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We study a predator—prey system with Holling—Tanner interaction terms. We show
that if the saturation rate m is large, spatially inhomogeneous steady-state solutions
arise, contrasting sharply with the small-m case, where no such solution could exist.
Furthermore, for large m, we give sharp estimates on the ranges of other parameters
where spatially inhomogeneous solutions can exist. We also determine the asymptotic
behaviour of the spatially inhomogeneous solutions as m — oo, and an interesting
relation between this population model and free boundary problems is revealed.

1. Introduction
In this paper, we study positive steady-state solutions of the system

uy — d1Au = u(a — u—bv/(1 4+ mu)), €D, t>0,

vy —doAv = v(d — v + cu/(1 + mu)), €D, t>0, (1.1)
ou Ov
—_— = — = D
5~ D0 0, r€0D, t>0,

where dy, ds, a, b, ¢, d and m are constants, and they are all positive except d
which may be negative, D is a bounded domain in RY with smooth boundary 0D,
and v is the unit outer normal vector on dD. The system (1.1) is a predator—prey
model, where u and v represent the densities of the prey and predator. Thus only
non-negative solutions of (1.1) are of interest. The interaction term, uwv/(1 + mu),
is of the Holling—Tanner type, where m measures the prey’s ability to evade attack:
the more elusive the prey, the larger m becomes (see [31]).

The understanding of (1.1) is quite complete when m is small. For m = 0,
Leung [26] proved that all positive solutions of (1.1), regardless of the initial data,
converge to a constant steady-state solution as time goes to infinity. It follows
from [3,13] that the results of Leung still hold for small positive m.

In this paper, we want to understand how the behaviour of (1.1) changes when
m becomes large. For m not small, Hainzl [19,20] studied the corresponding kinetic
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system of (1.1) in depth. Among other things, his results show that (1.1) can have
spatially homogeneous periodic solutions. However, little is known about spatially
inhomogeneous steady-state or periodic solutions of (1.1), which are also impor-
tant in determining the dynamics of (1.1). The main purpose of this paper is to
understand all the positive steady-state solutions of (1.1) with large m. Thus we
will concentrate on the system

—Au=u(a—u—>b/(1+mu)), x €D,

—Av =v(d—v+cu/(1+mu)), x€D, (1.2)
Ju  Ov
_ = — = D
ov Ov 0 z € oD,

which is obtained from (1.1) by using the rescaling

uw=da, v = day, a = dia, b = (dy/dy)b,
d = dod, ¢ =dy/dié, m = m/d,.
For simplicity, we have dropped the ~ sign in (1.2).

We will use d, the growth rate of the predator, as the main parameter, with
other parameters being fixed; in particular, m will be fixed at a large value. Under
such assumptions, the constant positive solution set of (1.2) is fully understood as
follows: system (1.2) has no constant positive solution if d & (—ca/(1 +ma),d*], a
unique constant positive solution for d € (—ca/(1 + ma), a/b] U {d*}, and exactly
two constant positive solutions for d € (a/b,d*), where d* = (a?/4b)m + o(m) is a
positive constant depending on a, b, ¢ and m.

It turns out that when m is sufficiently large, non-constant positive solutions
of (1.2) can exist only for a more restricted range of d. More precisely, we have the
following result.

THEOREM 1.1. There exists a large M > 0, depending only on a, b and c, such that
ifm = M and d € (a/b,d*), then (1.2) does not have any non-constant positive
solutions.

On the other hand, system (1.2) does have many non-constant positive solutions
if m is large and d falls into the range (a/b, d*). Moreover, as shown in the following
result, system (1.2) has at most two types of non-constant positive solutions when
m is large.

THEOREM 1.2. Let {(un,vn)}2, be any non-constant positive solutions of (1.2)
with (d,m) = (dp, my) and m,, — co. Then ||v, — dnlleo — 0 and, subject to choos-
ing a subsequence, one of the following conclusions must hold.

(i) d, — d € (a/b,+00), myuy,/d, — w in C?, where w is a positive smooth

solution of
Aw + w(a L) =0, 8_w

— =0. 1.
1/d+w v 0 (1.3)

oD

(i) dn — o0, dp/mp — a € [0,a%/(4b)) and myu,/d, — w in C*, where w is a
non-negative non-trivial weak solution of the problem

ow

—| =o. (1.4)

oD

Aw +w(a — aw) = bx{wsoy = 0,
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Theorem 1.2 implies that if (u,v) is a non-constant positive solution of (1.2)
with large m, then v is close to d, and mu/d is close to a solution of (1.3) or (1.4);
conversely, we can show that non-degenerate positive solutions of (1.3) and (1.4)
induce positive solutions of (1.2) for large m (see §4.3 for details). It is interesting
to note that (1.4) is of free boundary type when {z € D : w(z) = 0} is not empty.

This paper is organized as follows. In § 2, we present some general results on (1.1)
and (1.2). In §3, we establish some non-existence results on non-constant positive
solutions of (1.2), which includes theorem 1.1 as a special case. A local bifurcation
result of Crandall and Rabinowitz [10] will play an important role here. In §4, we
concentrate on the existence of non-constant positive solutions of (1.2): we first
establish theorem 1.2 and then determine when (1.3) or (1.4) have non-trivial solu-
tions; finally, we show how non-trivial solutions of (1.2) can be obtained by using
solutions of (1.3) and (1.4). Here our arguments rely heavily on critical point theory
and topological degree theory.

The system (1.1) with Dirichlet boundary conditions, especially the case m = 0,
has received extensive studies in the last two decades (see [4,11,12,25,27-29,33] and
the references therein); the biologically more interesting case m > 0 was studied
in [2,5,15,16]. It is known that for small positive m, the system (1.1) behaves
similarly as the relatively simple case m = 0; for large m, the system (1.1) is much
more complicated, e.g. there may exist multiple stable steady-states, and Hopf
bifurcation can occur (see [5,15,16]).

The study of predator—prey models has a long history. Apart from the works
mentioned above, we refer to Conway [8] and Smoller [32] for references on diffusive
predator—prey models; for works on ODE-type predator—prey models, see [9,17,22].

2. Some preliminary results

In this section, we present some general results which can provide us a general look
on the problem. First, we study constant positive solutions of (1.2). The function

H(u) = b a—u)(1 +mu) — cu/(1 4+ mu)

turns out to be very useful. In fact, it is easily seen that (u,v) is a constant positive
solution of (1.2) if and only if u is a solution of H(u) = d in the interval (0,a).
Throughout this paper, we define
d* = max H(u).
u€(0,a]
Note also that
min H(u) = H(a) = —ca/(1 + ma).
u€(0,a]

By an elementary analysis of the curve d = H(u), which is essentially cubic,
we obtain the following result, which gives a rather complete description of the
constant solution set of (1.2). Its easy proof is omitted.

THEOREM 2.1. Let ma = a~ (1 + bc) and

ma if be < 1,

= a1 3(be)/? — 1] < my ifbe > 1.
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Then the following statements hold.

(i) For any m > 0, then the system (1.2) has no constant positive solution
for d & (—ca/(1+ ma),d*], and at least one constant positive solution for
d € (—ca/(1+ma),d").

(il) If 0 < m < ma, then H(u) is strictly decreasing in (0,a), d* = a/b and (1.2)
has a unique constant positive solution if d € (—ca/(1 + ma),d").

(iii) If m > maq, then H'(u) changes sign exactly once, from positive to nega-
tive, in (0,a), d* > a/b, the system (1.2) has no constant positive solu-
tion for d ¢ (—ca/(1 + ma),d*], a unique constant positive solution for
d € (—ca/(1+ma),a/b]U{d*}, and exactly two constant positive solutions
ford € (a/b,d*).

REMARK 2.2. A complete understanding of the constant positive solutions of (1.2)
can also be obtained for the case m; < m < mg. For this case, H'(u) changes sign
exactly twice in (0,a), and hence there are ranges of d such that (1.2) has three
constant positive solutions.

The following result gives a complete understanding of (1.1) for small positive m.
THEOREM 2.3. Suppose that m < a~!. Then we have the following.

(i) If d € (—ca/(1 + ma),a/b), the unique constant positive solution is globally
attractive, i.e. any solution of (1.1) with non-trivial non-negative initial data
converges to the constant positive solution as time goes to infinity.

(ii) If d = a/b, (0,d) is globally attractive.
(iii) If d < —ca/(1 +ma), (a,0) is globally attractive.
Proof. We first show that (i) follows from [13]. Following [13], we write (1.2) as
—Au= h(W)[f() —a(),  —Av = k@©)[~g(v) + b(w)),
where

h(u) = u/(1 4+ mu), flw) = (a—u)(1+mu), a(v) = bv,
k(v) = v, g(v) =v—d, b(u) = cu/(1 + mu).

Then it is easy to check that the conditions (A1)—(A10) in [13] are satisfied. Then (i)
follows from theorem 1 there; for (ii) and (iii), one checks that (A1)—(A10) of [13]
are satisfied with (@,?) = (0,d) and (a, 0), respectively. Again, the conclusions (ii)
and (iii) are consequences of theorem 1 there. |

PROPOSITION 2.4. Ifd < —ca/(1 4+ ma), then (1.2) has no positive solution.

Proof. Suppose that (1.2) has a positive solution (ug,vg). We show that d >
—ca/ (1 + ma). First, by the equation of ug, we have uy < a. This implies that

—Avg < vo(d —vg + ca/(1 + ma)).
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By the maximum principle, we have d + ca/(1 + ma) > vg > 0, i.e.
d > —ca/(1+ ma).
O

REMARK 2.5. It would be interesting to know whether (1.2) can have a non-
constant positive solution for d > d*. By theorem 2.3, the answer is no if m < a=".
We will show in the next section that when m is large, the answer is also no.
In fact, from now on, we will concentrate on the large-m case. We remark that
d*/m — a?/(4b) as m — 0o, and a proof of this can be found in the next section.

3. Non-constant solutions: non-existence

In this section, we find the ranges of d where (1.2) does not have any non-constant
positive solutions. In general, such accurate results are hard to obtain. However,
we will show that it can be done when m is large. The main result of this section
is as follows.

THEOREM 3.1. There exist a small eg > 0 and a large My > 0, both depending only
on a, b and ¢, such that if m > My and d & [a/b + €y, m(a?/(4b) — €y)], then (1.2)
has no non-constant positive solution.

It is easy to check that theorem 3.1 follows from propositions 3.2 and 3.4. Note
that theorem 3.1 includes theorem 1.1 as a special case; moreover, as we shall see
in §4, theorem 3.1 is also crucial in establishing theorem 1.2.

3.1. A lower bound of d

The main result of this subsection is as follows.

PROPOSITION 3.2. There exists a small e > 0 and a large M; > 0, depending only
on a, b, ¢, such that if m > My and d < a/b+ €1, then (1.2) has no non-constant
positive solution.

To prove proposition 3.2, we need the following a priori estimates.

LEMMA 3.3. Let (up,vn) be positive solutions of (1.2) with (m,d) = (mp,d,).
Suppose that m,, — oo and d, — d < a/b. Then ||v, — dyllsc — 0 and either
llun —alloo — 0 or my|lunllee — 0. Moreover, if my||unllec — 0, then d =a/b,
and un/||tnlloo — 1 uniformly.

Proof. By the maximum principle, we have d,, < v, < d,, + ¢/m,,. Hence we have
lvn = dnlloc — 0.

Claim. Passing to a subsequence if necessary, we have that either m, ||uy||oo — 00
or My ||tnlloc — 0.

To prove our assertion, we argue by contradiction. By choosing a subsequence,
we may assume that my, ||u, || — « € (0,00). Set @, = muu,. Then
U, buy, ) Oy,

)

—Ady = a0 — 22— Zin

= 0. (3.1)
oD
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By LP estimates and Sobolev embedding theorems, we may assume that 4, — @
in C'. Then, passing to the weak limit in (3.1), and by standard elliptic regularity,
we can show that 4 is a classical solution of

bd ) il
14+a)’ ov

= 0. (3.2)

—Al = &(a —
oD

We show that @ = 0. If not, since d < a/b, the right-hand side of (3.2) is non-
negative, and not identically zero. However, this contradicts

/ @(a—bd/(1+a))dz = 0.
D

Hence @ = 0, i.e. @,, — 0 uniformly. But this is impossible since ||t,||s — a > 0.
This proves our assertion.

Next we show that my||upllcc — o0 implies that u, — a uniformly. Set i, =
Un/””n”oo Then

0,

o (3.3)

oD

—Ady, = Uy (a — Uy — bv, /(1 + mpuy,)),

By standard elliptic regularity, we may assume that @, — @ in C'. Since
bu, /(1 4+ mpu,) is bounded, bv, /(1 + myu,) — h weakly in L? and h € L.
Since ||y |ls < @, we may assume that [|u,||.c — «. Passing to the weak limit
in (3.3), we have
bout]
e
Since a — it — h is in L™, by the Harnack inequality, & > 0 in D. Therefore,
Mply () = Myt ||ootin () — 00 uniformly. This implies that h = 0 almost every-
where. Hence —Ad = 4(a — ati). It then follows that & = a/a = 1. This implies
that u, — a in C1.

Finally, we show that my,||t,|/cc — 0 implies that d = a/b and wu,, /||un|/ec — 1.
Since u, — 0 and myu, — 0, we see that u,/||u,|ls — @ in C' and @ satisfies

—Al = d(a —at — h), =0. (3.4)

oD

At +i(a — bd) = 0. Thus the only possibility is that d = a/b and @ = 1. This
completes the proof. O

Proof of proposition 3.2. We use an indirect argument. Suppose that there exist
my — 00, dy — d < a/b, such that for (m,d) = (my,d,), system (1.2) has non-
constant positive solutions (uy,,v,). By lemma 3.3, we only need to consider two
cases.

CASE 1. u,, — a uniformly. By proposition 2.4 or lemma 3.3, we may assume that
d, — d € [0,a/b]. By theorem 2.1, lemma 3.3 and a simple analysis of the function
H(u), it is not hard to see that (1.2) has exactly one constant positive solution,
denoted by (u,,,v'n), with the property that u), — a as n — co. Set

I
n?

kl
= —n .
177, oo + [1K7, oo

A A
Ry, = Uy — Uy,

h!
_ n
1P lloo =+ 117 ]loo

/
k, = vy, —v

hnp kr,
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Then it is easy to check that

bv!
—Ah,, =|a— (up +u.) — i :|h
" |: (un n) (14 mpun) (1 +mpul) ] "
b oh
— g 22l —0. (3.5)
14+ mupuy, o lsp
and
cu
_Aknz[dn—(vn—i-v;)—i-m}kn
cv! Ok,
n n h, Sl _0. (36
T mman)(mn) ™ v |y~ 0 B0

Since the right-hand sides of (3.5), (3.6) are L>° bounded and ||y ||co;s |knlloo < 1,
it follows from the LP? estimates and the Sobolev embedding theorems that h,, — h
and k,, — k in C'. Now, by u,,u!, — a and v,,v/, — d, and passing to the limit
in (3.5) and (3.6), we obtain

%
ov

=0.

ok
7 aD

—Ah = —ah, —Ak = —dk, = .
aD ov

Since a > 0, we have h = 0. Hence d = 0 and k = 1 or —1. Next we show that
k = 0. This contradiction would complete the proof of case 1. By Kato’s inequality
(see [23]),

kn

—Alk,| < ——2

Ak,

cvl ||
(1 4+ mpun) (1 + mpul,)’

< |:dn — (Un + U;L) + Lnu:hk’ﬂ +

Multiplying this inequality by v,,, integrating it by parts and using 9|k, |/0v|sp = 0,
we obtain

Clny,
k dy — _
/| n|vn( n — Un + 1+m"u">

" |h
</[(dn—(vn+v;)+w—">|kn|vn+ AL }

1+ mpun (I + mpun)(1 + myul)
Hence ot
/U;Un|kn| S / (1+ mnun;(ln—i- muul) [on. (3.7)
Set 9y, = v /||vnllco- Then
~Ad, =@n(dn—vn+%>, % =0. (3.8)
nUn oD

Since both the right-hand side of (3.8) and ©,, are L™ bounded, it follows from
the LP estimates and the Sobolev embedding theorems that, subject to choosing
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a subsequence, ¥, — © in C!. Now passing to the limit in (3.8), since d =0, we
obtain A9 = 0, 96/0v|sp = 0. This implies that © = 1, i.e. ©,, — 1 in C*. Similarly,
vl /v |lee — 1 in Ct. Now dividing (3.7) by [[vn | s l|v) ]| and passing to the limit,

we obtain
[ w<o
D

CASE 2. my||unllco — 0. For this case, we first show that d,, > a/b. Let

Therefore, k = 0.

VU — dy Unp

Wy = and U, = ———.

Then w,, > 0 and for any constant d satisfying 0 < d < d = a/b, and all large n,
cly, < Cly, <M

—Aw,, + dw,, = (d —v,)w, +v v

)

where M > 0 is a constant. Hence {w,} is L bounded. Integrating (3.3) in D,
after some rearrangements, we have

N N b(Un - dn) MpUn )
—bd,) = — —bd .
/Dun(a b n) /Dun(un 1+mnun n1+mnun

Dividing this identity by ||, ||, and passing it to the limit, noticing that d,, — a/b,
Un/||tnlloc = 1, Mpu, — 0 and w, is bounded, we obtain

. . a—bd, . . b Up My,
lim Giy——— = lim tp | Gy, — ————w,, — bd,,———— | = —o0.
n—oo Jp " |lunllee  n—ooJp 14+ mpun, 14+ mpun,

This shows that d,, > a/b for all large n. Since d,, > a/b and d,, — a/b, it is
not difficult to see that one of the two constant positive solutions of (1.2), denoted
by (ul,,v}), satisfies myu), — 0. Define h,, and k,, the same as before, and we
also arrive at (3.5) and (3.6), by which we see that, by passing to a subsequence,
hp — h, k, — k in CL. By muu, — 0, muul, — 0, v, — a/b and v}, — a/b, we
have

oh
v

ok
=0, _|6D =0.

—Ah =0, —Ak = (a/b)(=k + ch),
oD v

It follows that h = const. and k = ch. Since ||h]|c + ||k|lcc = 1, we necessarily have
h # 0; on the other hand, using a — u}, = bv,/(1 + myu!,) and integrating (3.5)
over D, we obtain

bv! mpu bu
0= —U, + n_hon )h —/ — T %k
/D( " (1 + mpuy) (1 + myup,) " p 1 +muuy, "
Thus

bv%“n/”“n”oo - 1 Unp, bty /||t || o
S h, = — hy, + k).
p (1 +muun)(1+myuy,) My Jp \ unllo L+myup,

Passing to the limit, we obtain
[-0
D
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Hence h = 0, contradicting our earlier conclusion that h # 0. This completes the
proof. O

3.2. An upper bound of d

In this subsection, we find a rather accurate upper bound for d where (1.2) cannot
have a non-constant positive solution. The accuracy of this bound will be seen
in §4, where existence of non-constant positive solutions is proved. Since d* — oo
as m — 00, it is much harder to establish this upper bound. Here we will make
use of good a priori estimates for positive solutions of (1.2), and the bifurcation
theory of Crandall and Rabinowitz [10]. Our main result of this subsection is the
following.

PRrRoOPOSITION 3.4. There exist a small e2 > 0 and a large Ms > 0, depending on a,
b and ¢ only, such that if m > My and d > m[a®/(4b) — €2], then (1.2) has no non-
constant positive solutions; moreover, d* € (m[a?/(4b) — e2],ma?/(4b)) and (1.2)
has only two constant positive solutions for d € (m(a?/(4b) — €2),d*), one constant
positive solution if d = d* and no positive solution if d > d*.

In order to prove proposition 3.4, it is convenient to make the following change
of variables:

d=md, u =, v =m(d+ 7).

Then (u,v) is a positive solution of (1.2) if and only if (@, ) is a positive solution

of ~
_M:u(a_u_w), veD,
1+ mu
~ cu
—Av = (d—i—v)(—mv + ), x €D, (3.9)
1+ mu
ou Ov
=2 D.
5~ 5 0, r €0

We also need several preliminary results.
LEMMA 3.5. If (3.9) has a positive solution, then d < (a + 1/m)?/(4b).

Proof. Let (u,v) be a positive solution of (3.9). Then 0 < u < a and v > 0. Hence
bm(d bmnd
u(a—u—w><u(a—u— i ) (3.10)

Let f(u) = a—u—bmd/(1 +mu). Then one easily finds that f attains its maximum
over (—1/m,00) at ug = (bd)"/? —m™" and f(ug) = a + 1/m — 2(bd)"/?. Integrat-
ing the first equation in (3.9), by (3.10) and the properties of f, we obtain

0=/u(a—u— be;; / uf(u /Uf(uo)

Hence f(ug) > 0. That is, d < (a 4+ 1/m)2/(4b). O
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LEMMA 3.6. Given any 6 > 0, there exist a small €3 > 0 and a large M3 > 0 such
that, if d > a?/(4b) — €3, m > Mg, then for any positive solution (u,v) of (3.9),
u—1talle <& and m|jv]|o <.

Proof. By lemma 3.5, it suffices to show that if d,, — a?/(4b), m,, — oo and (U, vy,)
is a positive solution of (3.9) with (d,m) = (dn,my,), then u, — 1a and mpv, — 0
uniformly. By arguments at the beginning of the proof of lemma 3.3, we see that
mav, — 0. From

w> Qunl o, (@)

14+ mupuy, ov |yp

—Au, = un(a — Uy —

we see that [|uy||c = o¢ for some o9 > 0; otherwise, we may assume u,, — 0, and
then the integral of the right-hand side of (3.11) over D is negative for large n, which
is impossible. Since the right-hand side of (3.11) is L bounded, ||uy|lo < a, by
LP estimates and Sobolev embedding theorems, subject to choosing a subsequence,
we have that u, — u in C* and ||u/|« = 00 > 0. Furthermore, we show that u is a
weak solution of

Ju

—Au =ula —u) — iaQX{qoo}, % =0, (3.12)
oD

where X {,>0y is the characteristic function of the set
DY ={x € D :u(x) > 0}.

In fact, denoting the right-hand side of (3.11) by h,, we may assume that h, — h
weakly in L?. Then, by passing to the weak limit in (3.11), we find

0

—Au = h, au =0

Wlop
By elliptic regularity, u € W2(D) and —Au = h a.e. in D (see [18, theorems 8.8
and 8.12]). Since u = 0 a.e.on D\ DT, Au = 0 a.e. on D\ DT, we see that h = 0 a.e.
on D\ D*. On the other hand, it is straightforward to see that h = u(a — u) — 1a?
on DT. Hence h = u(a — u) — $a®X{u>0}-

We show next that u = %a. If not, u can not be a constant. Hence

/D ula —u)de < /D+(ia2) dax.

On the other hand, by integrating (3.12) over D, we have

0=/D[u(a—u)—(iaQ)XDﬂdx:/Du(a—u)dx—/D+(ia2)dx.

This contradiction proves that u = %a. This implies that the whole sequence {u,, }
converges to %a in C'. The proof is complete. O

LEMMA 3.7. There exist a small ¢, > 0 and a large My > 0 such that if
do > a?/(4b) — e, m = My, and (ug,vo) is a degenerate positive solution of (3.9)
with d = dy, then all the positive solutions of (3.9) with d near dy and (u,v) close
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to (ug, vg) in C' norm form a smooth curve {(&(s),g(s),v(s)) 1 =0 <s<d},6>0,
with the properties (d(0),u(0),v(0)) = (do, uo,v0), d'(0) =0 and d”(0) < 0. In par-
ticular, system (3.9) has no positive solution near (ug, vg) for d > dy but close to dy.

Proof. With lemma 3.5 in mind, one sees that it suffices to show that if d,, —
a?/(4b), m, — oo and (u,,v,) is a degenerate positive solution of (3.9) with
(d~, m) = (dn, my), then, for any fixed large n, all the positive solutions (aiu,v)
of (3.9) close to (dn, un,vy,) form a smooth curve

{(dn(s)7un(s)7vn(s)) P=0p <8< 6n}7 dp >0,
satisfying
(d(0),1n(0),0,(0)) = (dns tp,vp),  d,(0) =0,  dy(0) <0.

Note first that u,, — %a and myv, — 0 in L*° by lemma 3.6. Next we use these
estimates and theorem 3.2 of [10] to prove the existence of the required curve.
Set
Xo={u€W?P(D):0u/dv=0, x €D},

X = X x Xgand Y = LP(D) x LP(D), where p > 1 is so large that WP embeds
continuously into C*. Define F : R x X — Y by

bmy, (d
F*(d,u,v) = (Au—l—u(a—u— M),Av—i— (d+v)(—mnv+ L))
1+mpu 1+ m,u

and define T},,T,, Ty : X — Y by
To(h, k) = (T, (h, k), T (h, k),

bmy, (dy, + vy) bmyu
T} (h, k) = Ah + ah — 2u,h — ———"—"2h — -
TL( Y ) +a UTL (1+ann)2 1+mnun 9
c(dn + vy) cuy,

T2(h, k) = m; ' Ak — dk — 2v,k +

mp (1 + mpuy,)? mp (1 + mpuy)
To(h, k) = (Tp(h. k), mn T2 (h, k),

a2
To(h, k) = (Ah,—4bkz>.

Then it is easy to check that F%U)(dn,un,vn) =T,. Using u,, — %a, mpvy, — 0
and d,, — a?/(4b), one easily checks that T,, — Ty in the operator norm. It is
also easy to see that 0 is an isolated K-simple eigenvalue of Tj in the sense of [10]
with Ty(1,0) = 0, where K : X — Y is the natural injection map. Now it follows
from [10,24] that, for all large n, T;, has a unique K-simple eigenvalue r,, near 0.
Moreover, if T, (R, k.,) = rn(h.,, k}), then (k] k) — (1,0) in X if the norm and
sign of (h],,k!) are chosen properly.

Since (un,vy) is a degenerate solution, there exists (hy,kn) # (0,0) such that
Tn(hn, kyn) = 0. Using the relationship between T, and Tn, one easily checks that
N(T,) = N(T,). Thus we must have 7, = 0, (hl kL) = ta(hp,ky), t, # 0 and
N(T},) = span{(hy, k,)} for all large n. We may assume that (h,,k,) — (1,0) in
X. Again it follows from the relationship between T, n and T, the fact r,, = 0 is
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a K-simple eigenvalue to T}, that codim R(T},) = codim R(T},) = 1 for all large n.

Therefore, if we can show that F7(dy,un,v,) & R(T},) for all large n, then we can
use theorem 3.2 of [10] to conclude the following,.
If Z is a complement of span{(h.,, k,)} in X, then, for all large n, the solutions

of F™(d,u,v) = 0= F"(dn,un,vs) near (dn, un, v,) form a curve
(dn(8), un(s),vn(8)) = (dn + Tn(8), Un + shy + 20 (8), vn + skn + wp(s)),

where s — (7,(5), z,(8), wn(s)) € R! x Z is a continuously differentiable function
near s = 0 and 7,(0) = 7,,(0) = 0, 2,,(0) = 2,(0) = 0, w, (0) = w,,(0) = 0. Moreover,
if F™ is k-times continuously differentiable, so are 7,(s), z,(s) and wy,(s).

Now it is clear that in order to finish the proof of lemma 3.7, it remains to show
two things: (1) FJ(dn,tn,vn) € R(T,,) for all large n; and (i) 7//(0) < 0 for all
large n.

Using perturbation theory for closed linear operators (see [24]), one sees that
Ty, the adjoint of T, has 0 as a K*-simple eigenvalue. One also checks that
N(T}) = span{lp}, where Iy € Y* is given by

lo(u,v)zf udz.
D

Thus, since T; — 1T, r, = 0 is a K*-simple eigenvalue for T for all large n.
Let N(T}) = span{l,,}. Then I, — lp in Y* if the norm and sign of /,, are chosen
suitably.

A simple calculation gives

bmyuy, Cly,
— My, ———
14+ mupu,

F (dp, tn, ) = ( ) — (=b,0).

1 + mpty

Thus if F}(dn,tn,vn) € R(T},), then

bmpuy, Clnp, )
4 ——" ) € R(T,
( 1+ muu, n My (1 4+ mpun,) (Tn)
and
bmuy, cuy, ) /
0=1l, ——2ntn o —— ) (=0 = — [ b<o.
"( 14+ mptn’ U"+mn(1+mnun) = lo ) D

This contradiction proves (i).
Next we prove (ii). We differentiate

_ b, (dn(s) + Un(s))>
1+ mpun(s)

() = tn(6) (0= (5

with respect to s twice at s = 0. After some calculations, we obtain

bmy, (dn + vp) b, u,
Az, (0) + az, (0) — 2up 2, (0) — m%(o) - mwg(o) = &n;
brhnk b, (dyy + vy ) R bmpu
=2h2 9 nlnRn _9 n\l0n n )y nln "00).
" nt (1 + mpup)? (1 + mapup)? 1+ mnunT"( )
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Similarly, we differentiate
— A (s) = (dn(s) + vn(s))(—mnvn(s) + %)
twice with respect to s at s = 0 and obtain
Aw!(0) = dpympw (0) — 2v,muwi (0)
c(dy + vn)

Cly,

" 0 " 0 —
2ch, k 2emph?
Mo = 2mpk2 — 2 (dy 4 vp) ————

(1 4+ mpuy)? (1 4+ mpup)3’

Thus T, (2, (0), w;,(0)) = (&ns1n/my) and

= 1n(&n, M /mn) = lo(lim &, limn, /m.,) = lp(2 + blim 7,/ (0),0).
This gives lim 77/ (0) = —2/b,i.e. 7/ (0) < 0 for all large n. The proof is complete. O

The following problem will play an important role in later discussions

0
—Au=u(a—u)— 0, Z = 0, (3.13)
ovlyp
where $ > 0 is a constant. It is evident that for 5 € [0 ,4a 2), problem (3.13) has
two constant positive solutions

ur = (a+ Va2 —4p3), us = 3(a— Va2 —4p),

1

4a2 and no positive solution

a unique constant positive solution u = %a for 8 =
otherwise.

LEMMA 3.8. There ea:ists a small € > 0 such that (3.13) has only constant positive
solutions for 8 > 4a — €.

Proof. Since (3.13) has no positive solution for 5 > 411(12 it sufﬁces to show that if
uy is a positive solution of (3.13) with 3 = 8, — La2 5, < 4 2. then w,, must be
a constant. Since u,, < a, by LP estimates, Sobolev embeddlng theorems and the
equation

ouy,

—Aup = up(a —uy) — Bn, 5 | = 0, (3.14)
oD

we can deduce that u, — u in C*. Passing to the limit in (3.14), we obtain

0
La?, & =0.

—Au =ula —u) — £y
aD

This implies that u = %a. We show next that u,, is a constant. If not, h,, = u,, — ul

n
is not a constant, where u} = %(a — ya? —43,,). One easily checks that

—Ah,, = [a — (up + ul)|hy, O _ 0. (3.15)
o lop
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Since u,, +u} — a in L™, it is easy to see from (3.15) that |h,|/||hn]le — 1 in
C. This implies that h, does not change sign in D for all large n. Similarly, let
uZ = (a + —40,), then k, = un — u% does not change sign in D for all large
n. Thus for large n we have u, < ul 1, OF u < Up < u2, or U, > u% In any case,
a — (un + ul) has a fixed sign on D since a — (ul 4+ u2) = 0. This implies that, for

large n,
/ [a — (un, + up)]hn # 0,
D

which contradicts (3.15). Thus u,, is a constant for all large n. O

Now we use lemma 3.8 to prove the following result.

LEMMA 3.9. There exists a small €2 > 0 such that, for any € € (0, €2), there exists
M = M(e) > 0 large so that, if m > M and d € [a®/(4b) — €3, a?/(4b) — €|, sys-
tem (3.9) has exactly two positive solutions, and they are both constants.

Proof. First, we use lemma 3.6 to find €5 > 0 and M5 > 0 such that u > a for any
positive solution (u,v) of (3.9) with d > a2/(4b) — €5 and m > Ms. Then choose
€2 = min{es, €4, €y /b}, with €4 and €} from lemmas 3.7 and 3.8. We show that
the conclusion of lemma 3.9 holds for the above chosen e5. Otherwise, we can find
some € € (0,€3), my, — oo and d,, € [a®/(4b) — €2,a?/(4b) — ¢ so that (3.9) with
(d,m) = (dy,, my) has a non-constant positive solution (u,,v,). This is because,
for large m, d* > m(a?/(4b) — €). Hence, by theorem 2.1, there are two constant
positive solutions of (3.9) for d € [a?/(4b) — ez, a?/(4b) — €.

We may assume that m,, > Ms. Then %a < up < a. As before, my,||vp|lce — 0.
We may also assume that d,, — d € [a?/(4b)—e2, a?/(4b)—e]. Now u,, satisfies (3.11).
By LP estimates and Sobolev embedding theorems, we deduce that, subject to
choosing a subsequence, u,, — v in C', and u is a positive solution of

—Au = u(a —u) — bd, u =0
Wlop

Here we have used %a < up < a and my,||v,|lee — 0. By our choice of €3, we have
bd > +a? — ¢}. Thus it follows from lemma 3.8 that

u=u'"=23(a+ Va2 —4bd) or u=u®=1(a— Va?—4bd).

Therefore, by choosing a subsequence either (i) u,, — u!, or (ii) u, — u?.

Let (}L}L, vr), (u2,v2) with ul > u? be the two constant posmve solutions of (3.9)
with (d,m) = (dy, My ). Then u}L — ul, u2 — u? and myvl, mpv2 — 0.

When case (i) occurs, we let

1
n?

1

/ L
Ry, = Up —u k,, = vp —v,,

h K,
=T T T e
17 llso + 117l 1 llso + 117 lloo
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Then

by, (dy, +v}) :|
n

— Ahy, = |a— Ly -
" |:a (tn + ) (14+ mpun)(1 +muul)

_ bmnun ahn -0 (3 16)
L+ muu, O |y '
and
cmau
= Bk = [ = (o 08 + 72y,
emp(dy, +v}) Ok, —0. (317)
(1 +mpuy)(1+muul) ™ v |y ' '
Applying Kato’s inequality on (3.17),
cmau
—A|k’n| < [—mndn — mn(vn + ’U}L) + ﬁ}“ﬂJ
emp(dy, + k) |
(14 mpun) (1L +mpul) ™"

emy (dy, + o))

< —lka] +
S ~lhn] (1 4+ mpupn)(1 +mpul

|hanl
)

for all large n. Hence

emy, (dy, +v,1L)
(1 4+ mpupn)(1 + mpul)

k| < (—A+1)71 |hn| — 0.

This implies that ||ky,|lcc — 0. Since the right-hand side of (3.16) and h,, are both
uniformly bounded, by LP estimates and Sobolev embedding theorems, up to a
subsequence, we have h,, — h in C'!. Passing to the limit in (3.16), we obtain

Oh

—Ah = (a—2ub)h, —
ovlsp

=0.

By shrinking e if necessary, we can assume 0 < a — 2u' < )y, where we use
0 = A1 < Ay < --- to denote the distinct eigenvalues of the operator —A under
zero Neumann boundary conditions. Hence h = 0. Thus ||h,|lee + [|knllec — 0,
contradicting || Ay, ||oe + [|kn |leo = 1. This completes the proof for case (i). If case (ii)
occurs, we can derive the contradiction similarly. The proof is now complete. [

Now we are ready to prove proposition 3.4.

Proof of proposition 8.4. Suppose that My, e and M(e) are from lemmas 3.7 and
3.9. We define My = max{My, M (4¢,)} and show that proposition 3.4 is true for
such chosen €5 and Ms. By lemma 3.9, d* € (m(a?/(4b) —e3), ma?/(4b)) if m > M,.
Now we fix m > M. Let

d = sup{d : system (3.9) has a positive solution}.
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Note that d < occ. Clearly, d > d*/m. Tt follows from an easy compactness argu-
ment that (3.9) has a positive solution (i, 9) at d = d. Thus we use lemma 3.7
and see that all the positive solutions (d, u, v) of (3.9) near (d,@,d) form a smooth
curve, and the curve bends at this point to the left of d. Along this curve, there can
not be any other degenerate point as long as d > a®/(4b) — €. This is because, by
lemma 3.7, near any such point, system (3.9) has no positive solution for nearby
and larger d. Thus we can use the implicit function theorem to continue the ini-
tial curve near (d,@,?) leftwards until d reaches a2?/(4b) — e5. For d in the range
(a?/(4b) — e2,a?/(4b) — Le5), due to lemma 3.9, the positive solutions (u,v) on the
extended curve can be nothing but the two constant positive solutions. Now we
claim that our extended curve must be the constant positive solution curve. If our
assertion fails, then the two curves must intersect at a point which is a degenerate
solution of (3.9) with d > a2/(4b) — 16, By lemma 3.7, we see that (3.9) cannot
have a positive solution near this intersection point with d nearby and larger, which
is impossible. The proof is now complete. O

4. Non-constant solutions: existence and profiles

In this section, we study the existence and profiles of non-constant positive solu-
tions of (1.2) with large m. By theorem 3.1, we see that this is possible only if
d € [a/b+ eo,m(a®/(4D) — €o)].

4.1. Profiles of solutions of (1.2)

In this subsection, we study the limiting behaviour of all possible non-constant
positive solutions of (1.2) as m — oo.

THEOREM 4.1. Suppose that {(un,vn)}S, are non-constant positive solutions of
(1.2) with (d,m) = (dn, my) and m,, — 00. Then ||v, — dpllcc — 0 and one of the
following conclusions must hold.

(i) d, — d € (a/b,+0), myun/d, — w in C?, where w is a positive smooth
solution of
b ow
—Aw = - -
w w(a dT w)’ e

(i) dn — o0, dn/mp — a € [0,a%/(4b)) and myu,/d, — w in C*, where w is a
non-negative non-trivial weak solution of the free boundary problem

ow
ov

= 0. (4.1)
oD

—Aw = w(a — aw) — bx{w>0}, =0. (4.2)
oD
Proof. Tt is easy to show that d,, < v, < d,, + ¢/m,,. Hence v, — d,, — 0 uniformly.
By theorem 3.1, a/b+ ¢y < d,, < my,(a®/(4b) — €).

STEP 1. We claim that the sequence {m||u,|lo0/d,}5%, is bounded.

To prove the assertion, we argue by contradiction: passing to a subsequence if
necessary, we may assume that mp||u,||co/dn — 00. We show that w, — a in
C'. Since ||ty |l < @ and my||un|loo/dn — oo, thus m,,/d, — oo. Hence, by the
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equation of u,, and standard elliptic regularity, we can show that u,, — u uniformly,
where u is a non-negative smooth solution of

0
Au+ula —u) =0, v =0.
Wlap
Therefore, u = 0 or u = a. We first exclude the case u = 0. Set w,, = Uy /||tnlco-

Then "
v w
Aw, + wp(a —uy,) — = - =0
" " " dp 1/dp + (M ||ltnlloo /dn)wn
If u,, — 0 uniformly, then, by standard elliptic regularity, w, — w in C'(§2), where
w is a non-negative solution of the equation Aw + aw = 0, with dw/dv|sp = 0.
Hence w = 0, which contradicts |[w||o = 1. Therefore, u = a, i.e. u,, — a uniformly.

Set 0, = 1/d, and

fulu, 2) =u(a—u—m>, gn(u,z)zz(1—z—c‘5—"“>.

Let 2z, = v,/d,. Then u,, and z, satisfy

ouy,

Au, + fn(unyzn) =0, 0nAzy, + gn(uny Zn) =0, W

aD ov
Denote

1 1
U, = — d Z, = — dz.
i |D|/D“" S 5] /DZ" ’

Multiplying the equation of u,, by u, — @,, and integrating in D, we have
[ 19l = [ (et za) = i, 2] = )
D D
= / [frn(tn, 2n) = faltn, 20)](un — @)
D

T /D[fnwm 20) = Fulins 2] (utn — i)

A o
= b Ou (M (), 2n) (un n)

Ofn,_ _ _
4 [ 2 o) = ) o 7).
D z
where 7, () lies between u,,(x) and @,, and ,(z) lies between Z, and z,(x). Since
Up, — Gy Zn — 1, My — 00, My /d, — 00, it is easy to check that

9fn

%(nn(l‘)yzn) — —a and a—;(ﬁm%(l”)) -0

uniformly as n — co. Therefore, for any small € > 0, there exists a large N;(€) such
that, if n > Ny, we have

/ |Vu,|? < —%a/ (tp — TUp)* + 6/ (2n — Zn)?.
D D D
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By a similar argument on z,, we can show that

6n/ |Vzn|2 < —l/ (2n —En)Q +6/ (Un —an)Q
D 2Jp D

for all large n. Add the above two inequalities together and set € = min{ia,i .
Then, for all large n, u, and v, are constants. However, this contradicts the
assumption that (u,,v,) are non-constant solutions. Therefore, the sequence
{myu,/d,}22 , is bounded.

STEP 2. We claim that my,||t,||ce/dn = 0 for some small § > 0 and all large n.
We again argue by contradiction. Suppose that m.,||u,|leo/d, — 0. Since d,, >
a/b+ €y, vy, = dy, we have

= b(vn/dn)/(Mmpun/dy +1/dy)
- b/[mn”un”oo/dn + 1/(@/[) + 60)] — —beg < 0.

a—up —bv, /(1 +mupup) < a
<a

Thus a — uy, — bv, /(1 + myuy,) is negative for all large n. However, this contradicts

/ Up (@ —up — buy /(1 + mpuy)) = 0.
D

STEP 3. In the following we consider two cases.

CasE 1. {d,}32, is bounded. Since d,, > a/b+ €y, we may assume that, subject
to choosing a subsequence, d,, — d € (a/b, 0). Set w,, = myuy,/d,. By step 1, we
see that w,, is uniformly bounded, and u,, — 0 uniformly. Therefore, by standard
elliptic regularity, w, has a subsequence converging to some w in C! and w is a
non-negative smooth solution of the equation

ow

ol =0

oD

Aw+w(a—b/(1/d+ w)) =0,

By step 2, ||wnllee = 0 > 0. Hence ||w||so > 0. By the strong maximum principle,
w > 0.

CASE 2. d,, — 00. Again, set wy, = MyUn/d,. Then

bonfda) ], O

— = —_— =0.
1/dn + wy, ’ ov

oD

Awy, +wy, [a = (dn/mp)wy,

Since d,,/m,, < a?/(4b) — €y, we may assume that d,,/m,, — « € [0,a%/(4b)). By
standard elliptic regularity and Sobolev embedding theorems, we see that, subject
to a subsequence, w,, — w in C', and a similar consideration to that leading
to (3.12) shows that w is a weak solution of the free boundary problem

ow

Aw +w(a — aw) = bx{wsoy = 0, =
oD

Again, by step 2, [|wn|leo = 6 > 0. Thus w is a non-trivial solution. This completes
the proof of theorem 4.1. O
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4.2. The profile equations (1.3) and (1.4)

In this subsection, we study positive solutions of (1.3) and (1.4). By theorem 4.1,
we see that this is crucial in understanding the non-constant positive solutions
of (1.2).

Let us begin with some simple observations. By integrating the equation over D,

using
/ Aw =0,
D

it is not hard to show that (1.3) has a positive solution if and only if d > a/b. By
the convexity of the nonlinearity, one sees further that any positive solution of (1.3)
is unstable. Moreover, if a < Ay and d > a/b, then the only positive solution of (1.3)

is given by wg = —1/d + b/a. Indeed, if there is a positive solution w different from

wp, then by integrating (1.3) we find that w — wg must change sign. We also have
bd o(w—w

—A(w —wp) + (w—wp) = a(w —wyp), Ow = wo) =0.

(1 4+ dw)(1 + dwyp) v oD

Thus «a is an eigenvalue of the operator —A + bd/((1 + dw)(1 + dwg)) under Neu-
mann boundary conditions corresponding to an eigenfunction which changes sign.
It follows that a is at least the second eigenvalue, which is greater than A, since
bd
>0
(1 4+ dw)(1 + dwp)

Our first existence result is as follows.

THEOREM 4.2. If a > Ay and d > a®[(a — A\2)b] ™!, then (1.3) has at least one non-
constant positive solution; if further we assume that d # a®[(a — A\p)b]™! for any
k > 2, then (1.3) has at least two non-constant positive solutions.

Proof. Let f(u) = ula—b/(1/d+ uy)] and consider

ou

—Au = f(u), 5

=0. (4.3)
oD

It is easy to see that f is C*, and that any solution of (4.3) is non-negative (we use
d > a/b here). Therefore, any solution of (4.3) is a non-negative solution of (1.3).
Define

F(u) = ds.
w=[ 1
Then any critical point of I : H'(D) — R

1) = [ (3190 = F(w)

is a non-negative solution of (1.3).
We show that I satisfies the Palais—Smale (PS) condition. Given a PS sequence
{Un} c HI(D)a

)=, [[FwTo- s =ollol) voer, (14
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we want to show there is a convergent subsequence. By a standard argument, it
suffices to show that {u,} is bounded. Setting ¢ = u,, in (4.4), we have

[unllf < O+ [lunll3) + ollunll)- (4.5)

Hence we need only prove that {||lu,||2} is bounded. If not, we may assume that
|ltun|l2 — co. Choose ¢ = u;, in (4.4). Then

[ 190z = @ = bz = ol ),

Hence ||u,, || — 0. Let v, = up/||un||2- Then from (4.4) it is easy to see that {|lv,| }
is bounded. Hence we may assume that v,, converges weakly in H! and strongly in
L? to some v € H! with |[v|2 = 1. Since u;, — 0, we have v > 0. Now dividing (4.5)
by ||u,||2 and passing to the limit, we obtain

/VUV(b—av(b:O Voe H.

Hence v > 0 is a non-trivial solution of —Av = awv, dv/dv|sp = 0. Since a > Aa,
this is impossible. This proves that I satisfies the PS condition.

By linearizing (1.3), it is easy to check that v = 0 is a local minimum of I and
its critical groups are given by

Cq(1,0) = 340G,

where 4, = 0 when ¢ # p, 04 = 1 when ¢ = p and G is the coefficient group.
One can also easily check that I is unbounded from below on H*(D) : I(t) — —oo
as t — 400. Hence it follows from the mountain pass theorem that I has a critical
point of mountain pass type. We may assume that I has finitely many critical
points. Then, by a well-known result of Hofer (see [7]), we can choose a critical
point u; from the mountain pass theorem such that

Cq(I, Ul) = (5q71G.

By our assumption above, ug = wg = —1/d+b/a is also an isolated critical point of
I. Now consider the critical groups of ug. Note first that the linearization of (1.3)

at ug is given by
2
—Ah = [a— a—}h, orl
bd ovlyp
Since a — a?/(bd) > Aa, it follows from the shifting theorem that

CoI,bug) =0 forg<1l<y—1,

where we define
Ye =m1+ -+ Mg,

where mq,mo,...,mg,... denote the algebraic multiplicities of the eigenvalues
0=XA <Ay <--- <A < ---,respectively. Hence 0, ug and u; are different critical
points of 1.

Next we show that there is one more critical point if d # a?/[(a — \)b], i.e.
a—a?/(bd) # \i. Though this can also be proved by using Morse theory, it is

https://doi.org/10.1017/50308210500000895 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500000895

Qualitative behaviour of a predator—prey model 341

easier to use a degree argument. Let P denote the natural positive cone in C(D).
Choose K > 0 such that f(u)+ Ku is increasing in [0, 00) and define

Au= (A + K)7'f(u) + Kul.

Then it follows from standard arguments that A maps P, C(D) and H'(D) to
themselves and is completely continuous. Moreover, non-negative solutions of (1.1)
correspond to fixed points of A. Since

lim f(u)/u=a—0bd < 0=\, lir_~1_1 flw)/u=a>0= A,
U— 100

u—0
it follows from well-known results in [1] that, for all small > 0 and large R > 0,
degp(I — A,B,NP,0) =1, degp(I — A, BRN P,0) =0. (4.6)

Here, B, = {u € C(D) : |lullc < p}. From the linearization of uy and the Leray—
Schauder formula, we have, for » > 0 small,

deg(I — A,ug + B,,0) = (—=1)",
where m satisfies A, < a —a?/(bd) < A\pi1. But ug + B, C P for r small. Hence
degP(I - Aa uo + BT7 0) = (—1)77” . (47)

As before, we suppose that the mountain pass solution u; is isolated in H' (and
hence it is isolated in C by regularity). Then we may assume that its critical groups
are given by Cy(I,u1) = 04.1G. It follows from a well-known result in critical point
theory (see [7]) that, for any small neighbourhood U C H* of us,

deg (I — A,U,0) = —1.

Since A maps H! to C' compactly, by the commutativity property of the degree,
for any small neighbourhood V' C C of uy,

deg (I — A,V,0) =degy: (I — A,U,0) = —1.
But V C P as u; >0 on D by the maximum principle. Hence

degp(I — A,V,0) =dego(I — A, V,0) = —1. (4.8)

Now, if there is no other fixed point of A in P, then, by the additivity of the degree
and (4.6)—(4.8),

0=degp(I —A,BRN P,0)
=degp(I —A,B,.NP,0)+degp(I — A, ug+ B,,0) +degp(I — A4,V,0)
=1 (- -,

which is impossible. The proof is complete. O

By integrating the equation over D, using

/szO,
D
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we can easily show that (1.4) has a positive solution if and only if a > 2v ab;
moreover, if a € (0, A2), then (1.4) has only positive constant solutions. Regarding
the existence of non-constant solutions of (1.4), we have the following result.

THEOREM 4.3. Ifa > /4ab+ A3, then (1.4) has at least one non-constant positive
solution.

REMARK 4.4. Our proof below shows that if « = 0 and a = A\, for some k > 2,
then (1.4) has infinitely many non-constant positive solutions. If &« = 0, a > Ay but
a # A\ for any k > 2, then any non-constant positive solution w of (1.4) must have
non-trivial zero set, i.e. the set {w = 0} has positive measure, for otherwise, we
easily deduce w = b/a.

Proof of theorem 4.3. We first treat the case a = 0. Let ¢; be an eigenfunction
corresponding to A\ and a = A, kK > 2. Then clearly w = b/a + t¢y are non-
constant positive solutions of (1.4) for all small non-zero t. Hence we only need to
consider the case a > As and a # A\ VEk > 2. For small € > 0, define

) = au — b, u € [e,00),
felw) i(a—b/e)u7 u € (—00, €.

Clearly, u — f.(u) is locally Lipschitz continuous. Define

) = [ 1w~ [ R,

where

Fo(u) = /Ou fe(s)ds.

Then it is well known that the critical points of I. in W12(D) are weak solutions to

ou

—Au = f(u), W

=0. (4.9)
oD

Clearly, system (4.9) has two constant solutions, ug = 0 and u; = b/a. It is easy to
check that ug is a local minimum of I, and uw; has Morse index at least 2. Thus u;
can not be a critical point of I. obtained by the mountain pass theorem. If u is a
solution of (4.9), then multiplying (4.9) by v~ and integrating it over D we obtain

[ v P =t=vo [ @

Since a — b/e < 0, we have u~ = 0, i.e. u > 0. Now it is clear that if we can find a
mountain pass solution of (4.9), then it must be a non-constant positive solution.
Since

lim  fe(u)/u— a# A, ugglmfg(u)/uza—b/e<0,

U—+00

one can check that I, satisfies the PS condition. It is also easy to see that I.(t) —
—00 as t — 0. Hence the conditions of the mountain pass theorem are satisfied
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and we obtain a non-constant positive solution u. of (4.9) by the mountain pass
theorem. Let €,, — 0 and u,, = u,,. We show that u,, has a subsequence converging
to a non-constant positive solution of (1.4). First, we claim that u, is bounded in
L°°. Otherwise, we may assume that ||unlcc — 00. Set w, = un/||tnl|eo- Then
—Aw, = fe, (un)/||unllco- By standard elliptic regularity, we may assume that
wy, — w in C1. Then fe, (uy)/||tn]loc — aw uniformly. Hence

o

ov

=0, Jwle=1
oD

—Aw = aw,

As a # A, this is impossible. Thus u, is uniformly bounded. Again, by elliptic
regularity applied to (4.9) with (e,u) = (€n,un), noticing that f, (u,) is bounded
uniformly for n, we have u, — u > 0 in C'. We may assume that f., (u,) — h
weakly in L2?. Then, passing to the limit in (4.9) with (e, u) = (e, u,), we obtain

ou

—Au=h e
Y ’ ov

=0.
oD

From this equation, we see that i = 0 a.e. on the set {u = 0}; on the set {u > 0}, it
is easily seen that h = au — b. Hence h = au — bx{4>0}, i.e. u is a solution of (1.4).
By the equation of u,,, we see that f., (un(x)) changes sign in D. This implies that
maxu, > b/a > minu,. Hence ||lulc = b/a. If w = b/a, then for all large n,
u, > $b/a and thus

ouy,

—Au,, = au, — b, =0.

o |sp

This implies u,, = b/a as a # A\, contradicting our observation that b/a cannot be
a mountain pass type critical point of I.. This finishes the proof when a = 0.
For the case a > 0, set

—au — b, u € [2a/a, 00),
fe(u) = Jula—au) —b, u€le2a/a],

(a—b/e—ae)u, u€ (—oo,¢.

Again, f.(u) is locally Lipschitz continuous. It is also easy to check that I, is coercive
and has ug = 0, u1 = (a — vVa? —4abd)/(2a), us = (a + Va? — 4ab)/(2a) as critical
points. Moreover, ug is a local minimizer of I, and us is a global minimizer of I..
Thus I, satisfies the PS condition, and it has a mountain pass critical point wu,
with I.(ue) > I.(ug). By the definition of f. and the maximum principle, we find
that u. > 0. Since any positive constant M > wug is an upper solution of (4.9), we
have u. < ug. Thus fc(u.) is bounded uniformly for all small e. It then follows from
standard elliptic regularity and Sobolev embedding theorems that, for some €, — 0,
U, — @ in C'. Now, passing to the limit in (4.9) with (e,u) = (€,,u., ), we find
that @ solves (1.4). Moreover, @ is not a constant since minu, < u; < maxu,, and
% = u; implies that u., can never be a mountain pass solution. This last statement
follows from the fact that u., has Morse index at least 2, due to the assumption
that a? — 4ab > (A\2)? and the closeness of u., to ui. This finishes the proof. O
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4.3. Non-constant solutions of (1.2)

In this subsection, we show how to obtain non-constant positive solutions of (1.2)
by using the limiting problems (1.3) and (1.4).
Let E = C(D) and define A; : E — E by

Ayu = (—A+ 1) Hula+ 1 —bd/(1+ du))].

Then u is a non-negative solution of (1.3) if and only if it is a non-negative fixed
point of A;. Let U be a bounded open set in E such that Aju # u for u € OU.
Then, as A; is completely continuous, it is well known that the Leray—Schauder
degree degp (I — A1,U,0) is well defined. Moreover, system (1.3) has at least one
solution in U if degy (I — A1, U, 0) # 0; conversely, if ug is a non-degenerate solution
of (1.3), then degy (I — A;,U,0) # 0 for every small neighbourhood U of u.

THEOREM 4.5. Let U be a bounded open set of E contained in
Et ={u€ E:u(x) >0Vx e D},

and deg(I—A1,U,0) # 0. Then there exists M > 0 large such that for anym > M,
system (1.2) has at least one positive solution (u,v) satisfying (m/d)u € U.

Proof. We use a degree argument and the homotopy
— Au =u(a —tdu/m —b(tv + (1 = t)d)/(1 + du)),
—Av =v(d — v+ tedu/[m(1 + du)]),

ouf _w
auaD_ay

(4.10)

oD

It suffices to show that (4.10) has a positive solution (u,v) with w in U for all large
m and t = 1.

Since degp (I — A1,U,0) is defined, Aju # u for u € OU. This means that (1.3)
has no solution on OU. We show in the following that (4.10) has no solution on
(U x Bs(d)) for any t € [0,1] and m large, where Bs(d) ={z € E: |z —d||g < 6}.
Otherwise, we can find ¢, € [0,1], m, — oo and (un,v,) € O(U x Bs(d)) such
that (un,v,) solves (4.10) with (t,m) = (tn, mn). By standard elliptic regularity,
vp, — d, up — u in E for some u. By passing to the limit in (4.10), one sees that
u is a solution of (1.3). Since (un,v,) € (U x Bs(d)) and vy, is in the interior of
Bs(d), we must have u,, € 9U for all large n. It follows that (1.3) has a solution u
on JU; a contradiction.

Define F; : E X E — E X E by

Fi(u,v) = ((—A + 1)_1u(a +1-— tdﬁu — W)’

(—A—i—l)_lv(d—kl—v—%)).

Our above discussion shows that for all large m,

Fi(u,v) # (u,v) Vte[0,1] V(u,v)€ U x Bs(d)).
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Since F} is completely continuous, degpg: (I — F;,U x Bs(d),0) is well defined and
is independent of ¢ € [0,1]. In particular,

degEz(I— Fl, U x Bg(d),O) = degEz(I— FQ, U x Bg(d),O)

But Fo(u,v) = (Aju, (—A +1)"tv(d + 1 — v)). Hence, by the product formula of
the degree,

degp2 (I — Fo, U x Bs(d),0) = degp(I — A1,U,0) - degp (I — As, Bs(d),0),

where Agv = (A +1)"to(d +1—v).
It is well known that v = d is the unique positive solution of Asv = v. By the
Leray—Schauder formula, we have

degp(I — Az, B5(d),0) = 1.

Thus
degEz(I - F17 U x B(S(d)70) = degE(I— A17U7 0) 7& 0.

This implies that (1.2) has a solution (u,v) with (mu/d,v) € U x Bs(d). The proof
is complete. O

COROLLARY 4.6. If (1.8) has a non-degenerate non-constant positive solution ug,
then there exists a large M > 0 such that, for any m > M, system (1.2) has a
non-constant positive solution (u,v), with (m/d)u close to ug in the C* norm.

Proof. By the maximum principle, it is easy to see that ug > 0 on D. Since ug
is non-degenerate, we can find a small neighbourhood U of uy in ET such that
up is the only solution of (1.3) in U. Moreover, by the Leray—Schauder formula,
degp(I —A1,U,0) = (—1)? # 0. Hence, by theorem 4.5, for all large m, we can find
a positive solution (u,v) of (1.2) with mu/d € U. Since uo is not a constant and
U is small, mu/d € U implies that u is not constant. This finishes the proof. O

REMARK 4.7. By a result of Henry [21], for generic domains D, any solution of (1.3)
is non-degenerate. Hence corollary 4.6 implies that there are many non-constant
positive solutions of (1.2) for generic domains.

The following result gives non-constant positive solutions of (1.2) for any fixed
domain.

COROLLARY 4.8. Let vi be the sum of algebraic multiplicities of the eigenvalues
A1 < Aa <0 < A If g is even and M\ < a —a?/(bd) < Aky1, then there exists a
large M > 0 such that, for any m > M, system (1.2) has a non-constant positive
solution.

Proof. Following the degree argument in the proof of theorem 4.2, we find that (4.6)
still holds and degp(I — A1,uo + B,,0) = 1 as v is even. Hence, if we denote
2= (Br\ B)N P\ (uo + By),

degp(l —A1,02,00)=0—1—-1+#0.
This means that the set of solutions of (1.3) in {2 is non-empty. Let S denote this
set. Then it is compact in P by the elliptic regularity and boundedness of {2. By
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the maximum principle, any solution in S is positive on D. Hence there exists a
small neighbourhood U of S such that U lies in the interior of P. Moreover, we can
choose U such that v € U implies u is not constant and

degp (I — A1,£2,0) = degp(I — A1,U,0) = deg(py(I — A1,U,0).
Hence we can use theorem 4.5 to conclude. O
THEOREM 4.9. Let E and ET be defined as in theorem 4.5 and
Agu = (=A + 1) Hu(a + 1 —au) — 1],

where a € (0,a%/(4b)). Let U be a bounded open set of E whose closure is contained
in ET such that degp (I — Az, U,0) # 0. Then there exist a large M > 0 and a small
0 > 0 such that, for any m > M and d € (m(a—9), m(a+9)), system (1.2) has at
least one positive solution (u,v) with o tu € U.

Proof. We use the following homotopy:

— Au=u(a — au—thv/(1+ amu)) — (1 = t)b, x €D,

—Av =v(d — v + tcau/(1 + amu)), z €D, (4.11)
ou Ov
i D.
Jdv  Ov 0 reo

Define Gy : E? — E? by

Gilu,v) = ((—A + 1)_1[u(a +1—au-— tb—”> —(1- t)b:|,

1+ amu

(—A + 1)_1[U(d+ 1—v+ %)D

We show that, for m large and d/m close to «,
Fi(u,v) # (u,v) Vte[0,1] V(u,v) € dU x Iy), (4.12)

where Iy = {v € £ : d—1 < v < d+ 1}. Otherwise, we can find m, — oo,
dp/mpy, — a, t, € [0,1] and (un, vy) € O(U X Iy,) such that Fy, (un,vs) = (tn,vn),
i.e. (Un,vy) solves (4.11) with (m,d,t) = (Mmn,dn,ts). By the equation of v,, we
easily obtain 0 < v, — d,, < ¢/m,. Hence u,, € OU and v, /m,, — « in E. This
implies that the right-hand side of the equation of u,, in (4.11) is uniformly bounded
in E. By elliptic regularity, we may assume that u,, — u € OU in C'. Then, passing
to the limit in the equation of u,, in (4.11), we have

ou

iy -
ovlyp

—Au = u(a — au) — b,
This shows that Asu = wu has a solution v € OU, which is impossible by our

assumption. Hence (4.12) holds. By the homotopy invariance of the Leray—Schauder
topological degree,

degEz(I — Fl, U x Id, 0) = degEz(I — FQ, U x Id,O) (413)
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when m is large and d/m is close to a. But Fy(u,v) = (Asu, Bv), where
Bv = (—A+ 1) u(d + 1 —v)].

Hence, by the product formula for the Leray—Schauder degree,

degpe (I — Fo, U x 14,0) =degp(I — A2, U,0) - degp(I — B, 14,0). (4.14)
It is easy to check that v = d is the only solution of Bv = v in I; and

degp(I — B,1,,0) = 1.
Hence it follows from (4.13) and (4.14) that
degpe (I — F1,U x 14,0) =degg(I — A2,U,0) # 0.

This implies that Fj(u,v) = (u,v) has a solution in U X I, i.e. system (1.2) has a
positive solution with u/a € U. The proof is complete. O

The following result follows from an argument similar to that of corollary 4.8.

COROLLARY 4.10. If ug is a positive non-degenerate solution of system (1.4), then
there exist a large M > 0 and a small § > 0 such that, for any m > M and
de (m(a—9),m(a+9)), system (1.2) has at least one non-constant positive solu-
tion.

REMARK 4.11. Non-degenerate positive solutions of (1.4) like ug in corollary 4.10
can often be obtained by looking at solutions of (1.4) which bifurcate from the con-
stant solution u. = (@ — vVa? — 4ab)/(2«). For example, if va? — 4apb is an eigen-
value of —Awu = Au under homogeneous Neumann boundary conditions, then by a
well-known bifurcation result for operators with variational structure, system (1.4)
has solutions (u, «) bifurcating from (u., o) in a small neighbourhood of (u.., ag).
These are necessarily non-constant positive solutions of (1.4). By [21], for generic
domains D, these are non-degenerate solutions satisfying the conditions in corol-
lary 4.10.

REMARK 4.12. If the domain D is an interval, then the results in this section can be
significantly sharpened. For example, one can use phase plane argument to obtain
much sharper existence results for (1.3) and (1.4). Moreover, one can use local
and global bifurcation theory to look for non-constant positive solutions of (1.3)
and (1.4) which bifurcate from constant solutions. By following the global bifurca-
tion branches, one can find many sets U such that the degree conditions in the-
orems 4.5 and 4.9 are satisfied, and hence obtain non-constant positive solutions
of (1.2).

REMARK 4.13. It would be interesting to see how to obtain non-constant positive
solutions of (1.2) from non-negative solutions of (1.4) with non-trivial zero sets.
The degree method above does not seem to work for this case.

REMARK 4.14. For large m, it is easy to show that for d € (—ca/(1+ma), a/b], the
unique constant positive solution of (1.2) is linearly stable; and for d € (a/b,d*),
one of the constant positive solutions is linearly stable while the other is linearly
unstable. It would be interesting to know whether there can be stable non-constant
positive solutions of (1.2) when m is large.
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