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The effects of polymer additives on decaying isotropic turbulence are numerically
investigated using a hybrid approach consisting of Brownian dynamics simulations
for an enormous number of dumbbells (of the order of 10 billion, O(1010)) and
direct numerical simulations of turbulence making full use of large-scale parallel
computations. Reduction of the energy dissipation rate and modification of the kinetic
energy spectrum in the dissipation range scale were observed when the reaction term
due to the polymer additives was incorporated into the equation of motion for the
solvent fluid. An increase in the polymer concentration or Weissenberg number Wi

yielded significant modifications of the turbulence statistics at small scales, such as
a suppression of the local energy dissipation fluctuations. A power-law decay of
the kinetic energy spectrum E(k, t) ∼ k−4.7 was observed in the wavenumber range
below the Kolmogorov length scale when Wi = 25. The generation of intense vortices
was suppressed by the polymer additives, consistent with previous studies using
the constitutive equations. The field structures of the trace of the polymer stress
depended on the intensity of its fluctuation: sheet-like structures were observed for the
intermediate intensity region and filamentary structures were observed for the intense
region. The results obtained with few polymers and large replicas could approximate
those with many polymers and smaller replicas as far as the large-scale statistics were
concerned.
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1. Introduction
It is well known that small amounts of polymer added to a fluid significantly affect

the large-scale flow structures. One famous example is the drag reduction phenomenon
in wall-bounded turbulent flows (Lumley 1973; Sreenivasan & White 2000; Proccacia,
L’vov & Benzi 2008). The specific nature of polymer solution flow is also observed
at low Reynolds numbers, where the velocity field randomly fluctuates in space and
time due to the elastic instability. This is the so-called elastic turbulence (Groisman
& Steinberg 2000; Burghelea, Segre & Steinberg 2006, 2007; Jun & Steinberg 2009),
which is used to enhance mixing in micro-channel devices (Groisman & Steinberg
2001; Burghelea, Segre & Steinberg 2004; Arratia et al. 2006). Although many
experimental and numerical studies have addressed the above phenomena to clarify the
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role of polymer dynamics in flows, our current understanding remains inadequate due
to a poor understanding of the complicated interactions between long-chain polymers
and flow dynamics, and the resulting dynamics, which involve a wide range of spatial
and temporal scales.

When considering the polymer effect on wall-bounded turbulent flows, it is
important to note that the details of the interaction between the fluid motion and
polymer dynamics depend on the distance from the wall, which plays a critical
role in the mechanisms of turbulent mixing and transport. Because the near-wall
region remains within the strong extensional flow caused by the streamwise vortices,
the polymers in the buffer layer are highly stretched by this flow, implying that
the elongational viscosity significantly increases in this region. The increase in
viscosity suppresses turbulent fluctuations and correspondingly increases the buffer
layer thickness, leading to drag reduction (Lumley 1973; Sreenivasan & White 2000).
Conversely, it is also known that the turbulent behaviour far from the wall is directly
affected by polymer additives. In this case, the bare interaction between the polymers
and the fluctuating local velocity gradient is a fundamental dynamical process. These
direct interactions give rise to strong modifications of the small-scale properties of
turbulence, such as strain, enstrophy and particle accelerations statistics (Liberzon et al.
2005, 2006; Crawford et al. 2008). This also leads to modification of the statistical
nature at dissipation-range scales and at inertial-range scales for higher concentrations
(McComb, Allan & Greated 1977; van Doorn, White & Sreenivasan 1999; Angelis
et al. 2005; Ouellette, Xu & Bodenschatz 2009).

It is vital to examine the mesoscale dynamics of an isolated polymer in turbulent
flows for deeper insight into the peculiar flow nature of dilute polymer solutions.
Previous studies have investigated single-polymer dynamics in simple shear (Celani,
Puliafito & Turitsyn 2005b; Chertkov et al. 2005; Gerashchenko & Steinberg 2006)
and random flows (Balkovsky, Fouxon & Lebedev 2000; Chertkov 2000; Thiffeault
2003; Afonso & Vincenzi 2005; Celani, Musacchio & Vincenzi 2005a; Gerashchenko,
Chevallard & Steinberg 2005; Liu & Steinberg 2010). The coil–stretch transition is
an important concept for understanding polymer dynamics in turbulence (De Gennes
1974). For simple shear flow with shear intensity S, the polymer takes a coiled
configuration if Sτ < 1, where τ is the characteristic relaxation time of the polymer
chain. For Sτ > 1, the polymer exhibits an extended configuration due to the action
of the local flow. Because the direction and amplitude of the local shear in turbulence
fluctuates randomly and intermittently in space and time, the polymer will manifest
complicated behaviour along the fluid particle trajectories, making it difficult to
understand the interactions.

In our previous study, we investigated single polymer chain dynamics in isotropic
turbulence in a one-way coupling regime (Watanabe & Gotoh 2010). We found
that a coil–stretch transition occurred at the characteristic Weissenberg numbers
Wi = τ/τK = 3–4, with τK being the Kolmogorov time scale. This suggests that the
Lagrangian correlation time of the velocity gradient tensor ∇u (∼4τK) is a key
quantity in determining whether the polymers were stretched. We also found that
the statistical nature of the polymer chain (multi-beads model) was well approximated
by the dumbbell model. In addition, the relationship between polymer elongation
and local flow topology was investigated by analysing the conditioned statistics of
polymer elongation on the invariants of ∇u. To discuss turbulence modification by
polymer additives, we must incorporate the reaction force from an enormous number
of polymers into the equation of motion for the solvent fluid.
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In the past, turbulent dilute polymer solution flow has been investigated extensively
using constitutive equations such as the Oldroyd-B or FENE-P models (Bird et al.
1987). These are the evolution equations for the tensor field representing the polymer
conformation and are constructed using a simple polymer model (Bird et al. 1987).
The constitutive equations are widely used for numerical studies of turbulent drag
reduction (Sureshkumar, Beris & Handler 1997; Eckhardt, Kronjager & Schumacher
2002; Boffetta, Celani & Musacchio 2003; Boffetta, Celani & Mazzino 2005; Gillissen
2008; Tamano et al. 2009; Perlekar, Mitra & Pandit 2006, 2010; Cai, Li & Zhang
2010) and elastic turbulence (Berti et al. 2008) because of the ease of handling the
polymer effects on turbulence with numerical simulations. However, a recent study
demonstrated that a resolution condition much more stringent than that of the velocity
field is required for adequate computation of the FENE-P equation (Jin & Collins
2007).

Under a hybrid approach, the fluid motion is computed using the Navier–Stokes
(NS) equations while the polymer dynamics are determined from molecular or
Brownian dynamics simulations with an appropriate polymer model (Doi & Edwards
1986; Bird et al. 1987). Several studies of polymer solution flow have used
a combination of computational fluid dynamics and particle-based simulations of
polymer models with and without reaction to fluid motion (Laso & Ottinger 1993;
Stone & Graham 2003; Terrapon et al. 2004; Davoudi & Schumacher 2006; Peters
& Schumacher 2007; Jin & Collins 2007; Watanabe & Gotoh 2010; Yasuda &
Yamamoto 2010). The advantage of the hybrid approach is that we can construct a
polymer solution model with a rich variety of mechanical properties by introducing
several interacting forces among particles. Moreover, it may be suitable to investigate
phenomena for which the Lagrangian view is intrinsic, similar to the diffusion of
polymer solutions in a turbulent boundary layer (Elbing et al. 2010) or the degradation
effects of polymers on turbulence (Choi et al. 2002). The disadvantage of this
approach is that the computational cost greatly increases as the number of polymers
is increased. However, we can neglect the interaction among polymers for dilute
solutions, implying that the computational cost for evaluating forces among particles
is roughly proportional to the number of polymers. In this case, we can perform
efficient simulations for an enormous number of polymers dispersed in turbulence
using large-scale parallel computations.

Here, we present the development of a two-way coupled simulation method using
the hybrid approach. A Brownian dynamics simulation for the polymer chain model
coupled with a direct numerical simulation (DNS) of turbulent flow are performed
using large-scale parallel computations. We adopt the dumbbell model to represent
the dynamics of a long-chain polymer because it can satisfactorily reproduce the
overall results obtained by the chain model (Jin & Collins 2007; Watanabe &
Gotoh 2010). To gain a significant reaction from the presence of polymers in the
fluid, we need a huge number of dumbbells in the flow domain. In this study, on
the order of 10 billion (O(1010)) dumbbells are dispersed in turbulent flow, and
their advections and deformations are strictly tracked during the time evolution of
the system. We then examine the degree of modification to the turbulent flow by
investigating the concentration and Weissenberg number effects on the fundamental
statistics and vortical structures for decaying isotropic turbulence. Because there is
no mean shear in isotropic turbulence, it is suitable for investigating the effects of
polymers on the bulk turbulence by analysing the interaction between the polymers
and local velocity gradient fluctuations. Modification of isotropic turbulence by
polymer additives has recently been investigated using the DNS of FENE-P model
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(Vaithianathan & Collins 2003; Angelis et al. 2005; Perlekar et al. 2006, 2010; Cai
et al. 2010). Comparing the present results with those obtained by the FENE-P model
may be useful for assessing the hybrid approach used in this study. Moreover, we
examine the validity of the assumption used for constructing the polymer stress field
from the dispersed dumbbells.

We begin this paper with a brief description of the model equations used in this
study in § 2. The details of the numerical method are provided in § 3. The fundamental
nature of decaying isotropic turbulence with polymer additives is described in § 4,
along with a brief summary of the statistical quantities examined in this study. The
effects of polymer additives on decaying turbulence are quantified by varying the
parameters, including the concentration and Weissenberg numbers, in § 5. The polymer
effects on coherent structures and the specific nature of the polymer stress field are
also discussed. The response of the system to changes in the polymer number with
fixed physical conditions is examined in § 6. The important findings obtained in this
study are provided in § 7, followed by a summary of our results and conclusions in
§ 8.

2. Polymer solution model
2.1. Governing equations

The dumbbell model is used to represent the dynamics of a polymer dispersed in
the flow domain. Each polymer is modelled by two beads of radius a connected by
a nonlinear spring (Bird et al. 1987). The position vectors of each bead in the nth
dumbbell are represented by x(n)1 (t) and x(n)2 (t) with n = 1, 2, . . . ,Nt where Nt is the
total number of dumbbells dispersed in the flow domain. Here, we consider the flow
in a dilute polymer solution and neglect interactions among dumbbells. In addition,
due to its small size, the inertia of beads is also neglected. Thus, the equations of
motion for the end-to-end vector R(n)(t)= x(n)1 (t)− x(n)2 (t) and the centre-of-mass vector
r(n)g (t)= (x(n)1 (t)+ x(n)2 (t))/2 of the nth dumbbell are respectively given by

dR(n)

dt
= u(n)1 − u(n)2 −

1
2τ

f

( |R(n)|
Lmax

)
R(n) + req√

2τ
(W (n)

1 −W (n)
2 ), (2.1)

dr(n)g

dt
= 1

2
(u(n)1 + u(n)2 )+

req√
8τ
(W (n)

1 +W (n)
2 ), u(n)α ≡ u(x(n)α (t), t), (2.2)

where u(x, t) denotes the velocity field of the solvent fluid. We adopt the finitely
extensible nonlinear elastic (FENE) model (Bird et al. 1987) using

f (z)= 1
1− z2

(2.3)

for the elastic force of a dumbbell. This dumbbell cannot extend beyond the maximum
length Lmax. The term W (n)

1,2(t) indicates a random force representing the Brownian
motion of particles in the solvent fluid, which obeys Gaussian statistics with a white-
in-time correlation of

〈W (n)
α,i (t)〉 = 0, (2.4)

〈W (m)
α,i (t)W

(n)
β,j (s)〉 = δαβδijδmnδ(t − s), (2.5)

where 〈· · ·〉 denotes the ensemble average, and the subscript variables α, β, i, j, n
and m take the values (α, β) = 1 or 2, (i, j) = 1, 2 and 3, and (n,m) = 1, 2, . . . ,Nt.
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Here δij denotes the Kronecker delta and δ(t) is the Dirac delta function. The constants
τ and req, defined by

τ = ζ

4k
(2.6)

and

req =
√

kBT

k
, (2.7)

are the relaxation time and the equilibrium length of the dumbbell under u(x, t) = 0.
Here k is the spring constant, ζ = 6πνsρsa (νs and ρs are, respectively, the kinetic
viscosity and the density of the solvent fluid), and kB and T are the Boltzman constant
and temperature, respectively.

The turbulent velocity field obeys the continuity equation for an incompressible fluid

∇ ·u= 0, (2.8)

and the NS equations

∂u
∂t
+ u ·∇u=−∇p+ νs∇2u+∇ : T p, (2.9)

where p(x, t) is the pressure field. Here, the density of the solvent fluid is set to unity
and equal to that of the beads representing the polymer (ρs = ρp = 1) and T p(x, t)
is the polymer stress tensor due to the force acting on the fluid from the dispersed
dumbbells. It is defined by

Tp
ij(x, t)= νsη

τ

(
L3

box

Nt

) Nt∑
n=1

[
R(n)i R(n)j

r2
eq

f

( |R(n)|
Lmax

)
− δij

]
δ(x− r(n)g ), (2.10)

where η ≡ (3req/4a)2ΦV is proportional to the volume fraction of the ensemble of
dumbbells ΦV ≡ (8πNt/3) (a/Lbox)

3. Because η is also represented by the zero shear
viscosity ratio of the polymer νp ≡ νsη to the solvent viscosity, this is related to the
parameter β, which is the ratio of the solvent to the total zero shear rate solution
viscosity β ≡ νs/(νs + νp), as β = 1/(1+ η). The derivation of (2.10) is summarized in
Appendix.

2.2. Parameter setting
In this section, we address how many dumbbells are required to produce a significant
turbulence modification. According to an experimental study using polyacrylamide
(Mp = 18 × 106 a.m.u.), the number of polymers per box with volume l3

K , where lK is
the Kolmogorov length scale defined by (3.6), can be estimated to be NK = 3.6 × 106

for the case of a Rλ ' 50 and a 5 ppm polymer solution inferred from the
data in Ouellette et al. (2009). Therefore, the total number of polymers in the
computational box is estimated to be Nt = NK (Lbox/lK)

3 = O(1013) when the DNS
condition (1x= lK) necessary for better convergence of small-scale statistics is applied
(Watanabe & Gotoh 2007). The number Nt = O(1013) is very large, even when using
a state-of-the-art supercomputer. Thus, an approximate method is required to represent
the interaction between the fluid motion and polymer dynamics. We propose that Nt

can be represented by Nt = bÑt, where Ñt indicates the total number of dumbbells
in computation and b is an artificial parameter representing the number of replicas
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per dumbbell. Under this assumption, the polymer stress tensor is approximated
by replacing Nt in (2.10) by Ñt. The effect of the parameter b enters η through
the volume fraction ΦV as ΦV = b(8πÑt/3) (a/Lbox)

3. This kind of assumption has
been introduced previously for the two-way coupled simulation of a solid-particle
suspension in homogeneous turbulence (Bosse, Kleiser & Meiburg 2006) and will be
examined in § 6.

The dumbbell parameters req, a and Lmax are determined using experimental
parameters under a fixed lK (Ouellette et al. 2009), in which the radius of gyration
is Rg = 0.5 µm and Lmax = 77 µm for a polyacrylamide polymer solution. We then
evaluate Lmax/lK = 0.3, req/lK = 3.0 × 10−3, and a/lK = (3ΦV/4πNK)

1/3 = 7.0 × 10−5,
where we used the relationship req '

√
2Rg for a Gaussian chain and lK ' 280 µm

when Rλ = 50.
The Weissenberg number Wi controls the elastic nature of the polymer model, and is

defined by

Wi = τ

τK
, (2.11)

where the Kolmogorov time scale τK is defined by (3.7) using the zero polymer case.

3. Numerical simulations
The DNSs of (2.8) and (2.9) are performed in a periodic box with periodicity Lbox =

2π using the pseudo-spectral method in space and the second-order Runge–Kutta
method in time. The number of grid points of the DNSs is set to N3 = 1283 for
all runs except Run F which has a finer spatial resolution (N3 = 2563). The initial
conditions of the velocity field are randomized, obeying Gaussian statistics, with an
energy spectrum of

E(k, 0)= 16

√
2
π

(
u2

0

k0

)(
k

k0

)4

exp

(
−2
(

k

k0

)2
)

(u0 = 1, k0 = 2), (3.1)

as used by Fukayama et al. (2000) and Gotoh et al. (2007). Here E(k, t) is defined
using the Fourier coefficient u(k, t) of the Fourier series expansion of u(x, t) as

E(k, t)≡
′∑
k

1
2
|u(k, t) |2, (3.2)

where
∑′

k means the summation over the spherical shell within k−1/2< |k|6 k+1/2.
The Taylor microscale Reynolds number is defined by

Rλ(t)≡
√

2E(t)

3
λ(t)

νs
, (3.3)

where E(t) and λ(t) are the kinetic fluid energy per unit volume

E(t)= 1
V

∫
V

1
2
u (x, t)2 dx≡ 1

2
〈u2〉V (3.4)
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and the Taylor microscale

λ(t)= 〈u2
1〉1/2V〈(

∂u1

∂x1

)2
〉1/2

V

, (3.5)

respectively. The initial value of Rλ is Rλ(0) = 52. The Kolmogorov length and time
scales, lK(t) and τK(t), are respectively defined by

lK(t)=
(
ν3

s

ε(t)

)1/4

, (3.6)

τK(t)=
(
νs

ε(t)

)1/2

, (3.7)

where ε(t) is the mean energy dissipation rate per unit mass

ε(t)= νs 〈(∇u)2〉V . (3.8)

Here lK and τK are evaluated using the maximum value εmax of ε(t) in the one-way
coupled case, and they are used to determine several parameters. Here lK(t) was
always larger than the grid spacing 1x, i.e. the velocity field is adequately resolved at
small scales.

Initially, the dumbbells are uniformly and randomly distributed over the
computational domain. The initial configuration of each dumbbell is set by R(m)(0) =√

3reqn(m), where n(m) is the random unit vector, which is isotropically distributed.
Time integration of (2.1) and (2.2) is performed by a similar method to that proposed
by Celani et al. (2005b), where the velocity components at each bead position are
interpolated using a TS13 scheme (Yeung & Pope 1988). A multi-time step is used for
the temporal evolution of R(n)(t), where the time increment 1tp for R(n)(t) is chosen by
1tp = 1tDNS/Nfine when |R(n)(t)| > 0.9Lmax, while 1tp = 1tDNS for |R(n)(t)| < 0.9Lmax.
Here Nfine is the number of sub-steps with a finer time increment and is appropriately
chosen for the sake of stable numerical integration when Wi is large. This requires a
greater computational cost.

Parallel computations are performed to evaluate the convection and deformation of
the dispersed dumbbells. The program is parallelized by using the message passing
interface (MPI). The maximum number of MPI processors is 256. The total number
of dumbbells, Ñt, is divided into M groups, with each group assigned one processor
that computes their temporal evolution. One processor is also assigned to perform the
DNS of the solvent fluid, i.e. we use M + 1 processors for the total system. The field
data of the fluid velocity u(x, t) from the process dedicated to the time integration of
the turbulence is transferred to all of the other M processes for the computation of the
polymers. The reaction of the polymers is evaluated as follows.

(a) The polymer stress field T p
m(x) (m = 1, . . . ,M) is computed according to (2.10) in

each processor.
(b) These are gathered by the processor (m = 0) for the turbulence DNS and summed

as T p(x)=∑M
m=1T

p
m(x).

(c) The obtained T p(x) is incorporated into the DNS of the NS equations.

In step (a), because the centre-of-mass vector r(n)g for each of the dumbbells is not
on the grid points for the DNS computation, we need an approximate expression
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Ñt (×109) b (×105) ΦV(×10−4) η β Wi τ

Run A 1.008 0.9 2.02 0.2090 0.827 5 0.981
Run E1 0.504 0.9 1.01 0.1045 0.905 5 0.981
Run E2 1.008 0.9 2.02 0.2090 0.827 5 0.981
Run E3 2.016 0.9 4.04 0.4180 0.705 5 0.981
Run W1 0.504 0.9 1.01 0.1045 0.905 1 0.196
Run W2 0.504 0.9 1.01 0.1045 0.905 25 4.903
Run L 0.126 7.2 2.02 0.2090 0.827 5 0.981
Run H 8.064 0.1125 2.02 0.2090 0.827 5 0.981
Run F 1.008 0.9 2.02 0.2090 0.827 5 0.981

TABLE 1. Parameters for the DNS of decaying turbulence and Brownian dynamics
simulation for dispersed dumbbells. Run A refers to the one-way coupled case. Run F
has the same physical parameters as Run E2 but is performed using 2563 grid points.

instead of (2.10). The delta function in (2.10) is approximated by the weight function
δ1(x − r(n)g ) used for the linear interpolation scheme (Prosperetti & Tryggvason 2007).
This is expressed by

δ1(x− r(n)g )= d1(x1 − r(n)g,1)d1(x2 − r(n)g,2)d1(x3 − r(n)g,3), (3.9)

with

d1(x)=


1
1

(
1− |x|

1

)
(|x|61)

0 (|x|>1)
(3.10)

where 1 was chosen by the grid spacing 1x.
The elastic nature of the dumbbell is controlled by Wi, and the concentration of

the polymer solution is determined by η. We performed a series of simulations as
follows: (i) η dependence for fixed Wi; (ii) Wi dependence for fixed η; and (iii) Ñt

dependence for fixed Wi, η and Nt. The third case is performed to evaluate the validity
of the replica assumption, which is used in constructing the polymer stress tensor. The
parameters used for the simulations are summarized in table 1.

4. Modification of decaying isotropic turbulence
Before presenting our numerical results, we discuss the fundamental nature of

decaying isotropic turbulence with polymer additives. A similar discussion is found
in a previous paper by Cai et al. (2010) for the case of the FENE-P model.

A fundamental quantity of decaying turbulence is the kinetic fluid energy per unit
volume E(t), which is defined by (3.4). The temporal evolution of E(t) is derived from
(2.9) as

dE

dt
=−ε(t)− εp(t). (4.1)

The term εp(t) represents the polymer effects on the energy decay, which is defined by

εp(t)= 〈∂iujT
p
ij〉V = 〈SijT

p
ij〉V, (4.2)

where Sij = (∂iuj + ∂jui)/2. This term originates from the polymer stress field added to
the NS equations and contributes to the energy exchange between the turbulence and
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the ensemble of dumbbells. In order to understand the role of εp(t), we consider the
variation of the elastic energy U(t) of the ensemble of dumbbells, defined by

U(t)=−νsη

2τ

(
Lmax

req

)2 1
Nt

Nt∑
m=1

ln

[
1−

( |R(m)(t)|
Lmax

)2
]
. (4.3)

The time evolution is expressed as

d
dt

U(t)= ε′p(t)− εS(t)+ εB(t), (4.4)

where εS(t) and εB(t) are defined as

εS(t)= νsη

2 (τ req)
2

1
Nt

Nt∑
m=1

(
R(m)f

( |R(m)|
Lmax

))2

, (4.5)

εB(t)= νsη√
2τ 3req

1
Nt

Nt∑
m=1

R(m)α δw(m)
α f

( |R(m)|
Lmax

)
. (4.6)

The terms εS and εB are the work done by the elastic force and the work done by the
thermal agitation, respectively.

The term εS(t) works to suppress the increase of elastic energy due to the elastic
force among the beads because of εS(t) > 0. Here εB(t) is expected to be smaller than
ε′p(t) because we are considering the case of stretching dumbbells. The term ε′p(t) is
defined by

ε′p(t)=
νsη

τ r2
eq

1
Nt

Nt∑
m=1

(uα(x
(m)
1 )− uα(x

(m)
2 ))R(m)α f

( |R(m)|
Lmax

)
. (4.7)

Note that ε′p(t) = εp(t) (4.2) because of Newton’s third law. If ε′p(t) > 0, the ensemble
of dumbbells absorbs kinetic energy from the fluid motion, while for ε′p(t) < 0, the
elastic energy stored in the ensemble of dumbbells is released and transferred to
the fluid. If the fluid motion plays only a minor part in the dumbbell dynamics,
as is the case for Wi � 1, we expect ε′p(t) ' 0. In this case, the dumbbells remain
in a thermal equilibrium state, yielding the expected values of U(t) ' 3νsη/2τ and
εS(t)= εB(t)' 3νsη/2τ 2.

The above discussion indicates that the effect of polymer additives on the energy
decay originates from: (i) removing/adding energy from/to the turbulent flow via εp(t);
and (ii) the modification of ε(t) itself by the polymer additives. The modification in
the second case is further examined by considering the equation of motion for the
enstrophy Eω(t)= 〈ω2〉V /2 with ω =∇×u because of ε(t)= 2νsEω(t) for the isotropic
turbulence. From (2.9) we have

d
dt

Eω(t)= 〈ω · (ω ·∇u)〉V +〈(∇ × ω) · (∇ : T p)〉V −νs 〈(∇ω)2〉V, (4.8)

where the first term of the right-hand side (RHS) of (4.8) originates from the vorticity-
stretching term, which increases or decreases vorticity through the rate of strain tensor.
Polymer effects appear directly in the second term and the third term represents the
enstrophy dissipation by the viscosity which is always negative. If the statistics of the
turbulent field is isotropic, the relationship

〈ω · (ω ·∇u)〉V =− 7
3

√
2
15 S(t)Eω (t)

3/2 (4.9)
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is satisfied for the period of decay, where S(t) is the normalized third-order moment
(skewness) of the longitudinal velocity derivative ∂u1/∂x1 defined by

S(t)=

〈(
∂u1

∂x1

)3
〉

V〈(
∂u1

∂x1

)2
〉3/2

V

. (4.10)

The sign of S(t) directly relates to the increase or decrease of the enstrophy, where
S(t) < 0 and > 0 enhances and inhibits the production of enstrophy, respectively.
However, if we consider the high-Reynolds-number case for decaying turbulence
without polymer additives, dimensional analysis predicts that the first term of the
RHS of (4.8) balances with the third term (Tennekes & Lumley 1972), implying
that the mean enstrophy is almost unchanged. When we consider the high-Reynolds-
number case with polymer additives, the situation becomes more complicated, and the
evolution of Eω(t) when the polymers are present should be examined by exploring the
contributions of all of the terms in (4.8). We discuss the effects of polymer additives
on the behaviour of enstrophy by investigating the contributions of the terms in the
RHS of (4.8) to the enstrophy production or inhibition through changes in η and Wi.

The statistical nature of the ensemble of dumbbells is characterized by the
probability density function (p.d.f.) of the end-to-end distance |R(n)(t)|, which is
defined by

P(R, t)= 1
Nt

Nt∑
n=1

δ(R− |R(n)(t)|). (4.11)

Theoretical analysis predicts a power-law decay of P(R)∼ R−1+β with β dependent on
Wi and the spatial dimensions (Balkovsky et al. 2000; Chertkov 2000; Thiffeault 2003;
Afonso & Vincenzi 2005; Celani et al. 2005a). The coil–stretch transition occurs at
the critical Wi value in isotropic steady turbulence (Watanabe & Gotoh 2010) with the
p.d.f. form characterized by β = 0, i.e. P(R) ∼ R−1 in the range req� R� Lmax. It is
appropriate to investigate the coil–stretch transition for the case of steady turbulence
because the dumbbells’ statistics for various values of Wi are well-defined irrespective
of the time. Here, we discuss only changes in the p.d.f. by varying the parameters η
and Wi during a period of decay.

It is interesting to see how polymer additives modify the behaviour of E(k, t). Since
the Reynolds number for the turbulent system discussed here (Rλ < 50) is as low as
Rλ < 50, there is no inertial range. The evolution equation for E(k, t) is

∂

∂t
E(k, t)=−2νsk

2E(k, t)+ T(k, t)+ Tp(k, t), (4.12)

where T(k, t) is the energy transfer function, and the term Tp(k, t) is due to the
polymers. From the definition, we must have

∫∞
0 T(k, t) dk = 0 and

∫∞
0 Tp(k, t) dk =

−εp(t). We investigate how T(k, t) and Tp(k, t) contribute to the energy budget in the
wavenumber space and how they depend on the parameters η and Wi.
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FIGURE 1. (Colour online) Effect of η on the temporal evolution of the kinetic energy E(t)
for: (a) a linear plot; and (b) a log–log plot.

We define several scales to characterize the turbulent motion. The largest scale of
turbulent motion is represented by the integral scale L(t), which is defined by

L(t)= 3π
4E(t)

∫ ∞
0

k−1E(k, t) dk. (4.13)

The Kolmogorov length scale lK(t) (3.6) defines the smallest scale in the turbulence.
The Taylor microscale λ(t) (3.5) is also a characteristic scale of the turbulence. In
general, we have L(t) > λ(t) > lK(t) for the DNS of isotropic turbulence. Because we
are considering polymer-laden flow, the relaxation time of a dumbbell, τ , introduces an
additional characteristic length. This is referred to as the Lumley scale lL(t) (Lumley
1973) and is defined by

lL(t)= (τ 3ε(t))
1/2
. (4.14)

The Lumley scale represents the scale at which the characteristic time in the inertial
range (∼ε−1/3r2/3) equals τ . Note that lL is also represented in terms of lK as
lL(t) = (νsτ)

3/2 / (lK(t))
2 = (W∗i (t))3/2 lK(t) by using (3.6) and (4.14), where we define

the instantaneous Weissenberg number by W∗i (t) ≡ τ/τK(t). Typical values of the
above-mentioned length scales are summarized in table 2.

5. Results
5.1. Concentration effects

In this section, we examine how a turbulent flow with polymer additives is modified
by changing the parameter η for fixed Wi (=5). Hereafter, we use the non-dimensional
time t∗ defined as t∗ = tu0k0.

Figure 1 shows the temporal evolution of the kinetic fluid energy E(t) for a one-way
simulation (Run A), η = 0.1045 (Run E1), η = 0.2090 (Run E2) and η = 0.4180
(Run E3). It is found that the kinetic energy monotonically decays with time, and the
rate of decay increases with η. We also observe a near power-law decay behaviour
(E(t) ∼ t−γ ) in the later time of figure 1(b), with the exponent γ increasing with η.
Figure 2 presents the temporal evolutions of: (a) the energy dissipation rate ε(t); and
(b) the energy transfer εp(t) caused by the polymer additives. The peak positions for
each ε(t) curve are at around t∗ ' 2 and ε(t) decays with time for t∗ > 2 irrespective
of η. The decay of ε(t) becomes faster for larger η. For various values of η, the
peak positions of εp(t) are located at later times (t∗ = 3 ∼ 5) than those of ε(t).
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FIGURE 2. (Colour online) Effect of η on the temporal evolution of: (a) the energy
dissipation rate ε(t); and (b) the energy transfer εp(t) by polymer additives. Note that
εp(t)= ε′p(t) for Run E3.
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FIGURE 3. (Colour online) Effect of η on the temporal evolution of (a) the elastic energy
U(t) and (b) the rate of loss of the elastic energy εS(t).

Moreover, εp(t) increases with η, suggesting enhanced energy extraction from the
turbulent motion for larger concentrations, as shown in figure 1. Note that the equality
εp(t) = ε′p(t) holds in Run E3. The observed responses of E(t) and ε(t) suggest
that the extended dumbbells significantly affect the turbulent motion over all scales,
qualitatively consistent with the DNS results previously obtained by using the FENE-P
model (Perlekar et al. 2006; Cai et al. 2010).

Figure 3 compares the curves for: (a) the elastic energy U(t); and (b) the loss
of elastic energy εS(t). For two-way cases when E(t) decreases with time, the
corresponding U(t) increases from its initial value for times up to t∗ ' 5. This
demonstrates the energy transfer from the turbulent motion to the ensemble of
dumbbells due to εp(t). The elastic energy increases with η for two-way cases,
although that of the one-way case is the largest among these calculations. The
passively advected dumbbells (Run A) are more stretched than the two-way cases,
resulting in more elastic energy being stored. This is due to the lack of back reaction
on the fluid motion, which plays a role in decreasing the turbulence kinetic energy,
leading to suppression of dumbbell extension. This observation is also consistent with
the results of DNSs using the constitutive equations (Eckhardt et al. 2002; Perlekar
et al. 2006). It is interesting to note that the peak positions of both εS(t) and U(t)
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FIGURE 4. (Colour online) Effect of η on the temporal evolution of: (a) the Taylor micro-
scale Reynolds number Rλ(t); and (b) the integral and Lumley length scales divided by the
Kolmogorov length scale, L(t)/lK(t) and lL(t)/lK(t), respectively.

remain almost unchanged when η is varied. The time tp defined as dU(tp)/dt = 0 gives
εS(tp) ' ε′p(tp). At around tp, the gain of elastic energy through the fluid motion is
balanced with the losses due to the elastic force.

Figure 4 shows the temporal evolutions of: (a) the Taylor micro-scale Reynolds
number Rλ(t); and (b) the integral and Lumley length scales divided by
the Kolmogorov length scale, L(t)/lK(t) and lL(t)/lK(t), respectively. Here Rλ(t)
monotonically decays with time, and its behaviour is almost insensitive to changes
in η. At the end of the simulated time (t∗ = 20), Rλ ' 10, irrespective of η. Similar
behaviour for the scale ratio L(t)/lK(t) is also observed in figure 4(b). Conversely, the
ratio lL(t)/lK(t) decreases with increasing η, and all two-way cases are below unity for
t∗ > 12. The behaviour of lL(t)/lK(t) implies that the mean elongation of the dumbbells
is reduced when η is increased, and that the dumbbell dynamics does not largely affect
the turbulent motion for t∗ > 12.

Figure 5 presents the temporal evolutions for: (a) 〈ω · (ω ·∇u)〉V ; (b)
〈(∇ × ω) · (∇ : T p)〉V ; (c) −νs 〈(∇ω)2〉V ; and (d) the sum of all terms in (a–c) for
several values of η, as well as a one-way case. From figure 5(a), it is confirmed
that 〈ω · (ω ·∇u)〉V is positive over the entire time region irrespective of η, indicating
the contribution to the production of enstrophy. The term 〈ω · (ω ·∇u)〉V attains its
maximum value at around t∗ = 1, irrespective of η, and gradually decreases with
time for t∗ > 1. The decay becomes faster for larger η, meaning that the enstrophy
production is suppressed by polymer additives. We will return to this point in a
later section. Figure 5(a) also suggests a negative skewness factor S(t) during the
time evolution, which decreases with increasing η (figure not shown). Interestingly
in figure 5(b), 〈(∇ × ω) · (∇ : T p)〉V is positive for t∗ > 3, with a maximum value at
around t∗ = 5 which is larger than 〈ω · (ω ·∇u)〉V in Runs E2 and E3 at the same
time. This indicates that on average, the polymer stress produces the enstrophy after
t∗ = 3, and the production of it increases with η. The term −νs 〈(∇ω)2〉V shows a
similar η-dependence to that of the vorticity stretching term when t∗ < 3, as shown in
figure 5(c). For t∗ > 3 the amplitude of the enstrophy dissipation decreases with time,
and the decay is slower than that of the vorticity stretching amplitude irrespective of
η. Also, the temporal evolutions of the sum of all terms in the RHS of (4.8) show
that the increase/decrease rate of enstrophy is insensitive to the variation of η. They
are negative for t∗ > 2, where the curve for the one-way case deviates from the others.
These observations indicate that the effect of polymer additives on the decay of ε(t)
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FIGURE 5. (Colour online) Comparison of the temporal evolutions of the terms in the RHS
of (4.8): (a) 〈ω · (ω ·∇u)〉V ; (b) 〈(∇ × ω) · (∇ : T p)〉V ; (c) −νs 〈(∇ω)2〉V ; and (d) the sum of
all terms in (a–c) for several values of η.
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FIGURE 6. (Colour online) Comparison of the p.d.f. behaviour of the fluctuations of the
local energy dissipation rate ε̃(x, t) for various η using (a) bare variables and (b) normalized
variables.

for t∗ > 2 is mostly due to the increase of the amplitude of the polymer stress and the
decrease of the amplitude of the vorticity stretching. However, the contribution of the
enstrophy dissipation term to the decay of Eω(t) is strongest among the three, leading
to a greater dissipation reduction for larger η.

A reduction in the energy dissipation rate is also clearly shown in the behaviour
of the p.d.f. of the local energy dissipation ε̃(x, t) = 2νsSijSij, shown in figure 6 at
t∗ = 8. In figure 6(a), the probability of finding an intense value of ε̃(x, t) decreases
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FIGURE 7. (Colour online) Comparison of the p.d.f. behaviour for fluctuations of the local
production/inhibition rate ε̃p(x, t) of the turbulence kinetic energy due to the polymer stress
for various η cases using (a) bare variables and (b) normalized variables.

with increasing η. Thus, the polymer additives reduce not only the mean value of
the energy dissipation, but also the entire intensity of the fluctuations. An interesting
observation in the behaviour of the normalized p.d.f. is shown in figure 6(b). The
p.d.f. curves almost collapse onto a single curve, irrespective of η, for (ε − ε̄)/σε < 6.
Similar results could be observed for the data at different times. We therefore assert
that although the behaviour of the p.d.f. itself is affected by polymer additives, its
functional form when it is normalized is robust for the variations of η considered
here. These results are consistent with those obtained by DNSs of the FENE-P model
(Perlekar et al. 2010), and are similar to experimental observations examining the p.d.f.
of vorticity fluctuations (Liberzon et al. 2005, 2006) and fluid particle accelerations
(Crawford et al. 2008).

The p.d.f. behaviour of the local value of εp(t), ε̃p(x, t)= SijT
p
ij , is shown in figure 7.

The resulting curves are positively skewed, indicating that on average, the polymers
remove the kinetic fluid energy from the turbulent motions. This is consistent with the
observation that the polymer additives enhance the kinetic energy decay, as previously
shown in figure 1. We also observe that the one-way case is skewed more than
the two-way cases because of the lack of the back reaction to fluid motion. The
normalized p.d.f. in figure 7(b) also indicates that the p.d.f. form for the positive
region is insensitive to variations in η. The p.d.f. form in the negative region, where ε̃p

contributes to the energy transfer from the ensemble of dumbbells to the fluid motion,
depends on η, and the p.d.f. tail becomes longer as η increases.

Next, we investigate the temporal evolutions of the p.d.f. for the end-to-end distance
|R(n)|/Lmax of the dumbbell. These are shown in figure 8 for Runs A, E1, E2 and E3
with (a) t∗ = 2, (b) t∗ = 4 and (c) t∗ = 8. Figure 8(d) presents the temporal variation
of the mean dumbbell extension 〈|R(n)|〉 normalized by Leq ≡

√
3req. Figure 8(a) shows

only slight changes in the curves as η is varied, and the peak positions of the p.d.f. are
located near zero, indicating negligible reaction to turbulent flow when t∗ 6 2. As time
progressed beyond t∗ = 2, the dumbbells are stretched. At t∗ = 4, a few dumbbells
reach values close to Lmax, and more stretched dumbbells appear for lower values of
η. After t∗ ' 6, the dumbbells begin to shrink toward their equilibrium length, as
shown in figure 8(c,d). In this process, the shorter tail of the p.d.f. for larger η can be
explained by the fact that the strong velocity gradient fluctuations become increasingly
suppressed as η increases, as shown in figures 2 and 6. Because the reaction of the
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FIGURE 8. (Colour online) Effect of η on the temporal evolution of the polymer extension
p.d.f., P(r, t), normalized by the maximum extension length Lmax for (a) t∗ = 2, (b) t∗ = 4 and
(c) t∗ = 8 and (d) the temporal evolution of the mean dumbbell extension 〈|R(n)|〉 divided by
Leq =

√
3req.

ensemble of dumbbells to the turbulent motion leads to a decrease of the turbulence
intensity, the suppression of the dumbbell extensions as η increases is reasonable.

It is interesting to note that the mean end-to-end distance of the ensemble of
dumbbells continues to grow even after the energy dissipation rate peaks, where |R(n)|
attains a maximum in the decay regime of ε(t) (figure 2a). This fact represents
the importance of the persistence of velocity gradient fluctuations experienced by
the dumbbells for their stretching efficiency, which is inferred from the Lagrangian
correlation time of ∇u (∼4τK by Watanabe & Gotoh (2010)). This was also confirmed
in our previous study (e.g., figure 16 in Watanabe & Gotoh (2010)).

To observe the turbulence modifications in more detail, we investigate the behaviour
of the kinetic energy spectrum E(k, t) normalized as

E(k, t)= ε (t)2/3 lK (t)
5/3 F(klK(t), tu0k0, η), (5.1)

where F is a non-dimensional function depending on k, t and η. Figure 9 compares
the spectra for Runs A, E1, E2 and E3 at several times (a) t∗ = 2, (b) t∗ = 4, (c)
t∗ = 8 and (d) t∗ = 16. Figure 9(a) shows that the spectra are not modified by the
polymer additives except for the far tails. After t∗ = 2, at which ε(t) begins to decay,
the deviation of the curves for the two-way cases from that of the one-way case
(Run A) grows in the spectral tail. Interestingly, the normalized spectra given by
(5.1) almost collapse onto a single curve for wavenumbers klK(t) < 1, irrespective of
η. That is, F(klK(t), tu0k0, η) = F̃(klK(t), tu0k0) for klK(t) < 1. For the final period of
decay (t∗ > 8), spectral modification is observed over the entire wavenumber range
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FIGURE 9. (Colour online) Comparison of the kinetic energy spectrum E(k, t) normalized
using the Kolmogorov scaling for Runs A, E1, E2 and E3 with (a) t∗ = 2, (b) t∗ = 4, (c) t∗ = 8
and (d) t∗ = 16.

when plotting E(k, t) itself (figure not shown), as demonstrated earlier by the DNS of
the FENE-P equation (Vaithianathan & Collins 2003; Perlekar et al. 2006; Cai et al.
2010). These results suggest that the spectral form normalized by the Kolmogorov
unit is not affected by the polymer additives as far as the low wavenumber range
is concerned. This mirrors the robustness of the p.d.f. form for ε̃, shown previously
in figure 6(b). Figure 9 also matches experimental observations for grid-generated
turbulence (McComb et al. 1977), where the dimensionless energy spectra of turbulent
polymer solution flow with low concentration were almost unchanged. On the other
hand, McComb et al. (1977) observed that the dissipation range spectra for higher
concentrations (more than 250 ppm) showed noticeable attenuations. This raises the
question of how the curves in figure 9 would be further modified by even higher
concentrations than those considered here.

Figure 10 shows the non-dimensional energy transfer function T̂(k, t) ≡
T(k, t)/ε(t)lK(t) at (a) t∗ = 4 and (b) t∗ = 8 for various values of η. For t∗ = 4, all
of the curves collapse onto a single curve, suggesting that at the beginning of the
decay, the polymer effects are negligible for the energy transfer. However at the later
time (t∗ = 8) they appear to suppress the extraction of kinetic energy in the small
wavenumber range, with an increase of η.

The behaviour of the non-dimensional transfer function T̂p(k, t) ≡ Tp(k, t)/ε(t)lK(t)
originating from the polymer additives is also compared in figure 11 at (a) t∗ = 4
and (b) t∗ = 8. In both cases, T̂p(k, t) is negative for wavenumbers klK(t) < 1 and
almost zero for klK(t) > 1. This implies that the polymer additives behave as kinetic
energy reducers in the spectral equation for wavenumbers klK(t) < 1. Moreover, their
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FIGURE 10. (Colour online) Energy transfer function T(k, t) normalized by ε(t)lK(t) versus
klK(t) for various η: (a) t∗ = 4; and (b) t∗ = 8.
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FIGURE 11. (Colour online) Polymer contribution to the energy transfer Tp(k, t) normalized
by ε(t)lK(t) versus klK(t) for various η: (a) t∗ = 4; and (b) t∗ = 8.

amplitudes increase with η, leading to a larger energy reduction rate. This observation
is also consistent with the effect of η on the temporal evolution of the kinetic energy
E(t) shown in figure 1.

The results of figures 10 and 11 show that although the length of each dumbbell
is comparable to or smaller than lK , their ensemble generates strong effects on the
dynamics of turbulence on a scale much larger than lK . We will return to this point in
§ 5.3.

5.2. Weissenberg number effects
In this subsection, we examine the degree of turbulence modification caused by
changes in the Weissenberg number Wi under fixed η(=0.1045). Because a large
Wi can lead to highly stretched dumbbells, the resulting turbulence modification may
be similar to the η-dependence presented in the previous subsection.

Figure 12 shows the temporal evolutions of E(t) for Wi = 1, 5, and 25 (Runs W1,
E1 and W2, respectively). The E(t) curves collapse onto a single curve for t∗ < 4. For
t∗ > 4, the decay rate increases with Wi. As shown in figure 12(b), the exponent of the
near power-law decay of E(t) in this range is clearly dependent on Wi.

The temporal evolutions of the energy dissipation rate ε(t) and the energy transfer
rate εp(t) due to the polymer additives are shown in figure 13 for various values
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FIGURE 12. (Colour online) Effect of Wi on the temporal evolution of the kinetic energy E(t)
for (a) a linear plot and (b) a log–log plot.
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FIGURE 13. (Colour online) Effect of Wi on the temporal evolution of (a) the energy
dissipation rate ε(t) and (b) the energy transfer by polymer additives εp(t).

of Wi. The peak values of ε(t) for larger Wi are close to that of the one-way case (cf.
figure 2a). This is caused by the small number of stretched dumbbells until t∗ ' 2, as
will be shown later in figure 19(a). Because the factor 1/τ is contained in Tp

ij , the back
reaction to the fluid motion is reduced when Wi is larger and |R(n)| is much smaller. A
stronger reduction of the energy dissipation for larger Wi can be clearly seen for t∗ > 4,
where the amplitude of εp(t) increases with Wi, indicating that the energy transfer from
the turbulence to the ensemble of dumbbells is enhanced with an increase of Wi. We
also confirm ε′p(t)= εp(t) for Run W2, as shown in figure 2(b).

Figure 14 compares the curves for the elastic energy U(t) and the loss of elastic
energy εS(t) for several values of Wi. The increases in U(t) are dependent on the value
of Wi. The time at which U(t) reaches its peak value increases with Wi. This means
that the delay of energy transfer from the turbulence to the ensemble of dumbbells
becomes significant when Wi is increased. Because a larger Wi means a smaller 1/τ ,
it is plausible that the polymer stress term with |R(n)| ∼ Leq contributes less to the
energy exchange. When the many dumbbells are fully stretched, the polymer stress
contributes significantly to the energy exchanges even when 1/τ is much smaller,
leading to the increase of U(t). The elastic energy for Wi = 1 is almost unchanged
beyond the decay of E(t); thus, the dumbbell motion is not greatly affected by the
fluid motion, and the energy transfer from the turbulence to the ensemble of dumbbells
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FIGURE 14. (Colour online) Effect of Wi on the temporal evolution of (a) the elastic energy
U(t) and (b) the rate of loss of the elastic energy εS(t).
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FIGURE 15. (Colour online) Effect of Wi on the temporal evolution of (a) the Taylor
micro-scale Reynolds number Rλ(t) and (b) the integral and Lumley scales (L(t) and lL(t))
normalized by the Kolmogorov length scale lK(t).

is not significant for Wi 6 1. This also suggests that U(t) is close to its equilibrium
value of U = 3νsη/2τ = 1.36 × 10−2, consistent with the value of the curve in the flat
region in figure 14(a). For Wi = 25, there is active energy transfer by εp(t), leading
to a significant increase in U(t). The behaviour of εS(t) shows that the loss of elastic
energy for Wi = 1 is larger than that for other values of Wi. Because the dumbbells
are not sufficiently stretched when Wi = 1 and εS(t) is proportional to τ−2, it is
plausible that εS(t) becomes larger for smaller Wi. The nearly constant values of εS(t)
for t∗ = 20 can be estimated by its equilibrium value of εS = 3νsη/2τ 2 = 6.93 × 10−2,
which is consistent with our results in figure 14(b).

Figure 15 shows the temporal evolutions of (a) the Taylor microscale Reynolds
number Rλ(t) and (b) the integral and Lumley length scales L(t) and lL(t) normalized
by lK(t) for various Wi. Here Rλ(t) monotonically decays with time and behaves the
same for both Wi = 1 and 5. The curve of Wi = 25 deviates from the others for
t∗ > 5, with significantly different values at the end point of the simulation (t∗ = 20),
where Rλ ' 10 for Wi = 1 and 5 and Rλ ' 4 for Wi = 25. Thus, there is a clear
difference between the nature of the turbulence decay for Wi = 25 and the other
cases. In figure 15(b), the scale ratio L(t)/lK(t) decreases with time, and the decay of
Wi = 25 is slightly faster than for the other cases. Conversely, the scale ratio lL(t)/lK(t)
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FIGURE 16. (Colour online) Comparison of the temporal evolutions for the terms in the RHS
of (4.8): (a) 〈ω · (ω ·∇u)〉V ; (b) 〈(∇ × ω) · (∇ : T p)〉V ; (c) −νs 〈(∇ω)2〉V ; and (d) the sum of
all terms in (a–c) for several values of Wi.

shown in figure 15(b) varies with Wi. This is caused by the difference of the values
of τ for different Wi. For Wi = 1, the ratio lL(t)/lK(t) is smaller than unity for all
values of time, suggesting there are no significant dumbbell extensions. While for
Wi = 25, lL(t)/lK(t) remains larger than unity, even after the turbulence has decayed.
This implies that the influence of the ensemble of dumbbells on the turbulent motion
at the scales of lL is quite large when Wi is large.

Figure 16 compares the curves of; (a) 〈ω · (ω ·∇u)〉V ; (b) 〈(∇ × ω) · (∇ : T p)〉V ; (c)
−νs 〈(∇ω)2〉V ; and (d) the sum of the all terms in (a–c) for various values of Wi. The
behaviour of the curves are similar to those obtained for the case when η is varied
(figure 5). In figure 16(a), the enstrophy production due to the vorticity stretching
term attains its maximum value at around t∗ = 2, and decays with time for t∗ > 2,
where the enstrophy production decreases as Wi is increased. Note that the temporal
variation of 〈ω · (ω ·∇u)〉V is very similar to those of ε(t) (figure 13a). A noticeable
Wi-dependence is observed in the temporal variations of 〈(∇ × ω) · (∇ : T p)〉V in
figure 16(b). Here 〈(∇ × ω) · (∇ : T p)〉V is negative over the whole range of time
when Wi = 1, meaning that this term inhibits the enstrophy production. This is also
consistent with the DNS result obtained using the FENE-P model with Wi < 1 (Cai
et al. 2010). While for Wi = 5 and 25, this term is positive and attains a maximum
value at around t∗ = 5, and decays for t∗ > 5. Thus, the term 〈(∇ × ω) · (∇ : T p)〉V
contributes to the vorticity production in (4.8) when Wi is larger. Interestingly, the
growth of the enstrophy production by the polymer stress when Wi increases is
offset by a corresponding decrease of the enstrophy dissipation −νs 〈(∇ω)2〉V when Wi

increases, as shown in figure 16(c). Figure 16(d) also shows that, for t∗ > 2, dEω/dt is
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FIGURE 17. (Colour online) Comparison of the p.d.f. behaviour for fluctuations of the local
energy dissipation rate ε̃(x, t) for various Wi using (a) bare variables and (b) normalized
variables.
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FIGURE 18. (Colour online) Comparison of the p.d.f. behaviour for fluctuations of the local
production/inhibition rate ε̃p(x, t) of the kinetic energy due to the polymer stress for various
Wi using (a) bare variables and (b) normalized variables.

negative, and its amplitude gradually increases with Wi, indicating enstrophy inhibition
when t∗ > 2. These observations suggest that the modification of the decay rate of
enstrophy (or, alternatively, the energy dissipation rate) by polymer additives is mostly
due to the growth of the amplitudes of both 〈(∇ × ω) · (∇ : T p)〉V and −νs 〈(∇ω)2〉V
when Wi increases. An important finding is that the role of 〈(∇ × ω) · (∇ : T p)〉V for
the enstrophy production/inhibition changes with Wi, where this term works as an
enstrophy inhibitor in the lower Wi case. We infer that this nature is related to the
details of the coil–stretch transition of the ensemble of dumbbells which is observed at
around Wi = 4 (Watanabe & Gotoh 2010).

We next consider the Weissenberg number’s effects on the p.d.f. behaviour of ε̃
and ε̃p for various Wi. The results are presented in figures 17 and 18, respectively.
The probability of finding a large value of ε̃ decreases as Wi increases, indicating a
stronger energy dissipation reduction for larger Wi. However, the p.d.f. form for the
normalized variable is almost identical irrespective of Wi for (ε − 〈ε〉)/σε < 6, similar
to the result in figure 6(b). Berti et al. (2006) observed a collapse of the normalized
p.d.f. curves of the fluid acceleration over the entire intensity of fluctuations for
various Wi by using the simplified viscoelastic fluid model. If the Kolmogorov
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FIGURE 19. (Colour online) Effect of Wi on the temporal evolution of the polymer extension
p.d.f. P(r, t) normalized by the maximum extension length Lmax for (a) t∗ = 2, (b) t∗ = 4 and
(c) t∗ = 8 and (d) the temporal evolutions of the mean dumbbell extension 〈|R(n)|〉 divided by
Leq =

√
3req.

scaling is applied to the fluid acceleration a, |a| ∼ (ε̃3/νs)
1/4 holds, implying that

the statistical nature of |a| is closely related to that of ε̃. This suggests that the
present result is consistent with that by Berti et al. (2006). The p.d.f. tails for ε̃p in
figure 18(a) spread wider for larger Wi. Figure 18(b) also shows that the probability
of observing a negative value of ε̃p increases with Wi, even when normalized by their
standard deviation. This indicates the existence of a larger reaction of the ensemble of
dumbbells to the fluid motions when Wi is larger. The p.d.f. curves for the positive
value of ε̃p are almost overlaid on the same curve once the p.d.f.s are normalized.

Comparisons of the p.d.f. behaviour for the end-to-end distance of dumbbells for
various Wi are shown in figure 19 for (a) t∗ = 2, (b) t∗ = 4 and (c) t∗ = 8. The
p.d.f. tail is longer with increasing Wi for every time considered. For Wi = 25 at
t∗ = 4, there are a large number of dumbbells with stretched configurations close to
Lmax. In the decay regime of ε(t) (t∗ > 4), the fully stretched dumbbells shrink toward
their equilibrium states. This is clearly shown in figure 19(d), where the temporal
evolutions of the mean end-to-end distance of the dumbbells normalized by Leq are
plotted for various Wi. The mean dumbbell extension for Wi = 1 remains nearly Leq for
the entire time, indicating that there is no significant back reaction to the fluid motion.
For Wi = 25, the mean extension sharply increases until t∗ = 8, and then gradually
decays for t∗ > 8. A similar trend is observed in the behaviour of U(t), as seen in
figure 14(a).
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FIGURE 20. (Colour online) Comparison of the kinetic energy spectrum E(k, t) normalized
using the Kolmogorov scaling for Runs W1, E1 and W2 for (a) t∗ = 2, (b) t∗ = 4, (c) t∗ = 8
and (d) t∗ = 16.

Because the relaxation time τ is proportional to Wi under a fixed flow condition,
there are many dumbbells with stretched configurations for larger Wi, even when the
turbulence decays. The stretched dumbbells contribute to an increase in the polymer
stress field, leading to strong modifications not only in the dynamics in physical space
but also in the spectral dynamics. It is interesting to investigate how the polymer
effect is distributed over a wide range of length scales, and how the spectral dynamics
depends on Wi. We first investigate the effects of the Weissenberg number on the
spectral behaviour by comparing the kinetic energy spectrum E(k, t) for various values
of Wi. Figure 20 presents the resulting curves for (a) t∗ = 2, (b) t∗ = 4, (c) t∗ = 8 and
(d) t∗ = 16 normalized by the Kolmogorov scaling (5.1). The curves for t∗ = 2 and
4 collapse onto a single curve, irrespective of Wi except for their spectral tails. The
collapsing region observed at t∗ = 4 becomes narrower than for t∗ = 2, indicating that
the equilibrium range described in Kolmogorov theory shrinks as the time progresses.
Unlike the case for the η-dependence, the normalized spectrum does not collapse for
later times, even for smaller wavenumbers, and the deviation of the curve for Wi = 25
from the others is remarkable. It should be noted that the Wi dependence of the
spectral behaviour at the later times is similar to the DNS results of the FENE-P
model with isotropic steady turbulence (Perlekar et al. 2010). A DNS study using
the FENE-P model by Angelis et al. (2005) examined the behaviour of the second-
order structure function in the steady isotropic turbulence with polymer additives
by varying the Deborah number De (corresponding to Wi). They observed that the
fluctuations depleted at small-scales, but increased at large ones when De increased.
This observation is at variance with the results of the present case. We think that the
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FIGURE 21. (Colour online) Energy transfer function T(k, t) normalized by ε(t)lK(t) against
klk(t) for various Wi: (a) t∗ = 4; and (b) t∗ = 8.
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FIGURE 22. (Colour online) Polymer contribution to the energy transfer Tp(k, t) normalized
by ε(t)lK(t) against klk(t) for various Wi: (a) t∗ = 4; and (b) t∗ = 8.

effect of polymer additives on the statistics might be dependent on the details of the
large-scale natures such as whether the forcing mechanism exists. This calls for further
investigations for the case of steady turbulence with polymer additives using the hybrid
approach, which is a future subject of this study.

Figure 21 compares the curves for the energy transfer flux T(k, t) normalized by
ε(t)lK(t) (T̂(k, t)≡ T(k, t)/ε(t)lK(t)) for (a) t∗ = 4 and (b) t∗ = 8. The results of T̂(k, t)
collapse onto a single curve for t∗ = 4, corresponding to the spectral collapse shown
in figure 20(b) and indicating that the polymer effects are not significant for t∗ 6 4.
However, for t∗ = 8, the amplitude of T̂(k, t) for klK(t) < 0.3 decreases as Wi increases.
Thus, the suppression of the energy transfer rate by polymer additives increases with
Wi.

The contributions of the dumbbell dynamics to the spectral equation are examined
by investigating the behaviour of T̂p(k, t) ≡ Tp(k, t)/ε(t)lK(t), which is plotted in
figure 22. T̂p(k, t) is negative for wavenumbers below lK(t) at both t∗ = 4 and
8. In addition, as Wi increases, the amplitude of T̂p(k, t) increases over the same
wavenumber range. Thus, the decrease of kinetic fluid energy by Tp(k, t) becomes
more significant for larger Wi at small wavenumbers. As shown in figure 22(b),
Tp(k, t) of Wi = 25 at t∗ = 8 for wavenumbers klK(t) > 1 is positive. This indicates
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(a) (b)

FIGURE 23. (Colour online) Comparison of the iso-surface of Q for the one-way case (a:
Run A) and η = 0.1045 (b: Run E1) for t∗ = 7. The iso-surface level is chosen by Q/Qrms = 3
for both cases.

that there is an energy source below the Kolmogorov length scale, implying that the
spectral dynamics in the far dissipation range for Wi = 25 is significantly different
from the other values of Wi used here. This is seen in the behaviour of the energy
spectrum for Wi = 25, showing a power-law decay for wavenumbers klK(t) > 1. This
point will be discussed in a later section.

Based on the data and results discussed above, we conclude that polymers having
larger values of Wi are more efficient reducers of turbulence at both large and small
scales. These results are qualitatively consistent with the results of DNSs obtained
using the FENE-P model (Perlekar et al. 2010).

5.3. Effects on coherent structures
By examining the modification of coherent structures, we can understand the role of
polymer additives on the turbulent flow.

Figure 23 compares the vortical structures obtained for Run A (one-way) and Run
E1 (two-way) at t∗ = 7. These are iso-surfaces of the second invariant Q of the
velocity gradient tensor ∇u. Although the structures are generally indistinguishable
from each other, the generation of intense structures is suppressed more in the two-
way case (Run E1) than in the one-way case (Run A). Moreover, the width of the
vortex tube with polymer additives increases slightly in the two-way case, although the
length remains unchanged, consistent with the reduction of energy dissipation observed
in figures 2 and 6 and the results of DNS studies using the FENE-P equation (Perlekar
et al. 2006, 2010; Cai et al. 2010).

Another interesting property is the spatial distribution of the stretched dumbbells,
and how this distribution is related to the vortical structures. To this end, we
investigate the field structure of the trace of the polymer stress tensor Tp

ii(x). Figure 24
depicts the iso-surface of Tp

ii obtained for Run E2 at t∗ = 7 for the two cases of
iso-surface level. It is recognized that peculiar sheet-like structures are found within
the regions of intermediate intensity fluctuation, while regions with larger values of
Tp

ii contain filament-like structures. This suggests that the characteristic structure in Tp
ii

depends on the intensity of the fluctuations. Sheet-like structures are clearly visible
in figure 25(a), which shows a two-dimensional (2D) slice of figure 24. We confirm
that the contour length of a slice of a sheet is about the order of the integral scale L,
while the width of the sheet is about the order of lK . This organized structure is due to
the existence of collective motion of the stretched dumbbells whose dynamics strongly
correlates with the Lagrangian dynamics of the local velocity gradient. Because the
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(a) (b)

FIGURE 24. (Colour online) Iso-surface of the trace of the polymer stress tensor X = Tp
ii

obtained for Run E2 for t∗ = 7. The iso-surface level is chosen by X/Xrms = 1.5 (a) and
X/Xrms = 6 (b).

(a) (b)

FIGURE 25. (Colour online) Comparison between the 2D slices of Tp
ii (a) and Q (b) obtained

for Run E2 for t∗ = 7.

velocity gradient field has a coherent vortical structure with a wide range of scales,
it is reasonable to conclude that the polymer–turbulence interaction leads to the large-
scale structures in Tp

ii , as observed in figures 24 and 25(a). This also suggests that
Tp

ii has spectral support in the range of both large and small wavenumbers. Thus, the
polymer additives can affect the large-scale turbulent motions, as seen in figures 11
and 22 even when the size of polymer itself is smaller than lK .

When the sheet-like structures in Tp
ii are compared with the structures in Q shown in

figure 25(b), the stretched dumbbells congregate among intense regions of positive
Q values. This is reminiscent of the sheet-like structures observed in the scalar
gradient field of the passive scalar turbulence (Brethouwer, Hunt & Nieuwstadt 2003;
Schumacher, Sreenivasan & Yeung 2005; Gotoh & Watanabe 2012). In fact, the
amplification mechanism of the scalar gradient vector is similar to that of the end-to-
end vector for a dumbbell. Further analysis is needed to understand the relationship
between the nature of the velocity gradient tensor and the end-to-end vector of the
dumbbells and their η and Wi dependencies.

6. Validation for evaluating the polymer stress field
In § 2.2, we discussed that it is indispensable to assume the existence of many

replica dumbbells in the flow because of the limitation of computational resources
even when a state-of-the-art supercomputer is used. To assess the validity of the
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FIGURE 26. (Colour online) Effect of the number of dumbbells on the temporal evolution
of (a) the energy dissipation rate ε(t) and (b) the skewness factor S(t) for the longitudinal
velocity derivative. Note that the curves for Runs E2 and H in (b) collapse onto each other.
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FIGURE 27. (Colour online) Effect of the number of dumbbells on the p.d.f. behaviour of (a)
the local energy dissipation rate ε̃ and (b) the local production/inhibition rate ε̃p at t∗ = 8.

introduced assumption, it is necessary to know the minimum number of dumbbells
that is required to adequately reproduce the experimental results. For this, we examine
the effects of the variation of b and Ñt on the present results under fixed physical
conditions such as Nt.

A comparison of the temporal evolution of ε(t) and −S(t) for Runs L, E2 and H is
shown in figure 26. Here Run L (Run H) was performed by using the smaller (larger)
numbers of Ñt and 1/b than those for Run E2 with fixed bÑt. The temporal evolution
of both quantities is almost indistinguishable among the three runs, although there is
a very small deviation in the −S(t) curve of Run L from the others in the range
3 < t∗ < 15. The skewness factor is the higher-order statistics of the velocity gradient
that is largely dependent on the degree of computational accuracy in evaluating the
polymer stress field. Figure 27 compares the p.d.f. curves for (a) ε̃ and (b) ε̃p obtained
at t∗ = 8. The p.d.f. curves of both ε̃ and ε̃p at around the most probable part collapse
among the three runs. While the probability of finding intense values of ε̃ in Run L
is larger than in the other runs, indicating an over-estimation of the energy dissipation
fluctuation at large magnitudes. A similar trend can be seen for ε̃p.

To observe the effects of the parameters on the turbulence statistics in more
detail, we also compare the behaviour of the spectra k2E(k, t) at several time steps
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FIGURE 28. (Colour online) (a) Comparison of the time evolution of k2E(k, t) for Runs
L, E2 and H. The curves for t∗ = 4, 8 and 16 are shifted downward by multiplying by
the appropriate numerical factor. (b) Comparison of the behaviour of the second-order
longitudinal velocity and vorticity structure functions at t∗ = 16. The structure function is
plotted by dividing by r2 to examine the analyticity at small scales.

in figure 28(a). The spectral behaviour is indistinguishable except near the cutoff
wavenumbers when t∗ < 8. However, Run L has a large deviation from the others at
t∗ = 16 for high wavenumbers, which may be attributed to an insufficient number of
dumbbells in our calculation to obtain smooth variations of T p at the grid scale.

The raised spectra at high wavenumbers observed in Run L compared with Run
H suggests that the variations of the velocity and velocity gradient fields might not
be smooth enough. To examine this point, we evaluate the behaviour of structure
functions for the longitudinal velocity and vorticity differences, which are defined by

Su
q(r, t)= 〈(δur)

q〉V, Sωq (r, t)= 〈(δωr)
q〉V . (6.1)

Here, δur = (u(x+r, t)−u(x, t))·r/r and δωr = (ω(x+r, t)−ω(x, t))·r/r. The structure
functions must be analytic at small scales, i.e. they must behave as Su

q(r, t) ∼ rq

and Sωq (r, t) ∼ rq in the limit r→ 0. The resulting curves in figure 28(b) for q = 2
are plotted by compensating for the r2 behaviour at small scales. We confirm that
Su

2(r, t) ∼ r2 at small scales, irrespective of Ñt, but the curve of Sω2 (r, t) for Run L
deviates from the others. These results indicate that although the velocity field is well
resolved for a small number of dumbbells, a greater number of dumbbells (at least
> 109 in the present case) is actually required to resolve the velocity gradient field at
small scales.

Figure 29 compares the coherent vortices obtained for Run L to those for Run H by
using the iso-surface of the positive region of Q. Zig-zag structures are observed in the
surfaces of vortices for Run L, unlike Run H, although the vortex structures for both
runs are quite similar to each other. These zig-zag structures correspond to the spectral
rise observed in Run L (figure 28a).

These results suggest that the replica assumption introduced to evaluate T p is valid
when discussing the large-scale nature of turbulence, but a much larger number of
dumbbells is required for better resolution of the turbulence modifications below the
Kolmogorov length scale.

Finally we examine the resolution effects on the evaluation of the polymer stress
tensor Tp

ij(x, t). Here Tp
ij(x, t) is evaluated by (2.10) with the approximations (3.9)

and (3.10) and hence the polymer stress field constructed from the Lagrangian
dumbbell dynamics depends on the grid spacing 1x. Generally speaking, a finer
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(a) (b)

FIGURE 29. (Colour online) Comparison of iso-surface visualizations of vortical structures
using Q with Q/Qrms = 2.5 (a: Run L; b: Run H) at t∗ = 7.
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FIGURE 30. (Colour online) Examination of the resolution effects on the turbulence statistics:
(a) time evolutions of the energy dissipation spectra normalized by Kolmogorov scaling; and
(b) normalized p.d.f.s for the fluctuations of ε̃p at t∗ = 8. The curves for t∗ = 4, 8 and 16 in (a)
are shifted downward by multiplying by the appropriate numerical factor.

spatial resolution leads to a more accurate evaluation of Tp
ij(x, t). To test this point,

we performed an additional DNS (Run F) with the same numerical and physical
conditions as Run E2 except for the spatial resolution, where Run F was performed
with N3 = 2563. Here we can discuss the resolution effects on the evaluation of
Tp

ij(x, t) from two viewpoints. The first point is to compare Run F to Run E2, which
gives only information about the degree of accuracy by changing 1x. The second
point is to compare Run F with the results of Run L, which has a smaller number
of dumbbells. However, the mean number of dumbbells per unit cell (Ñt/1x3) of the
Eulerian computation for Run F is the same as that for Run L, meaning that the degree
of statistical convergence in constructing Tp

ij(x, t) at each grid point can be regarded as
being identical for both cases.

Figure 30(a) shows a comparison of the temporal evolutions of the normalized
dissipation spectra 2νsk2E(k, t)/ε(t)lK(t) obtained for Runs E2, L and F. At t∗ = 2 and
16, the wavenumber at which the spectra start to rise is almost the same for both
Run E2 and F, indicating that there is little effect on the accuracy of computation by
changing 1x. This is due to the fact that the polymer effects are not important up
to t∗ = 2, and that the turbulence adequately decays up to t∗ = 16, where the DNS
condition is satisfied irrespective of 1x. However, we can confirm that the spectral
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FIGURE 31. (Colour online) Temporal evolution of (a) the kinetic energy spectrum E(k, t)
normalized by the Kolmogorov unit and (b) the ratio of the absolute value of the transfer
functions defined by |Tp(k, t)|/|T(k, t)| for Run W2 (Wi = 25).

tails obtained for Run F mildly extend toward the larger wavenumbers at t∗ = 4 and
8 when compared with Runs E2 and L. This suggests that we need finer spatial
resolution to get better statistics at small-scales. The comparison of the normalized
p.d.f.s for ε̃p obtained for Runs E2, L and F are shown in figure 30(b). Although the
probability of finding weak fluctuation intensity is insensitive to the variation of 1x,
the rare fluctuations obtained in Run F have a larger probability than the other runs.
This might be due to an insufficient resolution for resolving intermittent fluctuations
of Tp

ij (as seen in figures 24 and 25), which is also similar to the observations in the
p.d.f. behaviour of the derivative field obtained by passive scalar DNS with several
resolution conditions (Watanabe & Gotoh 2007).

The above results imply that the resolution effects are significant for the small-scale
nature of turbulence in addition to the effect of the variation of the number of replica
dumbbells when the turbulence is developing. Moreover, we can confidently conclude
that the approximation (3.9) and (3.10) for evaluating Tp

ij(x, t) works satisfactorily
irrespective of 1x used here (N3 = 1283 or 2563).

7. Discussion
7.1. Power-law spectrum for higher Wi

In this section, we discuss the spectral behaviour obtained from Run W2 (Wi = 25).
Note that in figure 20(d), the spectral behaviour at t∗ = 16 for Wi = 1 is different from
that for Wi = 25. At t∗ = 16, the curve for Wi = 25 has a near power-law decay. To
examine this behaviour in more detail, the temporal evolution of E(k, t) for Run W2 is
shown in figure 31(a), using dimensionless variables. We can clearly confirm a scaling
law close to E(k) ∝ k−4.7 for high wavenumbers when t∗ > 10, and the scaling range
includes smaller-scales as time progresses. Figure 31(b) demonstrates the behaviour
of the ratio |Tp(k, t)|/|T(k, t)| defined using the transfer functions. Although there are
large variations of data in the high wavenumber range because T(k, t) and Tp(k, t)
are not definitely positive, it is confirmed that |Tp(k, t)| � |T(k, t)| for klk(t) > 1. It
should be emphasized that the energy transfer due to the nonlinear advection term is
not important in forming the power-law spectrum shown in figure 31(a). This implies
that the spectral dynamics of the velocity field are dominated by the simple balance
equation νs∇2u=−∇ : T p.
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We now discuss the relationship between the present power-law spectrum and
the elastic turbulence. Elastic turbulence, which is characterized by Re = O(1) and
Wi = O(10), shows a power-law decay in the kinetic energy spectrum E(k) ∝ k−θ

for a swirling flow between two parallel discs with θ = 3.5 (Groisman & Steinberg
2000; Burghelea et al. 2007) and θ = 3.8 (Berti et al. 2008) in DNS studies of the
Oldroyd-B model with 2D Kolmogorov flow. The scaling exponent in the cited works
is not as large as the value θ = 4.7 calculated here for Run W2 at t∗ = 20 (figure 31a),
although our result is consistent with theoretical predictions for θ > 3 (Fouxon &
Lebedev 2003). The instantaneous Reynolds and Weissenberg numbers defined using
the value of ε(t∗), are respectively obtained to be R∗λ = 3.5 and W∗i = 1.7 for Run W2
at t∗ = 20. Thus, our work uses a larger Rλ and smaller Wi than those used in the
preceding studies. An investigation into the origin of the scaling behaviour of E(k) by
performing a DNS of a smaller Rλ case under a statistically steady state is the subject
of future work.

7.2. Robustness of the normalized p.d.f. form

It is difficult to clarify the physical mechanism behind the robustness of the
normalized p.d.f. form of ε̃ under variations of the parameters η and Wi, which
is shown in figures 6(b) and 17(b). Here we speculate a scenario explaining this
observation.

The multi-fractal theory for the energy dissipation intermittency (Frisch 1995)
expresses ε̃ as

ε̃ ∼ εL

(
lK

L

)αn−1

, (7.1)

where αn(x, t) is the singularity exponent which fluctuates in space and time, and εL

is the energy dissipation at the integral scale L, being dependent on η and Wi. The
statistical nature of ε̃ depends on εL, lK/L, and the statistics of αn. If we consider the
effect of polymer additives on the energy dissipation fluctuations in this framework,
(7.1) should be extended to

ε̃ ∼ εL

(
lL

L

)αn−1( lK

lL

)αp−1

, (7.2)

where αp(x, t) is also the singularity exponent characterizing the effect of polymer
additives in the scale below lL(> lK). If the polymer additives do not modify the
statistics of αn, i.e. if αp is statistically independent of αn, we obtain the qth-order
moment of ε̃ in the form

〈ε̃q〉
ε

q
L

∼
(

lL

L

)τn(q)( lK

lL

)τp(q)
, (7.3)

where τn(q) and τp(q) are respectively the qth-order intermittency exponents
corresponding to αn and αp. Moreover, if the probability of finding the singularity
in ε̃ is not modified by polymer additives, we expect that the statistical nature of αp is
close to that of αn, meaning that τn(q)' τp(q). We thus have the relationship

〈ε̃q〉
ε

q
L

∼
(

lK

L

)τn(q)
. (7.4)
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FIGURE 32. (Colour online) Dumbbell configurations within a unit cell 1x3 centred at the
origin obtained for Run H at t∗ = 7. The colour of line indicates the dumbbell’s extension
length categorized into three cases as |R(n)| > 5Leq (red online), 5Leq > |R(n)| > Leq (green
online) and Leq > |R(n)| (blue online). There are 3626 dumbbells located within this box.

As shown in figures 4(b) and 15(b), the scale ratio lK/L is insensitive to variation
in η and Wi, suggesting also that 〈ε̃q〉/εq

L. Thus, the statistics of ε̃/εL are not greatly
affected by the polymer additives.

The above scenario is fairly speculative and depends on unresolved assumptions. It
is important for future studies to examine its validity.

7.3. Replica assumption
The success of the replica assumption implies that all of the dumbbells contributing to
the polymer stress tensor at a single grid point have similar stretched configurations.
To explore this implication further, we investigate the dumbbell configurations within
a unit cell of 1x3 centred around the origin of the computational box. Figure 32
illustrates the resulting dumbbell configurations obtained for Run H, where the
dumbbells are represented by solid lines of three different colours. We can confirm
that there are a few stretched dumbbells within this unit cell, and that they have
similar orientations. To observe the second point in more detail, we generate a scatter
plot characterizing the dumbbell configurations. We define the angles θ (n) and φ(n) by

θ (n) ≡ cos−1

(
R(n)3

|R(n)|

)
, (7.5)

φ(n) ≡ tan−1

(
R(n)2

R(n)1

)
. (7.6)

Figure 33 shows the resulting plot representing the dumbbells’ extension and
orientation in the θ–φ plane using the data from figure 32. Here, the colour of
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FIGURE 33. (Colour online) Scatter plot of the dumbbell orientations in the θ–φ plane using
the data of figure 32. The colour of each point indicates the value of the logarithm of the
normalized dumbbell extension ln(R(n)/Leq).

each point indicates the value of the dumbbell extension defined by ln(|R(n)|/Leq). The
plotting range of φ was limited within 0 6 φ 6 π because the dumbbell configuration
with −R(n) is regarded as being the same as that for R(n). It is recognized that the
points representing the dumbbell length larger than Leq are localized in the region
around (θ, φ) = (3π/4,π/2), indicating that the stretched dumbbells have similar
orientations. While the dumbbells with extensions below Leq are distributed over the
θ–φ plane, suggesting that the orientation is random for unstretched dumbbells. The
specific structure of this localized region may be attributed to the structure of the local
flow topology at the considered spatial point. Further study is needed to clarify the
detailed relationship between the dumbbell orientations and the principal axis of the
rate of strain tensor.

A recent theoretical study suggests that the end-to-end vectors of polymers within
the fluid blob (scale lK) are synchronized by the flow with Wi above the coil–stretch
transition even when they have initially random directions (Fouxon & Posch 2012).
Figure 33 seems to support this idea, and the existence of synchronization may be a
strong theoretical foundation for justifying the replica assumption used in the present
hybrid simulation.

In the statistical sense, because the stretched dumbbells make a significant
contribution to the polymer stress tensor, it is important to disperse a large number
of dumbbells in the flow to accurately describe Tp

ij when using (2.10). If the number
of polymers is insufficient, there will be very few stretched dumbbells per unit cell,
leading to poor statistical convergence of Tp

ij at the grid scale. This is the origin of the
undesirable behaviour at small scales observed in figures 28 and 29.

8. Conclusions
Parallel computations of turbulent polymer solution flow were performed using a

hybrid approach consisting of a Brownian dynamics simulation for a polymer model
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(dumbbell) and a DNS of the NS equations. We examined the modification of the
decaying isotropic turbulence by an enormous number of dumbbells (of the order of
O(1010)) dispersed within the turbulence. We observed a significant energy dissipation
reduction and energy spectrum modification in the later stages of decay when the
concentration of polymers or the Weissenberg number was increased. These are
entirely consistent with the results of DNSs using the constitutive equations (Perlekar
et al. 2006; Cai et al. 2010). An interesting finding was the power-law decay of
the kinetic energy spectrum, E(k, t) ∼ k−4.7, below the Kolmogorov length scale when
Wi = 25. This power-law spectrum is due to the elastic nature of the ensemble of
dumbbells. The spectrum was steeper than that inferred from the elastic turbulence.
Thus, it is imperative to clarify the difference between the elastic turbulence and the
present results by performing lower-Rλ and higher-Wi simulations than in the present
study.

Investigation of the coherent vortices in terms of the second invariant Q of ∇u
found that the generation of intense vortices was suppressed by the polymer additives.
This observation is consistent with the observed reduction in the energy dissipation
rate. We also showed that regions containing extended dumbbells had sheet-like or
filament-like structures, which were located among intense vortices. This implies that
the stretched polymers tend to locate in the Q < 0 region, which is dominated by
the strain. This is also consistent with the results of our previous study, in which the
conditional mean distance of a polymer chain on Q and R had a large value in the
region Q< 0, R> 0 (Watanabe & Gotoh 2010).

We found that the spectral tails were greatly affected by polymer additives, and
the degree of modification was dependent on the parameters b and Ñt, even though
Nt = bÑt was fixed. This nature was confirmed by examining the vortical structures,
where it was found that as Ñt decreased, the surface of the vortices appeared to be
rougher due to an insufficient convergence of T p at grid scales.

The results obtained in this study indicate that the hybrid approach with
parallel computation is an effective method for investigating dilute polymer solution
flows. Although we used a simple dumbbell model for the long-chain polymer,
it is interesting to introduce a more realistic polymer chain model that includes
hydrodynamic interactions or excluded volume forces among beads (Doi & Edwards
1986). The hybrid approach is distinctly suited to examining the effect of these extra
forces on turbulence modification, which has not been done in studies with constitutive
equations, and will be the subject of a future work.
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Appendix. Derivation of polymer stress tensor (2.10)
In this appendix, we derive the expression (2.10) for the polymer stress tensor from

the fundamental equations of motion.
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The equations of motion for the nth dumbbell are written as

0=−ζ(ẋ(n)α − u(x(n)α , t))+ F(n)α + DW (n)
α (A 1)

where α indicates the label of the beads in the nth dumbbell (α = 1 or 2). The elastic
force of the dumbbell is defined by F(n)1 = −kf (|x(n)1 − x(n)2 |/Lmax)(x

(n)
1 − x(n)2 ) = −F(n)2

with f (z) = (1− z2)
−1 for the FENE model and the Stokes drag coefficient is

ζ = 6πνsaρs. We set the value of the constant to D ≡ √2ζkBT . The random force
W (n)
α obeys Gaussian statistics with a white-in-time correlation defined by (2.4) and

(2.5).
The reaction force A to the fluid motion due to the ensemble of dumbbells is

incorporated into the NS equations as

∂u
∂t
+ u ·∇u=− 1

ρs
∇p+ νs∇2u+ 1

ρs
A, (A 2)

where

A(x, t)=−
Nt∑

n=1

[−ζ(v(n)1 − u(x(n)1 , t))δ(x− x(n)1 )− ζ(v(n)2 − u(x(n)2 , t))δ(x− x(n)2 )]

=
Nt∑

n=1

F(n)1 [δ(x− x(n)1 )− δ(x− x(n)2 )]

+D
Nt∑

n=1

[W (n)
1 δ(x− x(n)1 )+W (n)

2 δ(x− x(n)2 )]. (A 3)

We also introduce the connector vector R(n) = x(n)1 − x(n)2 and the centre of mass
vector r(n)g = (x(n)1 + x(n)2 )/2. Then the delta function can be expressed by δ(x − x(n)1 ) =
δ(x− r(n)g − R(n)/2) and δ(x− x(n)2 )= δ(x− r(n)g + R(n)/2). If we introduce the notion of
generalized function, we can expand δ(x− r(n)g ± R(n)/2) as

δ(x− r(n)g ± R(n)/2)= δ(x− r(n)g )±
R(n)

2
·∇δ(x− r(n)g )+ O(|R(n) |2). (A 4)

By using the expansion (A 4) within O(|R(n)|), (A 3) is approximated by

Ai(x, t)=− ∂

∂xj

Nt∑
n=1

{
F(n)

1i R(n)j +
D

2
δw(n)

i R(n)j

}
δ(x− r(n)g )

+ 2D
Nt∑

n=1

w(n)
gi δ(x− r(n)g ) (A 5)

with δw(n) ≡W (n)
1 −W (n)

2 and w(n)g ≡ (W (n)
1 +W (n)

2 )/2. The third term of the RHS of
(A 5) is expected to be zero when Nt/L3

box� 1 because the random force acting on the
individual dumbbells at x is not correlated. Thus, we have

Ai(x, t)= kr2
eq

∂

∂xj

Nt∑
n=1

[
R(n)i R(n)j

r2
eq

f

( |R(n)|
Lmax

)
− D

δw(n)
i R(n)j

2kBT

]
δ(x− r(n)g ), (A 6)
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where req ≡ √kBT/k. The polymer stress tensor Tp
ij is defined by Ai/ρs = ∂Tp

ij/∂xj.
Therefore, the stress tensor field due to the ensemble of dumbbells is given by

Tp
ij(x, t)= νsη

τ

L3
box

Nt

Nt∑
n=1

[
R(n)i R(n)j

r2
eq

f

( |R(n)|
Lmax

)
− D

δw(n)
i R(n)j

2kBT

]
δ(x− r(n)g ), (A 7)

where kr2
eq = (ρsνsη/τ)(L3

box/Nt) with η ≡ (3req/4a)2ΦV . Here ΦV is the volume

fraction of the ensemble of dumbbells and τ ≡ ζ/4k is used.
We can further rewrite the second term of the RHS of (A 7). This term is expressed

as

1
Nt

Nt∑
n=1

δw(n)
i R(n)j δ(x− r(n)g )= 〈δw(n)

i R(n)j |x〉p
1
Nt

Nt∑
n=1

δ(x− r(n)g ), (A 8)

where the average with respect to the ensemble of dumbbells conditioned on x
(ensemble member with the position vector r(n)g equal to x) is defined by

〈g(n)|x〉p ≡
N−1

t

Nt∑
n=1

g(n)δ(x− r(n)g )

N−1
t

Nt∑
n=1

δ(x− r(n)g )

. (A 9)

Because the interaction between different dumbbells is not considered in the present
study, the above conditional average is approximated by the average over the
realization of the random force such that

〈δw(n)
i R(n)j |x〉p ' 〈δw(n)

i R(n)j 〉 (A 10)

if the number of dumbbells located around x is large enough for the dumbbell
statistics to sufficiently converge. Using the equation of motion for R(n) (2.1) with
conditions (2.4) and (2.5), it is straightforward to evaluate the RHS of (A 10). The
result is 〈δw(n)

i (t)R
(n)
j (t)〉 = Dδij/ζ . We then arrive at the expression of the polymer

stress tensor (2.10):

Tp
ij(x, t)= νsη

τ

L3
box

Nt

Nt∑
n=1

[
R(n)i R(n)j

r2
eq

f

( |R(n)|
Lmax

)
− δij

]
δ(x− r(n)g ). (A 11)
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