1WJI75) =k,
where J=¢ = {u € DLP: Jy(u) < —¢}.

Proof. Fix k € N and let X}, be a k-dimensional subspace of D1'P. Thus, there exists
C(k) > 0 such that C(k)||ul|” < Cl”’“””[‘,T(QJQ‘*é) for all u € X.

Considering p > 0 such that 0 < |lu|| = p and 0 < ||u|” < t;, we obtain that
Jx(u) = In(u). Arguing as in the proof of Theorem 1.1, we can take R > 0 such that

Iy(u) < —¢

forall u € S = {u € Xj: |Ju|| = s}, with 0 < s < min{R, p}. Hence, S C J~¢ and, since
J ¢ is symmetric and closed, from Corollary 2.3,

A(IT5) = A(S) = k.

We define now, for each k € N, the sets

I, = {C c DP\{0}: C is closed, C' = —C and v(C) > k},
K.={ue€D:P: J(u) =0 and Jy(u) = c}

and the number

¢ = inf sup Jy(u).
Cel yeC

Lemma 4.6. Given k € N, the number ¢, is negative.

Proof. From Lemma 4.5, for each k € N there exists ¢ > 0 such that v(J~¢) > k.
Moreover, 0 ¢ J~¢ and J~¢ € I};. On the other hand,

sup Ji(u) < —e.
ueJ ¢

Hence,

—o0 < ¢ = inf sup Jy(u) < sup Jy(u) < —e <0.
Cely yeC ueJ—e

The next lemma allows us to prove the existence of critical points of J.
Lemma 4.7. If c = ¢, = cx41 = - -+ = ¢4, for some r € N, then
Y(K) >r+1

for all A € (0, \*).
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Proof. Let (u,) be a sequence in K,.. Since Lemma 4.6 gives us ¢ = ¢ = cp41 =

© = Cgyr < 0, from Lemma 4.4 we have that (u,) is bounded and Jy(up) = Ix(uy)
for all n € N. Thus, we can apply Lemma 4.2 and we obtain a subsequence strongly
convergent in DLP. that is, K. is a compactness set. Moreover, K. = —K,. Suppose,
by contradiction, that v(K.) < r, so there exists a closed and symmetric set U with
K. C U such that v(U) = v(K.) < r. Note that we can choose U C J° because ¢ < 0.
By the deformation lemma [7], we have an odd homeomorphism n: D}? — DLP such
that n(Je — U) C J*° for some § > 0 with 0 < § < —c. Thus, J*% C J° and by
the definition of ¢ = ¢y, there exists A € I'y4, such that sup,c 4 Jx(u) < ¢+ 6, that is,
A C JH and

n(A—-U) cn(Jr —U) c g, (4.14)

But v(A —U) > v(A) —y(U) > k and y(n(A - U)) 2 v(A—-U) > k. Then n(A - U) €
I, and this contradicts (4.14). Hence, the lemma is proved. O

Remark 4.8. If —co < c¢; <y < -+ < ¢ < --- <0, and since each ¢, is a critical
value of Jy, then we obtain infinitely many critical points of Jy, and hence problem (4.3)
has infinitely many solutions.

On the other hand, if there are two constants satisfying ¢y = ck4r, then ¢ = ¢ =
Ck+1 = -+ = Cpyr and, from Lemma 4.7, there exists A* > 0 such that

VWEK)=r+12>2

From Proposition 2.5, K, has infinitely many points, that is, problem (4.3) has infinitely
many solutions.

Proof of Theorem 1.2. Let \* be as in Remark 4.3 and, for 0 < A < \*, let u) be the
non-trivial solution of problem (4.3) found in Remark 4.8. Thus, Jx(uy) = Ix(uy) < 0.
Hence, using Lemma 4.4 we have

Juall” < t1 < to, (4.15)

so we conclude that
Mo ([luxl]”) = M ([[ux][?)

and uy is a solution of problem (1.1). O

4.2. The p < r < p* case

In this section we adapt for our study the ideas in [19]. In what follows we prove that
the functional I has the mountain pass geometry.

Lemma 4.9. Assume that conditions (M1), (f1) and (f2) hold. There exist positive
numbers p and « such that

In(u) > a>0 VYueDL? with ||ul| = p.
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Proof. From (M), (f1), (f2) and the Caffarelli-Kohn—Nirenberg inequality, we obtain

m ~ 1 - x
I(w) > =2 ull” = ACslull” = ZClull”

Since p < r < p*, the result follows by choosing p > 0 small enough. O
Lemma 4.10. For all A > 0 there exists e € D1P with I(e) < 0 and |e|| > p.

Proof. Fix vy € D}P\{0} with vy > 0 in 2 and |Jvg]| = 1. Using (4.2) and (f2) we

obtain X X
AC T P P
L L
D T o || p* Jo |z
Since p < r < p*, we have lim;_, o [(tvg) = —oo. Thus, for ¢ > p large enough,
I\(tvg) < 0. The result follows by considering e = tvg. O

Using a version of the mountain pass theorem without the Palais—Smale condition
(see [33]), there exists a sequence (u,) € DLP satisfying

In(un) = cx and Ii(u,) — 0 in (DLP)~1,

where

cx = inf Jnax IN(v(1))

and
I i= {y € C([0,1],DL7): 7(0) = 0, 7(1) = e}.
Lemma 4.11. If (M), (Ms) and (f2) hold, then

lim ¢y =0.
A——+o0

Proof. Since the functional I has the mountain pass geometry, it follows that there
exists ty > 0 verifying I)(txvo) = max;>o Ix(tvg), where vy is given by Lemma 4.10.
Hence, from (4.2) and (f2) we obtain

0= Bltaw)(tnw) < Smotflloll ~3Crts [ WL ar - [ ool g,
’ o ToP o o
that is,

|vo|?” |vo|?”

x|or”

§ D r |U0|T p*
*motA 2 )\Cﬂf}\ 5 dx—&-t)\ dx
p o |zl

p*
dl‘ 2 t/\ l"bp* ?

.Q| (2|

which implies that (¢)) is bounded. Thus, there exists a sequence (\,) and By > 0 such
that \,, = +o0 and t5, — Bo as n — +o00. Consequently, there exists D > 0 such that

£

2moth <D VneN,
D n
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and so
/\nCthn/ |x|*5|v0|rdx+t§;/ 2| 7 jwo|P" dz < D ¥n e N. (4.16)
2 2

If By > 0, we obtain
lim [Anclt;n [ 1t luolr do o+ [ 1ol uol” dx] — toc,
n—oo 0 n 0

which is a contradiction with (4.16). Thus, we conclude that 5y = 0. Now, let us consider
the path v, (t) = te for ¢ € [0, 1], which belongs to I', to obtain the estimate

3
0<ex< (1) = Ix(tavo) < —5moty.
o < max A(7 (1)) = In(tAvo) 2 Mot

In this way, observing that (c,) is a monotonous sequence, we conclude that

lim ¢y =0.
A——+o0

Remark 4.12. Due to Lemma 4.11, there exists Ay > 0 such that

ey < <Z];’ITL0 — 2M0(t0)>t0

for all A > Aq.

Lemma 4.13. Suppose that A > A; and that (My), (Ma2), (f2) and (f3) hold. Let
(un) € DLP be a bounded sequence such that

In(up) = cx and Ii(u,) =0 in (D2P)™' asn — +oo.

Then, for all n € N, we have
[unl” < to.

Proof. Suppose by contradiction that for some n € N we have ||u,||? > t;. Thus, for
each A > A1, from the definition of My(t), (f3) and (4.2), we have that

\(un) - %I’mnxun) +on(1)

~

C) =

> %M()(Hunup) - %Mo(tO)Hun”p +on(1)
> (S0 gMo(t) ) funl” + on() (417)

Since mg < M (tg) < (§/p)mo we have (1/p)mo — (1/€)Moy(to) > 0. So we obtain

WV

(;mo — éMo(to))to > 0.

But this contradicts Remark 4.12. Hence, we conclude that ||u, ||” < to. O

CX

https://doi.org/10.1017/50013091515000395 Published online by Cambridge University Press


https://doi.org/10.1017/S0013091515000395

Solutions for a Kirchhoff equation with subcritical and critical growth 943

Proof of Theorem 1.3. It follows from Lemma 4.11 that there exists A** > A\; > 0

such that
11 o
ex < (5 — p*) (moC )P /=) (4.18)

for all A > A**. Now, fix A > \**. From Lemmas 4.9 and 4.10 there exists a bounded
sequence (u,) C DLP such that Iy(u,) — cx and I} (u,) — 0 as n — oo.

Arguing as in Lemma 4.2, from (4.18) we conclude that, up to a subsequence, u,, — u)
in DLP. Thus, u, is a weak solution of problem (4.3). Moreover, by Lemma 4.13 we
conclude that wu) is a weak solution of problem (1.1). O
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