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Abstract

‘We propose non-asymptotic controls of the cumulative distribution function P(|X;| > ¢),
for any 7 > 0, ¢ > 0 and any Lévy process X such that its Lévy density is bounded from
above by the density of an «-stable-type Lévy process in a neighborhood of the origin.
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1. Introduction and motivations

The law of any Lévy process X is the convolution between a Gaussian process, the martin-
gale M describing its small jumps, and a compound Poisson process. For most Lévy processes,
a closed-form expression for the law of its increments is not known. The core of the problem
lies in computing the distribution of the small jumps. This technical limitation makes both
inference and simulation difficult for Lévy processes. To cope with this shortcoming it is usual
to approximate a general Lévy process X by a family of compound Poisson processes, by
ignoring the jumps smaller than some level ¢. Also, when the Lévy measure is of infinite vari-
ation, solutions that consist in approximating the law of M; with a Gaussian distribution are
motivated by [10] (see also [6], [5], or [4]). This type of approximation is of interest as both
Gaussian and compound Poisson processes are well understood, in terms of both continuous
and discrete observations. The same cannot be said for the small jumps, which remain complex
objects, difficult to manipulate.

To quantify the precision of such approximations, it becomes crucially important to have
a sharp control of quantities such as IF’(|XI| > s) and P(|M;| > ¢). This control, besides being
interesting in itself, is sometimes required, for instance, to get Monte Carlo approximates of
functionals of Lévy processes or to study non-asymptotic risk bounds for estimators of the
Lévy density from discrete observations of X (see [9] or [7]). This has important consequences
in various fields of application where Lévy processes are commonly used to describe real-life
phenomena. The literature on the applications of Lévy processes is abundant, ranging from
finance, biology, geophysics, and neuroscience, to name but a few fields. In this respect, we
will limit ourselves to mentioning [2] and the references therein.
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914 C. DUVAL AND E. MARIUCCI

Formally, a Lévy process X is characterized by its Lévy triplet (b, ¥2, v), where b e R,
2 >0, and v is a Borel measure on R such that v({0}) =0 and fR (y2 A 1)v(dy) < 00. The
Lévy-Itd decomposition (see [3]) allows one to write a Lévy process X of Lévy triplet
(b, %2, v) as the sum of four independent Lévy processes, as follows: for all # > 0,

Xi=tb+EW, + lim (Z AX 1, 1(1AX]) — t/ xv(dx)) + ) AX (1 00)(|AX])
n— <|x|<1

s<t n s<t
=th+ W, +M,+ 7, (D

where AX, denotes the jump at time r of the cadlag process X : AX, = X, — limy4, X;. The first
term is a deterministic drift, W is a standard Brownian motion which is pathwise continuous,
and M and Z compose the discontinuous jump part of X. The process M is a centered martingale
gathering the small jumps, i.e. the jumps of size smaller than 1, and it has Lévy measure
1yj<1v. The process Z, on the other hand, is a compound Poisson process gathering jumps
larger than 1 in absolute value; it has Lévy measure 1)y 1v. In the sequel we let (b, X) =
(vv, 0) with

Sz X0(dx) it [y xlv(dx) < oo,
0 if [ < xIv(dx) = oo.

The choice ¥ =0 has been made to avoid too cumbersome proofs. A discussion about the
general case is postponed to Section 2.5. Then, we rewrite (1) as

X =1tb(e)+M(e)+Zi(e), V1z=e>0, 2

Yv =

where
f|X|SE xv(dx) if f\x|51 lx|v(dx) < oo,
— fsf\xlfl xv(dx) if f\x|§1 |x|v(dx) = o0;

M(e) = (M:(€))s=0 is a Lévy process accounting for the centered jumps of X with size smaller
than ¢, i.e.

b(e):=

M,(g) = lim ZAXSI,MAXASS —t/ x(dx) |;
n—0 <l|x|<e

s<t n
and Z(e) = (Z;(¢))r>0 is a compound Poisson process of the form
Ni(e)
Zie):= > ¥,
i=1

where N(e) = (Ny(¢))s>0 1s a Poisson process of intensity A, := f| v(dx) independent of the

x|>¢

sequence of independent and identically distributed random variables (Y l-(g))i>1 with common

law Vig\(—c.e] /e In the sequel we use the notation a A b = min (a, b) and a vV b = max (a, b).
A first well-known result (see e.g. [3, Section 1.5] or [16, Corollary 3]) relates the Lévy

measure to the limit of P(|X;| > ¢) as t — 0 as follows.

Lemma 1. Let X be a Lévy process with Lévy measure v. For all ¢ > 0 it holds that

P(X¢| =
lim M :/ v(dy).
t—0 t R\[—¢,¢]
In particular; this leads to lim,_o 1P(IM,(e)] > &) =0 and lim,_o 1P(|th(e) + Mi(e)| >

e)=0.
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Non-asymptotic control for Lévy processes 915

Lemma 1 suggests that P(|X;| > ¢) =< At ‘for t small enough’; however, it gives no informa-
tion on how small t should be, on the size of the error term P(|X;| > &) — A.f, or on what
happens if ¢ becomes small. Of course, P(|X;| > ¢) and P(|M;(¢)| > €) can be controlled
with elementary inequalities, such as the Markov inequality, but this often leads to subopti-
mal results. Indeed, the Markov inequality gives P(M;(¢) > ¢) < to2(e)e ™2, if we denote by
(72(8) = ff . xzv(dx) the variance of M|(e), whereas a sharper result can be achieved using
the Chernov inequality, as follows.

Lemma 2. For any ¢ € (0, 1], t > 0 and x > 0, it holds that

2 x£+taz(£)
to=(e) ) 3

P(My(e)] > x) < 2et (m

Moreover, lft02(8)8_2 <1, this leads to

2(6)\ & : 26)\
P(M,() > x) < <6082(8)> 1 and PMy(e) < —x) < (“;;”) B

Lemma 2 is a modification of [9, Remark 3.1]; its proof is postponed to Appendix A. A
similar result can also be obtained using martingale arguments (see [8, Theorem 4.1]). Again,
Lemma 2 is suboptimal, as it does not allow us to derive that lim;_,o P(M(e) > ¢)/t = 0. If we
want to be more precise about the behavior for # — 0, we need additional assumptions.

The study of the behavior at small times of the transition density of a Lévy process goes back
to [12] (see also [11]) and is carried out in the real case in [14], which is also interested in the
behavior of the supremum of this quantity and its derivatives. For the cumulative distribution
function, expansions of order 2 for P(X; > y), for fixed y and ¢ going to 0, are given in [13] in
the particular cases where X is the sum of a compound Poisson process and either a Brownian
motion or an «-stable process.

The most complete results can be found in [9] (see also [1]), which, for general Lévy pro-
cesses, establishes asymptotic expansions at any order of P(X; > y), for fixed y bounded away
from O and t— 0. In particular, [9] proves that d(y) =lim,_ %(%IP’(X, >y) — v((y, 0)))
exists, when the Lévy density f is bounded outside the interval [—n, n], 0 <n <y/2 A 1, and
either f is C! in a neighborhood of y, or f is continuous in a neighborhood of y, of bounded
variation, and ¥ =0 (defined as in (1)). This is an asymptotic result; therefore, it provides
no information on how small ¢ should be for the approximation of P(X; > y) — rv((y, 00)) by
dz(y)t2 to be accurate. Moreover, even though an explicit characterization of d»(y) is given, this
does not translate to a readily understandable dependency on y.

Our main contribution is a non-asymptotic control of P(|X;| > ¢), which is valid for any
&> 0and any 0 <t < fo(¢). A considerable effort has been made to make the dependency on
¢ explicit, both in fy(¢) and in the final bound. Concerning the hypotheses on the Lévy density
f, in the finite-variation case we do not require any continuity, but only that it is bounded
from above by an «-stable-like density in a neighborhood of 0; see the definition on the class
Zk o below. In the setting of infinite variation, we distinguish between two cases: when f is
also Lipschitz continuous in a neighborhood of ¢ (a similar condition to that of [9]), we find
a non-asymptotic bound of the order of 2. We also analyze the case where the continuity
hypothesis on f is dropped. Then the order in ¢ of the non-asymptotic bound deteriorates to
/@ 1 < < 2. This is not an artifact of the proof, as an example in [13] indicates.

Section 2 gathers the main results of the paper. We begin by defining the classes of
Lévy densities that we consider. On these classes we provide a non-asymptotic control of
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P(IM;(e)| =€) and P(|X;| > €). We consider separately finite-variation Lévy processes and
infinite-variation Lévy processes, for which we detail only the symmetric case. In both cases
our results permit us to recover Lemma 1. We compare our results to examples for which the
quantity P(|X;| > €) is known. The case of the small jumps is treated separately as an inter-
mediate step to the general case (see Theorems 1 and 3). We think that these results are of
independent interest and provide new insight into the process of the small jumps. Section 2
ends with a discussion on the validity of the results in presence of a Brownian component.
Section 3 gathers the proofs of the main results, whereas in Appendix A all auxiliary results
are established and the computations of the examples are carried out. Our proofs are elementary
and self-contained, and they do not rely on the use of the infinitesimal generator.

2. Non-asymptotic expansions

In the sequel, let v be a Lévy measure that is absolutely continuous with respect to the
Lebesgue measure, and denote by f = % its density. Letting o € (0, 2) and K be positive

constants, define the classes of functions

K
L= fif(X)SW, VIXIEZ}, L= {fr sup lf(X)IEK}.

[x[>1

A Lévy density f belongs to the class %k, K > 0, if it is bounded outside a neighborhood of the
origin. It belongs to Zk o, K> 0 and o > 0, if sup,¢[_ 5 Fo)|x)' T < K. In particular Ko
contains any @-stable Lévy density such that & < «. We stress that no lower-bound condition
is required for the Lévy density. In this paper we consider only Lévy measures in these classes,
the assumptions above being crucial in our proofs. However, we emphasize that the results
recalled in Lemmas 1 and 2 hold true for any Lévy process, without any assumption on the
Lévy measure.

2.1. Finite-variation Lévy processes

We state two non-asymptotic results offering a control of the distribution function of a
finite-variation Lévy process.

Theorem 1. Let € € (0, 1] and let f be a Lévy density such that for a € (0, 1) and K > 0 it holds
that f € Zx o. Then there exists a constant C1 > 0, depending only on «, such that

(1—a)e*

P(lib(e) + My(e)| = £) <2°KPCre ™2, VO <1<

If, in addition, fis a symmetric function, then there exists a constant Cy > 0, depending only
on «, such that

22 —a)

P(M,(e)| > &) < 2PK2Cre ™2, V0 <1< o]

Explicit formulas for the constants C1 and Cy are given in (21) and (22), respectively.

Theorem 1 highlights how likely the process of the jumps smaller than ¢ is to present excur-
sions larger than their size ¢ in a time interval of length t. When we are dealing with a
discretized trajectory of a Lévy process, this provides relevant information on the contribution
of the small jumps to the value of the observed increment. The following result generalizes
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Theorem 1 to any Lévy process with a Lévy density in Zk o, @ € (0, 1), or in .Zx o N Zk if
& > 1. In particular it permits us to derive an order of the rate of convergence in Lemma 1.

Theorem 2. Let X; =) <1 AX; be a finite-variation Lévy process with Lévy density f. Then
the following hold:

o If €¢€(0,1]1 and fe Zkxa for some ae(0,1) and K=>0, then for all
0 <t<(1—a)K ¥4~ it polds that

IP(1X;| > &) — Aet| < PK?e~2*(2Cy + Dy) + *KhA,e Dy + 2722,
where C1, D1, and D, depend only on « and are defined in (21) and (41).

o If e>1 and fe ZkoaNZk for some a€(0,1) and K=>0, then for all
0<t<(1—a)5K) AU —a)K 1471 jr holds that

IP(1X;] > £) — Aet] < 2K2(D1 4 Cy) + 2723

4
+ 2K <ﬂ("’" = 3/2 =t Le=3/241001 )

8 3 40
+ Kt2<4 X 5% ce<1421(1)| + 3 + Ekz + 7 a>,

where C1 and D depend only on o and are defined in (21) and (49).

If in addition we suppose that v is a symmetric measure, then we have the following:

o If £€(0,1] and f € Lk o for some o €(0,1) and K> 0, then for any 0 <t <g®
2 — )K" 12721 it holds that
212 .20 Kr? —a —a 2,2
IP(1X/| > &) — Aet| <26°K7e™**(C2 + D3) + m(xgs + dhpee ™) + 277,
where Cy and D3 depend only on a and are defined in (22) and (50).

o If e>1 and fe Lk o N Lk for some a€(0,1) and K> 0, then for any 0 <t <
(2 —a)K™'27%" Vit holds that

2

K¢
IP(1X,| > &) — Aet] < 2PPK>Ch +
2

—a 4K 242
M2TE A ——— Ay | + 21707,
-« a(l — )

where C; is defined in (22).

The results of Theorems 1 and 2 are non-asymptotic. If we apply Theorem 2 to a Lévy
process X whose Lévy measure v is concentrated on [—¢, €], for € € (0, 1], we recover the
result of Theorem 1 up to the constant Dy, as in that case A, = 0. However, Theorem is not a
corollary of Theorem 2, as the proof of the latter uses Theorem 1.

These results show that for a finite-variation Lévy process whose Lévy density lies in -Zk 4,
for some « € (0, 1) and K > 0, the discrepancy between P(|X;| > ¢) and X.7 is in 2. Moreover,
as the role of the cutoff ¢ is made explicit in the upper bound, it is possible to measure the
accuracy of this approximation when ¢ gets small. Then, the rate of the upper bound is—up
to a constant—in 2 (5_2“ VAge %V )\g) For example, for an a-stable process with o € (0, 1),
this order simplifies to 1>A2.
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2.2. Symmetric infinite-variation Lévy processes
We generalize Theorems 1 and 2 to symmetric infinite-variation Lévy processes whose
Lévy density lies in %k o, @ €[1, 2) and K > 0.

Theorem 3. Let ¢ € (0, 1] and 0 <t < (¢/2)*(1 A((2 — )/2K)). Let f be a symmetric Lévy
density such that for a € [1, 2), f € Zk 4. Then there exists a constant E1 > 0, depending only
on o (see (30)), such that

P(IMi(e)| = €) <

22+(XKtl+l/ot ( 4K

212R . 20
Tia +oz(2—oz)((x—1)>+2tKE1€ , ae(l,2),

4°PK2 (51 38\ 4K 16K? €
R I W L R _
P(Mi(e)z ¢) = — <g °+ 9)+ 2t tln<2t>, a=1.

Theorem 4. Let f be a symmetric Lévy density and f € Lk o N 2k for some « €[1,2) and
K > 0. Then, forall 0 <t < ((e A 1)/2)*(1 A (2 — @)/2K)), & > 0, it holds that

ftl/e LG 2 N 5K 2a 4K21281
EaDte " T E A2 T 2 _aenl)? | 2—a 7

CdAnle—1)) Cp 1
+ K2t21a:l <8(218>11t/C<IA(8—1) In <f> +1In <—>>

t enl
32 eNnl
1 222 1,
TEnt? “( 2 >>+ et

where C := (1 A ((2 —a)/ ZK))I/ * and Gy and G, are positive constants, depending only on
K and «, defined in (31).

IP(1X:| > &)—Aet] < Gy

Compared to Theorems 1 and 2, the rates of Theorems 3 and 4 are slower, as 2 <+l for
o € (1, 2). Nevertheless, the rate 111/¢ of Theorems 3 and 4 seems optimal. Indeed, as shown
in [9, Remark 3.5] (see also [13]), it is possible to build a discontinuous Lévy measure f as the
sum of an «-stable Lévy process and a compound Poisson process presenting a discontinuity
at ¢ that lies in % o, and attains this rate #'*1/¢ Adding a regularity assumption on f in a
neighborhood of ¢, it is possible to have a finer bound in #2, as established in the following
result.

Theorem 5. Let f be a symmetric Lévy density such that f € £k o for some « € [1, 2) and K >
0. Let & > 0 and assume that f is K(e¢ A 1)"CFT9 Lipschitz on the interval ((3/4(s A 1), 28 —

3/4(e A 1)). For all
2 —a)1 Ae)

O<t§ 21+a K

)

it holds that
|]P(|Xt| > 8) —Aet| < tsz((F15_2a + Alg_aF2)10<851 + (82F3 + F4)18>1)
414
t*K"F5
4PN ——
tarA (e A 1)
where Fy, . .., Fs are universal positive constants, depending only on o, defined in (32).

First, note that any Lévy density f that can be written as L(x)/x'T¢ for x € [—2, 2]\ {0},
where L is differentiable and bounded, with bounded derivative, and « €[1, 2), satisfies
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the assumptions of Theorem 5. Moreover, under the latter assumption, the application of
Theorem 5 to a Lévy process X whose Lévy density f is concentrated on [—e¢, €], € € (0, 1],
leads to a finer rate than that of Theorem 3, namely,

*K*Fs

P(|IM <PK*(F1e7 2 4 1 F)) + 4207 + ———,
(IMi(e)] > ¢) < (Fie ™ + 1167"F,) + ‘+(3A1)4a

2.3. Discussion

The results of Theorems 1-5 are non-asymptotic and show the impact of the cutoff ¢ in
the constants. In particular they permit us to recover, for every fixed € > 0, on the classes
considered, the result of Lemma 1 with r — 0.

Optimality of the results. The rates of Theorems 1, 2, and 5 are of the form t2(£ A 1)_2“, up
to a constant depending on K and «. This quantity is optimal in ¢ on the classes considered,
in the sense that the rate in 7 cannot be improved under the general assumptions of these theo-
rems. Indeed, in Section 2.4 we show that for compound Poisson processes, for which explicit
calculations can be performed and which are included in .k , for all & € (0, 2), examples can
be built attaining this rate. As already highlighted, the rate of Theorem 3 is also optimal when
considered in this general setting. The dependency on ¢ of the constant ¢ ~2% also appears to be
the right one, since, for an «-stable process, it holds that A, = O(¢ ™). Therefore, in general it
is not possible to improve the rates derived in these theorems, even though we stress that this
might be possible in specific examples (see the Cauchy process in Section 2.4).

Strategy of the proofs. All the proofs are self-contained; they rely on the decomposition (2),
which holds for any Lévy process and any level ¢ > 0, and on Lemma 2. More precisely, to
establish Theorems 2 and 4, we consider the decomposition (2), and decomposing on the values
of the Poisson process N(¢) leads to

IP(1X| > €) — Aot <P(|th(e) + Mi(e)| > €))
+ AtP(|th(e + My(e) + Y| > e)e ™ — 1| + P(N(e) = 2).  (4)

The last term raises no difficulty as P(Ny(¢) > 2) = O(22*). The first term is treated in
Theorems 1 and 3, which are established using the decomposition (2) at level ¢/2 and
Lemma 2. The proof of Theorem 1 is made particularly technical by the presence of the drift
term b(¢e). This is why, in the infinite-variation counterpart Theorem 3, we specialize to the
symmetric case, so that b(e) = 0. Finally, to prove Theorems 2 and 5 (resp. Theorem 4) it
remains to show that P(|th(e) + Mi(e) + YES)‘ <&)=0(t);) (resp. O,(t'/%)), which corre-
sponds to proving that |P(|th(e) + Mi(e) + Yis)‘ > g)e ™! — 1| = O(t) (resp. O (t'/%)).
For this term, the cases of finite-variation (Theorem 2) and infinite-variation (Theorems 4
and 5) Lévy processes essentially differ. For finite-variation Lévy processes, « € (0, 1), the
result P(|th(e) + Mi(e) + st)‘ <¢)=0(tAs) holds true, and a main difficulty here lies in
the management of the drift, which can be nonzero. For infinite-variation Lévy processes,
a €[1, 2), this result is not true in general. For instance, consider the case of a Cauchy
process X and fixed e. The Cauchy process has a Lévy density (nxz)_llR\{o} and is there-
fore in /71 NL/n and is 77127373 A 1)’3—Lipschitz on the interval ((3/4(e A1),
2¢ —3/4(e A 1)) for all € > 0. Theorems 3, 4, and 5 thus apply. For this example, direct
calculations allow one to show that |P(|X;| > &) — A.t| = O(A3£}) (see Section 2.4); how-

ever, lim,_.o 1 P(|tb(e) + My(e) + Y\ < &) = oo, implying that P(|th(e) + Mi(e) + Y\¥| <
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8) =0(ZA8) cannot hold. Indeed, since the Lévy measure is symmetric, it leads to
b(e)=0and

—&

(&) 1 dZ 1 e dZ
P(|M(e)+Y,"| <e) = vl P(1Mi(e) + 2] < e)ﬁ—22 i) P(IMi(e) + 2| < e);

Fatou’s lemma, together with the fact that

P(M;(e) € A)
m —

li =(A),

t—0

v = vl <¢, and f is symmetric, gives

(€) _
P(|M;(e)+Y <eg € IS P(M(e) € (—& — 7,6 — J
Ag lim inf (Mie)+117| = )Z(f +/ >liminf (Mi(e) e ( z Z))_z
t—0 oo . =0
o

t t 2

2e
> / ve(z— &, 2+ )v(dz) = / ve(z — &, )v(ds)

1 /28 26 —z dz
= — — =0
72 ), s(z—e)Z?

We derive that the decomposition (4) that leads to Theorem 2, o € (0, 1), does not permit
one to obtain optimal results for « € [1, 2) such as Theorem 5. These are instead obtained
by firstly adding a regularity assumption in a neighborhood of ¢ and secondly modifying the
decomposition (4), considering a cutoff level &’ < ¢, for example &’ = 35/4 (see Lemmas 5
and 6 below).

Generalizing the results of Theorems 3, 4, and 5 to non-symmetric Lévy processes is
possible at the expense of more cumbersome proofs and modifying the conditions on ¢. To
exemplify this point, consider the proof of Theorem 1, for which a comparison between the
non-symmetric and the symmetric case is possible, as we propose an alternative compact proof
in the symmetric case.

2.4. Examples

We consider four examples of Lévy processes for whose laws explicit formulas are avail-
able. This permits us to conduct direct computations and expansions for the marginal laws
and to compare them with the previous results. Let us stress that even in these cases where
the law of the process is known, we do not know the law of the process corresponding to its
small jumps. Besides the compound Poisson process, it is hard to propose examples to com-
pare with Theorems 1 and 3. Finally, we present a non-asymptotic control of the marginal law
of a-stable-type processes. Proofs are postponed to Section A.7.

1. Let X be a compound Poisson process. Then, for any ¢ > 0,
|P(1X;| > &) — Aet] = Oc(*) and P(IMi(e A1) +1th(e A D] > & A 1) = 0(%).

as t— 0. It is possible to build examples for which these rates are sharp (see
Section A.7).

2. Let X be a gamma process of parameter (1,1), that is, a finite-variation Lévy process
with Lévy density

e—x o0 e—.x
=100, he= / ax,
x e X
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and

ooxtfl
P(1X =P(X, = ——e Ydx, Ve>0,
(1X:| > &) =P(X; > ¢) /g ro¢ “ €>

where I'(¢) denotes the I" function, i.e. I'(t) = Oo X'~ le=*dx. Then ]IP’(X, >g)— )\gt‘ =
O (1 ), ast— 0.

3. Cauchy processes. Let X be a 1-stable Lévy process with

© dx
f) = —IR\{O} and IP(|X,| > s) = 2/§ n(x2 D Ve > 0.
t
Then
[P(1X,| > &) — the| = 0s(£), ast— 0. Q)

For this example, the bound of Theorem 5 is suboptimal. However, it is hopeless to try to
improve Theorem 5 relying on the same strategy of proof, i.e. using compound Poisson
approximations, and a different approach should be considered.

4. wa-stable-type processes. Results for the cumulative distribution function for a-stable
processes were already known (see e.g. [13]). The following result is a generalization
to any Lévy process whose Lévy measure behaves as an «-stable process in a neighbor-
hood of the origin, such as a tempered stable Lévy process (see e.g. [6, Section 4.2] or
[15]). This result is a consequence of Theorems 2, 4, and 5, observing that, under the
assumptions of Corollary 1,

2K»
OAg 1

—a _ ahg
T

2Ki1e7% /o < he 1 <2Koe %/, €% < , and ¢

for A 1 defined as in Section 3.1.

Corollary 1. Let X be a symmetric Lévy process with a Lévy density f. Suppose there exist
a €(0,2),K; >0, and Ky > 0 such that Ky |x| =1+ < |f(x)| < Ka|x| 1) forall 0 < |x| < 2.
Let ¢ € (0, 1] and t > 0. We have the following:

o Ifa € (0, 1), there exists a constant Ag, K,,« > 0, depending only on Ky, Ky, and «, such
that

IP(1X:] > &) — Aet] < A, Kpal*A2, Vihe <2772 —a)a ™',

o Ifae[l,2)andf € Zk,, there exist two constants B, x,,« > 0 and B, depending only
on Ky, Ky, and «, such that for any th, < il SN a)/2K2)a_1, it holds that

B
IP(1X;| > &) — Aet] < Bk, kyot' TN T <1 1,2 +1n (A )1a=1>~
8
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o Ifac[l,2) and f is globally Ke~@t®) _Lipschitz on the interval ((3/4¢, 2e — 3 /4¢),
there exists a constant C, K,,« > 0, depending only on K1, Ky, and «, such that

IP(1X:] > &) — Aet] < Ck, Ky at*A2, Vihe <2772 —a)a™ .

2.5. Extension

A natural question is whether the above results hold true for general Lévy processes, that
is in presence of a Gaussian part, ¥ > 0 in (1). The answer is essentially positive, but to avoid
cumbersome proofs we have chosen to take ¥ = 0. If ¥ > 0, the proofs can be adapted follow-
ing the same steps as in Section 3, replacing M;(¢) with X W; 4+ M;(¢), to yield similar results
to those presented in Section 2.

More precisely, in order to mimic what is done in Section 3 for pure jump Lévy processes,
we need to generalize Lemma 2. Adapting its proof, we obtain the following result. For any
ee€(0,1],t>0,and x > 0, it holds that

2 xs+taz(s) 2

f  tol(e) 2 D2 Xe
P(SW, + M <er| ———5— ez (! ’
( P+ Mi(e) > x) =¢ (xs + t02(8)> P < 2¢2 " ( " t02(8)>>

In particular, using that u — uln? (1 + 1/u) is bounded by 1 for u > 0, we observe that the
additional term

2 2
P 2 XE >
t=In" | 1+ X
e 22 < m%)) < g20%(e)

is bounded.

Similarly, it is possible to have a more general drift » in the triplet (see (1)). Proofs can
be adapted at the cost of a more stringent condition on ¢. Indeed, the condition on ¢ in the
above theorems ensures that b(¢) < ¢/2; a similar condition should be satisfied in presence of
a general drift b.

3. Proofs

3.1. Preliminaries
Assume b > a > 0, and define A, := f‘xbaf(x)dx and Agp = fh>|x|>af(x)dx, with the con-
vention A, , = 0. Recall that o2(a):= f0<|x|<a x2f(x)dx, and for finite-variation processes the

drift is denoted by b(a) := fO<\X\<a xf(x)dx. Furthermore, we write Y@ (resp. Y*?) for a
random variable with density f1(_g a)c/Aq (tesp. fli—p —alUla,b]/*a,p). With this notation, fol-
lowing (2), consider the independent decomposition which plays an essential role in the sequel:
for all t > 0,

Mi(e) = Mi(n) + Z:(n, &) — t(b(e) — b(m)), VO<n<e<l, (6)

where Z,(n, &) = Zg\i(ln,a") Y9, N(n, ¢) being a Poisson process of intensity %, . independent

of (Yi(”’s)). Therefore, for all 0 < x < § and ¢ > 0 it holds that

P(Ni(x, 8) > 1) < Ayst and  P(Ni(x, 8) = 2) < (e s0)”. )
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In the sequel we make intensive use of the following inequalities. For any 0 <x <y <2 and f
in Zx o, it holds that

o’ _ [ wfdu _ 2K

- g
x2 x2 e ®)
2K
hev= [ fladu= 25 - y7) ©)
y>|u|>x o
2K _
Ax,y =/ fwdu < —x~*, (10)
y>|u|>x o
2K ,
b(x) = uf (u)du < Y ifae(, ). (11)
lul <x I —«a

3.2. Proof of Theorem 1
First, note that

P(|th(e) + M(e)| > &) =P(tb(e) + M;(e) > &) + P(tb(g) + M;(e) < —¢).

We consider only the term P(tb(e) + M,(e) > ¢), as P(tb(e) + M(¢) < —¢) can be treated
analogously. Define

e—1[" xf(x)dx

&
=S - < eu<
n up{4_u< u= )

s Phe /8 u < 1}.

Observe that if f € Zx o, K> 0,0 €(0,1),e€(0,1],and 0 < < (1 — a)K~1£%4=0+®) then
the set

e e — th(u)
Ag = 1 <u<eu< — the/gu <1

is not empty, as £/4 € Ag ; and A /8¢ /4 < (1 —a)(2* — 1)/(2a) < 1, using (9).
By means of (6) and the definition of b( - ), we have
P(tb(e) + Mi(e) > &) =P(M,(n) + Z(n, &) > & — th(n))
< BOM,() > & = th() + D o P (M) + Y[ > & = b)) + P(Ni(n, )= 2), (12)
where we decomposed on the values of the Poisson process N(n, ¢). Using (7), we have
IP’(N,(n, £)> 2) < ()\,,,st)z. We thus only have to control the first and second summands in

(12). For the first one, we apply Lemma 2, using that 7 < (I — a)K~'e%4=U0+% implies that
to2(x)x~2 < 1 for all x € [e/4, €]. From the definition of 5 and (3) it follows that

2
60’2(77) 1o

e t.
4772

P(M;(n) > & — tb()) < P(M;(n) > 2n) < (

Hence, using (8) and the fact that n > ¢/4 and 42“_le2+1/e(2 — Ol)_2 < 421/ we have

P(M,(n) > & — tb(n)) < 4> T/ ¢ K2e 72, (13)
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For the second term in (12), set &’ := & — th(n) and notice that &’ > £/2. It holds that

B (M0 11> ) = [ B (on > ¢ o
n<lyl<e

n
<PM > +n) [ fodct / P(M,(n) > ¢ —y)f()dy = Ty + Ts.

—& n<y<e

From ¢’ > 0 it follows that P(M,(n) > &' + n) < P(M,(n) > n). The Markov inequality and (8),
combined with the fact that f € Zk 4 and n > ¢/4, yield

& 2K2
Ty <2K’m Q2 —a)”! / x| gy < 572 < 1K2e724Cy
7 (2 — )
21+4a
ithCig:= ——. 14
with Cre := 750 (14)

To treat the term T, we suppose that b(n) > 0; the case b(n) < 0 is handled similarly. After
a change of variable, we obtain
! 0

&'—n
T, = f P(M(n) > x)f (6" — x)dx < f
—tb(n) —tb(n)
&'—n

n
+ f P(M(n) > x)f (¢' — x)dx + / P(Mi(n) > x)f (¢" — x)dx
n/2 n

=T1+Tr+Tr3+T14.

n/2

f(e' —x)dx+ / P(M(n) > x)f (¢' — x)dx

0

First observe that for f € %k o and &’ > £/2 we get

K
f(e —x) < & — x| = K(e)~®) < Ra!tee=(H0) v e [—1b(n), 0].

Furthermore, using that b(n) < 2K(1 — o)~} n]"" <2K(1 — @)~ 'e!'~®, we conclude that

22+atK2
Ty < g2, (15)
l—«

Next we consider 72 3. By (6), for any X € (0, ), we write M;(n) = M;(x) + Z,(%, n) — t(b(n) —
b(%)). Observe that, as 0 < ¢ < (1 — a)K~1e24=(+®) it holds that 2Krp'~%(1 —a)~! <n/2.
Consider x € 2Km!'~%(1 —a)~!, n/2) and set ¥:= x — 2K'~%(1 —«)~!. Using that f €
2k .« We have

1b(n) — b(X)| = ‘ / wf(u)du| < 2Kn' (1 —a)™",
|

ul€[x,n]

from which we derive that P(M,(x) > x + t(b(n) — b(X))) < P(M;(X) > X). It follows that for
xeKm'=¢(1 —a)7 !, n/2) we may write, decomposing on the values of N(x, n),
P(M(n) > x) =P(M,(}) + Zi(X, n) > x + 1(b(n) — b(¥)))
<P(Mi(X) > %) + P(N,(x, n) = 1)
2K 2K1(X) "2 + @)

)%+ thy g <
e TR 0Ty

<t

)

https://doi.org/10.1017/apr.2021.55 Published online by Cambridge University Press


https://doi.org/10.1017/apr.2021.55

Non-asymptotic control for Lévy processes 925

where, in the second-to-last inequality, we used the Markov inequality and (8), and in the
last inequality we used (7) and (10). Consequently, using that n < e and noticing that 3/8¢ <
g’ —x < 1forall x € (0, n/2), we derive

o 22+ a)Ke 12 2Kyl \
/ /
T2,2§/0 f(s x)dx+ «2— ) 2K]m_1;°‘ ( - > f(s x)dx
2K2te2¢ /81T 202+ a)K2t g\ .
<—— = - I
— 1—a \3 2122 —a)(1 —a) \ 3
2K2t —2a 8 1+o 2
e 14+ _ota ) (16)
l—a \3 21-eg(2 —a)

To treat the term T 3 we proceed analogously. Let x € [1/2, ] and Z(x, n) be a centered
version of Z;(x, n), that is,

Ni(x,m)

Zieom= ) (¥~ EL).

i=1
In particular, by the definition of 7, it follows that 7A, , < 1 and Lemma 7 applies. On the one
hand we derive that
|P(M(x) + Zi(x, n) — E[Zi(x, m)] > x) — P(My(x) + Zy(x, ) > x|
nf ()

gmx,n‘E[Yf"”)]‘ SUp  [f(3)/ A y| < K22~ (1H) / WD g < 22Ky,
[yl€lx,n] x<|ul<n )\x,n

where we used that f € Zk . On the other hand, we have that

~ 10Kzx™®  20Km™«
P(M(x) + Zi(x, ) > x) <P(M;(x) > x) + P(Ni(x, n) = 1) < 2 —a) < 2 —a)

where we used the Markov inequality, (8), (7), (10), and that x > n/2. Finally, by the triangle
inequality and using that &’ — n > n > ¢/4 and E[Z,(x, n)] = t(b(n) — b(x)), we deduce that

28Kin™* [ 28K2tn (&' —m)™% 28 x 42¥KP1e
Ty < K[V p(er e < 2P0 2 — ) T 28 X AR e (17)
TTaR-a) Jyp a2 —a) a2 —a)
Then, for the term 75 4, the Markov inequality and (8), for any x € [5, ¢’ — n], lead to
2K
P(M,(n) > x) < ——n"“t.
2—a
Therefore, using that ¢’ — n > n > ¢/4, we get
2K &g'—n K2 2 l+da 2
Tr4 < —n_"‘t/ fle/—x)dx < ———n < =——7% (18)
2—« 7 2—-ao) (2 —a)
Gathering Equations (15), (16), (17), and (18) yields
Ty <tK?e72Cy,, (19)
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with

c B 22+a 24a+3(21—aa(2 —o)+2+0) 28 x 420{ N 21+4a
2= \1 -« a2 — )1 — )3+ 2C2—a) a—-a))

Combining (14) and (19), we conclude that if b(n) > 0, then
P (M) + Y™ > ') < PR 7(C o + Co). (20)

The case b(n) <O is treated similarly and therefore not detailed here. Inserting in (12)
Equations (13), (10), and (20), we conclude that

P(th(e) + Mi(e) > &) < PK?e2* (4> T/ + 6402 + C o + Ca o) =1 PK?e™2*Cy, (21)

as desired.
For a symmetric Lévy measure, the above computations can be simplified. In this case
b(e) = 0 and one can directly take n = ¢/2 in the previous lines. More precisely, it holds that

P(Mi(e) > €) SP(Mi(e/2) > ) + (o) + e 2o P(Mile/2) + V2 > e).

To control the first two summands, use Lemma 2 (using that 41a2(e /2) < 82) and (10). It
follows that

P(My(g/2) > &) < Pe 2¢K?>T1/e

Q-
41+0{
(thepre)* < Pe K> ——.
a
To treat the last term we proceed as follows:
2.6) & —&/2
hep, e P(M(e/2) + Y39 > ) = f + f P(Mi(2/2) > & — f 2)dz
g/2 —&
€ P(M(e/2) > €3/2)
=< / (]P’(M,(&‘ —-2)>e—2)+ t)bs—z,s/Z)f(Z)dZ + e/ ) / )"8/2,8
e/2
£ (o2 —2) P(M(c/2) > €3/2)
=< t/ <—2 + ka—z,s/Z)f(Z)dZ + e/ / )"8/2,8
e/2 \ (6 —2) 2
qlreg2e=2e P(M,(e/2) > £3/2)
< )"8/2,87
a(l —a)2 — ) 2

where in the last inequality we used (8) and (10). The term P(M;(¢/2) > €3/2) is controlled by
applying Lemma 2, using that 4t0%(s/2) < £2. By means of (8) it follows that
P(Mi(e/2) > €3/2) _ e 223t /el 2
2 - Q2 —a)?

Collecting all the pieces together, one derives the following result: for all # > 0 such that
t<e2—a)K 127271 (implying that tA. 2 » < 1), it holds that P(M,(s) > &) < e "2*K>Cy,
where

22a+162+1/e(2+ e) 4l+a 4l+a

Coi= 2—a)y el—-o)—a) a2

(22)
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3.3. Proof of Theorem 2

To prove Theorem 2 we first introduce an auxiliary result.

Lemma 3. Let fbe a Lévy density and e > 0. Set p .= ¢ Al and Q := |Apt]ID(|Mt(p) +tb(p) +
Yfp)| > 5) — Agt|. Then the following hold:

o Ifee(0, 1] andf € Lk o for some o € (0, 1) and K > 0, then
0 <P(K’Dje™2* + Khe™%Dy), VO<t<(l—a)K le¥q-+0)

where D1 and D are defined as in (41).

o Ife>1 andfe.ZK,aﬂ.ifoor some a € (0, 1) and K > 0, then for all 0 <t < (1 —
)(5K)~L it holds that for Dy as defined in (49),

4

—

0 <2K?*# (]31 +5 (e—3/2— tlb(1)|)18>3/2+z\b(1)|>

) o § iy
+ Ko 4 x 5% 11 <14 20p1)) + 5 +3h 2—a)

If in addition we suppose that v is a symmetric measure, then the following hold:
o Ifee(0, 1] andf € Lk o for some o € (0, 1) and K > 0, it holds that
0< tz—K(xse*‘Y +4hae7?) + 200K D3e ™, V1> 0,
22— )
where D3 is defined as in (50).
o Ife>1andf e %k o N Lk for some a €(0, 1) and K > 0, it holds that

2

0< ! )»2*°‘+4—K+)» Vi>0.
=2 ! al—ay  *)

Proof of Theorem 2. Using the decomposition X; = M(p) + tb(p) + Z;(p), p=¢e A 1, we
derive, decomposing on the Poisson process N(p), that

IP(1X,| > &) — Aet] = 'IP(|M1(,0) +1b(p)| > £)e ™ + 3, B(|My(0) + th(p) + ¥{")| > )"

o0
—Agt+2]}”(

n=2

n
Mi(p) + th(p) + > ¥}”
i=1

> e) P(N:(p) =n)

< PUM;(0) + 1h(p)| > 0) + 12, P(|Mi(p) + tb(p) + V| > &) = et
+apt(1— e + P(Ni(p) > 2)
=hLh+hL+15+14.

The term I; is controlled with Theorem 1, I, with Lemma 3; for I3 use that 1 — e < x for
all x>0 to get I3 < )»%tz; and finally, it follows from an argument similar to (7) that Iy =

P(Ni(p) =2) < 421 (as | — e~ —xe™* < x* for all x > 0).
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3.4. Proof of Theorem 3

As v is symmetric it holds that P(|M,(¢)| > &) = 2P(M;(¢) > ¢). Using the same reasoning
as in the proof of Theorem 1, we get

P(Mi(e) =€) <P(Mi(e/2) = &) + thepp. o P(Mi(e/D + Y2 2 6) 4 (theppe) . (23)

By means of Lemma 2 together with (8), we get that

241+aK2e2+1/2
P(Mt(e/Z)Zs) St W’ (24)
and, using (10), that
5 t2K24l+a
(thepe)” = —5—5— (25)

Finally, using the symmetry of v, we have that

&

hepp. P(Mi(e/2) + ¥ 2 6) = / (P(Mi(e/2) > € — ) + P(Mi(e/2) > & +2))f (2)dz

e/2
€ P(M;(g/2) > £3/2
S/ P(M(e/2) > ¢ — 2)f (2)dz + M /2)_ / )Ke/z,s =T +T1>.
e/2
To control the term 77, observe that

/e e/2
I = / PM(e/2) = 2)f (e — 2)dz + ,/.1/ P(M(e/2) = 2)f (e — 2)dz

0 th/e

Ktl/a 2l+ai
= (e — tl/a)l+a glta

e/2
/ PO/ = e
t o

Next, for z e (£'/¢, €/2), the decomposition M;(e/2) = M(z) + Z,(z, ¢/2), Equation (7), the
Markov inequality, and (8) lead to

102(2) /2 dx of 1 1
P(M(e/2) 2 2) SP(My(2) > 2) + thy o2 < + 2K —— <2K1z +—.
22 . xlte 2—a «

Therefore, for any o € (1, 2),

£/2 4Kre
PMi(e/2) > )dz < ——m———;
ftw M(e/2) = 9 = s
then, using that & — e > &/2, we derive that
21+aKt1/a 4K 6
I < , e(1,2). 2
SR ( +a(2—a)(a—1)) vet.2) (20)
If, instead, o = 1, we get
- <4Kt+ 16K? . (g) @
— + ——1tIn(—).
=" g2 2t
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To control the term T, we use once again the Markov inequality together with (8) and (10) to
obtain

102(e/2) hep,e 2212
2= =< )
9(e/2)? 2 9at(2 — ar)g2
Gathering (26) and (28) we have, for o € (1, 2),

P ( 4K ) 22012y

ae[l,2). (28)

Aa/Z,sP(Mt(s/z) + Ygg/z’g) > 8) =<

glte + a2 —oa)a—1) O9xt(2 — ar)g2e”
(29)
Combining (23) with (24), (25), and (29), we conclude that for all « € (1, 2) it holds that
P t2K2 21+aKt1+1/ot 4K
M, >¢e) < E s
( 1(8)—8)— g2a 1+ glta < +ot(2—a)(ot—1)>
with
462+1/e gl+o 22a+1
! <(2_a)2+ o2 +9a(2—a)) (30)

If, instead, o = 1, then using (27) we have

412K? 38 4K2  16K> P
P(M,(e) > ¢) < —— [ 21/e 4 22 ) L 20 L P2 2y (_)
(Mi(e)=¢) < o (e ty )t (5

This concludes the proof.

3.5. Proof of Theorem 4

Lemma 4. Let f be a symmetric Lévy density such that f € Zx o N Lk for some o €1, 2)
and K > 0. Let ¢ > 0 and set p =& A 1. Then, for all 0 <t < ((A1)/2)* (1 A (2 — @)/2K)), it
holds that

/e N 8K? I N 5K 2
eAnDFe g —a)(eAD2®  2—a(sAl)?

CAle—1)) Con) 1
eleon + 8K2 P14y <218>111/C<1/\(8—1) In (f) +1In <T> L

’Apt]P’(lMt(p) + 7> g) —et| <Ly
2l2

+2—Ol

where C := (1 A ((2 — a)/ZK))]/a and L is defined in (68).

Proof of Theorem 4. The result follows from Theorem 3 and Lemma 4 using the
decomposition

IP(X,| > &) = Aet] < PUMi(p)] > p) + 1o fP(|Mip) + Y| > ) — det] + 2227

-G /e LG 2 L 5K 2 +4K2t2 1
I
=l e ADHe T e A T 2aenl)?  2—a 2

CAAle—1) C 1
+ K 14—y (8(21s>111/0<w51) In (%) +1n (—p>>

t eNnl
32 enl
1 222 .12,
TEn? n( 2 ))+ el
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with p:= ¢ A 1 and

K 38
G =L + Lo K| 1+ ————— | + Lo— [ 8K*( 2T/ + = ) + 8K ),
1 1+ 1ae1,2) ( +a(2_a)(a_1))+ a1< e + 5 +
(€2
8K?
Gy=——— +KE 1 :
2 a(2—a)+ Hae1,2) .

3.6. Proof of Theorem 5
We first introduce two auxiliary lemmas whose proofs can be found in the appendix.
Lemma 5. Let f be a symmetric Lévy density such that f € £k o for some a € [1, 2) and K > 0.

Let € € (0, 1]. Then there exist three positive constants Hy, Hy, and H3, dependent only on «,
such that for all

2 —a)e®
0<1="reg
it holds that
P(M,(3¢/4)| > ¢) K2**H, B #K*H;  32K%2
t 5 =" + 2 K Holye(r2) + i + = In (2)1g—1.

For explicit formulas for Hy, Hj, and Hs, see (53) and (58).

Lemma 6. Let f be a symmetric Lévy density f in 2k o for some o €[1,2) and K> 0. Let
>0, set p=3/4(c A1), and assume that f is K(e A 1)~ Lipschitz on the interval
((3/4(e A1), 26 —3/4(e A 1)). Then for all t > O it holds that

|,\,,tIP><‘M,(p) + Y}”)) > g) — | <K22 (H4s_2"‘10<651 + 82H51€>1> + HeK2h (e A1),

where Hy, Hs, and Hg are positive universal constants, depending only on «, defined in (67).

Proof of Theorem 5. Let p := 3/4(e A 1); using (2) at the point p and P(|M,(p)| > ¢) <
P(M(p)| > 1 A g), we derive

IP(1X| > €) — hetl < P(IMi(p)| > 1 A )+ |,\,,ﬂP>(‘M,(p) + Y](”)‘ > e)
— det] + Apt(1 — ") + P(Ni(p) > 2)
=L+ L+ 61+ 1.
By Lemma 5 and Lemma 6 it follows that

2K22H, 21°K*H;  64K32
L < —— 42 A1) 2K’Hs1 In (21—,
1_(5/\1)2a+ (enl) 2a€(1,2)+(8/\1)4a+(€/\1)2 n(2)lg—1

L < K2£2 (H48_2a10<851 + 82H518>1) + HGK[z)\,l(E ADTE.

Furthermore, by (7) and (9), it holds that
I+ Iy <200,1)% =20 (p 1 4+ A1)* <42 (0p 1) + 40707

1622K2 [ [ 4\¥ 2
5—2<< ) (8/\1)0‘—1> + 4723

« 3
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Therefore
IP(1X;| > &) — Aet] < PK*((Fre ™% + A *F2)lo<e<i
+ (£%F3 + F)le=1) + *K*Fs(e A )™ + 4223,
with F, = 5, F3 = Hs, Fs = 2H3, and

16(4/3)%*
Fi:= 2H; + 2Hs14¢(1,2) + Ha + 64 In (2)14—1 + —Q2
16
F4:= 2H; +2Ho14e(1,2) + 64 In 2)1o=1 + 2 (32)
where in defining F4 we used that ((4/3)* — D2 <1. O

Appendix A. Technical lemmas and additional proofs

A.1. Proof of Lemma 2
For any u > 0 we have that

E[euM,(s)] <exp (t/ (eu\yl —uly| — 1)v5(dy)>.

Therefore, using that f [y[*ve(dy) < ek 262(g) for all k > 2, we have

P(M;(¢) > x) < exp (—ux+ 1 / ("M —uly| — 1>vg<dy))

2 ok—2
t
<e (H o (8)—ux+t0'2(8)2 )
Substituting
« 1 (14 xe
uw'=-1In —_—
e to2(g)
in (33), we find that
2 x£+t02(s)
X to (E) 2
P(Mi(e)>x) <et | ———— ,
xe + to2(e)
as claimed. To derive (3), we use that u™* < e‘ﬁ1 for all u > 0. Indeed, set
xe + to2(e)

and notice that

x€+t02(£) XE+[O'2(£‘)

to2(e) 2 to2(e)\" u e to2(e)\ &
- - = u e
xe + to(e) g2 - g2

The first part of Equation (3) then follows under the assumption fo>(g)e 2 < 1. Analogous
arguments, with M;(e) replaced by —M;(¢), allow us to deduce the right-hand part of
Equation (3).
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A.2. Proof of Lemma 3

First, we consider the general case where v is not symmetric. We control the quantity J =
2o P(|Mi(p) + th(p) + Y| > &) — is as Q = |J]1. It holds that

J :/ (P(Mi(p) + 1h(p) < —& — 2)f (2) + P(M(p) + th(p) > & + 2)f (—2))dz
p

- [ (P(M(p) + th(p) < & — 2)f (2) + P(Mi(p) + th(p) > z — £)f (—2))dz

+ / (PMi(p) +1b(p) > & — 2)f (2) + P(Mi(p) + 1h(p) < —& + 2)f (—2))dz
P

Recall p = ¢ A 1; both assumptions on ¢ ensure that #|b(p)| < p/2, and thus
o
R=< / (P(My(p) < —p)f (@) + P(M(p) > p)f (—2))dz.
P
By means of the Markov inequality and (8) we then derive
IR| < 2K thop @ (35)
—2—a * po

To treat the terms S and T we distinguish the cases ¢ € (0, 1] and € > 1. Moreover, we restrict
to the case b(p) > 0; the case b(p) < 0 can be obtained similarly and leads to the same result.
Decompose S := S1 + 2, where

o0

Si+8= / P(M;(p) > x)f (—& — tb(p) — x)dx + / P(M;i(p) < —x)f (x + & — tb(p))dx.
—1b(p) tb(p)

We detail only the computations for the term Sy, those for the term S> being analogous.

Case ¢ € (0, 1]:
In this case, p = &, and it holds that

th(e) g/2
IS1] < / f(—& —tb(e) — x)dx + / P(M;(e) > x)f (—e — tb(e) — x)dx
—tb(e) tb(e)
I3 o0
+ / P(M;(e) > x)f (—e — tb(e) — x)dx + / P(M:(e) > x)f (—e — tb(e) — x)dx
e/2 e
=S11+812+81,3+ 81,4
From the fact that f € %k  and (11), it follows that

4K?te™2
1.1 < 2Krb(e)e~1HY) < T (36)
—a
To control the term S, we proceed as for the control of the term 75 in the proof of
Theorem 1. Observe that 0 < ¢ < (1 — )K" 1e4=(+®) jmplies 2Kre!=*(1 — )™ < /2. Let
xe (2Kre!=*(1 —a)™!, £/2) and set ¥ := x — 2Kre!~%(1 — &)~ !. In particular we can write
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M,(e) = My(X) + Zy(x, €) — t(b(e) — b(X)). From the assumption f € %k 4 it also follows that
|b(¢) — b(X)| <2Ke'~%(1 — a)~!, and so

P(M(x) > x + t(b(e) — b(X))) < P(M;(X) > X).
Therefore, for all x € 2Kte!=*(1 — a)~!, £/2), the Markov inequality and (8) lead to

P(M,(e) > x) < P(M;(x) > x + 1(b(e) — b(x))) + P(Ni(X, £) > 1) < P(My(%) > X) + 1Az.¢
212 + a)Kex™¢
< - 7
(2 —a)

Furthermore, by means of (11), ¢t|b(¢)| < 2Kre! = (1 — )71, and f € %k o, We get

2
—2u

2K/(1—a)te! = 2Kite! = (1—a)~! 2K
/ f(—e —tb(e) — x)dx < / f(—e —tb(e) — x)dx < te
t 0

b(e) l—«a

and

e/2 K /2 —a
-~ 1- -1
/ X %f(—e —th(e) — x)dx < Tra f (x —2Kte' 7*(1 — ) ) dx

2 1—a 2 1—a
= Kte = Kte

K _
e,

<
T 1l-«a

We derive that

2K? o2 204+ )K?

S12< te
’ l—«o 02 —a)(1l—a)

(37

To treat the term S; 3 we notice that, for any ¢ € (0, (1 — a)K1e?4=(0+0y and x € [¢/2, €],
we have that tA, . < 1, and hence, by Lemma 7, we derive that for all x € [¢/2, €],

]P’(Mt(s) > x) < ]P’(M,(x) +Zi(x, &) > x) +2te sup f(y),
[ylelx.e]

where
Zi(x,e)i= Y (Yi(x‘") — E[Yi(x’")]).

Then, using (7), the Markov inequality, (8), and (10), we get

22 + a)Kex™«

P(My(x) + Zi(x, £) > x) < P(My(x) > x) + P(N;(x, £) > 1) <
2—a)x

Moreover, the fact that f € Zk o implies sup,,
[e/2, €] and so we deduce that

]f(y) < Kx— 1+ < KolHeg—(4+e) for x ¢

|€[x,e

P(M,(¢) > x) < 2°T1Kre™@ (2 + 2—}—_0()
2—-a)
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Combining this with f 58/2 f(—& —th(e) — x)dx < A, we obtain
a+1 —a 2 +o
S1.3 < A2% Kre 24— ). (38)
’ 2—-a)a
Finally, for the term S 4 we have that
—2e—1b(¢)
S1.4 <P(M(e) > ¢) Jdx <P(M(€) > &)Ae.

—0o0

From the Markov inequality and (8) we then derive

2 —a
S14 < > thee . (39)

]
Combining (36), (37), (38), and (39) yields
2K, 2+« 2+
e 3+ —— 2Kte | 14+2%(2+——+ ) ).
o < +a<2—a>>+ ‘ ( i < +a<z—a>>>

The term S can be controlled in a similar way; in particular it holds that

4K? 24+« 24«
— S| < te7 34 == ) +aKre h (1 +2%( 2+ — ). 40
IR <+a(2—a)>+ ¢ ( " (+a(2—a)>> @0

IS1] <

Finally, we observe that when ¢ € (0, 1] the term T is identically zero.
Gathering Equations (34), (35), and (40), we conclude that for € € (0, 1],

|A8tP(|M,(e) +ib(e) + Y| > s) — et] < A(K2D1e 2 4+ Khee™“Dy),

where

4 24+«
D; = 3 d Dy:=4
! l—a( +(x(2—oz)> and 2 (

+1+2°‘(2+—2+°‘ ) @D

2—« a2 —a)

Case ¢ > 1: In this case p = 1, and using that f € %k o N Zk we readily derive

1/2

o
S §2Ktb(1)+K< +/ P(Mt(1)>x)dx> =:511+S12+ 513 “42)
12

th(1)

The term 5’1,2 is the analogue of S > above. Observe that under the assumptions 0 <# < (1 —
a)(SK)™! and f € Z o, we get t|b(1)| < 1/2. For any x € 2Kt(1 —a)~!, 1/2), set 3 := x —
2Kt(1 — oz)_l. The same reasoning as for the term S; > allows us to conclude that, for any
xe (2Kl —a)71,1/2),

P(M(1) > x) < P(M;(%) > %) + t(Az 2 + A2) < LKD?_“ + 1A, (43)
’ 2—-ao)a
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where in the last inequality we used the fact that f € .k o together with the Markov inequality,
(8), and (10). Therefore, from (43) and using again that f € %k, we get

- 2K 4K? (12 2Kr \ 7 Ko
S12 <Kt -b() )|+ — X — dx + ——
- (2 —a) Jaki(1—a)! l -«
k(-2 ) + AL (44)
- l -« a2 —a)1 —a) 2
Furthermore, by the Markov inequality and (8), we deduce that
- 4Kt
S13= . (45)
2—«w
Gathering (42), (44), and (45), we conclude that
§1 < 2Keb(1) + Ke[ =22 —b1)) + 8K K
t= -« a—a)l—a) 2
Thus the term § in (34) can be bounded by
2K 16Kt
|S| < 4Krb(1) + 2Kt -b() |+ ————— +Kho. (46)
l—« a2 —a)(l—a)
By means of (35), the term R in (34) is bounded by
2Kt
IR| < = 47)
To control J it remains to control the term 7 in (34). We provide an upper bound for
e e—1—1b(1)
T, := / P(M (1) + tb(1) > & — 2)f (z)dz =/ PM(1) = x)f (¢ — x — tb(1))dx;
1 —1b(1)

the control of the quantity f f P(M;(1) 4+ tb(1) < —e + 2)f (—z))dz can be treated similarly. We
have, using ¢|b(1)| < 1/2, that

(1) 1/2A(s—1—1b(1)) e—1—tb(1))
Ti = Ls 142001, + / + / P(M,(1) = 0)f e —x — tb(1))dx
(1) (D) 1/2A(—1—1b(1))

th(1)

Lot / P(M,(1) = x)f (e —x — tb(1)dx = Ty.1 + T1.2.
1)

—tb(

For f € Zk, recalling the definition of S 1,2 given in (42) and that we assumed b(1) > 0, for
&> 1+ 2tb(1) we write

1/2A(e—1—1b(1)) e—1—tb(1)

P(M;(1) > y)dy + K/ P(M;(1) > y)dy

T1.1 <2Kh(1) + K/
1/2A(e—1—1b(1))

th(1)
= K(20b(1) + 31,2+ PM(1) > 1/2)(e = 3/2 = ()1 2o 1101 )

2K N 4K +A2+ 8K
l—a a—-ao)(l—a) 2 2—«a

< Kt<2b(1) + (e —3/2— lb(l))15>3/2+tb(1)>,
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where we used (44), the Markov inequality, and (8). For the term T 2, using f € Zx o together
with (11) and the assumption ¢ < (1 — )SK) L, we get

Ty < 2Ktb(1)(e — 2tb(1)) ™ ™11 e <1201y < 4KI5 11 26 < 142mm(1)-

This implies that

<Krl1 ° — . - 3
T RO\ T 2y T a2 —a)(1—a) | 2
8K +5%
2 —« (& = 3/2 — tIb(M)D13/2-44b(1)| < S Hli<e<taipn |- “

Combining (34), (46), (47), and (48), and using (10), we conclude that, forany e > 1,0 <t <
(1—a)SK)"!, andf e Lk .o N Zk, using 1|b(1)] < 1/2, we have

- 4
J< 2K2f(D1 + 7o (e—3/2— flb(1)|)13/2+t|b(1)|<e>

8 40
+ Kf<4 x 5%y <e<1421p(1)| + r 30 + m),

where we used the notation
5 10

SRR PRy Ty — @

Case v symmetric and ¢ > 0: In the case where v is symmetric the proof can be simplified.
Since b(p) =0, M(p) = M(x) + Z:(x, p) for all x € (0, p), t > 0, and it holds that

0]

MpPUM () + Y| > &) — b = 2( / (P(My(p) > & +2) — P(My(p) < & — z))f(z)dz)
P

e¢]

P
< A,P(M(p) > 2p) + 2( /O P(M;(p) > x)f (x + &)dx + P(M:(p) > p) / [+ s)dx) :
0

By the same arguments as those used to treat the term S} » above, one finds that for any x €
(0,e)and r > 0,
224+ o)K@

a2 —a)
Therefore, by the Markov inequality, (8), and the fact that f € Zk o, we conclude that for all
ee(0,1)and >0,

P(M,(p) > x) <

tK
‘APP(’MI(,O) " YY’)’ - 5) el < (het™ +4Agee™®) + 20K2Dpe 2,
22— )
with 5
D; = &_ (50)
Q2—-a)(l —a)

If instead ¢ > 1, then assuming in addition that f € £k, we derive

A 27+ i + A
2—a\! al—a) )

=

‘)\IP()M,(U + Yﬂ > e) A

This concludes the proof.
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A.3. Proof of Lemma 5

First, by the symmetry of v, it holds that P(|M(p)| > ¢) = 2P(M;(p) > ¢), where we write
p = 3e/4. Since ¢/2 < p < ¢ together with (6) and (7), we obtain

P(Mi(p) > €) <P(My(e/2) > €) + 1., /z,pP(M,(s/z) YR S e) +(thepnp)’. (5

Applying the second part of Lemma 2 and using (8), we derive

P(My(e/2) > €) + (the)np)” < K*Pe2H], (52)
with 241
e
Hy = 4l £ —). 53
1 <(2_a)2+a2> (53)

Using again the symmetry of v we can establish

A.g/z’pIP)(Ml(E/‘/z) + Y§8/2,p) - 8)
g/2 ,

e/2 )Le
5//4 P(Mi(/2) > y)f (e — y)dy + P(M(e/2) > 3/2¢) /22,p

=:T1+T>. (54)
Applying (6), (7), the Markov inequality, and (8), for any y € (¢/4, ¢/2) we have
4 —a
P(M;(e/2 <PWM, tA < —.
( e/ )>y) <SPM(y)>y)+1thy e < 2 —a)
It follows that

23+(xK2t (8/4)1—01
a2 —a)elte\ (@ —1)
Furthermore, note that Lemma 2 applies as
_ o
‘< 2—a)e
- 2l+aK

implies 4t0%(e/2)e 2 < 1. Together with (8), this gives
t323(1+0t)e3+1/eK4

a2 — o)t

4Kt ¢/2
<——— / y (e —y)dy < 1o,y +1In (2)1a—1>~ (55)
a2 —a) Jesu

T < (56)

From (54), (55), and (56), we obtain that

AK*H;  16K%*
+

he o, pIP’(M,(s/Z) IR CEGEN g) <te 2 K2Hylye(1.2) + In)laei, (57)

840{ 82
with
21+3a 23(1+a)e3+1/e
Hy=————— and H3y:= ——— (58)
a—a)a—1) a2 —a)
Finally, gathering (51), (52), and (57), we derive
Ard 2.2
"K*H 16Kt
P(My(p) > &) < K22 2%H, + e K> Hyloc(1.2) + > 4 n(2)1yey.

gl g2
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A.4. Proof of Lemma 6

Using that v is symmetric gives
oo
kp]P’<|M,(,o) +r) > g) =2 / (P(M(p) > & — 2) + P(My(p) > & + 2)) v(d2).
0

Moreover, since p < ¢, and using again the symmetry, we obtain

JptP(Mi(p) + Y(")| > €) — Aot
:2;[/ P(M(p) > &€ — z)v(dz) — / P(Mi(p) <& — Z)V(dz)]
P e
+21 / P(M,(p) > & + 2)v(dz) =: 2t(R| + R2). (59)
P

We begin by controlling the term R;. Recalling that p =3/4(¢ A 1) and setting n:= & —
3/4(e A 1), we have

& n

/ P(M(p) > & — 2)v(dz) = /0 P(M(p) > )f (6 — x)dx,
o

/ P(M,(p) <& — 2)v(dz) = / P(M(p) > z — &)v(dz)

o
- / P(My(p) > )f e + x)dx,
0
where we used the symmetry of v in the second line. The triangle inequality gives

[R1| <

n 00
fo B(Mi(p) > x)(f(e —x) — fle + )dx +‘ / B(Mi(p) > 0)f (¢ + x)dx
n

=R 1 +Ri>. (60)

Therefore, by (6), (7), the Markov inequality, (8), and the fact that f is K(e A 1)+
Lipschitz on the interval (3 /4(e N1),2e —3/4(e N 1)), it follows that

e/4
Ry <2K(e A 1)~ [10<g<1 f (P(M,(x) > x) 4 thy 3/4¢ )xdx
0
(e—3/4)A3/4
e / (B > x) -+ thy 3/0)xx
0

e—3/4
+ 151 P(M(3/4) > 3/4) xdx
(e—3/4)A3/4

8tK?(e A 1)~CF®) /4 gy (e=3/HA3/4 gy
= lo<e<i — 41 / -
0 0

(2 —a) xo—1 |
gltagz—ag2..2
Pl
22a—1 2 glto 22,
< — KX 1 — (¢ -3/4" —1 .
= 20— o< + a(2—a)2(£ /A" lice<zpp + 3902 — g E732
(61)
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Concerning the term R 2, we have

e3/4 oo
Ri2 <1p<e<i (/ P(M(€3/4) > x)f (x + &)dx + P(M(e3/4) > €3/4) / flx+ 8)dx)
e/4 €3/4

3/4 00
+ 11<a<3/2<f P(M;(3/4) > x)f (x + &)dx + P(M,(3/4) > 3/4)/ f(x-l-E)dX)
e—3/4 3/4

-3

+ 1e>32P(M,(3/4) > 3/4)/ fx+ e)dx. (62)
e—3/4

Using (6), (7), the Markov inequality, (8), and (10), we get

22HUR 3¢
P(M(e3/4) > x) < PM(x/2) > x) + thyp,e3/4 < —7——, Vx=<—, <1,
’ a2 —a) 2
220t+l
—a
P(Mt(3/4) > 3/4(8 N 1)) < IKm(:‘E A 1) . (63)

Therefore, from (62), (63), and (10), using the fact that f € Zk o N %k, we derive

230: 24ot+1 200+1
+ ) +Ke M=
o — 12 —-—a) 21%Q2 —a) 392 —a)

R <1p<e<i (szS_za(

23aM 22a+1

2(4/3)*
@—DC—a) 32—« '

)17/4> +1e>3/2tKhg/4 >

+ 11<s<3/2tK<a (64)

Gathering Equations (60), (61), and (64), we get

20—1 23a 24a+1
+ +
a—a)?  ale—DR—-a) 21%2-—a)

22a+1
132 " q)

Ri <1p<e<1 (thg—za( ) + Ke™%A

23K 92a+1
ala— 12— + 322 — 0{))‘7/4 (65)

8K _
+ 11<8<3/2tK< 05)2 (e — 3/4)2 ¢4+

a2 —

+1 glHo 2Ky LK 2(4/3)*
£>3/2 3902 —q) 9/4 —a )

To complete the proof it remains to control the term R; in (59). The Markov inequality, (8),
the symmetry of v, and the fact that p > 1/2(¢ A 1) yield

P(M, 29Ke(1 A g)™®
< M(km +i) = %(2‘”“1{(1 Ae) %+ Ap). (66)

R
Therefore, from (59), (65), and (66), we conclude that

(1o P(1Mi(0) + Y{7| > &) = het| < K2 (Hae™ Lo<ecy +e®Hsleor) + HoKe2hi (e A D77,
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where Hs, Hs, and Hg are positive universal constants, depending only on «, defined as

follows:
220:71 23(1 24ol+1 22a+2
Hy:= ,
4 a2 —a)? + a(e — 12— ) + 21% (2 — a) + (2 —a)
8(3/4)27& 23ot 1+«
Hs := | S —— 1,532, 67
: <a(2 —or T Taeone—w) e g gy e @)
22()t+1 220t+l 2(4/3)&
Hg:= 1 —+1 T — .
6 0<e=1300 _ ) + 1632300 o) t 1232 o

A.5. Proof of Lemma 4

The decomposition (59) as in the proof of Lemma 6 in A,1P(|M;(p) + Yfp)| >8)— Al =
: 2t(R1 + R») still holds with

Ke—2¢ g%\ 1,94
|R2|§tK10<551( ! )+ K141

x2—-—a) 22—a) Q2 —a)e+ 12

Set C=(1A(2- oz)/ZK))l/a and note that C(e A 1)/2 > 1!/, Using the symmetry of f we
get

p

tl/a/c
Ryl < /0 (FO + &)+ 21 1f(e — )dy + / o (BOL =)+ 10 e 4 9y
tl «

+P(Mi(p) > p) f SOy +e)dy
P

In(e—1)
+ 121 1t1/a/c<1/\(5_1) / (]P(Mz()’) >y)

tl/e/C

e—1

+ thy,1)f (e — y)dy + 2P(M,(1) > 1)/1 -

fle— y)dy> .

Next, as f € Zk o N Zk, it follows from Equations (6), (7), (8), and (10) and the Markov
inequality that

Kt/ 1 21 2Kt A
|R1|§ ( + e>1 >+ (p_a<Ka—1(p+8)—(X+_l>

C \(eADlte " (e—f/e/C)Al)  2—a 2

4K2tl/aca7]1a5(1’2) 1 n | P
a2 —a)a—1) (8+t1/°‘/C)/\1 (S—tl/a/C)/\l

+4K2tla=1<1n (C(l/\|8—1|)) >t <Q> 1 )
t (e—1/C)A1 t ) (e+1/On1

<Kt‘/°‘ 1 N 2 N 2Kt Ka~'( A1)72,“)\1(5/\1)*01+K1
e - oY
=7c \eant Ten1) T2\ B 2 e>2

2KV C Myeqy 1 4K
a2 —a)a—1) enl enl

(%)
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C(l/\|8—l|))

(218>11t/c<1/\(8—1) In ( ;
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with the convention that 0 In 0 = 0. Therefore, we get

1/ N 8K? 2 N 5K 2a
At a2 —a)(e A2 2—a(eAl)?

2.2

/ CAle—1)) c 1
eles + 8K P 1o (218>11t/c<1/\(8—1) In (—) +1In <_,o>> ,
- t t enl

‘ApﬂP’<|M,(p) n Y}"" > e) et <Ly

+ 2
where

2K 4K 24K%c* 1
L=y ae(l.2)
c C a2 —a)a—1)

(68)

A.6. A result for compound Poisson processes

Lemma 7. Let N be a Poisson random variable with mean 0 < A <1 and (Y;)i>0 a sequence
of independent and identically distributed random variables independent of N with bounded
density g (with respect to the Lebesgue measure). Furthermore, let M be any random variable
independent of (N, (Yi)i30)~ Then, for all x € R,

N N N
P<M+ZY,~—E[ZY1:| >x> —]P’(M+Z(Yi—]E[Yi])>X)
i=1 i=1

i=1

<22 ME[Y1]][1glloo-

Proof. Note that

N N N
IP’(Z Yl-—IE|:ZY,-:| >x> —P(Z(Yi—E[Yi])>x)
i=1 i=1

i=1

< llglloo [ E[Y1IE[IN — A].

Observe that, for A < 1, it holds that E[|[N — A|] = 2xe~*. We conclude the proof by observing
that for any real random variable Z; independent of Z, and Z3 and any z € R, it holds that
IP(Z1 +Z > 2) = P(Z1 + Z3 > 2)| < sup,g |P(Z2 > x) — P(Z3 > x)|. 0

A.7. Proofs of the examples

1. Compound Poisson processes. Let X be a compound Poisson process with intensity
A =v(R) < 0o and jump density f/A. Write X; = Zf\il Y;. For any & > 0, it holds that

0 n
P(1X,| > &) = thee ™ + Z P( Z Y;

n=2 i=1

> 8) P(N; =n).

Using PV, > 2) = O(#?) we obtain [P(X;| > &) — tA,| = O(#*), as t — 0. For f a Lévy
density such that f = f1[; ), it holds that A = A, and later computations simplify to

P(X;|>e)=PWN; > 1)=1—e 2 =r,0 — 1> Z 2 (=ae) k.
k>2

In that case, the rate is exactly of the order of 2. Next, considering the small jumps, it
(0.¢)
Y

1

N[(O,s)

holds for ¢ € (0, 1] that th(e) + M,(e) =D, , and using (7),

Xk: YI(O,S)
i

P(|tb(e) + Mi(e)] = ) = > PN = k)P(
i=1

k=2

> s) <P —Ae)%
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This is exactly of order > for any Lévy density such that f = f 113¢/4,00)-

2. Gamma processes. Set ['(¢, &) = fgoo x~le=*dx, so that T'(¢, 0)=T'(y). Using that
I'(¢, €) is analytic, we can write

P(X; > &) O Ak [ gk
he = —— AF()‘AF(I, 0)T'(0, e)—gﬂ{wr‘(n €) ,=o}
1 — T, 0) 1 k[ ak
sr(o,e)' o |t tF(t)k; {atkr(t €) 0}. (69)

As T'(¢, 0) is a meromorphic function with a simple pole at 0 and residue 1, there exists
a sequence (ax)k>0 such that

()= % +) .
k=0

Therefore,

L0t 0)=1) _ a,

k=0

and
L—0@0) 132, apt®

= =0(t), ast— 0.
1T (1) 1+1Y 02 axt ®

Let us now study the term

2,k ok
ZE F(f8)|

k=1

We have

1
‘ I, e) —‘f x (I (0)kdx| +

_y [ In(e)[FH!
k+1

S

' / e *(In (x))kdx‘
o

+ / e *(In (x))*dx.
1

Let xo be the largest real number such that

e? = (In (x0)).

This equation has two solutions if and only if £ > 6. If no such point exists, take xo = 1.
Then

/ e *(In (x)kdx < / xoe*X( In (x)Fdx + / e 2dx < (In (o) (7! —e™0) + 2e7
1 1 X0

<e? g T k4,
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where we used the inequality xo < 2k In &, for each integer k. Summing up, we get
‘ Z { @, s) }
k

N
<|In(e)| [N —1] + Z %(—) +0(f) < (In ()%t + O(1).
! e
k=6

00 5

k k+1
712t |lnk(i)|1 Z 2_+Z_(kk+l)

k=

In the last two steps, we have used first that 7 < e~2 and then the Stirling approximation
formula to deduce that the last remaining sum is 0(t3). Clearly, the factor ﬁ ~1, as
t — 0, in (69) does not change the asymptotic. Finally we derive that

[the =P, > )| =0(R),  ast—0,

as desired.

3. Cauchy processes. Observe that A, = % and

2 /m )
P(1X/| > &) == (— — arctan (—)) )
T \2 t
Hence, to prove (5), it is enough to show that
2 3 2

& T ¢ (8) £
—|—=| =z —arctan (- ) ) — —
B\2 t 2

im < 0. (70)
t—0 71T

Sety= é; we compute the limit in (70) by means of de I’Hopital’s rule:

1 <JT . (1)) 1
—| = —arctan (- ) | — =
y\2 y y?

2 .
— lim
7T y—0

14 1
L arctan (;) —y‘

=lim ————
350 (1 +92)3my2
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