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1. Introduction

The study of hypercontractivity in bosonic system was pioneered by Nelson [26]. Gross
[16] establishes an equivalence relationship between hypercontractivity and the logarith-
mic Sobolev inequality. Then Gross [15] generalized it to the non-commutative case, i.e.,
fermonic system, the corresponding relation was obtained under certain condition. In this
case, the optimal time was finally obtained by Carlen and Lieb in [10]. Biane [4] extended
Carlen’s and Lieb’s work to g-Ornstein-Uhlenbeck semigroup (—1 < ¢ < 1) (see §2), but
he did not give the equivalent relationship between hypercontractivity and corresponding
logarithmic Sobolev inequality. The motivation of this paper is to establish the hyper-
contractivity of a class of quantum Markov semigroups and corresponding logarithmic
Sobolev inequality in the framework of a probability gage space, that is, a finite von Neu-
mann algebra with a faithful normal trace on it, including the above ¢-Ornstein-Uhlenbeck
semigroup (—1 < ¢ < 1) as a special case.

Hypercontractivity and non-commutative functional inequalities of quantum Markov
semigroups based on various specific non-commutative probability spaces are in the ascen-
dant, refer to [3, 5, 9, 13, 17, 19-25, 28-30], etc., and they have been applied to the study
of quantum information and quantum computation (refer to [2, 27]). Therefore, this study
has theoretical significance and application value.

This paper is organized as follows. Section 1 gives a brief introduction to the rele-
vant background and research significance; Section 2 is devoted to prove the equivalence
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between logarithmic Sobolev inequality and hypercontractivity of a class of quantum
Markov semigroup and associated Dirichlet form in a probability gage space.

2. Equivalence between Logarithmic Sobolev inequality and
hypercontractivity in a probability gage space

2.1. Markov semigroup and associated Dirichlet form

In this subsection, we recall briefly the main concepts and conclusions about non-
commutative LP-spaces, Markov semigroup and associated Dirichlet form in this non-
commutative setting, more details refer to [1, 12]:

Let (A, T) be a probability gage space, thus A is a finite von Neumann algebra and 7 is
a faithful, normal trace on it. For 1 < p < oo, LP(A, 1) is the completion of A with respect
to the norm ||z||, = (7(|z|?))"/?,x € A, and L>=(A, 1) = A equipped with the operator
norm. These spaces share all the functional analytic features of the classical LP-spaces,
such as the uniform convexity for p € [1, c0), duality between LP(A, 7) and i (A, 7) with
p~! + p/~! =1, and Riesz Thorin interpolation, Hélder’s and Clarkson’s inequalities.

Furthermore, the Markov semigroup and its associated Dirichlet form are based on the
standard form (A, L?(A4,7),L% (A, 7),J) of the von Neumann algebra A, where L2 (A, )
is a closed convex cone in L?(A,7), inducing an anti-linear isometry .J (the modular
conjugation) on L?(A,7) which is the extension of the involution a — a* of A. The
subspace of J-invariant elements (called real) will be denoted by L% (A, 7).

When a is real, the symbol a A 1 will denote the projection onto the closed and convex
subset {a € L2 (A, 7) : a < 1}, where 1 is the unit of A.

Definition 2.1.1. A weak *- continuous semigroup {7} };>0 of bounded linear oper-
ators defined on L*°(A,7) is said to be quantum Markov semigroup, if it satisfies the
following conditions:

(1) (symmetric property): 7(T3(x)y) = 7(xT:(y));

(2) (completely Markovian property): if {T; ® I,,} is Markovian on L*°(A, 1) @ M, (C),
that is, if 0 < 2 < 1® I, implies that 0 < T} ® I,,(z) < 1 ® I, for all n € N, where
1 is the unit of A and I,, is the identity map on matrix algebra M,, (C), respectively.

Remark 2.1.2. (1) Quantum Markov semigroup {7} };>¢ is said to be conservative,
if Ty(1) = 1,Vt > 0;

(2) By using [12, Proposition 3.1] quantum Markov semigroup on L*°(A,7) can be
extended to completely Markov semigroup
on LP(A,7) for all p > 1.

Definition 2.1.3. A closed, densely defined and non-negative quadratic form (e, D(e))
on L?(A, ) is said to be

(1) real, if for a € D(e) then J(a) € D(e) and €[J(a)] = €[a];

(2) a Dirichlet form, if it is positive on L? (A, 7), real and €la A 1] < €[a] for a € D(e) N
L3 (A, 7). Furthermore, it is conservative in case 1 € D(e);
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(3) aregular Dirichlet form if in addition A N D(e) is norm dense in A and is also dense
in D(e) with respect to the graph norm: |||z|||? = €[z] + 7(|z|?);

(4) a completely Dirichlet form if the canonical extension (", D(e")) to L*(A,7) ®
M, (C), ) e[laif j=4] := 327 ;=1 €lais], is a Dirichlet form for all n > 1, where
[aij]fj—1 € D(€") := D(e) ® M,,(C), and 7" = 7 @ tr, is the faithful, normal trace

on the von Neumann algebra A ® M, (C), here tr, is a normalized trace on M, (C).

Proposition 2.1.4 (see [1, Lemma 2.3; 12, Proposition 2.12; and 11 Propo-
sition 4.5 and Proposition 4.10]). Let (e, D(e)) be a closed, densely defined,
non-negative real quadratic form. Then the following statements are equivalent:

(1) (e, D(€)) is a Dirichlet form;

(2) For every real-valued Lipschitz function ¢ : R — R, which satisfies |p(t) — ¢(s)]
colt — s],Vt, s € R and ¢(0) = 0, where ¢, is a positive constant, one has €[p(x)]
celx] whenever x € D(e) N Lj (A, 7).

Furthermore, if (e, D(¢)) is conservative, then the above items (1) and (2) are

equivalent to the following item:

<
<

(3) €(1,x) > 0 for all z € D(e) N L2 (A, 1), and €[|z|] < €[z] for all z € D(e) N L7 (A, 7).

In the end of this subsection, the well-known Beurling—Deny type criterion in the
non-commutative context is given:

Theorem 2.1.5 (Beurling-Deny). (see [1, Theorems 2.7, 2.8; and 12, Theorem 3.3,
11, Theorem 4.11) Given a strongly continuous symmetric semigroup Ty = e~ ' with
infinitesimal generator L, and the associated quadratic form e[x]:<ﬁx7 VLz>, for x €
D(¢) = D(V'L). Then the following are equivalent:

(1) The form € is a (completely) Dirichlet form;

(2) The semigroup T, = e L
is (completely) Markovian.

Remark 2.1.6. (1) From Theorem 2.1.5, we see that {T}} is conservative quantum
Markovian if and only if the associated quadratic form is conservative completely
Dirichlet form.

(2) For a given Dirichlet form e[,], by [12, Proposition 1.2], the following inequality
holds true:
el|lz]] < 2¢[z] for all x € D(e).

When z € D(e) N L3 (A, 7), from Proposition 2.1.4 item (2) it is easy to check that the
coefficient 2 on the right-hand side of the above inequality can be replaced by 1, that is,
ellz]] < efz].
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2.2. Hypercontractivity and logarithmic Sobolev inequality

Definition 2.2.1. We are given a quantum Markov semigroup {T}};>o in the inter-
polating family LP(A,7) for all p > 1, and constants ¢ >0 and b > 0. Let p(t) =1+
(p— 1)e2/ e if

| Tz llpqey < ePV/P7HPE ],

for all x € LP(A,7),p > 1, t > 0, then it is said to have hypercontractivity.

Definition 2.2.2. A quantum Markov semigroup {T;} is said to be regular, if its
associated Dirichlet form is regular.

From now on, we consider the regular quantum Markov semigroup {7} };>0 = {e X' };>0
on the above probability gage space (4, 7), then its associated Dirichlet form e[z] =<
VLz,\/Lz >. Let Ent(z) = 7(xlogz) — ||z| 12 log ||z| 7> denote the relative entropy of a
positive element . We obtain the following main result:

Theorem 2.2.3. For each p > 1, let p(t) =14 (p — 1)e2/%,b(t) = b(1/p) — 1/p(t)),
where a(> 0) and b(> 0) are constants. Then the following statements are equivalent:

(1) | Ty pey < |z, for all z € A, Vp > 1, Vt > 0;

(2) Ent(|z|?) <4 a €[z] +b ||z||3 for all x € D(¢). When x € Dy, := D(e) N L3 (A, 1),
the coefficient 4a in the inequality can be replaced by 2a.

We need the following lemma which plays a crucial role for proving Theorem 2.2.3. The
special cases in the Clifford algebra and mixed spin systems setting was proved by Gross
[15] (see [15, Lemma 1.1]) and Biane [4] (see [4, Lemma 3]), respectively.

Lemma 2.2.4. For all invertible positive x € AN D(e), and 1 < p < oo, one has

2
e[xp/Q] < p

< me(xm”_ ).

That is

p2

=11

Proof. First, notice that x is invertible and positive, then there exists a constant ¢ > 0
such that Spec (z) C [e, ||z||]. Hence, by Proposition 2.1.4 item (2) combining the function

calculus of , it is easy to check that zP/? and zP~! are in AN D(¢). By the definition
and spectrum decomposition of L,

1
< aP/? LaP/? > = lim ET[({IJP/2 — TyaP/?) P/

t—0

1
<z, LaP™' > == tlin(l) ;T[(x — Tyx)xP~ 1.
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So, it suffices to prove

2
T[(zP/? — Tya?/?)aP/?) < ﬁﬂ(m — Tyx)zP~1). (2.1)

For any fixed ¢t > 0. Since T} is symmetric and Markovian, then for ¢ and v positive and
continuous functions on R, 7[p(x)T;(¢(x))] is positive and linear in ¢ and . Moreover,
for ¢ and 1 such that p(«) < cla| and ¢¥(a) < ¢'|af, where ¢, ¢’ are constants. As a general
property for normal traces on von Neumann algebras (see [1, 12]), there exists a positive
measure f, on R\{0} x R\{0} with support contained in Spec(z)xSpec(z) such that
(e, B) = pa(B, ) and

TM@EW@H=//¢®W@@A%M

Since 1 — T3(1) is positive, we have also that there is a positive measure v, on R\{0}
with support contained in Spec(z) such that

rlela)(1 = 1) = [ pla)da(a).
Consider now the quadratic form 7[z(1 — T})z], we then have

Tlp(2)(1 = T)p(x)] = tle(@)*(1 = To(1)] + 7le(2)? To(1) — @(2)Ti(o(2))].

Therefore, we have

rle(@)(1 - Te@)] = [ plePdn@ +3 [ [lela) - p@Pduata ). (22)

In the following, let p(a) = a?/?, o € Spec (z). Take ¢(x) = 2P/? in Equation (2.2), we
obtain

7.[<gcp/2_Ttgcp/2)$p/2]:/Oépdylc //ap/2 6722 Ay (av, ).

Similarly,

T[l’p_l(l‘—Ttl')]:/Oépde //a— (P~ — 327V dpg (o, B)).

Then (2.1) holds true from the above two formulas combining the following fact
2
a2 2 < P pyapt — gt , a,b>0, p>1.
( 2 < g ta = b ) ab>
O
The Proof of Theorem 2.2.3. First, since each T; is completely positive, from

[29, Remark 9] we see that the norm of T} from LY (A, 7) to L} (A, 7) (p,q > 1) is achieved
on the positive cone L (A, 7). Hence, it is sufficient to consider hypercontractivity on
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positive cones. Given an invertible positive z € AN D(e), put ¢(t) = e~ *||Tyz|,). By
[14, Lemma 2] and [18, Lemma 3.1}, a straightforward calculus shows that

d d
S logplt) = T (-b(t) +log | Tix )
_ —b/(t) + 1 dHTtl’”P(t)
| Tyl py — dt
1 d
v (TP /P(0) I
Since
d d 1
a[7.(Ttx)10(t)]1/1:)(1&) — ||Tt'r|‘p(t)a @ lOgTq(TtI)p(t)
(t)
il | -2 tog et + L L Wl
P P2 (1) p(t) T p(t) HTtx”ZEt) dt ;
and since
|7l a
_ ) 2 p(t)
dt )]

dT;
=7 @y (0108 T+ plo) T T2 ).
then take the above equation to formula (I), we have

d ) P(t) p(t)
3z loswlt) = —b'(t) - e ()10g|ITt £

: 1 dTx
SO 2P Tp(t)T [( v (P'(t)logﬂx+p(t)( Lz) ! dz )}
p(®)l tx||p(t) I

1
— fb/(t) = (( )) log ||Tt Hpgg + WT[p/(t)(Ttx)P(t) log TtI}
t4p ()
w1 [pomapor 2], "

Notice that dTyz/dt = —L(T;z), so that

dT;x
. {(Tta:)p(t)ld; ] _

—e((Tyz)PD =1 Tyx).
On the other hand,
Ent((Ttx)p(t)) = T[(Ttl‘)p(t) 1og(Ttx)p(t)] — 7[(Ty)P® log 7[(T} J:)p(t)]]

= 7[(T32)" " log(Ty2)" "] — | Ty|[%(;) log | Thal|(y).

p(t)
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Combing with formula (II), one can obtain

1

d P
— log p(t) = =/ (t) + ——— = Ent((T12)"")
dt PO || T2
1
- ﬁe((Ttx)P“)—l, T,x). (I11)
Tyl
p(t)

Assume (1). Since b(0) =0 and p(0) = p, it follows that ¢(0) = ||z|,, then by the
hypercontractivity of T implies that ¢’(0) < 0, which gives, via formula (I1T)

t
P(0)|| T |24 1

Ent((Tz)P®) < v (t) + ————
(1) T |247)

e((T,z)PO~1 Tyz)).

Let t=0 and p=2, from which follows that p(0) =2, p/(0) =2/a, b'(0) =1/2a.
Therefore, from the above inequality, it implies that

Ent(2?) < 2ae[z] + b||z||3.

Now, for any given positive element = € D(e). Since €[,] is regular, then there exists a
sequence () consisting of positive invertible elements in AN D(e) such that |||z, —
zl||i — 0 as n — oo, where |||z|||1 = €[] + 7(]|?) is the graph norm. It follows that
€[z,] — €[z] and ||z,|2 — ||z]l2, as n — co. For any fixed n € N, by the above proof,
we have

Ent(z2) < 2aelx,] + bl|z, 3.
Letting n — oo, and combining the continuity of norm, we obtain
Ent(2?) < 2aelz] + b||z||3.
Hence, for any y € D(e) N L7 (A, 7), from the above inequality, we have

Ent(|y[*) < 2ae(|y|] + bllyll3-

Since €[|y|] < €ly] (see Remark 2.1.6 (2)), then combining the above inequality implies
that

Ent(|y[*) < 2aely] + b]lyll3.

Finally, notice that €[|z|] < 2 €[z] for all z € D(e) (see Remark 2.1.6 (2) again), similar to
the above proof, we have

Ent(|z]?) < 4 aelz] + b||z]|3.

Conversely, assume (2). For a given invertible positive z € AN D(e), we have
Ent(z?) < 2aelz] + b||z||2.
Replace x with #P/2, one can get

Ent(zP) < 2ae[z?/?] + b||zP/?|2.
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By Lemma 2.2.4, it implies that

Ent(a?) < Agfgigfe(xpfl ) + bl|z|2
— 2(p _ 1) bl p'
Set x be Tyx and p be p(t) in the above formula, we have
Em«Tme)<—ﬁﬂﬁi—dU%»%1Tx+MWmW® (1V)
S gt - e
Notice that formula (III),
d '(t
3108 o(t) = % [Ent((Ttx)p(t))
PO Tl
p(t)* (-1 V' (t)p(t)? p(t)
7p/(t) E((Ttl‘)p ’TtCC) — T(t)HTtx”p(t) . (V)

Since b(t) = b(1/p—1/p(t)), p(t) =1+ (p — 1)e*/*, then V'(t) =p/(t)/p(t)*, p'(t)=
(2/a)(p — 1)e2/%, hence, p(t)2/p/(t) = ap()*/2(p(t) — 1), and ' (£)p(t)2/p/(t) = b. Com-
pare (IV) and (V), then we have (d/dt)logp(t) <0, it follows that (d/dt)e(t) <O0.
Therefore, ¢(t) < ¢(0) = ||z||,. Since €[,] is regular, it is easy to prove that the sub-
set of invertible positive elements in A N D(e) is dense in all LP(A, 7) with respect to the
LP-norms for all p > 1, and since ¢(t) is continuous in the operator norm, which in turn
yields the hypercontractivity of {T}}.

It is well known that in the abelian case, when 4a is replaced by 2a in the item (2) of
Theorem 2.2.3 for all € D(e), the conclusion still holds. On further analysis, we see that
the key point is €[|.J(x)|] = €[|z|] for all = € D(e). Inspired by this, with this restriction,
it can be extended to non-commutative case:

Corollary 2.2.5. The notation is as in Theorem 2.2.3. For a given quantum Markov
semigroup {1} };>0 and its associated regular Dirichlet form €[,] on L?(A, 7). If e[|.J(z)|] =
e[|z|] for all x € D(e), then the following statements are equivalent:

(1) | Ty pey < @z, for all z € A, Vp > 1, Vt > 0;
(2) Ent(|z]?) < 2 a €[z] + b||z||3 for all z € D(e).

Proof. Using Theorem 2.2.3 and the regularity of €[,], one only needs to prove
e[|z|] < e[z] for all z € AN D(e). Indeed, since e[z] = is completely Dirichlet form, so
that (e?, D(e?)) is Dirichlet form (see the above Definition 2.1.3). Put # = [94"], it is
easy to see that 7 is a self-adjoint in D(e?) := D(¢) ® M2(C). By Remark 2.1.6 (2) we

have €2[|#|] < €?[]. By routine calculation, |Z| = (#*%)Y/? = {lx‘ 0 } Hence,

(UNE
4@]+dhﬂh—3[[%||;|”

< =e || ) || =+l
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Furthermore, by the condition of this claim, €[|z*|] = €[|z|] (Remark: J(x) = 2* when
x € A), and notice that e[z*] = €[x] = e[z] (see Definition 2.1.3). Therefore, from the
above inequality, we can obtain 2 €e[|z|] < 2 €[z], that is, e[|z|] < €[z]. O

3. Application to the g-Ornstein—Uhlenbeck semigroup (—1 < g < 1)

In the last section, we use Corollary 2.2.5 to characterize the equivalence of strictly
hypercontractivity and the logarithmic Sobolev inequality for ¢(—1 < ¢ < 1)-Ornstein—
Uhlenbeck semigroup introduced by Bozejko and Speicher [7].

For this purpose, we first recall briefly the construction of ¢-Gaussian von Neumann
algebra and ¢-Ornstein—Uhlenbeck semigroup on it. Since the cases ¢ = +1 are well
known, in the following, we shall only consider the cases for —1 < ¢ < 1. More details can
refer to [4, 6-8].

Let ‘H be an infinite dimensional real separable Hilbert space with complexification
He. Let Q be a unit vector in a 1-dimensional complex Hilbert space (disjoint from He).
We refer to Q as the vacuum, and by convention define He®® = CQ. The algebraic Fock
space F(H) is defined as

o0

F(H) = PHE",

n=0

where the direct sum and tensor product are algebraic. We then define a Hermitian form
< -,- >4 in F(H) as below:
For £,n € F(H)

<EN >q=< & Pyn >,

where <,> is the usual scalar product and P, = @, P\™, in which P{"(f, ®
f2 - Q® fn) = Zwesn ql(ﬂ-)fﬂ(l) ® f7T(2) Q- fﬂ'(n) for all fk € f(H)a k= 1,2,...,n,
vV neN.

Here S, is the symmetric group on n symbols, and i(7) counts the number of inversions
in 7, that is

i(m) = 8{(i,5) : 1 < im(4)}-

Indeed, the above Hermitian form is the conjugate-linear extension of

<Q,Q>,=1;

q = 5mn27r€5'n qi(ﬂ—)

for fi,g; € H,i=1,2,...,m;j=1,2,...,n,Vm,neN.
It is remarkable that, for —1 < ¢ < 1, the form < -,- >, is always non-degenerate on

F(H). The ¢-Fock space F,(H) is defined as the completion of F(H) with respect to the
inner product < -,- >,.
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For any vector f € H C Hc, define the creation operator ¢,(f) on F4(H) to extend

cg()=f
G @ - @f=fRfi® @ fi

The annihilation operator c;(f) is its adjoint, which satisfies

(N2 =0

q
CZ(f)fl®"‘®fk :2?:1qj71f1®"'®fj71®fj+1®"’®fk.

The operators ¢,(f) and c;(f) are bounded on F,(H) with

P VE
leathl =l = { It =07 Rose<t

On the above bases, define the ¢-Gaussian von Neumann algebra I', (H) which is generated
by the self-adjoint g-Gaussian operators w(f) = c,(f) +c;(f), f € H on Fy(H). It was
proved in [8, Theorem 2.10] that I'y(H) is a II-factor and 7,(a) =< Q,af) >, for a €
I';(H), is the unique faithful normal trace on I'y(H).

Next, we will introduce the concept of g-Ornstein—Uhlenbeck semigroup on the above
¢-Gaussian von Neumann algebra I';(H) for —1 < ¢ < I:

Let T : ' H — H be a contraction on the real Hilbert spaces H with complexification T,
then the linear map defined on elementary tensors by

F,(T) (i ®f)=Tc/i® - @Tcf
extends to a contraction
Fq(T) : ]:q(H) - fq(H)-

Now we define g-Gaussian functor T'y as a map
Lq(T) : Tg(H) — Ty(H)
as follows
(1) D(T)w(f) = w(T'f), for f € H;
(2) (Cg(T) (X)) = Fo(T)(XQ).

By [8, Theorem 2.11] I'j(T") is a unique bounded, normal, unital, completely posi-
tive, and the trace preserving map, and is a covariant functor, that is, if 77 and T, are
contractions on H, then

Ly(ThTo) = To(T1)T4(T2).

Furthermore, let Ty = e~'I3,t > 0, where Iy is the identity on H. Then the g-Ornstein—

Uhlenbeck semigroup is defined to be {Ut(q)}tzo ={Ty(T}) }i>0 on T'y(H) (see Ref. [8]).
From the above construction, it is easy to see that {Ut(q)}tzo is a conservative,

completely Markov semigroup on I';(H). Remark 2.1.2 tells us that {Ut(q)}tzo can be
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extended to completely Markov semigroup on all non-commutative LP(I'(H), 74)-spaces.
Its generator N on L?(I',(H), 7,) is the number operator given by:

NiQ = 0;
and
NUfi®@ @ fo) =n(fi® @ fu), f; € He(j =1,2,...,n).
In formally, we write Ut(q) = ¢ N From Theorem 2.1.5, the corresponding quadratic
form e[z] =< V/N9z,v/Niz >, for all x € D(v/N1), is a conservative, completely Dirichlet

form.
Biane [4] described the strictly hypercontractivity of the ¢g-Ornstein—Uhlenbeck semi-

group {Ut(Q)}tzo (see [4, Theorem 2]) and derived a logarithmic Sobolev inequality from
strictly hypercontractivity (see [4, Corollary 1]). The following statements show that
strictly hypercontractivity and the logarithmic Sobolev inequality in [4] are equivalent:

Theorem 2.2.6. The notation is as in Theorem 2.2.3. Given the q-Ornstein—Uhlenbeck
semigroup {Ut(q)}tzo = {e""};>0 and its associated Dirichlet form e[z] = based on
I'y(H), then the following statements are equivalent:

(1) U2 ||y < |||l for all z € Ty(H), Vp > 1, Vit > 0;
(2) Ent(|z]?) < 2 €[] for all x € D(e).

Proof. In order to prove the above claim, using Corollary 2.2.5 it suffices to prove the
Dirichlet form ¢[x] =,z € D(e) is regular and satisfies the condition: €[|J(z)|] = €[|z]] for
all z € D(e), where the operator J ia an anti-linear isometry on L?(A,7) (see §2.1 for
the details).

Indeed, given a fixed orthonormal basis {e;};ey in H. For any subset I =
{i1,12,...,in} €N, by [8, Proposition 2.7] one can construct the ¢-Wick product ¢ =
(e, Qe ®---®e;,) € Ty(H) by induction as below:

w(elk) = w(eik) = Cq(eik) + c;(eik);
V(e ®ei, @ ®e;,) =wle,)P(e, @ - ®e;,)

N e @ e @ @e,),
k=1

where the symbol e;, means that e;, has to be deleted in the product.
Define
®:Ty(H) — Fo(H)
through ®(a) = a(2). Since 7 is a faithful trace, then this map is a continuous imbedding
of T'y(H) into F,(H) which extends to an unitary isomorphism of L?(T',(H),7,) with
F,(H). By routine calculation we have
P(r) =¢rl=e;, ®e;, @ Dey,.

Hence, from the construction of the ¢-Ornstein—Uhlenbeck semigroup Ut(q) = e N we
have Ut@d)[ = e ")y, it follows that N%); = nip;, which shows that ¢; € D(e). Denote
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—_~—

by I'q(H) the set of all finite linear combinations of 7, I = {41,142, ,i,} C N. It follows

—~— —~—

that I',(H) C D(e) since D(e) is a subspace of L*(I'y(H),7,) and I';(H) is dense in D(e)

—~—

with respect to the graph norm. On the other hand, since I',(H) is dense in I'y(H) with

—_~

respect to the operator norm, so that A N D(e)(D I'y(H)) is dense in I';(H) with operator
norm. The above proof shows that the Dirichlet form e[,] is regular.

Finally, in order to prove €[|J(z)|] = €[|z|] for all € D(e), it is only need to verify
el|(r)*]] = €l|vr]] for all ¥y = (e, e, @--- ey, ) € Ty(H) N D(e). Since

< P11 > = 1((r)" 1) = 74 (r(r)*) =< (Y1) Q, (1) Q >4,

then there exists a unitary operator U : L?(I',(H),7,) — L*(Ty(H),7,), such that
Ulr| = |(x1)*], here we regard ¢y and 1;Q as the same. Furthermore, it is easy to
check that N9U = UNY, hence

()™l =< 1(¥1)*], N (¥r)*| >4=4¢
==<|1|, NU(|¢1] >4= €[[¢r]].
O
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