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SUMMARY

Crop yield and optimum nitrogen fertilization rates (Nopt) are often calculated ex post by specific
functions of the nitrogen fertilization rate, but in doing this, uncertainties in terms of model choice,
annual nitrogen response variations and parameter estimation are neglected. In the present study,
Nopt, grain yields, net revenues and N balances were estimated for the three crops of an oilseed rape
(OSR)–winter wheat–winter barley rotation. The effects of uncertainties were considered using three
different statistical models, estimating an identical Nopt over the years and carrying out Monte-Carlo
simulations where model parameters were varied according to their estimated standard errors. The
statistical models used were the quadratic (Q) polynomial function, the linear response and plateau
(LRP) function and the quadratic response and plateau (QRP) function.
The Q model tended to estimate the highest Nopt values for the three crops, followed by the QRP

and the LRP model in an initial ex post analysis. The highest corresponding mean net revenues in the
rotation were estimated by the LRP model, followed by the Q and QRP model ; mean N balances
increased in the order LRP, QRP and Q. In the comparison of the crops, OSR showed the highest N
balances followed by wheat and barley. Considering the protein concentration in wheat, Nopt values
estimated by the Q model were considerably higher than without the economic effects of grain
quality.
In order to consider uncertainties in annual nitrogen response, an ex ante Nopt over the years was

determined by maximizing the cumulated net revenues over all years in the rotation. Ex ante Nopt
was higher as the mean of the ex postNopt values for the QRP and LRP model. Average grain yields
and net revenues were lower, N balances were higher. Running the Monte-Carlo simulations, ex post
Nopt was obtained by 10 000 generated functions in each year and ex ante Nopt by 50 000 generated
functions of years 1996, 1997, 1998, 1999 and 2002. This led to an increase in Nopt especially for the
LRP model, while effects on the estimation of Nopt by the Q model were rather small. For the LRP
model, corresponding mean net revenue decreased and mean N balance rose. In contrast, due to
marginal changes in Nopt, the consideration of uncertainties in the estimations had only a small effect
on net revenue and N balance in the Q model.
In general, all kinds of uncertainty tended to increase Nopt but this effect was much higher for the

LRP model as compared to the Q model. This increase in Nopt was associated with decreasing net
revenues and increasing N balances. Exceptionally in OSR using the Q model, however, the ex ante
approaches considering uncertainty led to slightly lower Nopt values compared to the ex post value.
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INTRODUCTION

Fertilizer recommendations have to take rising econ-
omic and, particularly, ecological concerns into ac-
count. Therefore, the exact estimation of optimum
nitrogen fertilization rates (Nopt) for arable crops
become increasingly important. Most commonly,
Nopt is estimated from results of field experiments
where crop yield is calculated ex post as a function of
the nitrogen fertilization rate. In many cases, the esti-
mated parameters are used for calculating ex ante
nitrogen fertilization recommendations. It is, how-
ever, well known that the selection of the statistical
model describing the yield response to nitrogen ferti-
lization can considerably affect estimated Nopt (Bock
& Sikora 1990; Cerrato & Blackmer 1990; Bullock &
Bullock 1994; Colwell 1994; Bélanger et al. 2000).
Furthermore, the ex post determination of optimum
fertilization rates does not consider the inevitable
uncertainty resulting from year-to-year and site-
to-site variations in weather and soil conditions. Since
farmers do not know weather conditions in advance
when making their fertilizing decision it can be as-
sumed that, in practice, they would use an identical N
amount each year to adapt to annual nitrogen re-
sponse variations.
The aim of the present study was to quantify the

impact of yield models’ functional forms, ex post v. ex
ante recommendations and uncertainty in model
parameter estimation on fertilization recommen-
dations. Therefore, three kinds of uncertainty in the
estimation of Nopt and corresponding grain yields,
net revenues as well as N balances, were analysed in
an oilseed rape (OSR)–wheat–barley rotation. Firstly,
the uncertainty of model choice was analysed by esti-
mating Nopt using three different statistical models.
Secondly, year-to-year variation in nitrogen response
was investigated by calculating a Nopt where the total
net revenue over the years was maximum in each
crop. This is called the ex ante approach; however,
our dataset was too small to validate the ex anteNopt
on independent data. Finally, a Monte-Carlo simu-
lation was performed to quantify the effect of uncer-
tainty on the estimation of model parameters.

MATERIALS AND METHODS

Field experiment

The experimental data presented here originate from
a field trial established in autumn 1990 on a pseudo-
gleyic Luvisol of sandy loam texture at the
Hohenschulen Experimental Farm of the University
of Kiel (10.0xE, 54.3xN, 30 m asl), located c. 15 km
west of Kiel, Schleswig-Holstein, NW Germany.
Total rainfall averages 750 mm annually at the ex-
perimental site, with c. 400 mm received during
April–September, the main growing season, and c.
350 mm during October–March. Further details of

the experiment were previously reported by Sieling
et al. (1997).
In the present study, a dataset from 1996 to 2002

was used. In 2000 and 2001, nitrogen concentration
data of OSR were missing. The experiment comprised
the rotation OSR (cv. Falcon), winter wheat (cv.
Orestis) and winter barley (cv. Alpaca). All plots were
ploughed. Fungicides and other crop management
factors (e.g. herbicides, seed date) were handled in
accordance with the farmers’ normal practice.
Mineral N fertilization (0–280 kg N/ha) was applied
three times (at the beginning of spring growth, at stem
elongation and at ear emergence for wheat and barley
and at the beginning of spring growth, at stem elon-
gation and at bud formation for OSR) as calcium
ammonium nitrate (0.27 kg N/kg fertilizer). The first
and the second application rate varied from 0 to
120 kg N/ha, the third from 0 to 80 kg N/ha each in
increments of 40 kg N/ha. In total, there were 32 dif-
ferent N treatments. Pig slurry was applied to half of
the OSR plots in spring (80 kg total N/ha), while the
other half received only mineral N fertilizer. It was
assumed that 0.75 of the total N was NH4-N and so
60 kg N/ha was available for the crop. Only total N
amounts were included in the calculations; appli-
cation times and rates of distribution were dis-
regarded. The plot size was 7r3 m. At crop maturity,
an area of 6.75 m2 was harvested by combine and
yield was standardized to a dry matter content of 0.86
for wheat and barley and 0.91 for OSR. The N uptake
by the grain was obtained by multiplying the grain
dry matter by the grain N concentration, determined
with near infrared spectroscopy (NIRS 5000, Foss).
N-balances (kg N/ha) were calculated as applied
fertilizer N (kg N/ha) minus N-offtake by the grain
(kg N/ha).

Statistical analyses

Nopt was estimated by three different methods (ex
post, ex ante and Monte-Carlo simulation). The dif-
ferent underlying yield response functions to nitrogen
fertilization (linear response and plateau (LRP),
quadratic response and plateau (QRP), quadratic
(Q)) are described by three statistical models, which
were fitted to the dataset of each crop (OSR, wheat,
barley) using proc REG and proc NLIN of the
SAS Software package (SAS Institute Inc. 1989).
Additionally, the influence of quality payments for
wheat protein concentration was analysed.
The LRP model is specified by three parameters :

Y=a+bX+e ifX<C

Y=P+e ifXoC
(1)

where Y is the grain yield (t/ha), X the application
rate of N (kg N/ha), a the intercept b the linear
coefficient and e the error term. C is the nitrogen
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application rate at the intersection of the linear model
and the plateau, P describes the plateau yield.
The QRP model is specified by four parameters :

Y=a+bX+cX2+e ifX<C

Y=P+e ifXoC
(2)

where Y is the grain yield (t/ha), X the application
rate of N (kg N/ha), a the intercept, b the linear, c the
quadratic coefficient and e the error term. C is the
nitrogen application rate at the intersection of the
quadratic model and the plateau, P describes the
plateau yield. In order to ensure a smooth derivative
function, the additional side condition dY/dX=0 at
X=C is introduced.
The Q model is specified by three parameters :

Y=a+bX+cX2+e (3)

where Y is the grain yield (t/ha), X the nitrogen ap-
plication rate (kg N/ha), a the intercept, b the linear, c
the quadratic coefficient and e the error term.
Adjusted coefficients of determination (adj. R2)

considering the different number of function para-
meters were determined using regression analyses for
the Q model. For the LRP and the QRP models, adj.
R2 was calculated by the analysis of variance routine
on the SAS output:

adj: R2=1x(1xR2)
nx1

nxkx1
(4)

where n is the number of observations and k the
number of variables.
The years 2000 and 2001 were omitted from calcu-

lations for the whole rotation because of the missing
nitrogen concentration data for OSR.
Nopt was defined as the rate at which maximum

economic returns were produced (Colwell 1994), cal-
culated by marginal value product=marginal factor
cost=nitrogen price for the QRP and the Q model.
The parameter estimates obtained were used for

different approaches to estimate Nopt, grain yield at
Nopt and the corresponding economic net revenues
and N balances. At first an ex post analysis was made,
i.e. Nopt was estimated for the three crops within the
rotation and the different models in each year.
Secondly, an ex ante Nopt for all analysed years and
each crop was estimated by maximizing the objective
function:

Max
XI

i=1

(pwYi(N)xpnN) (5)

where Yi(N) is the response function in year i, I is the
total number of years, pw is the price of the crop and
pn the price of nitrogen fertilizer (Bullock & Bullock
1994). A numerical solution of this function was
calculated using the Newton method provided by the
solver procedure of Microsoft Excel1.

In order to consider the uncertainties in the model
parameter estimations, Monte-Carlo simulations
were carried out. After testing the residuals of the
regression models for normality, a normal distri-
bution of the model parameters was assumed, char-
acterized by the mean and the standard deviation of
the parameters. For each year, 10 000 random com-
binations of the model parameters were generated
assuming a multivariate normal distribution with
correlated variables by using the Cholesky decompo-
sition of the correlation matrix (Greene 2003). First,
to consider uncertainties in an ex post analysis, Nopt
was obtained separately for each random draw.
Second, the ex ante Nopt was calculated by max-
imizing the mean economic net revenue of all 50 000
response functions generated for the years 1996, 1997,
1998, 1999 and 2002.
Market prices were assumed to be 0.6 e/kg N,

200 e/t OSR, 100 e/t wheat and 90 e/t barley.
In order to consider the effect of the N application

rate on quality parameters, Nopt for wheat was
also estimated regarding protein concentration and
grain yield. For this purpose the Q model and an
empirical function relating the grain protein content
to the nitrogen application rate and the yield level was
used:

Prot=a+bX+cY+e (6)

where Prot is the protein concentration (mg/g), X the
nitrogen application rate (kg N/ha), Y the grain yield
(t/ha) a the intercept, b and c the linear coefficients
and e is the error term. The impact of protein con-
centration on net revenues were defined according to
Baker et al. (2004) by Eqn (7):

NR=(Ypw)x(Npn)+((Px115)5Y) (7)

where NR is the net revenue (e/ha), Y the grain yield
(t/ha), N the nitrogen application rate (kg N/ha), P
the protein concentration (mg/g), pw the market price
for wheat at 115 mg/g protein concentration, pn the
N fertilizer price (0.6 e/kg N) and 5 the premium or
discount for protein concentration (e/t).

RESULTS

Statistical features

As an example for the common ex post analysis, the
application of the statistical models for yields of OSR
in 2002 is shown in Fig. 1 while Fig. 2 gives the cor-
responding regression residuals. The model outcomes
resulted in different values for Nopt (160 kg N/ha
(LRP), 192 kg N/ha (QRP) and 217 kg N/ha (Q)).
Parameters of all model fits are given in Tables 1–3.

The differences in the adj. R2 values for grain yield
between the models for a given crop and year were
rather small. Also, differences between the intercepts
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of the QRP and the Q model were marginal, but
the LRP model estimated higher yields without
fertilization. Differences in the intercept between the
years, i.e. different weather and soil conditions, were
considerable. The intercept estimated by the Q model
varied from 2.74 to 7.08 in wheat, indicating a vari-
able N availability from natural sources between the
years. Analysis of variance showed that all model fits

were significant (P<0.05), except the QRP model in
barley in 1998 (P=0.0567) (data not shown).
According to a Shapiro–Wilk test (P=0.05; Thode
2002), the residuals of the Q model were normally
distributed in 16 of 19, 15 of 19 and 14 of 19 crop and
year combinations for the Q, LRP and QRP model
respectively (data not shown).
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Fig. 1. OSR yield response to N fertilization in 2002 de-
scribed using (a) the LRP model, (b) the QRP model and (c)
the Q model.
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Fig. 2. Residuals of the regression (observed yield minus es-
timated yield) when (a) the LRP model, (b) the QRP model
and (c) the Q model were fitted to yield data of OSR v N
fertilization in 2002.
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Ex post Nopt

The Q model estimated the highest ex post Nopt
values for all years and crops except for OSR in 1999,
the LRP model the lowest Nopt (Table 4). Mean
Nopt values increased by c. 30 kg N/ha from the LRP
to the QRP model in wheat and barley and c.
60 kg N/ha in OSR. The QRP model differed from
the Q model by c. 30 kg N/ha in wheat, c. 20 kg N/ha
in barley and c. 10 kg N/ha in OSR (Table 4). The Q
model estimated slightly higher grain yields at Nopt,
compared to the QRP and LRP model which gave
quite similar results for all crops. Between the
years, estimated Nopt and corresponding grain
yields differed considerably. In wheat, the estimated

Nopt was in the range 135–220 kg N/ha for the Q
model, 117–178 kg N/ha for the QRP model and
88–151 kg N/ha for the LRP model (Table 4). The
highest net revenues were calculated by the LRP
model, followed by the Q and QRP model. Mean N
balance values in OSR were up to 105 kg N/ha when
Nopt was estimated by the Q model, followed by the
QRP model (101 kg N/ha) and the LRP model
(52 kg N/ha). The lowest N balances which were even
negative in winter wheat and winter barley were cal-
culated by the LRP model in all three crops.
Regarding the rotation these negative N balances
were levelled out by the positive N balance of
OSR. Within the crops N balances decreased in
the order OSR, wheat, barley. In particular N

Table 1. Intercept (a), linear coefficient (b), adj. R2, C, P, RMSE (root mean square error) and n of the
LRP model (S.E.¡)

Crop Year a br10x2 C (kg N/ha) P (t/ha) adj. R2 RMSE n

OSR 1996 1.58 1.50
(0.003)

165
(14.3)

4.06
(0.116)

0.48 0.62 64

1997 2.82 0.95
(0.005)

137
(36.6)

4.12
(0.131)

0.11 0.84 63

1998 2.67 1.38
(0.002)

220
(20.1)

5.71
(0.214)

0.56 0.71 64

1999 1.36 1.37
(0.002)

188
(11.6)

3.94
(0.102)

0.64 0.45 63

2002 1.84 1.86
(0.003)

160
(12.5)

4.81
(0.099)

0.60 0.58 64

Winter wheat 1996 6.92 2.14
(0.007)

106
(19.5)

9.19
(0.134)

0.43 0.63 32

1997 5.19 2.80
(0.010)

135
(23.7)

8.98
(0.320)

0.31 1.36 32

1998 4.53 3.83
(0.011)

88
(11.9)

7.92
(0.191)

0.41 0.90 32

1999 4.26 3.99
(0.009)

151
(16.5)

10.28
(0.323)

0.59 1.16 31

2000 4.58 3.84
(0.006)

131
(10.2)

9.61
(0.240)

0.70 0.86 32

2001 3.58 6.42
(0.016)

93
(12.4)

9.56
(0.396)

0.57 1.37 22

2002 2.83 4.03
(0.005)

134
(9.4)

8.24
(0.220)

0.78 0.79 31

Winter barley 1996 3.94 2.14
(0.009)

108
(24.6)

6.25
(0.165)

0.34 0.77 32

1997 3.27 2.50
(0.010)

122
(23.5)

6.32
(0.322)

0.20 1.36 32

1998 4.66 3.89
(0.031)

62.9
(30.2)

7.10
(0.210)

0.13 1.08 31

1999 3.65 4.06
(0.015)

92
(16.9)

7.38
(0.273)

0.28 1.28 32

2000 3.77 2.97
(0.005)

136
(13.2)

7.80
(0.230)

0.63 0.83 32

2001 5.82 4.11
(0.011)

102
(14.4)

10.00
(0.204)

0.52 0.96 32

2002 2.46 3.91
(0.006)

138
(12.0)

7.87
(0.269)

0.69 0.97 32
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balances of OSR indicate large nitrogen residuals
after harvest.

Ex ante Nopt

In order to give ex ante recommendations which take
variability of growing conditions among years into
account, an identical fertilization rate over the years
was calculated for each crop at which the sum of the
net revenues over the years was maximal. Ex ante
Nopt values were 189 kg N/ha (LRP), 239 kg N/ha
(QRP) and 222 kg N/ha (Q) in OSR, 151 kg N/ha
(LRP), 162 kg N/ha (QRP) and 184 kg N/ha (Q) in
wheat and 138 kg N/ha (LRP), 132 kg N/ha (QRP)

and 145 kg N/ha (Q) in barley. On an average, ex ante
Nopt was higher about 25 kg N/ha for the LRP
model and 7 kg N/ha for the QRP model, but
8 kg N/ha lower for the Q model compared to the
mean of the Nopt values obtained ex post. At least on
an average over the three different models, the corre-
sponding grain yields and also net revenue values,
however, were lower and N balance values were
higher compared with the scenario of a variable,
ex post calculated Nopt for each year (Tables 4
and 5). Table 5 shows the influence of ex ante Nopt
on N balances and net revenues in the rotation.
Compared to the LRP and Q model mean net rev-
enues in the rotation were 10 e/ha lower calculating

Table 2. Intercept (a), linear coefficient (b), quadratic coefficient (c) adj. R2, C, P, RMSE and n of QRP model
(S.E.¡)

Crop Year a br10x2 cr10x5 C (kg N/ha) P (t/ha) adj. R2 RMSE n

OSR 1996 1.60
(0.342)

1.80
(0.004)

x3.00
(<0.001)

300 4.30 0.49 0.61 64

1997 2.60
(0.641)

1.76
(0.012)

x5.00
(<0.001)

176 4.16 0.10 0.84 63

1998 2.39
(0.381)

1.99
(0.005)

x3.00
(<0.001)

331 5.69 0.56 0.70 64

1999 1.11
(0.309)

2.02
(0.004)

x3.00
(<0.001)

336 4.51 0.64 0.46 63

2002 1.25
(0.390)

3.38
(0.006)

x8.00
(<0.001)

211 4.83 0.61 0.58 64

Winter wheat 1996 6.71
(0.549)

3.50
(0.014)

x12.40
(<0.001)

140 9.17 0.38 0.64 32

1997 4.94
(1.032)

3.99
(0.017)

x9.50
(<0.001)

210 9.13 0.30 1.34 32

1998 4.29
(0.815)

5.99
(0.023)

x24.70
(<0.001)

121 7.92 0.38 0.90 32

1999 2.65
(1.336)

7.98
(0.023)

x21.00
(<0.001)

189 10.23 0.58 1.17 31

2000 3.86
(0.646)

6.55
(0.013)

x18.50
(<0.001)

176 9.66 0.71 0.83 32

2001 3.23
(1.240)

9.63
(0.034)

x36.50
(<0.001)

131 9.58 0.52 1.40 22

2002 2.30
(0.607)

6.34
(0.011)

x16.70
(<0.001)

189 8.31 0.76 0.80 31

Winter barley 1996 3.67
(0.675)

3.68
(0.017)

x13.20
(<0.001)

139 6.24 0.29 0.79 32

1997 2.94
(1.155)

4.15
(0.024)

x12.60
(<0.001)

164 6.35 0.17 1.36 32

1998 4.57
(1.055)

5.66
(0.044)

x31.60
(<0.001)

89 7.10 0.10 1.08 31

1999 3.24
(1.155)

6.81
(0.033)

x28.10
(<0.001)

121 7.37 0.26 1.28 32

2000 3.59
(0.601)

4.09
(0.010)

x9.50
(<0.001)

215 8.00 0.60 0.84 32

2001 5.35
(0.852)

6.96
(0.023)

x26.30
(<0.001)

132 9.96 0.49 0.97 32

2002 2.34
(0.632)

4.98
(0.010)

x10.20
(<0.001)

243 8.41 0.71 0.93 32
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with the QRP model (Table 7). In general, the differ-
ences between ex post and ex ante Nopt were higher
for the LRP model compared to the Q model.
Comparing the mean ex post and the ex ante Nopt
estimated by the LRPmodel, it was clearly observable
that the ex ante Nopt is the more favourable choice
for fertilization recommendation because mean
net revenue in the rotation increased for 14 e/ha
(Table 7).

Monte-Carlo analysis

As an example result, the distribution of the model
parameters for the LRP model in OSR is shown in
Fig. 3. The C (Nopt) and b (linear coefficient) distri-
bution curves of the year 1997 show the difficulties in

determining Nopt ex post in this year. Ten thousand
generated parameters were too few to obtain a
smooth curve because the number of generated
parameters in each class was much lower compared to
other years with narrower distributions. The effect of
the Monte-Carlo simulation on the ex post LRP
model parameters was an increase in Nopt (Tables 4
and 6). This effect was clearly observable, especially
in OSR. Mean Nopt over the single years increased
by 12 kg N/ha. In wheat, mean Nopt increased
by 10 kg N/ha and in barley it only increased by
6 kg N/ha, calculated by the mean of only the years
1996, 1997, 1998, 1999 and 2002. Because of missing
data on N concentration of OSR in the years 2000
and 2001, these years were omitted in the calculations
for the comparison of the mean model outcomes for

Table 3. Intercept (a), linear coefficient (b), quadratic coefficient (c), adj.R2, RMSE and n of the quadratic model
(S.E.¡)

Crop Year a br10x2 cr10x5 adj. R2 RMSE n

OSR 1996 1.60
(0.334)

1.79
(0.004)

x2.88
(<0.001)

0.50 0.61 64

1997 2.36
(0.425)

2.20
(0.005)

x6.29
(<0.001)

0.21 0.78 63

1998 2.39
(0.381)

1.99
(0.005)

x2.67
(<0.001)

0.56 0.70 64

1999 1.10
(0.296)

2.03
(0.004)

x3.38
(<0.001)

0.64 0.46 63

2002 1.52
(0.321)

2.84
(0.004)

x5.85
(<0.001)

0.60 0.59 64

Winter wheat 1996 7.08
(0.446)

2.54
(0.007)

x7.20
(<0.001)

0.34 0.68 32

1997 5.40
(0.933)

2.95
(0.013)

x5.33
(<0.001)

0.33 1.34 32

1998 5.41
(0.663)

2.86
(0.010)

x7.45
(<0.001)

0.25 1.01 32

1999 3.41
(1.055)

6.44
(0.015)

x14.60
(<0.001)

0.58 1.19 31

2000 4.50
(0.571)

4.92
(0.009)

x10.90
(<0.001)

0.70 0.87 32

2001 3.81
(1.040)

7.67
(0.018)

x23.90
(<0.001)

0.51 1.45 22

2002 2.74
(0.546)

5.23
(0.008)

x11.60
(<0.001)

0.75 0.83 31

Winter barley 1996 3.87
(0.510)

3.08
(0.008)

x9.32
(<0.001)

0.33 0.77 32

1997 2.84
(0.920)

4.15
(0.013)

x11.50
(<0.001)

0.24 1.32 32

1998 5.06
(0.661)

3.33
(0.010)

x11.70
(<0.001)

0.25 1.00 31

1999 3.67
(0.755)

5.62
(0.011)

x19.00
(<0.001)

0.43 1.15 32

2000 3.74
(0.554)

3.73
(0.008)

x7.87
(<0.001)

0.61 0.84 32

2001 6.00
(0.660)

5.08
(0.010)

x15.00
(<0.001)

0.47 1.00 32

2002 2.41
(0.611)

4.82
(0.009)

x9.56
(<0.001)

0.72 0.93 32
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the crops in the rotation for the ex ante approach.
Also, ex ante analyses for the LRP model were con-
ducted by running Monte-Carlo simulations. This
again led to a considerable increase in Nopt of
13 kg N/ha in OSR, a small increase of 5 kg N/ha in
wheat but a decrease of 2 kg N/ha in barley (Table 7).
The effects of mean net revenue in the rotation were
small but mean N balance rose (Table 7).
When the Monte-Carlo simulation for the Q model

was carried out for the ex post approach only mar-
ginal changes in Nopt were observed for each crop,
therefore annual data are not presented. The Monte-
Carlo simulation for the ex ante Nopt estimated by
the Q model over the years led to a slight increase of
the Nopt values to 225 kg N/ha in OSR, 188 kg N/ha
in wheat and 148 kg N/ha in barley compared to
the ex ante Nopt without Monte-Carlo simulation
(Table 7). It was therefore concluded that the Q
model is quite stable with regard to parameter

estimation uncertainty. The Monte-Carlo simulation
for the ex ante Nopt entailed only marginal effects in
wheat and barley when the LRP model was used, but
in OSR Nopt increased by about 10% from 189 to
202 kg N/ha (Table 7). Regarding N balances and
net revenues, the Monte-Carlo simulation led to
negligible changes. Although Nopt in OSR increased
due to Monte-Carlo simulation there were still
stronger differences between the production func-
tions, i.e. between the LRP and the Q model in
Nopt and N balance (Table 7). Mean yields, standard
deviations of the 50 000 generated LRP and Q models
and the functions of the years 1996, 1997, 1998, 1999
and 2002 are given in Figs 4 and 5 for the three crops.

Nopt regarding protein concentration

Protein contents of wheat could be described using
Eqn (6) with a quite different accuracy for the

Table 4. Ex post Nopt (kg N/ha), grain yield (t/ha), net revenue (e/ha) and N balance (kg N/ha) at ex post Nopt
of OSR, winter wheat and winter barley

Nopt (kg N/ha) Grain yield (t/ha) Net revenue (e/ha) N balance (kg N/ha)

LRP QRP Q LRP QRP Q LRP QRP Q LRP QRP Q

OSR
1996 165 250 259 4.1 4.2 4.3 713 695 708 59 127 133
1997 137 146 151 4.1 4.1 4.3 742 735 760 34 42 43
1998 220 282 317 5.7 5.6 6.0 1009 954 1016 60 118 136
1999 188 287 256 3.9 4.4 4.1 675 715 663 94 173 153
2002 160 192 217 4.8 4.8 4.9 866 844 856 15 43 60
Mean 174 231 240 4.5 4.6 4.7 801 788 800 52 101 105
CV (%) 18.1 26.2 25.5 16.4 13.1 16.9 17.1 13.8 17.5 57.2 56.8 47.5

Winter wheat
1996 106 117 135 9.2 9.1 9.2 855 840 839 x43 x36 x27
1997 136 178 220 9.0 9.0 9.3 817 796 799 x15 19 51
1998 88 109 152 7.9 7.9 8.0 737 724 712 x33 x17 15
1999 151 176 200 10.3 10.2 10.5 937 913 926 x15 x1 8
2000 131 161 198 9.6 9.6 10.0 882 865 878 x17 1 17
2001 93 124 148 9.6 9.6 9.9 899 886 903 x82 x59 x47
2002 134 172 200 8.2 8.3 8.6 743 722 736 x18 9 23

Mean 120 148 179 9.1 9.1 9.3 839 821 828 x32 x12 6
CV (%) 19.9 20.4 18.5 9.0 8.8 9.1 9.2 9.2 9.9 77.5 228.4 584.4

Winter barley
1996 108 114 130 6.3 6.2 6.3 498 485 490 x1 6 16
1997 122 138 152 6.3 6.3 6.5 495 481 494 17 32 42
1998 63 79 114 7.1 7.1 7.3 602 589 592 x35 x21 4
1999 92 109 130 7.4 7.3 7.8 609 594 621 x12 1 11
2000 136 180 194 7.8 7.9 8.0 621 601 605 9 34 40
2001 102 120 147 10.0 9.9 10.2 839 821 833 x79 x65 x54
2002 138 211 217 7.9 8.3 8.4 625 620 623 6 52 55

Mean 109 136 155 7.5 7.6 7.8 613 599 608 x14 6 16
CV (%) 24.5 33.3 24.2 16.7 17.2 17.0 18.7 18.9 18.8 246.3 707.8 219.2

Mean 728 714 722 8 36 48

CV, Coefficient of variation.
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different years (Table 8). Using this simple statistical
model, however, the determination of Nopt con-
sidering quality payment in wheat was only possible
applying the Q model. This is because the plateau
yield of the other two models and the quality surplus
to nitrogen price ratio led to infinitely high optimum
N rates.
The calculated effects of the quality payment on the

estimates for Nopt were considerable (Table 9). Mean
Nopt for the wheat crop increased from 179 to
235 kg N/ha, mean net revenue from 828 to 910 e/ha
and mean N balance from 6 to 42 kg N/ha.
Estimating an identical Nopt considering protein
concentration the N amount rose from 184 to
243 kg N/ha (Table 7). In the rotation mean N bal-
ance in the single years increased from 48 to
62 kg N/ha and mean net revenue from 722 to 749 e/
ha (Table 9). These results indicate that taking grain
protein concentrations into account has a tremendous
influence on Nopt in wheat as well as corresponding
N balance and net revenue of the whole rotation in-
creasing the economic productivity of the wheat crop
by 82 e/ha.

DISCUSSION

The aim of the present paper was to quantify
uncertainties in estimating Nopt and agronomic,
ecological and economic variables in an OSR–
wheat–barley rotation.
Simple statistical nitrogen response models, as used

in the present study, are quite commonly used for
making ex ante N fertilizer recommendations. The
validity of these simple response models, however, is
generally limited because the complex relationship
between the crop yield and the N rate in interaction
with variable soil and weather conditions cannot be
mimicked by those simple equations. Therefore, very
often only empirical reasons are considered for the
acceptance or rejection of any of these models.
Colwell (1994) listed statistical values like R2 and
analysis of variance for the accuracy of fertilization
rates estimated by different models as criteria for
model choice. The obtained differences in adj. R2

values in the present study were small between models
for all crops in a year (Tables 1–3) and agree with the
results of Cerrato & Blackmer (1990), Bullock &

Table 5. Grain yield (t/ha), net revenue (e/ha) and N balance (kg N/ha) in the rotation estimated with ex anteNopt

Grain yield (t/ha) Net revenue (e/ha) N balance (kg N/ha)

LRP QRP Q LRP QRP Q LRP QRP Q

OSR
1996 4.1 4.2 4.2 699 694 700 80 119 105
1997 4.1 4.2 4.2 710 687 697 77 118 104
1998 5.3 5.4 5.5 942 943 967 45 86 68
1999 3.9 4.2 3.9 674 701 655 95 135 125
2002 4.8 4.8 4.9 849 821 856 40 83 64

Mean 4.4 4.6 4.5 775 770 775 67 108 93
CV (%) 13.0 12.2 14.5 14.9 14.5 17.0 35.3 21.0 28.1

Winter wheat
1996 9.2 9.2 9.3 828 820 821 x18 x11 x1
1997 9.0 8.9 9.0 808 794 792 x3 8 25
1998 7.9 7.9 8.2 701 695 704 15 24 38
1999 10.3 10.1 10.3 937 909 922 x15 x7 1
2002 8.2 8.2 8.4 734 721 734 x6 3 14

Mean 8.9 8.9 9.1 802 788 795 x5 3 16
CV (%) 10.3 9.6 9.4 11.5 10.8 10.7 262.9 419.9 104.8

Winter barley
1996 6.2 6.2 6.4 479 482 488 24 19 27
1997 6.3 6.2 6.4 486 480 493 32 27 36
1998 7.1 7.1 7.4 556 560 582 28 22 28
1999 7.4 7.4 7.8 581 585 617 23 18 21
2002 7.9 7.1 7.4 626 562 578 6 11 17

Mean 7.0 6.8 7.1 546 534 552 23 19 26
CV (%) 10.0 8.0 9.1 11.5 9.2 10.5 43.5 30.1 27.5

Mean 707 697 707 28 44 45
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Bullock (1994) and Bélanger et al. (2000). In addition,
regression residuals have to be normally distributed
for the proper application of the above mentioned
empirical criteria. In the present study, this criterion
was fulfilled in most of the cases. Also, the quality of
dataset used for model comparison is important. The
present data include many different N rates but these
are remarkably scattered because of missing replica-
tions and a different splitting of total N amounts.
This may have hampered to some extent a clear

distinction between the descriptive quality of the
models in the study. Statistical and empirical features,
however, can only be one criterion for justifying one
model over the others.
The differences in the ex post Nopt values and the

intercepts (available soil mineral N) between the years
and the corresponding yields, net revenues and N
balances show clearly the annual variations in nitro-
gen response of all investigated crops. In conse-
quence, N balances varied greatly between the years
because many factors like climate and plant stress,
which cannot be influenced by the farmer, affect N
use efficiency and therefore N balances. This illus-
trates the principal difficulties in controlling N bal-
ances.
Ex post Nopt values differed noticeably between

the models. This agrees well with results of Cerrato &
Blackmer (1990) and Bélanger et al. (2000). The LRP
model tends to overestimate yields at Nopt (Cerrato
& Blackmer 1990; Bélanger et al. 2000). This may be
one reason that the LRP model estimated highest net
revenues and lowest N balance values (Table 4).
Uncertainty in annual nitrogen response was con-

sidered by determining an ex ante Nopt. It was found
that this kind of uncertainty led to higher N rates
compared to the mean of ex post Nopt values. The
same effect for the used price cost ratios can be ex-
pected if a multi site identical Nopt would be calcu-
lated because of different production functions due to
variable soil mineral nitrogen and yield potential
(Babcock 1992). The ex ante Nopt values of the Q
model were quite similar with the official fertilization
recommendations.
Uncertainties in model parameter estimates were

taken into account by using Monte-Carlo simula-
tions. This leads to both higher ex post and higher ex
ante Nopt values, especially when estimated by the
LRP model. The differences between the two models
in Nopt therefore became smaller whereas the overall
Nopt increases. The stronger effect of the Monte-
Carlo simulation on the LRP model compared to the
Q model is caused by the curves’ progression (Figs 4
and 5). The Q model punishes very high N fertiliza-
tion rates because of reducing yields when exceed-
ing maximum yield, whereas the maximum yield
estimated by the LRP model remains constant. In
general, the influence of the uncertainties due to
year-to-year variation and parameter estimates un-
certainty on the LRP model was much higher than on
the Q model thereby decreasing the differences be-
tween both models. Several studies conclude that the
LRP model is more suitable to describe crop response
to fertilization (Paris & Knapp 1989; Kuhlmann
1992; Baeumer 1994). Baeumer (1994) argued in an
agronomic way that high Nopt, as estimated by the Q
model, probably leads to high yields but does not
exclude over-fertilization. In contrast, using a lower
Nopt, as obtained from the LRP model, prevents
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yield), (c) b (linear coefficient).
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Table 6. Effect of the Monte-Carlo simulation of the LRP model parameters on Nopt (kg N/ha), grain yield
(t/ha), net revenue (e/ha) and N balance (kg N/ha) at ex post Nopt in comparison to the ex ante Nopt estimated

by the LRP model

Nopt (kg N/ha) Grain yield (t/ha) Net revenue (e/ha) N balance (kg N/ha)

Ex post Ex ante Ex post Ex ante Ex post Ex ante Ex post Ex ante

OSR
1996 175 202 4.1 4.1 707 691 68 91
1997 154 202 4.1 4.1 731 702 48 88
1998 234 202 5.7 5.5 1001 971 73 52
1999 196 202 3.9 3.9 670 667 101 107
2002 170 202 4.8 4.8 860 841 23 51

Mean 186 4.5 4.5 794 774 63 78
CV (%) 16.6 16.4 14.4 17.1 16.7 46.5 32.3

Winter wheat
1996 111 156 9.2 9.2 852 825 x40 x15
1997 148 156 9.0 9.0 809 805 x5 2
1998 98 156 7.9 7.9 733 698 x26 19
1999 165 156 10.3 10.3 929 934 x8 x13
2002 143 156 8.2 8.2 738 731 x11 x2

Mean 133 8.9 8.9 812 799 x18 x2
CV (%) 20.8 10.3 10.6 10.1 11.5 81.7 777.7

Winter barley
1996 110 136 6.3 6.3 496 481 1 22
1997 131 136 6.3 6.3 490 487 25 30
1998 65 136 7.1 7.1 600 558 x33 26
1999 103 136 7.4 7.4 603 583 x4 21
2002 148 136 7.9 7.9 620 619 13 6

Mean 111 7.0 7.0 562 546 0 21
CV (%) 28.2 10.0 10.0 11.3 11.0 5447.5 43.8

Table 7. Mean ex postNopt, ex anteNopt with and without Monte-Carlo simulation (MC) and corresponding net
revenues and N balances

Ex post Nopt (kg N/ha) Ex ante Nopt (kg N/ha) Ex ante Nopt (t/ha) MC

LRP QRP Q LRP QRP Q LRP Q

OSR 174 231 240 189 239 222 202 225
Winter wheat 123 150 181 151 162 184 156 188
Winter barley 105 130 149 138 132 145 136 148

Net revenue at
ex post Nopt (e/ha)

Net revenue at
ex ante Nopt (e/ha)

Net revenue at
ex ante Nopt (e/ha) MC

LRP QRP Q LRP QRP Q LRP Q

OSR 768 769 772 775 770 775 774 775
Winter wheat 780 789 795 802 788 795 799 795
Winter barley 533 534 551 546 534 552 546 552

N balance at
ex post Nopt (kg N/ha)

N balance at
ex ante Nopt (kg N/ha)

N balance at
ex ante Nopt (kg N/ha) MC

LRP QRP Q LRP QRP Q LRP Q

OSR 56 101 108 67 108 93 78 96
Winter wheat x20 x4 13 x5 3 16 x2 18
Winter barley 0 18 29 23 19 26 21 28
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over-fertilization but highest yields are not assured.
Baeumer (1994) favoured the application of the LRP
model as a regulative strategy in order to avoid in-
creasing negative effects of over-fertilization (e.g. N
leaching, weeds). The results of the present study,
however, indicate that the use of the LRP model
may lead to sub-optimal yields and net revenues if
fertilization recommendations are derived by simply

averaging ex post Nopt values estimated by this
model for a range of environmental conditions. As an
example, mean net revenue calculated with the mean
ex post Nopt were 780 e for the LRP model in winter
wheat compared to 802 e calculated with the ex ante
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Nopt. Despite the fact that the LRPmodel may be the
best model for describing yield response under hom-
ogenous boundary conditions, the heterogeneity of
annual climate and different soil conditions leads to a
situation where the Q model seems to be safer in
terms of preventing financial losses under conditions
of uncertainty. Similar conclusions were drawn by
Wagner (1995a, b) by analysing yield response in dif-
ferent environments and over different spatial scales
within agricultural fields. On the other hand, the risk
of high positive N balances rises and the introduction
of penalty functions may therefore reverse this rank-
ing of models.
Due to the national implementation of the EU

Nitrate Directive, German farmers face restricted N
balances of 60 kg N/ha averaged over three years be-
ginning in 2009. In the present study, this limitation
could be met by ex post and ex ante analysis on a
plot level but it is likely that the EC drinking water
directive leads to more restrictive limits. Sieling &
Kage (2006) reported that more than 34 kg N/ha
leaching already exceeds the EC threshold of 50 mg/l
nitrate in drinking water for a drainage rate of
300 mm typically for the experimental site. However,
a stronger restriction of N balances in arable cropping
systems would probably not only be associated with a
reduction of N fertilization but also with other
changes in production systems. Because OSR is the
crop with the highest N balance surplus, the competi-
tiveness of OSR against other crops may decrease in
the situation of strongly restricted N balances. A re-
duction to a sub-optimal N fertilization rate, how-
ever, can also have negative effects on the efficiency
of other inputs and consequently on the overall re-
source use efficiency in arable cropping (De Wit
1992). According to Sylvester-Bradley & Chambers
(1992) and Sieling & Kage (2006) there is no direct

Table 8. Intercept (a), linear coefficients (b,c), R2,
RSME and n of the protein function (S.E.¡)

Crop Year a br10x3 cr10x3 R2 RSME n

Winter
wheat

1996 2.18
(0.340)

5.63
(0.001)

x9.77
(0.004)

0.81 0.17 32

1997 2.26
(0.363)

2.14
(0.001)

x6.60
(0.005)

0.10 0.38 32

1998 1.95
(0.242)

3.26
(0.001)

x5.74
(0.003)

0.50 0.20 32

1999 1.55
(0.213)

5.47
(0.001)

x4.85
(0.003)

0.64 0.22 31

2000 1.49
(0.870)

5.07
(0.003)

x3.78
(0.013)

0.14 0.75 32

2001 2.13
(0.176)

3.02
(0.001)

x2.89
(0.002)

0.40 0.19 22

2002 2.05
(0.169)

4.20
(0.001)

x5.68
(0.003)

0.59 0.19 31
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short-term correlation between N balance and nitro-
gen leaching. Nitrogen losses due to leaching are
mainly affected by weather conditions, the preceding
crop and the N supply. It is also important to mention
that increasing N fertilization does not automatically
increase N losses via leaching if N is transformed to
yield. These results underline the importance of the
considerations of uncertainties for fertilization rec-
ommendations because the empirical ex post knowl-
edge about Nopt is hardly to adopt when a decision
about the actual N rate is made. Sylvester-Bradley &
Chambers (1992) reported that fertilizer N recom-
mendations only accommodate a small proportion of
the variation in optimum N fertilizer amounts.

CONCLUSIONS

Nitrogen response to yield and thereby net revenues
and N balances varied between the single years and
the estimated models in the three crops. Taking
uncertain year-to-year variations and model par-
ameter estimates into account ex ante Nopt tended to
increase for OSR and wheat. Additionally the mean

net revenue of the whole rotation rose using the ex
ante approach compared to the calculations with
the averaged ex post Nopt. This effect was especially
observable calculating with the LRP model but
there was a smaller or even reverse effect in case of
OSR when calculating with the Q model. However,
simulation of parameter estimation uncertainty
had a smaller effect especially on net revenues and
N balances. It is therefore concluded that the
effects of uncertainty depend on the yield models’
functional form (LRP v. Q) The Q model seems to be
quite unsusceptible to uncertainties in year-to-year
nitrogen response variation and parameter estimation
uncertainty but the LRP model shows an explicit in-
crease in net revenues when uncertainties were con-
sidered. According to our calculations, restricted N
balances of 60 kg N/ha surplus could be met without
serious impact on profits. In practice, however, for
arable farms with similar rotation and climatic con-
ditions as underlying the present study such a re-
striction might be critical because of other
uncertainties in N use efficiency not considered in this
study.
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BÉLANGER, G., WALSH, J. R., RICHARDS, J. E., MILBURN,
P. H. & ZIADI, N. (2000). Comparison of three statistical
models describing potato yield response to nitrogen ferti-
lizer. Agronomy Journal 92, 902–908.

BOCK, B. R. & SIKORA, F. J. (1990). Modified-quadratic/
plateau model for describing plant responses to fertilizer.
Soil Science Society of America Journal 54, 1784–1789.

BULLOCK, D. G. & BULLOCK, D. S. (1994). Quadratic and
quadratic-plus-plateau models for predicting optimal ni-
trogen rate of corn: a comparison. Agronomy Journal 86,
191–195.

CERRATO, M. E. & BLACKMER, A. M. (1990). Comparison of
models for describing corn yield response to nitrogen
fertilizer. Agronomy Journal 82, 138–143.

COLWELL, J. D. (1994). Estimating Fertilizer Requirements. A
Quantitative Approach. Wallingford, UK: CAB Inter-
national.

DE WIT, C. T. (1992). Resource use efficiency in agriculture.
Agricultural Systems 40, 125–151.

GREENE, W. H. (2003). Econometric Analyses, 5th edn.
New Jersey, USA: Prentice Hall International Edition.

KUHLMANN, F. (1992). Zum 50. Todestag von Friedrich
Aereboe: Einige Gedanken zu seiner Intensitätslehre.
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