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THE NONARITHMETICITY OF THE PREDICATE LOGIC OF
STRICTLY PRIMITIVE RECURSIVE REALIZABILITY

VALERY PLISKO

Moscow State University

Abstract. A notion of strictly primitive recursive realizability is introduced by Damnjanovic in
1994. It is a kind of constructive semantics of the arithmetical sentences using primitive recursive
functions. It is of interest to study the corresponding predicate logic. It was argued by Park in
2003 that the predicate logic of strictly primitive recursive realizability is not arithmetical. Park’s
argument is essentially based on a claim of Damnjanovic that intuitionistic logic is sound with
respect to strictly primitive recursive realizability, but that claim was disproved by the author of
this article in 2006. The aim of this paper is to present a correct proof of the result of Park.

§1. Introduction. Recursive realizability introduced by Kleene [4] can be considered
as an interpretation of the informal intuitionistic meaning of arithmetical sentences on
the basis of the theory of recursive functions. The main idea of recursive realizability
is to replace the vague intuitionistic concept of an effective operation by the exact
notion of a partial recursive function. On the other hand, many other more restrictive
classes of computable functions are studied in mathematics. It is of interest to consider
variants of realizability based on subrecursive classes of functions. One of them is the
class of primitive recursive functions.

Damnjanovic [2] introduced the notion of strictly primitive recursive realizability
for the language of formal arithmetic. This kind of realizability combines the ideas
of recursive realizability and Kripke models. Strictly primitive recursive realizability
can be considered as a kind of constructive semantics of arithmetical sentences. For
any semantics, it is of interest to study the corresponding logic. The predicate logic of
Kleene’s recursive realizability was considered by the author. It was proved that the set
of recursively realizable predicate formulas is not arithmetical [11].

A similar result for the strictly primitive recursive realizability was obtained by Park
[7]. His proof of the nonarithmeticity of the predicate logic of strictly primitive recursive
realizability is essentially based on the claim [2] that every predicate formula deducible
in the intuitionistic predicate calculus is strictly primitive recursively realizable (Lemma
4.3 and Theorem 5.1). Later this claim was disproved by the author [8, 10]. Nevertheless
the result of Park remains valid. The aim of this paper is to present a correct proof of
this result.

Another primitive recursive realizability was introduced by Salehi [12], which was
compared with the strictly primitive recursive realizability of Damnjanovic in [8-10].
It was proved that there exists an arithmetical formula that is primitive recursively
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realizable, in the sense of [12], but not strictly primitive recursively realizable, in the
sense of [2]; while its negation is strictly primitive recursively realizable but not primitive
recursively realizable.

§2. Indexing of primitive recursive functions.

DEFINITION 2.1. Primitive recursive functions are obtained by substitution and recursion
from the basic functions O(x) =0, S(x) =x+ L. I"(x1.....xp) =x; (m=1,2,..
1<i<m).

DEFINITION 2.2. The class of elementary functions is the least class containing the
0 ifx <y,
x—y ifx =y

Sunctions x — 1, 1", +., =, where x +y = { and closed under
y

substitution, summation (X, y) — Y w(x. i), and multiplication (x, y)
i=0 i

p(x.i). x

=

0

being the list xy, ..., Xp,.

If ag. ay. ..., a, are natural numbers, then (ay, a1, ..., a,) denotes the number pgo .
pi' ... py". where po. pi. ... p, are sequential prime numbers (po = 2. p = 3. pr =
5....). The functions z(i) = p; and (x,y) — (x,y) are elementary. In what follows,
fora > 1 and i > 0, let [a]; denote the exponent of p; under decomposition of a into
prime factors. Therefore, [¢]; = a; if a = (ay, ..., a,). For definiteness, let [0]; = 0 for

every i. Note that the function (x,7) + [x]; is elementary.

DEFINITION 2.3. An (m + 1)-ary function f is obtained by bounded recursion from an m-
ary function g, an (m + 2)-ary function h, and an (m + 1)-ary function j if the following
conditions are fulfilled for any x1, ..., xn. y:

SO0 X1, xm) = (X100 X).
SO+ Lxi . xn) =h(y, f X1 e X)) X1 e s X))

Foxts e xm) <G Xi. e Xm).

Thus f is obtained by bounded recursion from g, 4. j if f is obtained by primitive
recursion from g, 4 and is bounded by ;.

For given functions 0, ..., 6, let E[0, ... . ;] be the least class containing 61, ..., 6.
S, I, the constant functions and closed under substitution and bounded recursion.

s Ay

Consider the following sequence of functions:
folx.y) =y +1
filx.p) =x+y.
frlxy)=(x+1)-(y+1).
fur1(0.) = fuly + Ly +1),

fn+1(x+ l,y) :fn+1(x=fn+l<x>y))=
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for n > 2. Grzegorczyk [3] introduced a hierarchy of classes £”, where £" = E[f].
The class £ contains all elementary functions. It was shown by Grzegorczyk [3] that
(J £" is exactly the class of primitive recursive functions.
n=0

Axt[1] has shown that in the definition of the classes £" for n > 4, the usual bounded
recursion can be replaced by the following scheme applicable to every triple of functions
g. h, j of appropriate arities:

{ 7(0.x) = g(x).
S +1x)=h(y. f(p.x).x)-sg(j(y.x) = f(p.x)) - sg(f (y.x)).

0 ifx=0,
1 ifx>0.

For any collection of functions ® = {6 ..., 0, }. let E*[®] be the least class including
O, containing S, the constant functions, 1/”. sg. =, f4 and closed under substitution
and Axt’s bounded recursion. A way of indexing the functions which are primitive
recursive relative to 6y, ..., 6, is proposed in [6]. It can be adapted to an indexing of
the class E*[®]. The functions in E*[®] get indexes according to their definition from
the initial functions by substitution and Axt’s bounded recursion. We list below the
possible defining schemes for a function ¢ and indicate on the right its index.

where sg(x) =

() o(xr. e xg,) = 0i(x1. .o xg;) 0,k;, i),

(I) p(x )—x—i—l (1,1),

(IT) o(x1....xs) = ¢ (2,n.q).
(II) (X1, Xp) = x4 (Wherel i<n) (3,n, i),
(Iv) o(x) = sg(x) (4.1).

(V) plx,y)=x=+y (5.2).

(VI) p(x.y) = f4(x ) (6.2).
(VII) o(x) =w(n(x). ... x(x) (1.m.g. hy. ... )

©(0.x) = w(x)

(VIII) ey +1.x) = x(y. f(y.x).x)- 8.m+1,g.h.j).

sg(L(y.x) + 0(1.x)) - sgle(y.x))

Here x is the list xi,...,x, and g hy,....h. h. j are indexes of the functions
W, X1 --- s Yk X- C Tespectively.

Let In®(b) mean that b is an index of a function in the class E*[®]. It is shown in
[1] that In®(b) is an elementary predicate. If /n®(b) holds, then ef,(? denotes a [b];-ary
function in E*[®] indexed by b. Following [1], we set

efy ([alo. ... [alpy,=1)  if In®(b).

fO(b.a) =
of (b, a) 0 else.

The function ef® is universal for the class E*[@] and is not in this class. Following
[1]. a binary function e, is defined inductively as follows:

Finally, the class E, is defined as E*[ey. ... . e,]. It is proved (see [1]) that for any n > 0,
E, = 5n+4.
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Let In(n, b) mean that b is an n-index, i.e., an index of a function in E,,. It is shown in
[1] that the predicate In(n. b) is elementary. It follows immediately from the definition
of the indexing that In(n,b) and m > n imply In(m. b). Note that if an n-index b of
a function ¢(x) is given, then for any m, we can compute the value ¢(m). Indeed,
computing the value ¢(x) is reduced to computing the values of a finite number of
functions whose indexes are less than b. Thus the process of computing should be
terminated.

Notation. If nis a natural number, then Ax.n will denote the number (2, 1, n), a; will
denote the number A j.Ax.k, and a will denote the number ay. Thus Ax.n is a 0-index
of the constant function x — n, a; is a 0-index of the function x — Ax.k, and ais a
0-index of the function x — Ax.0.

§3. Strictly primitive recursively realizable arithmetical formulas. We consider
arithmetical sentences in a purely predicate language. Namely, the language of formal
arithmetic Ar is a first-order language without any functional symbols and individual
constants consisting of a unary predicate symbol Z, binary predicate symbols E and S,
and ternary predicate symbols 4 and M. In the standard model of arithmetic 91 these
predicate symbols have the following meaning: Z(x) means x = 0, E(x,y) means
x =y, S(x.y) means x + 1 = y, A(x,y,z) means x + y = z, and M (x, y, z) means
x -y = z. Besides, we consider an extended arithmetical language Ar* obtained by
adding to Ar individual constants 0, 1, 2, ... for all natural numbers.

Ar-formulas and Ar*-formulas are built from atomic ones by means of the
connectives &. V, —. — and the quantifiers V, 3. The expression ® =¥ is an
abbreviation for the formula (® — ¥) & (¥ — ®). If a formula 4 does not contain
any free variables except xi, ..., x,,, we denote this formula A4 (xi, ..., x,). In this case,
A(ky. ..., k,) denotes the Ar*-formula obtained from A by substituting the constants
ki.....k, for xi,..., x, respectively. For brevity, we sometimes write Vx instead of
VX1 ...Vx, and 3x instead of Jx; ... 3x,, where x is the list of variables x1, ..., x,,.

We say that a closed Ar*-formula @ is true iff N |= @ in the usual classical sense.

The notion of strictly primitive recursive realizability for arithmetical formulas is
introduced by Damnjanovic [2]. The relation “a natural number e strictly primitive
recursively realizes a closed Ar*-formula A at level n” (e IF, A) is defined by induction
on the number of logical symbols in 4.

1) If A is an atomic formula, then e I, 4 means that e = 0 and A is true.

2) If Ais B & C, then e I, 4 means that [¢]y IF, B and [¢]; IF, C.

3) If Ais B v C, then e I, A means that either [e]yp = 0 and [e]; IF, B or [e]op # 0
and [e]; I+, C.

4) If Ais B — C, then e I, A means that In(n.e) holds and for any j > n,
In(j.eyi1(e. (j))) holds, and forany y.if y IF; B.thene; (e 1(e. (j)). () IF;
C.

5) If Ais =B, then e I, A means thate I, (B — E(0,1)).

6) If A is 3x B(x), then e I, 4 means that [e]; IF B([e]o).

7) If A is Vx B(x), then el-, A means that In(n,e) holds and for any m,

en1(e. (m)) Iy B(m).

A closed Ar*-formula A is called strictly primitive recursively realizable (spr-
realizable) iff there are e and n such that e I, A. It is proved in [2] that e IF,, 4 if
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elr, A and m > n. Since any closed Ar-formula is a closed 4Ar*-formula, it follows
that the notion of strictly primitive recursive realizability is defined for closed Ar-
formulas too.

The following properties of spr-realizability immediately follow from the definition.

PrOPOSITION 3.4. For any closed Ar*-formulas A and B,

1) A& B is spr-realizable iff A and B are both spr-realizable:;

2) AV B is spr-realizable iff at least one of A, B is spr-realizable;

3) if A is spr-realizable and B is not spr-realizable, then A — B is not spr-realizable:;
4) ifk I, B, then ay IF, (A — B) (see Notation);

5) if A is not spr-realizable, then for any k, ay |+ (4 — B);

6) if ~A is spr-realizable, then a IFq —A.

o — — —

Proof. The statements 1)-3) are obvious.

4) Suppose k I, B. Then k IF; B for any j > n. We prove that a; I, (4 — B),
i.e.. that (a) In(n,a;) holds, (b) In(j, e, 1(ax. (j))) holds for any j > n, and (c) for
any j > n and any y. if y IF; A, then e;; (e +1(ak. (j)). (»)) IF; B. Note, that Ax.k
is a 0-index of the constant function with the only value k and a; is a 0-index of
the constant function whose only value is (2, 1, k). Thus the conditions (a) and (b)
are fulfilled. The condition (c) is also obvious, because for any j and y. we have
ejri(ensi(ar. (). () = ejr1(Axk, () = k.and k I; B.

5) Assume that A is not spr-realizable. This means that for any y. j, the condition
y IF; A does not hold. We have to prove that a; g (4 — E(0,1)). It was shown above
that In(0, ax) holds and for any j. In(j.e;(ax, (j))) holds. Thus it is enough to prove
that for any y, y I-; 4 = e;.1(ei(ax. (j)). (»)) IF; B. but this is obvious because the
premise is false.

The statement 6) follows from 5) because 4 is not spr-realizable if —4 is spr-
realizable. |

PROPOSITION 3.5. Suppose that an Ar*-formula A(x,y) is such that for any m and n,
the Ar*-formula —A(m, n) is spr-realizable. Then the formula Nx¥y —A(x, y) is spr-
realizable at level 0.

Proof. For any m and n, if —A(m.n) is spr-realizable, then by Proposition
3.4, alkg ~A(m.n). We show that Ax.Ay.al VxVy =A4(x, y), i.e., In(0, Ax.Ay.e)
holds (this is obvious) and for any m, e;(Ax.Ay.a, (m)) IFg ¥y ~A(m, y). Note that
e;(Ax.Ay.a,{ m)) = Ay.a. Thus we have to prove that Ay.alg Vy —A4(m.y), ie.
In(0, Ay.a) holds (this is evident) and for any 7, e;(Ay.a, (n) I-g =A(m, n). This is also
evident because e;(Ay.a. (n)) = a. O

DEFINITION 3.6. An Ar*-formula ® will be called completely negative iff it does not

contain logical symbols vV and 3 and every atom ¥ occurs in ®© only in subformulas of the
form =Y.

An inductive definition of a completely negative Ar*-formula is the following:

if @ is an atomic Ar*-formula, then —® is completely negative:
if ® and ¥ are completely negative Ar*-formulas, then =@, (® & ¥). and
(® — ) are completely negative;

e if @ is a completely negative Ar*-formula and x is an individual variable, then
Vx @ is completely negative.
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PRrROPOSITION 3.7. If A(x1. ..., x,) is a completely negative Ar*-formula, then there exists
a natural number n 4 such that for any natural numbers ky, ..., k,, the following conditions
are equivalent:

1) the formula A(ky. ... k,) is true;
2) ny ||—() A(kl, ey k,,);
3) the formula A(k;.....k,) is spr-realizable.

Proof. We construct the number 74 inductively. Obviously, it is enough to verify two
conditions:

(i) nylrg A(ky, ... . k,) iff the formula A (k1. ..., k,) is true;
(ii) if the formula A (k. ..., k,) is spr-realizable, then ny g A(ky. ... . k,).

If A(x1,....x,) is of the form =®(xy,...,x,) for an atomic formula @, let ny =
a. We now verify the item (i). Assume that a l-g ~®(k, ....k,). Then the formula
®(ky.....k,) is not spr-realizable. It follows from the definition of spr-realizability
for atomic formulas that ®(k;. ..., k,) is not true. Then the formula -®(k, ..., k,) is
true. Conversely, assume that the formula —-®(ky, ..., k,) is true. Then ® (k1. ....k,)
is not true. It follows from the definition of spr-realizability for atomic formulas that
®(ky. ..., k,) is not spr-realizable. Then by Proposition 3.4, a IFg ~® (k. .... k,). The
item (ii) follows from Proposition 3.4

Suppose that for formulas B(xi, ..., x,) and C(xi. ..., x,) we have found the numbers
ng and n¢ such that for any ky, ..., k,, the following conditions hold:

(ib) np ko B(ky,...,k,) iff the formula B(ky, ..., k,) is true;
(ic) nc kg C(ky, ..., k,) iff the formula C(k, ..., k,) is true;
(iib) if the formula B(kj. ....k,) is spr-realizable, then np I-q B(ky. ....k,):
(iic) if the formula C (ky, ....k,) is spr-realizable, then nc o C (k1. ... . k,).

If A(xy,....x,) 18 B(x1,....x,) & C(x1,...,x,), let ny = (ng.nc). We prove that
ny is a required number. Let us show the item (i). Assume that 4 (k1. ..., k,) is true.
Then B(ky.....k,) and C(kq.....k,) are both true. By (ib) and (ic), we have np I
B(ky.....k,) and nc I-g C(ky. ....k,). Then ny Ikg A(ky. ..., k,) by the definition of
spr-realizability because [n4]o = np. [n4]1 = nc. Conversely, if ny IFg A(ky, ... k,).
then np I-o B(ki.....k,) and n¢ kg C(ky.....k,) by the definition of spr-realizability
for the conjunction. In this case, by the items (ib) and (ic), the formulas B (k. ... . k,)
and C (ky, ..., k,) are both true; therefore, A(k, ..., k,) is also true.

We now prove the item (ii). Assume that A(ki.....k,) is spr-realizable. Then
B(ky.....k,) and C(ky. ..., k,) are spr-realizable. It follows from (iib) and (iic) that
np H‘o B(k]., ,kn) and nc “—0 C(kl, ,kn). This gives ny “—o A(kl, ,kn) by the
definition of spr-realizability.

If A(x1.....x,) is B(x1. ... x,) = C(x1.....x,), thenweset ny = a,. and prove that
n 4 isarequired number. Let us verify the item (i). Assume that the formula 4 (k. ... . k,)
is true. Then either the formula B(k;.....k,) is false or the formula C(ki, ....k,) is
true. In the first case, B(kj. ..., k,) is not spr-realizable. Indeed. suppose the opposite;
then it should follow from (iib) that ng Iy B(k;.....k,) and by (ib), B(ki.....k,)
should be true. By Proposition 3.4, ny kg A(ky. ..., k,). If C (k1. ....k,) is true, then by
(ic). nc kg C(k;.....k,). By Proposition 3.4, n4 I-g A(ky..... k,). Now assume that
ny ko A(ky. ..., k,). We prove that A(ky,....k,) is true. Suppose the opposite. Then
the formula B(k;.....k,) is true and the formula C(k;.....k,) is false. By (ib), the
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formula B(ky.....k,) is spr-realizable. Therefore, the formula C (k. ..., k,) should be
spr-realizable. But in this case, by the item (iic). nc I-g C(ky, ....k,) and by (ic), the
formula C(ky, ..., k,) is true. This contradiction shows that the formula 4 (k. ....k,)
is true.

We now show the item (ii). Assume that A(kq.....k,) is spr-realizable. In this
case, if the formula B(k;.....k,) is not spr-realizable, then by Proposition 3.4,
ny ko Alky, ... k,). If B(ky. ..., k,) is spr-realizable, then C(ky,....k,) is also spr-
realizable. It follows from (iic) that nc I-o C(ky.....k,). Then by Proposition 3.4,
nalko Ay ... k).

The case when the formula A(x;. ..., x,) is of the form ~B(x1., ..., x,) is reduced to
the case of the implication B(xj. ..., x,) — E(0,1). In this case we can set ny = a.

Finally, assume that A(xi. ..., x,) is of the form Vy B(y. xi. ..., x,) and there is a
number ng such that for any natural numbers m, ki, ..., k,, the following conditions
are fulfilled:

(iB) np ko B(m.ky,....k,)iff the formula B(m. ky. ... k,) is true;
(iiB) if B(m. ki, ....k,) is spr-realizable, then ng Iy B(m. ki, ... . k,).

Let ny = Ax.ng. Obviously, In(0.n4) holds. We prove the item (i). Assume that
the formula A4 (k. ..., k,) is true. Then for any m, the formula B(m. k. ..., k,) is true
and by (iB), np Iy B(m. ky. ..., k,). Since e|(ny4, (m)) = np. it follows that for any m,
e1(ng, (m)) Iko B(m., ki, ..., k,). This means that ny kg A(ky, ..., k,).

Conversely, suppose ny I-g A(ky,....k,). Thus e;(ny, (m)) kg B(m. k. ..., k), i.e.,
ng ko B(m. ky. ....k,), for any m. By (iB), the formula B(m. ky. ..., k,) is true for any
m; therefore, the formula A(ky, ..., k,) is true.

We now show the item (ii). Assume that A(ky,....k,) is spr-realizable. Then for
any m, the formula B(m. ky, ....k,) is spr-realizable and by the condition (iiB). n3 Ik
B(m.,ky, ..., k,). It follows that for any m, | (n4, (m)) ko B(m.ky, ..., k,). This means
that ny I-g A(y. k1. ..., k,) what we wanted to prove. O

PRrOPOSITION 3.8. Suppose that A(x) is an Arx-formula of the form Jy ¥ (x.y). where
X is the list of variables x1, ..., x,.y is the list of variables y1. ..., V. and ¥P(X.y) is a
completely negative quantifier-free Ar*-formula. Then for any list of natural numbers
k = ki, .... k,. the formula A(K) is spr-realizable iff it is true.

Proof. Assume that the formula A4 (k) is spr-realizable. This means that there is the
list of natural numbers 1 = /1, ..., [,, such that the formula ¥(k.1) is spr-realizable. By
Proposition 3.7, this formula is true. It follows that the formula A(k) is also true.
Conversely, if the formula 4 (k) is true, then there exists the list of natural numbers 1
such that the formula ¥ (k. 1) is true. By Proposition 3.7, this formula is spr-realizable.
It follows that the formula A (k) is also realizable. O

§4. An arithmetical theory sound with respect to spr-realizability. Let f be Godel’s
Beta Function (see [5]). This ternary function has the following property: for any
list of natural numbers k. k1. ..., k,,, there exist natural numbers a and b such that
Bla,b,i) = k; foralli < n. The predicate 8([x]o.[x]1. y) = 0is recursively enumerable.
By Matiyasevich Theorem., it can be defined in 0 by an arithmetical formula B(x, y)
of the form 3z ®(x, y. z), where ®(x, y. z) is an atomic arithmetical formula. It follows
easily that the predicate B([x]o. [x]1. ¥) = 0can be defined in 9N by an Ar-formula of the
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form 3z ®(x, y, z), where ®(x, y, z) is a completely negative quantifier-free Ar-formula.
Thus for any natural numbers ¢ and 7,

B(lalo.[ali.i) =0= N B(a,i);
B([alo.[ali.i) # 0 = N = —B(a.i).

Let a be a natural number. Then {a } will denote a unary primitive recursive function
g defined as follows: g(n) = e[y +1([a]1. (n)). Since the predicate {x;}(x2) = x3 is
recursively enumerable, it follows that it can be defined in 9% by an Ar-formula
G(x1,x2.x3) of the form Jy¥(y. x1. X2, x3), where ¥(y. x1, x2. x3) is a completely
negative quantifier-free Ar-formula.

DEFINITION 4.9. Let H(x1. x2) be the formula 3z (-—Z(z) & G(x1, x>, z)).
Obviously, this formula H (x;, x;) defines in N the predicate {x;}(x;) = 0.
DEFINITION 4.10. Let Q be the conjunction of the following formulas:

Ay, Vx——E(x, x);
Ay, VxVy (——E(x,y) = -E(y,x)):
Az, VxVpVz (-—E(x,y) & —E(y,z) = -—E(x,2));
Ayq. Ax—Z(x);
As.  YxVy (-—Z(x) & -=Z(y) = —E(x.y)):
A VxVy (——E(x.y) & -—Z(x) = ==Z(y)):
A7 Vx3y --S(x.y):
Ag.  VxVyVz (—=S(x.y) & —=S(x.z) = —E(y.2));
Ag.  Vx 1YV ¥y (4—E (x1. x2) & ~—E(y1. y2) & =S (x1. y1) = =8 (x2. 12)):
Ay, VxVpVz (--S(x.z) & —S(y.z) = —E(x.y)):
A, YxVy (-=S(x.p) = -Z(y)):
A Vx(-=Z(x) vV 3y ==8(y. x)):
Az, VxVy3dz =—A(x,p.z);
Ag. VXVYVz\Vzy (—=A(x, . 21) & ~—A(x, y. 22) = ==E(z1. 22));
Ars. XYV \VyaVz Vzy (4= E(x1, x2) & == E (p1. y2) & ~—E(z). 22)
& ~—A(x1. y1.21) = ~—A(x2. y2.22)):
A, VxVy (=-Z(y) = =—A(x.y.x)):
A7, VxVyVzVuvv (=S (y.z) & —A(x, y. u) & =S (u, v) = =—A(x, z.v)):
Ag. VxVy3z-——M(x,y,z):
Arg. YxVyVziVzy (=M (x.y. z1) & =M (x.y. 25) = == E(z1.22)):
Az(). VX]VXQV)MV}QVZ]VZQ (ﬁ—\E (X] s Xz) & —‘—\E(yl s yz) & —\ﬂE(Zl s Zz)
& =M (x1.y1.21) = M (x2, 2. 22)):
Ay VxVy (+=Z(y) = —=M(x, p.y)):
Ap. VxVyVzVuvv(——=S(y. z2)& M (x, y, u)&—A(u, x,v) = =M (x,z,v));
Ap. VXVyVz1Vz (G(x. . 21) & G(x, . 22) = ==E(z1. 22));
Aoy, VyVz—=FVx (x <z = (-=B(v.x) = —H(y.x)));
Ays. VxVy (=B(x.p)V —=B(x.y)).

THEOREM 4.11. The Ar-formula Q is spr-realizable.

Proof. We prove that everyone of the formulas 4,—4;s is spr-realizable. All these
formulas are evidently true. All of them except Aq, A7, Ao, A1z, Arg, Arz, Ara, and Aps
are completely negative. Therefore they are spr-realizable at level 0 by Proposition 3.7
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Recall that a is a 0-index of the function x +— Ax.0 (see Notation in Section 2).

Consider the formula 44. Let @ = 32. Obviously, @ kg Ix =—Z(x).

Consider the formula 4;. The function f(x) = 2**!. 32 is in the class Ey. Let a be
its 0-index. We prove that a ko Vx3y -—=S(x, y), i.e., In(0, a) holds (this condition is
obviously fulfilled) and for any &, [/ (k)]; IFo =S (k. [f (k)]o). i.e.. allg =S (k, k +
1), but this easily follows from Proposition 3.4 Thus the formula A5 is spr-realizable.

Consider the formula A4,,. The function f(x) = 2% . 358(x)-a+sg(x) 2771 g iy
the class Eg. Let a be its 0-index. We prove that a I-o Vx (==Z(x) vV 3y ==S(y, x)).
i.e., In(0,a) holds (this condition is fulfilled) and for any k, either [f (k)]o = 0 and
L/ (k)i IFo ==Z (k) or [f (k)]0 # 0 and [f (k)]s Ik 3y =—S(p. k). Note, that

3 ifk =0,

k) = ,
S (k) {2-32“3 ifk > 0.

Ifk = 0.then[f (k)]o = 0.[f (k)]1 = a.Inthiscase,[f(0)]; I-o =—Z(0) by Proposition
3.4 because Z(0) is true and spr-realizable. If k > 0. then [ (k)]o = 1. [f (k)]; = 25! -
32, Since the formula S(k — 1, k) is true and spr-realizable, it follows by Proposition
3.4, that a lFg ==S(k — 1, k). Therefore [f (k)]; IFo 3y ==S(y., k) what we wanted to
prove. Thus the formula A4, is spr-realizable.

Consider the formula 413. The function f(x,y) = 2¥*¥ - 32 is in the class Eq. Let a
be its 0-index and g(x) = (7.1,a,(2.1,x). (3.1, 1)). Obviously. g € E. Let b be a 0-
index of g. We prove that b I-y VxVy3dz =—A4(x. y, z). i.e.. In(0, b) holds (this condition
is fulfilled) and for any k.,

e1(b, (k) Iko Vy3Iz ——A(k, y. z). (1)

Note that ey (b, (k)) = g(k) = (7.1,a,(2.1.k),(3,1,1)). Thus g(k) is a 0-index of the
function / obtained by substituting the unary constant function with the only value
k and the identity function to the function f. i.e., for any £, h(£) = f(k.£). Thus (1)
means that f (k. £) Ikg 3z ~=A(k. £, z). ie., [f(k,£)]) ko =—A(k. £.[f (k.£)]o). Note
that [/ (k.£)]o =k + £, [f (k,£)]; = a. We have to prove that a Iy ——A(k, £,k + £).
but this easily follows from Proposition 3.4 Thus the formula 4,3 is spr-realizable.

The case of the formula 43 is considered in the same way with the function f (x, y) =
2%y .32,

Consider the formula A453. Let natural numbers k., £, my, m, be fixed. Suppose that
the formula G(k.£,m;) & G(k.£, m,) is realizable. It follows that G(k,£,m;) and
G (k.£,my) are both spr-realizable. By Proposition 3.8, they are true. This means
that {k}(¢) = m; and {k}(¢) = my. Then m; = m, and by Proposition 3.4, a I
——E(my.my), Aw.al-y G(k. £, my) & G(k,€,my) — ——E(my,my). Then the number
Ax.Ay.Azi.Azy.Aw.a spr-realizes the formula 4,3 at level 0.

Consider the formula 4,4. By Proposition 3.5, it is enough to prove that for any
fixed natural numbers m and n, the formula

—JVx (x <n — (—==B(v,x) = ~—H(m, x)))
is not spr-realizable. We prove that the formula
Jvx (x <n—= (=B, x) =-—-H(m,x))) (2)

is spr-realizable. Consider the list of natural numbers k. k1, ..., k,, where k; = 0 iff
——H (m, i) is spr-realizable, i.e., {m}(i) = 0. By the property of the function S, there
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exists a natural number a such that f([a]o.[a]1.i) = k; for all i < n. Assume that
i <n.Ifk; = 0, then both formulas ——B(a. i) and ——H (m, i) are spr-realizable by a
at level 0. By Proposition 3.4, we have

ay ko (5= B(a.i) = -—H(m.i)) (3)
and
a, ko (=—H (m, i) — ——B(a.i)). 4)

If k; # 0, then =—B(a.i) and -~—H (m. i) are not spr-realizable. In this case, (3) and
(4) hold by Proposition 3.4. It follows that b I~y (=—B(a,i) = ——H (m.i)), where
b = (as,a,). Then by Proposition 3.4, ap kg (i <n — (=—B(a.i) = ——~H(m,i))) for
any i. It follows that Ax.ap, o Vx (x < n — ((-—=B(a.x) = -—H (m, x))). This means
that the formula (2) is spr-realizable, what we wanted to prove.

Consider the formula A4,5. Let

¢(x.y) = sg(B([xTo. [x]1.¥)) - 32 +58(B([x]o- [x]1. p)) - 2- 32

The function ¢ is primitive recursive. Thus there is n such that ¢ € E,. Let a be an
n-index of ¢ and g(x) = (7,1,a,(2,1,x),(3.1,1)). Obviously, g € Ey. Let b be a 0-
index of g. We prove that b I, VxVy (=B(x,y) V ==B(x, y)). i.e., In(n. b) holds (this
condition is fulfilled) and for any k.,

ens1(b. (k) IFn Vy (=B(k.y) V ~=B(k. y)). ()

Note that e,1(b, (k) = g(k) = (7.1.a,(2.1,k).(3,1,1)). Thus g(k) is an n-index
of the unary function 4 obtained by substituting the unary constant function with
the only value k and the identity function to the function ¢, i.e., for any £, h(¢) =
¢(k.2). Thus (5) means that ¢(k.£) -, (-=B(k.£) vV ——=B(k,£)), i.e.. if [¢p(k.£)]o =
0. then [¢(k.£)]i IF» B (k.£), and [6(k.£)] Fn =—B(k.£) if [¢(k.£)]y # 0. Note
0 if B([k]o. [k]1.£) # 0.
1 if B([k]o. [K]1.£) = 0:
then B([k]o.[k]1.£) # 0. In this case, —B(k.£) is spr-realizable. By Proposition 3.4,
alko =B(k.£), ie.. [p(k. )]s rn —B (k. £). If [¢(k. £)]o # 0. then B([k]o. [k]1.£) = 0.
In this case, ——B(k,£) is spr-realizable. By Proposition 3.4, al-g =—B(k.£), i..,
[¢(k, )] -, =——B (k. £). Thus the formula 455 is realizable. O

that [¢ (k. £)]o = [¢(k.2)]1 = a. Therefore, if [¢ (k. £)]o = 0.

§5. Strictly primitive recursively realizable predicate formulas. The language of
predicate logic consists of individual variables xg, xi, X3, ..., predicate symbols P,." i
(i.n; € N) (P} is called an n;-ary predicate symbol), logical symbols -, &. V. —. V. 3,
and auxiliary symbols ., (,). Predicate symbols are also called predicate variables and
individual variables are called terms.

Atomic formulas have the form P(t.,....t,), where P is an n-ary predicate symbol,
and 7, ..., t, are terms.
Sometimes we use a notation x for the list of individual variables xi, ..., x,,.

DEFINITION 5.12. Predicate formulas are defined inductively as follows:

1) atomic formulas are formulas;
2) if A is a formula, then —~A is a_formula:
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3) if A and B are formulas, then (A& B), (AV B), and (A — B) are formulas:
4) if A is a formula, x is an individual variable, then Vx A and 3x A are formulas.

Free and bound occurrences of a variable in a formula are defined as usual. A formula
A is closed if no variable is free in 4. If A(xy,...,x,) is a formula, then A(#, ..., 1,)
denotes the result of substituting terms ¢, ... . t, for free occurrences of the variables
X1....,X, in A. An expression (4 = B) is an abbreviation for (4 — B) & (B — A).

A predicate formula A will be referred as A(Py..... P,. y1..... ym) if it does not
contain any predicate variables except Pj,..., P, and any free individual variables
except Vi, .o s V-

Let A(P;.....P,) be a predicate formula. We say that the list of 4r*-formulas
Dy, ..., D, is admissible for substituting in A, if for any i = 1,...,n, the formula ®;
does not contain free variables except xi,..., x,;, where m is arity of the predicate
variable P;. In this case, A(®y. ..., ®,) will denote the result of substituting the formulas
®,, ..., ®, for the predicate variables P, ..., P, in A (bound individual variables should

be renamed in order to avoid any collision). The formula A(®;., ..., ®,) will be referred
as an arithmetical instance of a predicate formula A(P;. ..., P,).

A closed predicate formula A(P;,..., P,) is called strictly primitive recursively
realizable (spr-realizable) if for any list of Ar*-formulas @, ..., ®; admissible for

substituting in 4. the closed Ar*-formula A(®; ... ;) is spr-realizable.

A predicate formula A(P..... P,) will be called completely negative if it does not
contain logical symbols V and 3 and each predicate variable P; occurs in 4 only in
subformulas of the form —P;(y1, ..., yx), i.e., an inductive definition of a completely
negative predicate formula is the following:

if 4 is an atomic formula, then —4 is a completely negative predicate formula;
if A and B are completely negative predicate formulas, then -4, (4 & B), and
(A — B) are completely negative predicate formulas;

e if A is a completely negative predicate formula, x is an individual variable, then
Vx A is a completely negative predicate formula.

PROPOSITION 5.13. If F(Pi.....P,.y1.....ym) is a completely negative predicate
formula, then there exists a natural number ap such that for any list of Ar*-formulas
@y, ..., D, admissible for substituting in F and any natural ki, ..., k. the following
conditions are equivalent:

1) the formula F (@, ..., ®,. k1. ....k,,) is spr-realizable:
2) ar |H) F((I)l, ,(I)n,kl, ,km).

Proof. Induction on the complexity of a completely negative predicate formula F. Let
F be of the form —=P(y;. ..., y,n). where P is an m-ary predicate variable, ®(x1, ..., x,,)
is an Ar*-formula admissible for substituting in F, and ki, ..., k,,, are natural numbers.
Then F(®y,...,D,. ky..... k) is ~®(ky. ..., k,). By Proposition 3.4, in this case we
can define ar as a.

Let F(Py.....P,. y1..... ym) be of the form

G(Pla----,inyla---wym)&H(Pl:~~-sPnaylynwym)-,

and for the formulas G are H the corresponding numbers ag and ay are defined. Then
one can define ar as (ag,ay).
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IfF(Py..... P, y1..... ym) is of the form
G(Pi.....Pp.yi..cc.ym) = H(P1.....Py.y1. oo Yim).

we can define ar as a,,. Let ®@y,....®, be the list of Ar*-formulas admissible
for substituting in F and ki, ..., k,, be natural numbers. Assume that the formula
F(®y,..., D, k1. .... k) is spr-realizable. We prove that

ar |F() F(q)l, ,(Dn,kl, ,km).
If G(®y,....D,. ki, .... k,,) is not spr-realizable, then by Proposition 3.4,
ar H_() G((I)l, ,(I)n,kl, ,km) — H((D], ce s (I)n,kl, ,km) (6)

If G(®y,....D,.ki.....k,) is spr-realizable, then H(®q,....D,. k1.....k,,) is spr-
realizable. By the inductive hypothesis, ay IFg H(®;.....®,.k;..... k,,). Then, by
Proposition 3.4, (6) holds.

If Fis ~G(P1,....Pu. y1.....yn). then for any list of Ar*-formulas @,...,®,
admissible for substituting in F and any ki.....k,. -G(®1,...,®,. k1, ....k,) can
be replaced by G(®;,....D,. k1, ....k,) — E(0,1). Thus this case is reduced to the
case of implication and we can define ar as a.

If FisVy G(Py.....P,.y.)1..... V) and the number ag is defined for the formula
G(Py.....P.. Y. Y1..... ym). then we define ar as Ay.ag. The fact that this number
satisfies the conclusion of the theorem is proved by the same argument as in the proof
of Proposition 3.7 |

§6. Simulating arithmetic in the predicate language. Let 4 be an Ar-formula. Then
A can be considered as a predicate formula if we treat the predicate symbols as predicate
variables. In this case, we refer to 4 as a predicate Ar-formula.

The predicate Ar-formula Q defined in Section 4 does not contain any predicate
variables except Z, S, A, M, E: thus it will be denoted O(Z, S, A, M, E). The list of Ar-
formulas ® = Z(x1). S(x1.x2). A(x1. X2, x3), M(x1, x2. x3). E(x1, x») admissible for
substituting in Q(Z, S, A4, M, E) will be called an interpretation of Q iff the Ar-formula
0(2.8, A, M, ) is spr-realizable.

Assume that an interpretation ® of the formula Q is fixed. If F(Z, S, A4, M E )is a
predicate formula, then the Ar-formula F(Z.S. A, M. ) will be denoted F. This is
the meaning we attach to the expression Q.

PROPOSITION 6.14. If ® is an interpretation of Q, then for any completely negative Ar-
Sformula ¥ (xy, ..., x,). the Ar-formula

VXY (<€ (x1 y1) & -+ & =€ (. va) & P(x) = P(y)), (7)
where X is the list x1, ..., x, andy is y1, ..., y, is spr-realizable.
Proof. See Appendix A. ]

For a natural number #, a predicate Ar-formula [n](x) is defined inductively:

o [0](x)is ==Z(x):
o [n+1](x)is =Z(x) &Vy (==S(y.x) = [n](»)).

Note that for any #, the formula [#](x) is completely negative.
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PROPOSITION 6.15. If @ is an interpretation of Q, then for any n, the Ar-formula
VxVy ([n](x) & [A](y) — ~=E€(x. ) (8)
is spr-realizable.

Proof. We prove spr-realizability of (8) by induction on #n. If n = 0, then [n](x)
is ==Z(x). Thus we have to prove that YxVy (-=Z(x) & -=Z(y) — ~—=E(x.y)) is
spr-realizable. But this is the formula As, which is spr-realizable because @ is an
interpretation of Q. Now assume that the formula (8) is spr-realizable for a given n.
We verify that the formula

—_—~

Vxy ([n + 11(x) &[n + 1](y) = ==E(x. p)) 9)

is spr-realizable. First we prove that for any &, £, the formula
1+ k) &[n + 1](€) — ==& (k. £) (10)

is spr-realizable. Assume that the premise of the formula (10) is spr-realizable.
Then —Z(k)&Vy (-=S(y.k) — [n](y)) and ~Z(£) &Vy (-=S(y.£) — [n](y)) are
spr-realizable. We prove that the formula ——& (k. 2) is spr-realizable. Since the formula
Ay, is spr-realizable, it follows that the formula 3y ——=S(y. k) is spr-realizable. This
means that there exists a natural number p such that ——§ (p.k) is realizable. It
follows that the formula [n](p) is spr-realizable. By the same reason, there exists a
natural number ¢ such that the formulas ~—=S(q. £) and [r](q) are spr-realizable. By
the inductive hypothesis, the formula ——& (p. q) is spr-realizable. Since the formulas
——&(k. k) and Ay are spr-realizable, it follows that the formula -—S(q. k) is realizable.
Since the formula Ag is spr-realizable, it follows that the formula ——&(k.£) is spr-
realizable. By Proposition 3.4, a IFg ==& (k. £) and a, spr-realizes the formula (10) at
level 0. If the premise of the formula (10) is not spr-realizable, then by Proposition 3.4,
a, spr-realizes the formula (10). Thus we have proved that for any k, £ the number a, spr-
realizes the formula (10). Now it is evident that the number Ax.Ay.a, spr-realizes the

formula (9). O

PROPOSITION 6.16. If ® is an interpretation of Q and e -, Q then for any natural num-
bers k and n we can effectively determine whether the Ar*-formula [n](k) is spr-realizable.

~

Proof. The proof is by induction on n. If n = 0, then [1](k) is the formula -—Z (k).
Let a natural number k be given. We can extract an spr-realization of the formula A,
from e. Thus we can determine which of the formulas -—Z Qg) and 3y ~—S(y. k) is spr-
realizable. If the first one is spr-realizable, then the formula [0](k) is spr-realizable. If the
formula 3y ——S(y, k) is spr-realizable, then there exists a natural number £ such that
the formula -—~S(¢. k) is spr-realizable. Since the formula A is spr-realizable. it follows
that —Z (k) is spr-realizable. This means that the formula [0](k) is not spr-realizable.
Now suppose that for a given n and any £ we can effectively determine whether the
formula [n](¢) is spr-realizable. Let a natural number k be given and we want to

~

determine whether the formula [;_—T—/l](k), ie, 2 Z(k) &Yy (-=S(y. k) — [n](p)). is
realizable. Using an spr-realization of the formula 4;, we determine which of the
formulas ——Z(k) and 3y =—S(y. k) is spr-realizable. If the formula ~—Z(k) is spr-

—

realizable, then the formula [n + 1](k) is not spr-realizable. Assume that the formula
3y ==S(p. k) is spr-realizable. Then we have a natural number £ such that the formula
——8S (¢, k) is spr-realizable. We determine whether the formula [1](£) is spr-realizable. If
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—~—

this formula is not realizable, then obviously the formula [n + 1](k) is not spr-realizable.

~

Assume that the formula [r](£) is spr-realizable. We show that the formula [n + 1](k)
is spr-realizable. It is enough to prove that the formula Yy (—=S(y.k) — [n](y)) is
spr-realizable. First we prove that for any p the formula ==S(p. k) — [n](p) is spr-
realizable. First consider the case when the formula =—S(p. k) is spr-realizable. Recall
that the formula ——S(¢, k) is spr-realizable as well. Since the formula Ao is spr-
realizable, it follows that the formula ~—& (¢, p) is spr-realizable. Recall that the formula
[n](£) is spr-realizable. Since the formula [1](x) is completely negative. it follows from
Proposition 6.14 that the formula [1](p) is spr-realizable. By Proposition 5.13. ap(y) IFo
[7](p). By Proposition 3.4,

By o 7S (p. k) = [n](p). (11)

If the formula =—S(p. k) is not spr-realizable, then (11) holds by Proposition 3.4 Thus

~

(11) holds for any p. Then Ay.aa["](x) Iko Vy (==8(p. k) — [1](y)). This means that the

formula [n + 1](k) is spr-realizable. O

PROPOSITION 6.17. If @ is an interpretation of Q, then there exists a primitive recursive
Sfunction f such that for any natural number n, the Ar*-formula [n](f(n)) is spr-realizable.

Proof. Let ® be an interpretation of the formula Q. So. there exist natural numbers
e and m such that e I, Q. It follows from the definition of spr-realizability. that the
formula A4 is realizable at level m. Thus, there exists a natural number a4 such that
as Ik, 3x =—Z(x). Then

[as]y I ——Z([as]o). (12)
Let f(0) = [as]o. Note that by Proposition 3.4, we have a I [0](£(0)).

Suppose that the value f(n) is defined for a given n. Since A7 is spr-realizable, it
follows that there exists a natural number @7 such that a; I, Vx3y =—=S(x, y). Then

em+1(az. (f(n))) Ik, 3y ==S(f(n), y). Therefore,
lem1(az. (f(m)))] Ik —=S(F(n). [en1(az. (f(n)))]o).
Let f(n + 1) = [emr1(a7. (f(n)))]o. Note that the formula
-=S(f(n).f(n+1)) (13)
is spr-realizable. Thus we have the following definition of the function f:

{ f(0) = [a4lo:
f(n+1) = [emr1(ar. (f(n)))]o.

where the numbers as4. a7, and m depend only on the formula Q. The function e, is
primitive recursive. Obviously, the function f is primitive recursive.
Let us prove that for any #, the formula [n](f(n)) is spr-realizable. The proof is by

~

induction on n. If n = 0, this condition follows from (12) because ~—Z(x) is [0](x)

~

and f(0) = [a4]o. Now suppose that for a given n, the formula [1](f(n)) is spr-realizable.

~

Then by Proposition 5.13, ar I [n](f(n)). where F is [n](x). We prove that the formula
[7 4 1](f(n + 1)) is spr-realizable. This means that the formulas

-Z(f(n+1)) (14)
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and
Yy (==S(p.f(n + 1)) — [r](»)) (15)

are spr-realizable. Since the formulas (13) and Aj; are spr-realizable, it follows that the
formula (14) is spr-realizable. Now we prove that the formula (15) is spr-realizable.
First we prove that for any k, the formula

—S(k.f(n + 1)) — [n](k) (16)

is spr-realizable. Assume that the premise of the formula (16). i.e., =Sk, f(n + 1)),
is spr-realizable. Since the formulas (13) and Ay are spr-realizable, it follows that
the formula ——&(f(n). k) is spr-realizable. By the inductive hypothesis. (n](f(n)) is
spr-realizable. By Proposition 6.14, [n](k) is spr-realizable and by Proposition 5.13,
ar |ko [n](k). By Proposition 3.4, the number a,, spr-realizes the formula (16) at level
0. If the premise of the formula (16) is not spr-realizable, then by Proposition 3.4, the
number a,, spr-realizes the formula (16) at level 0. Thus we have proved that for any
k. the number a,,. spr-realizes the formula (16) at level 0. Now it is evident that Ax.a,,
spr-realizes the formula (15) at level 0. O

PROPOSITION 6.18. If ® is an interpretation of Q. then for any natural numbers n, m, and
a. if the Ar*-formulas [n](a) and [m)(a) are spr-realizable, then m = n.

Proof. Assume that [n](a) and [m](a) are spr-realizable. We prove that n < m is
impossible by induction on n. Let n = 0, m = k + 1. Thus we have that the formulas
[0](a). i.e. ~—Z(a), and [k + 1](a). i.e.. = Z(a) &Yy (-=S(p.a) — [K](y)). are spr-
realizable. This is obviously impossible. Now let m = k + 1 > n + 1, and assume that
the formulas [n + 1](a). ie. —~Z(a) &Vy (-=S(y.a) = [7](»)). and [k + 1](a). i.e

—Z(a) &Vy (-=S(y.a) — [k](y)). are spr-realizable. Since the formulas =Z(a) and
A12 are spr-realizable, it follows that there exists a number b such that the formula
—~—8(b. a) is spr-realizable. Then the formulas [#](b) and [k](b) are spr-realizable. This
is impossible by the inductive hypothesis. O

For any n. let 71 denote the number f(#).

PROPOSITION 6.19. Let ® be an interpretation of Q. Then for any quantifier-free
completely negative Ar-formula ¥ (y1. ...,y ) without any free variables except 1. ..., ym
and any natural numbers ki.....km, the Ar*-formula ¥ (k. ... k,,) is true iff the Ar*-
formula P (ky. ... k) is spr-realizable.

Proof. See Appendix B. O

Recall that {a} denotes the function g(n) = e[y +1([a]i. (n)) and the Ar-formula
G(x1.x2,x3) of the form Jy¥(y. x1. X2, x3), where W(y, x1, x2, x3) is a completely
negative quantifier-free Ar-formula, defines in 91 the predicate {x; }(x2) = x3.

PROPOSITION 6.20. If @ is an interpretation of Q, then for any natural numbers e. n, and
k, the Ar*-formula G (e, i, k) is spr-realizable iff {e}(n) =

Proof. Assume that {e}(n) = k. Then the formula G (e,n, k) is true. This means
that there exists the list of natural numbers b = by. ..., b, such that the quantifier-free
Ar*-formula ¥(b. e, n. k) is true. By Proposition 6. 19 the formula ¥ (b, &, 1. k). where
b =by.....by,. is spr-realizable. Then the formula 3y ¥(y., 7. k). ie.. G(&, 7. k), is
spr-reahzable.
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Conversely, assume that the formula G (e.7, /~c) is spr-realizable. Obviously, there
exists a natural number ¢ such that {e}(n) = £. Then the formula G(e,n.£) is true.
Arguing as above, we conclude that the formula G(e.n, ?) is realizable. Since the
formula A is spr-realizable, it follows that the formula ——& (2. k) is realizable. By
Proposition 6.17, the formula [k]( ) is spr-realizable. It follows from Proposition 6.14
that the formula [K](¢) is spr-realizable. On the other hand, the formula [€](¢) is spr-
realizable. Then, by Proposition 6.18, k = £. Thus we have proved that {e}(n) = k. O

Recall that H (x1, x») is the formula 3z (-—Z(z) & G(x1, x2.2)).

PROPOSITION 6.21. If ® is an interpretation of Q. then for any natural numbers e and n,
the Ar*-formula H (e, i) is spr-realizable iff {e}(n) =0

Proof. Assume that {e}(n) =0. Then by Proposition 6.21, G(&.7.0) is spr-
realizable. On the other hand, --2(0) is also spr-realizable. Then the formula
——=Z(0) & G(e.7.0) is spr-realizable. It follows that 3z (-=Z2(z) & G(e.7.z2)). ie.
H (e, n), is realizable. Conversely, assume that the formula H (.7) is spriealizable.
Then there is a natural number k& such that the formulas -2 (k), i.e., [0](k), and
G (e, n, k) are spr-realizable. Since the formula [01(()) is also spr-realizable, it follows
from Proposition 6.15 that the formula ==& gk, 0) is spr-realizable. Then it follows
from Proposition 6.14 that the formula G (¢, 72, 0) is spr-realizable. By Proposition 6.21,
{e}(n) = 0. O
DEFINITION 6.22. Assume that an interpretation ® of the formula Q is fixed. A natural
number a will be called ®-standard if there exists a natural number n such that the formula
[7)(a) is spr-realizable.

Note that the numbers 6, i, i ... are ®-standard.

PROPOSITION 6.23. If a natural number a is ®-standard and b is a natural number such
that the Ar*-formula —~—S8(a, b) is spr-realizable, then the number b is ®-standard.

Proof. Assume that the formula [7](41) is spr-realizable. Since the predicate Ar-
formula [n](x) is completely negative. it follows from Proposition 5.13 that there
exists a number d. namely ap,(,. such that d I [#](a). Assume that b is a natural
ni@er such that the formula ——S(a. b) is spr-realizable. We prove that the formula
[n + 1](b). i.e.. ~Z(b) &Yy (-=S(y.b) — [7](y)). is spr-realizable. Since the formula
A is spr-realizable, it follows that the formula ~Z(b) is spr-realizable. We prove that
the formula ¥y (——S(»,b) — [n](»)) is spr-realizable at level 0. Let ¢ be an arbitrary
natural number. We prove that

aq ko =S (c.b) — [n](c). (17)

If the formula ——S(c,b) is not spr-realizable, then (17) holds by Proposition 3.4
Assume that the formula =—=S(c. b) is spr-realizable. Since the formulas -—S(a.b),
—=8(c.b). and Ao are spr-realizable, it follows that the formula =& (a. c) is spr-
realizable. Since the formula [7](a) is realizable, it follows from Proposition 6.14 that
the formula [](c) is spr-realizable. By Proposition 5.13, d I [1](c). Now (17) follows
from Proposition 3.4 Then Ay.ay ko Vy (==8(y.b) — [n]()). O

DEFINITION 6.24. Let x < y be the formula 3z -—A(z, x, ).

PROPOSITION 6.25. Suppose that ® is an interpretation of the formula Q. For any natural
numbers n and b, if b is not ®-standard, then the Ar*-formula n<b is spr-realizable.
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Proof. Induction on n. Let n = 0. Since the formula At is spr-realizable, it follows
that the formula =—Z(0) — ——A(b. 0. b) is spr-realizable. Since the formula =—Z(0)
is realizable, it follows that the formula ——.A(b, 6, b) is spr-realizable. Therefore the
formula 3z ~—A(z, 0, b).ie., (~)§b, is spr-realizable.

Now suppose that for any natural number 5 which is not ®-standard, the f/oir/nula
<bis spr-realizable. We have to prove that for any such number b, the formulan + 1 <b
is spr-realizable. Since the number b is not ®-standard, it follows that the formula
——2Z(b) is not spr-realizable. Since the formula A4, is realizable, it follows that the
formula 3y ——S(y, b) is spr-realizable. This means that there exists a natural number
a such that the formula -—S(a, b) is spr-realizable. By Proposition 6.23, the number
a cannot be ®-standard. By the inductive hypothesis, the formula 3z - —A(z. 71, a) is
spr-realizable. This means that there exists a natural number ¢ such that the formula
——A(c. 71, a) is spr-realizable. Since the formula =—S(n. n + 1) is true, it follows from
Proposition 6.19 that the formula =—S(7, m) is realizable. Since the formula ;1\1/7 is
spr-realizable, it follows that the forml/ll\a:ﬁA(c, n + 1,b) is spr-realizable. Therefore

the formula 3z -—A(z, lm b),i.e.. n + 1<b, is spr-realizable. O

§7. Non-arithmeticity of the spr-realizability.

THEOREM 7.26. If ® is an interpretation of the formula Q, then every natural number is
®-standard.

Proof. Let an interpretation @ of Q be given. Then A is spr-realizable. This means
that there are natural numbers ¢ and p such that ¢ IF, VxVy (=B(x,y) V ==B(x.y)).

Then for any k. £, we have e,,1(e,.1(q. (k))). ((£)) IF, =B(k.£) Vv ~—B(k.£)), i.e., if
lepr1(epi1(g. (k))). ((€))]o = 0, then the formula —B(k. £) is spr-realizable, else the
formula =B (k, £) is spr-realizable. Let a unary function g be defined as follows:

o(n) = 0 if the formula —B(n, 1) is spr-realizable,

1 otherwise.

By Proposition 6.17, the number 7 can be found from » by means of a primitive
recursive function f. Thus we can represent the function g in the following form:

g(n) = sg((ep+1([ep+1(g. (n)). (F(n))]o).

It is obvious that the function g is primitive recursive. Therefore, there exists a natural
number e such that for all n, g(n) = epjy41(([e]r. n)).
Since @ is an interpretation of the formula Q. it follows that the formula A4, i.e.,

VyVz =—FoVx (x<z = (-=B(v.x) = ==H (y.x))). (18)

is spr-realizable. Suppose that there exists a natural number b which is not ®-standard.
Since the formula (18) is spr-realizable, it follows that the formula

——JuVx (x<b — (==B (v, x) = ——H (2, x))) (19)
is spr-realizable. Now suppose that the formula

FoVx (xZb — (=—B(v, x) = ——H (2, x))) (20)
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is spr-realizable. Then there exists a natural number « such that the formula
Vx (x<b — (=—B(a.x) = ——H (é.x)))
is spr-realizable. It follows that for any n, the formula
#<b — (—=B(a.i1) = ~—~H(&. 7))

is spr-realizable. By Proposition 6.25, the formula <b is spr-realizable. Then for any
n. the formula ~—B(a, /1) = -—H (€. 1)) is spr-realizable. Thus we have that for any #.

(a) the formula =—B(a. i1) is spr-realizable iff the formula ——H (&, ) is realizable.

On the other hand, lgy Proposition 6.21, for any n,

(b) the formula =——H (&, 1) is spr-realizable iff g(n) = 0.

Further, by the definition of the function g, we have

(c) g(n) = 0iff the formula —B(n. 1) is spr-realizable.

It follows from the statements (a). (b). and (c) that for a given natural number a
and any natural number n, the following equivalence holds: the formula ——B(a, i) is
spr-realizable iff the formula —B(n, i1) is spr-realizable, and we have a contradiction if
n = a. This contradiction means that the formula (20) is not spr-realizable. Then its
negation is spr-realizable contrary to the fact that the formula (19) is spr-realizable.
Thus we have proved that there exists no natural number which is not ®-standard. [

PROPOSITION 7.27. If ® is an interpretation of Q and e |k, Q . then for any natural number
k, we can effectively find a natural number n such that the formula [n](k) is spr-realizable.

Proof. Assume that ® is an interpretation of Q and numbers e and m such that
e Ik, Q are given. Let a natural number k be given. By Proposition 6.16, for any
natural number n we can effectively determine whether the formula [n](k) is spr-
realizable. Sequentially iterating over natural numbers starting from 0. we find 7 such
that the formula [k](n) is spr-realizable because otherwise the number k should be not
®-standard in contradiction with Theorem 7.26. |

ProposITION 7.28. Suppose that ® is an interpretation of the formula Q. Then for any
completely negative Ar-formula ¥ (y1. ..., y,) without any free variables except y1, ... . y,
and any natural numbers k. .... ky, the Ar*-formula Y(ki.....ky,) is true iff the Ar*-
formula P (k. ... ky) is spr- realzzable

Proof. Induction on the logical complexity of a completely negative Ar-formula
(i Yn)-

The case of an atomic formula ¥(y;. .... y,) is considered in Proposition 6.19 The
proof of Proposition 6.19 contains also a consideration of the cases when the formula
¥ is of the form ¥; & ¥,. ¥; — ¥, or =¥, and the statement is true for the formulas
\Pl and \P2. -

Assume that W(yy.....y,) is of the form Vy Wo(y.y1..... y,). Then ¥(y1..... y,)
is the formula Vy Wo(y. y1,....y,). The inductive hypothesis states that for any
natural numbers k.ki,....k,. the 4r*-formula Wo(k, ki, .... k,) is true iff the Ar*-
formula LPo(k kl, ,kn) is realizable. Assume that W(k;,....k,) is true. It follows
that for any natural number k, the formula ‘I’o(k ki,. k,,) is true and by the
inductive hypothesis, the formula ‘I’o(k k1 kn) is spr- realizable. We prove that
Yy Wy (y. k1. ... ky) is spr-realizable. Let £ be an arbitrary natural number. By Theorem
7.26, the number £ is @-standard. This means that there exists a natural number k such
that [k](£) is spr-realizable. (Moreover, by Proposition 7.27, we can find k effectively.) It
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follows from Proposition 6.15 that &£ (k. £) is spr-realizable. By Proposition 6.14,
E. 0) & Yok, ki, ... kp) = Poll. Ky, ... . kp)is spr-realizable. Since the premise of this
formula is spr- reahzable it follows that 1ts conclusion Wy (€. k1. ..., k,) is spr-realizable.
Note that ¥y is completely negative. By Proposition 5.13, there ex1sts anumber ay, such

that ay, Ik Wo(l.ky. ... ky,) for any number £. Then Ay. .ay, I VyWo(y. ki ... . ky).

1.e., the formula ‘I’(kl, e kn)~15~spr reghzable what we wanted to prove.

Conversely, assume that ‘P(kl,f;. ,~kn~) is spr-realizable. This implies that for any
natural number k. the formula Wy(k. k. ....k,) is spr-realizable. By the inductive
hypothesis, for any k, the formula Wy (k, k., ..., k,) is true. This means that the formula
Y(ky,....k,) is true. O

THEOREM 7.29. For any closed completely negative Ar-formula ¥ one can effectively
construct a closed predicate formula W* such that W* is spr-realizable iff Y is true.

Proof. If ¥ is a closed completely negative Ar-formula, let ¥* be the predicate
Ar-formula Q — . We show that W* is the required predicate formula.
Cram L. If the predicate formula WY* is spr-realizable, then the Ar-formula ¥ is true.

Proof. Assume that W is spr-realizable. This means that for any list of Ar-formulas
® admissible for substituting in ¥*, the formula W* is spr-realizable. In particular,
this holds if @ is the list of the formulas Z(x). S(x.y), A(x.y.z), M(x.y.z), and
E(x,y). In this case, ¥* is just the formula Q — ¥. By Theorem 4.11, the formula
Q is spr-realizable. Thus the formula ¥ is also spr-realizable. Since ¥ is a completely
negative formula, it follows from Proposition 3.7 that ¥ is true, what we wanted to
prove. )

Claim II. If a closed completely negative Ar-formula ¥ is true, then the predicate
Sformula Y* is spr-realizable.

Proof. Assume that a closed completely negative Ar-formula W is true. We prove
that the predicate Ar-formula W* is spr-realizable. Assume that the list of Ar-formulas
® is admissible for substituting in ¥*. Since ¥ is completely negative, it follows from
Proposition 5.13 that there exists a number ay such that the formula ¥ is spr-realizable
iff ay IFg . We prove that An.Ay.ay Ik P, By the definition of spr-realizability, it is
enough to prove that for any n and any b such that b I, Q we have ay -, . Assume
that b I, Q. This ‘means that @ is an interpretation of the formula Q. By Proposition
7.28, the formula W is spr;gealizable because the fogvmula W is true. As it was remarked
above, in this case ay I ‘. It follows that ay I, ¥, what we wanted to prove. [y

Claims I and II yield the statement of Theorem 7.29.
THEOREM 7.30. The set of spr-realizable predicate formulas is not arithmetical.

Proof. 1t is obvious that the set of true completely negative closed Ar-formulas is
recursively isomorphic to the set of true closed Ar-formulas which is not arithmetical
by Tarski’s Undefinability Theorem. It follows that the set of true completely
negative closed Ar-formulas is not arithmetical too. By Theorem 7.29, the set of
true completely negative closed Ar-formulas is 1-1-reducible to the set of spr-realizable
predicate formulas. It follows that the set of spr-realizable predicate formulas is not
arithmetical. |
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§A. Appendix: Proof of Proposition 6.14. Let
® = Z(x1), S(x1. x2), Alx1. X2, X3), M(x1, %2, x3), E(x1. X2)

be an interpretation of the formula Q. Note that the formula ‘T’(xl, .oesXp) is built
from the formulas —&(x;, x;), 2 Z(x;), ~S(x;. x;), = A(x;, x5, xp ). and ~M (x;, x;. xp).
where 1 < i, j. k < n, using the logical symbols -, &. —, and V. Note that (7) is an
arithmetical instance of the completely negative predicate Ar-formula

VXY (5 E (x1. p1) &+ &= E (. y) & W(x) = W (y)). (A.1)

By Proposition 5.13, there exists a number that spr-realizes at level 0 every spr-realizable
arithmetical instance of (A.1). Thus it is enough to prove that the formula (7) is spr-
realizable at level 0 without paying any attention to the construction of a concrete
spr-realization.

We prove that the formula (7) is spr-realizable by induction on the complexity of
Y(x1,.... Xp). _

1) IfO(xy, ..., x,) is =E(x;. x;), where | < i, j <n,then W(xi, ..., x,)is =E(x;, x;)
and in this case the formula (7) is

VX, y (5=E(x1. y1) & -+ & —=E(xp. yu) & =E(xi. x7) = —E(yi. ;). (A.2)
First we prove that for any k1. .... k,. 4. ..., £¢,, the Ar*-formula
ﬁﬁé’(kl,él)&--~&ﬁﬁ8(kn,€n)&ﬁ5(k,-,kj) — ﬁﬁ(ﬂi,ﬂj) (A.3)

is spr-realizable. .

Suppose i = j. Since the formula A4 is spr-realizable, it follows that ——&(k;. k;) is
spr-realizable. In this case, the premise of the formula (A.3) is not spr-realizable, and
by Proposition 3.4, the number a, spr-realizes the formula (A.3) at level 0.

Now suppose i # j. If the premise of the formula (A.3) is not spr-realizable, then
by Proposition 3.4, the number a, spr-realizes the formula (A.3) at level 0. Suppose
that the premise of the formula (A.3) is spr-realizable. Then the formulas ~—&(k;. 4;).
——&(k;j.£;), and —E(k;. k;) are spr-realizable. We prove that the conclusion of the
formula (A.3), i.e. =&(¢;.¢;). is spr-realizable as well. By Proposition 3.4, it is
enough to prove that the formula ——&(¢;. £;) is not spr-realizable. Suppose that this
formula is spr-realizable. Thus we have that the formulas ==& (k;.£;). ~—E(k;. £;).
and ——=&(¢;.£;) are spr-realizable. Since the formula A3 is spr-realizable, it follows
that the formula ——&(k;.¢;) is also spr-realizable. Since the formula A, is spr-
realizable, it follows that the formula =—&(¢;. k;) is spr-realizable. Since the formula
Aj is spr-realizable, it follows that the formula ——&(k;, kj) is also spr-realizable
in contradiction with the assumption that the formula —&(k;. k;) is spr-realizable.
Thus =€(¢;.¢;) is spr-realizable. By Proposition 3.4, a -y =£(¢;,¢;) and the number
a, spr-realizes the formula (A.3) at level 0. Thus we have proved that for any
ki.....k,. 2. .... £, the number a, spr-realizes (A.3) at level 0. Evidently, the number
Axy....Ax,.Ay;. ... Ay,.a; spr-realizes the formula (A%) at level 0.

2) If P (x1, ..., x,) is = Z(x;). where 1 <i < n, then ¥(x1,...,x,) is ~Z(x;) and in
this case the formula (7) is

VX ¥ (22E (x1. y1) & e & =E (X yn) & 2 Z2(x1) = =Z (1)) (A.4)
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First we prove that for any ki, ..., k. £;. ..., ¢,. the Ar*-formula
——E&(k1.01) & - & ~—E(k,. £,) & ~Z(k;) — —Z(4;) (A.5)

is spr-realizable.

If the premise of the formula (A.5) is not spr-realizable, then by Proposition 3.4,
the number a, spr-realizes the formula (A.5) at level 0. Suppose that the premise
of the formula (A.5) is spr-realizable. Then the formulas ——&(k;.¢;) and —Z(k;)
are spr-realizable. We prove that the conclusion of the formula (A.5), ie., =Z(¢;),
is spr-realizable as well. By Proposition 3.4, it is enough to prove that the formula
——2Z(¥;) is not spr-realizable. Suppose that this formula is spr-realizable. Thus we have
that the formulas ——&(k;.#;) and =—Z(¥;) are spr-realizable. Since the formula 4, is
spr-realizable, it follows that the formula ==& (¢:, k;) is also spr-realizable. Note that
the formula A¢ is spr-realizable. It follows that ——=&(¢;. k;) & ~—Z(4;) — =—Z(k;)
is realizable. Since the premise of this implication is spr-realizable, it follows that
its conclusion =—Z(k;) is realizable in contradiction with the assumption that the
formula —~Z(k;) is spr-realizable. Thus —Z(¢;) is spr-realizable. By Proposition 3.4,
alFg ~Z(¢;) and the number a, spr-realizes (A.5) at level 0. We have proved that
for any k1. ....k,. 41, ....4,. the number a, spr-realizes (A.5) at level 0. Evidently, the
number Ax;.... Ax,.Ay;.... Ay,.a, spr-realizes the formula~(A.4) at level 0.

3)IEP(x1. ... X x) is S (X, xj), where 1 < i, j < n,thenP(x.....x,)is =S(x;, x;)
and in this case the formula (7) is

VX, y (m=E(x1. y1) &+ & ==E(Xp. yn) & =S(x1,x;) = =S(yi. y;))- (A.6)
First we prove that for any k1. ..., k,. 41, ..., £,, the formula
ﬁﬁf,’(kl,él)&-~-&ﬁﬁé’(kn,fn)&ﬁS(ki,kj) — ﬁS(E,-,Ej) (A7)

is spr-realizable.

If the premise of the formula (A.7) is not spr-realizable, then by Proposition 3.4,
the number a, spr-realizes the formula (A.7) at level 0. Suppose that the premise
of the formula (A.7) is spr-realizable. Then the formulas ——&(k;. ¢;), ——&(k;.¢;).
and —S(k;. k;) are spr-realizable. We prove that the conclusion of the formula (A.7),
ie., =S(¢4;.£;). is spr-realizable as well. By Proposition 3.4, it is enough to prove
that the formula ——S(¢;.¢;) is not spr-realizable. Suppose that this formula is spr-
realizable. Thus we have that the formulas ~—=&(k;.£;). ~=E(k;.£;). and =—S(£;. £;)
are spr-realizable. Since the formula 45 is spr-realizable, it follows that the formulas
=&, k;) and =—E(¢;.k;) are also spr-realizable. Note that the formula Ag is
spr-realizable. It follows that ~—&(¢;. k;) & ~—E(€;. k;) & =—=S(4;. £;) — —=~S(k;. k;)
is spr- realizable. Since the premise of this implication is spr-realizable, it follows
that its conclusion =—S(k;. k ;) is spr-realizable in contradiction with the assumption
that =S(k;. k;) is spr-realizable. Thus =S(¢;. £;) is spr-realizable. By Proposition 3.4,
alkg =S(¢;. £;) and the number a, spr-realizes (A.7) at level 0. We have proved that
for any k1. ....k,. 41, ....4,. the number a, spr-realizes (A.7) at level 0. Evidently, the
number AXx;.... Ax,.Ay1.... Ay,.a, spr-realizes the formula (A.6) at level 0.

_4) If W(xi.....x,) is the formula —A(x;.x;.x,). where 1 <i jm <n, then
W(x1,....x,) is 7A(x;. x;, X,,) and in this case the formula (7) is

VX, y (m=E(x1. y1) & - & ==E(Xp. yu) & = A(xi, X, X)) = =AY ¥ ym)).  (A8)
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First we prove that for any ki, ..., k,. ¥¢1, ..., £, the formula
=€k, 0) & - & —E(ky. £y) & ~Alki ki k) — =AW L. L) (A.9)

is spr-realizable.

If the premise of the formula (A.9) is not spr-realizable, then by Proposition 3.4,
the number a, spr-realizes the formula (A.9) at level 0. Suppose that the premise
of the formula (A.9) is spr-realizable. Then the formulas ~—&(k;. ¢;), ——&(k;.¢;).
==& (km, €m). and = A(k;, k;. k,,) are realizable. We prove that the conclusion of the
formula (A.9), i.e., ~A(4;, 4, £,,). is realizable as well. By Proposition 3.4, it is enough
to prove that the formula =—.A(¢;. ¢;. £,,) is not realizable. Suppose that this formula is
spr-realizable. Thus we have that the formulas —~—&(k;. £;), ==& (k;. £;). ==& (k. ).
and =~ A(¢;.¢;. ¢,,) are spr-realizable. Since the formula A4, is spr-realizable, it follows
that the formulas ==& (. k;). ~=E(¢;. k;). and ~—=E(£,,. k,,) are also spr-realizable.
Note that the formula A5 is spr-realizable. It follows that the formula

_‘ﬁg(fi,ki) &_'_‘g(ej,kj) &_‘_'S(gm,km) &ﬂ—\A(Ei,E_/,Zm) — _‘_'A(ki,kj,km)

is spr-realizable. Since the premise of this implication is spr-realizable, it follows that its
conclusion ~—A(k;, k ;. k) is spr-realizable in contradiction with the assumption that
= A(k;. k;. k) is spr-realizable. Thus —A(¢;. £;.4,,) is spr-realizable. By Proposition
3.4, we have al-g —A(¢;. £;.4,,) and the number a, spr-realizes (A.9) at level 0. We
have proved that for any k. ....k,. 41, ....4,. the number a, spr-realizes (A.9) at level
0. Evidently, the number Ax;.... Ax,.Ayi.... Ay,.a, spr-realizes the formula (A.8) at

level 0.
5 If W(xi,....x,) is the formula —M (x;.x;,x,). where 1 <i,j,m <n, then
W(xi.....x,) 18 "M(x;, xj. x»,) and in this case the formula (7) is

VX ¥ (=€ (xp, y1)& o &€ (X, yu) &AM (i X X)) = =M.y, ym)). (A.10)

spr-realizability of the formula (A.10) is proved by the same argument as in the case of
the formula (A.8); only one should replace A by M and use the formula A instead
of A 15-

6) If W(xi....,x,) is =¥o(x1,.... x,), then P(x1, ..., x,) is =¥o(x1..... x,,). By the
inductive hypothesis, the formula

X,y (=€ (x1. 1) & -+ & =—E (X, yn) & Py (x) — Fo(y)) (A.11)
is spr-realizable. We have to prove that the formula
V.Y (5=E (e y1) & - & =€ (. ya) &= Fo(x) = ~Fo(y)) (A.12)

is spr-realizable.
First we prove that for any k. ..., k,. 4. ..., ¢, the formula

=&k, 0)) & -+ & =—E (k. £,) & ~Fo(k) — =F(1)), (A.13)

where k is the list &y, ..., k,, and 1 is the list £, ... . ¢, is spr-realizable.

If the premise of (A.13) is not spr-realizable, then by Proposition 3.4, the number
a, spr-realizes the formula (A.13) at level 0. Suppose that the premise of the formula
(A.13) is spr-realizable. Then the formulas ~—&(k;.£;)(i = 1.....n) and -¥,(k) are
spr-realizable. We prove that the conclusion of the formula (A.13), i.e., =Po(l). is spr-

realizable as well. By Proposition 3.4, it is enough to prove that the formula ¥y (l) is not
spr-realizable. Suppose the opposite. Thus we have that the formulas —~—&(k;. £;)(i =
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I,....n) and ‘170(1) are spr-realizable. Since Ay is spr-realizable, it follows that the for-
mulas ==& (£;. k;)(i = 1.....n) are also spr-realizable. Since the formula (A.11) is spr-
realizable. then it follows that the formula =—=&(£;. k1) & --- & ==E(L,. k) & Po(1) —
Wo(k) is spr-realizable. Since the premise of this implication is spr-realizable, it follows
that its conclusion Y, (k) is spr-realizable in | contradiction with the assumption that
the formula —W, (k) is spr-realizable. Thus =W (1) is spr-realizable. By Proposition 3.4,
allFg =%¥o(1) and the number a, spr-realizes (A.13) at level 0. We have proved that
for any ki, ....k,. 41, .... £, the number a, spr-realizes (A.13) at level 0. Evidently, the
number Ax;.... AX,.Api.... Ay,.a spr-realizes the formula (A.12) at level 0.
CDIEP(xr. . x) i W (xrs e x) & Wl x). then W (X ., x,) is the formula
Yi(x1.....x,) &W¥a(x1. ..., x,,). By the inductive hypothesis, the formulas

VX, y (—=E(x1, 1) & - & ~=E (X, ) & P (x) = Fi(y)) (A.14)
and
VX, ¥ (7=E (x1, 1) & - & 2=E (%, yi) & Pa(x) — Pa(y)) (A.15)

are spr-realizable. We have to prove that the formula
V.Y (<€ (e 1) & - & =€ (. 1) & 1 (%) & Fa(x) = Fi(y) & Fa(y) (A16)

is spr-realizable.
First we prove that for any k1, ..., k,. ¢, ..., ¢, the formula

=& (k1. 1) & - & ~—E (k. £,) & Py (K) & P2 (K) — P (1) & P> (1) (A.17)

is spr-realizable. Suppose that the premise of (A.17) is spr-realizable. Then the formulas
—=E&(ki. £;)(i = 1.....n) and ¥(k) & '¥»(k) are spr-realizable. By Proposition 3.4.
the formulas ¥;(k) and ‘W»(k) are spr-realizable. We prove that the conclusion of
(A.17), ie. ¥i(1) & P2 (1). is spr-realizable. By Proposition 3.4, it is enough to prove
that ¥;(1) and W,(1) are realizable. But this follows from spr-realizability of (A.14)
and (A.15). By Proposition 5.13, ay, Iko W;(£;.....4,) for i =1,2. It follows that
(aw,.ay,) ko Pi1(4.....¢,) &¥1 (4. ... 4,) and Ay, ay,) spr-realizes (A.17) at level
0. If the premise of (A.17) is not spr-realizable, then by Proposition 3.4, the number
Aay, ay,) spr-realizes (A.17) at level 0. We see that for any kq.....k,. 41, ....4,. the

number A(ay, ap,) spr-realizes the formula (A.17) at level 0. Evidently, the number
AXxy. ... Ax, Ay ...Ayn.a<awl,aw

8) Assume that ¥ (x, ..., x,,) is the formula ¥ (x;. ..., x,) — ¥2(x1..... x,) and the
formulas (A.14) and (A.15) are spr-realizable. We have to prove that the formula

VX, Y(~=E (x1. y1)& -+ &—E (X y2)&(F1 (x) = Pa(x)) = (1 (y) — Paly)) (A.18)

) spr-realizes the formula (A.16) at level 0.

is spr-realizable.
First we prove that for any k1, ..., k,, 41, ..., £,, the formula

=& (k1. 1) & -+ & ~—E (k. [,) & (P1(K) — Pa(k)) — (Fi(1) — Fo(1)  (A.19)

is spr-realizable. Suppose that the premise of the formula @.19) is spr-realizable.
This means that the formulas ~=&(k;.4;) (i = 1.....n) and ¥ (k) — ¥1(k) are spr-
realizable. Since A, is spr-realizable, it follows that the formulas ——&(£. k;)(i =
1,....n) are also spr-realizable. We prove that the conclusion of (A.19). i.e.. Wi (1) —
W,(1). is spr-realizable. If the formula P (1) is spr-realizable, then it follows from
spr-realizability of the formula (A.14) that the formula W¥,(k) is spr-realizable.
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Therefore, the formula "ITZ(k) is also spr-realizable. Now spr-realizability of ‘?2(1)
follows from spr-realizability of the formula (A.15). Since the predicate Ar-formula ‘P,
is completely negative, it follows from Proposition 5.13 that ay, Iy W»(1). Therefore,
by Proposition 3.4,

Aay

If the formula ‘{71(1) is not spr-realizable, then (A.20) holds by Proposition 3.4. Let
b= Auy, By Proposition 3.4, the number a, spr-realizes the formula (A.19) at level 0.
If the premise of the formula (A.19) is not realizable, then the number a, spr-realizes
the formula (A.19) at level 0. Thus we have proved that for any k. .... k., £, ..., £,. the
number aj, spr-realizes the formula (A.19) at level 0. Now it is evident that the number
AX1....Ax,.Ay1.... Ay,.a, spr-realizes the formula (A.18) at level 0.

9) Assume that ¥(x,....x,) is the formula Vx ¥y(x, x1....,x,). The inductive
hypothesis states that the formula

VYRV (7€ (x. ) & 2=E(x1. 1) &€ (. yn) & o (x.x) = Folr.y)) (A21)
is spr-realizable. We have to prove that the formula
VXY (m=E(x1. y1) & -+ & ==& (. y) & Vx Py(x.X) — Vx Po(x.y)) (A.22)
is spr-realizable. First we prove that for any k1. ..., k,. 41, ..., £,. the formula
——E(ky 1) & - & ~—E (k. £,) & Vx Po(x. k) — Vx Po(x.1) (A.23)

is spr-realizable. Assume that the premise of the formula LA.23) is spr-realizable. This
means that the formulas -—& (k;. £;) (i = 1.....n) and Vx ¥(x. k) are spr-realizable. We
prove that the conclusion of the formula (A.23), i.e.. Vx Wy(x.1) is spr-realizable. First
we prove that for any £, the formula Wo(£,1) is spr-realizable. Note that the formula
Y,(£.k) is spr-realizable. Since the formula A, is spr-realizable, it follows that the
formula ﬁﬁgé, £) is spr-realizable. Now it follows from spr-realizability of the formula
(A.21) that W (£.1) is spr-realizable. Since P is a completely negative formula. it follows
from Proposition 5.13 that ay, o Wo(£.1). It is evident that Ax.ay, IFo Vx Wo(x.1).
By Proposition 3.4, the number AAray, spr-realizes the formula (A.23) at level 0. If

the premise of the formula (A.23) is not spr-realizable, then by Proposition 3.4, the
number a Axay, spr-realizes the formula (A.23) at level 0. Thus we have proved that
for any ki, ..., ky, 41, ... £,, the number AAx.ay, spr-realizes the formula (A.23) at level

0. Now it is evident that the number Axj....Ax, . Ayi.... Ay,.apnr.q, Spr-realizes the
formula (A.22) at level 0.

§B. Appendix: Proof of Proposition 6.19. Assume that
® = Z(x1), S(x1. x2), Alx1. X2, X3), M(x1, %2, x3), E(x1. X2)

is an interpretation of the formula Q. The formula ‘FIV’(xl, ..., X,) is built from the
formulas —Z(x;), =S(x;, x;), = A(x;, x;. x). "M(x;, xj. x;), and =€ (x;, x;), where
1 <, j. k <n, using the logical symbols —, &, and —. We prove the proposition by
induction on the complexity of ¥(xi, ..., x,). N

D) IFY(x1, ..., x,) I8 =E (x;, x;), where 1 < i, j < n,thenW(xy. ..., x,)is =E(x;, x;).
Ifi = j, then the formula —E (k;. k j) is not true. On the other hand, since the formula
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Zl is spr-realizable, it follows that the formula ==& (l:, l;,) is spr-realizable and the
formula —& (k;. /gj) is not spr-realizable. Thus —E (k;. k;) is true iff ~& (k:. lgj) is spr-
realizable. Now assume that i # j. Suppose that the formula —E(k;. k;) is true.
This means that k; # k;. We prove that the formula ~& (k k; ) is spr-realizable. By
Proposition 3.4, it is enough to prove that the formula =& (k. k ;) isnot spr-realizable.
Assume the opposite. By Proposition 6.17, we have that the formula [k; ]( ;) is spr-
realizable. Then by Proposition 6.14, the formula [k; ]( ;) is spr-realizable as well. On
the other hand, the formula [k; ](k~ /) is spr-realizable. By Proposition 6.18, k; = k;
in contradiction with the assumption that the formula —E(k;, k;) is true. Thus the
formula —& (k,,k ) is realizable. Conversely, assume that the formula -& (k,,k ) is
spr-realizable. We prove that the formula —FE (k k;) is true, ie., k; # k;. Suppose
the opposite. Then ki = k . Since the formula A is spr-realizable, it follows that the
formula ==& (l; kNJ) is spr-realizable in contradiction with the assumption that the
formula —& (k;. k~j) is spr-realizable. Thus k; # k; and the formula ~E (k;. k;) is true.

D) IfW(x1.....x,)is 7 Z(x;), where 1 <i < n,then¥(x1.....x,)is ~Z(x;). Assume
that the formula —=Z(k;) is true. This means that k; # 0. We prove that the formula
~Z(k;) is spr-realizable. Suppose the opposite. Then the formula ——Z (k:). i.e.. [0](k;)
is spr-realizable. On the other hand, the formula [k; ](k ) is spr-realizable as well. By
Proposition 6.18, k; = 0in contradiction with the assumption that the formula -Z (k:)
is true. Conversely, assume that the formula =2 (k;) is spr-realizable. Then the formula
—~=Z(k;). i.e.. [0](k;). is not spr-realizable. We prove that the formula —=Z(k;) is true,
i.e., k; # 0. Suppose the opposite. Then the formula [0]( ,-) is spr-realizable. This
contradiction proves that the formula —Z (k;) is true. ~

3)IEW(x1, ..., x,) is S (x;. x;), where 1 < i, j < n.then¥(x,....x,)is the formula
=S (x;, x;). Assume that the formula =S (k;. k;) is true. This means that k; # k; + 1.
We prove that the formula =S (k:. k ;) is spr- -realizable. Suppose the oppos1te Then the

formula - =S (l;l l; ) is spr-realizable. Let us prove that the formula [k; + 1](k ). ie.,
2(ky) &Yy (+=8(y.ky) = (K1), (B.1)

is spr-realizable. Since the formulas ——S (l: l: ) and ;171 are spr-realizable, it follows
that the formula -2 (k ) is spr-realizable. Let £ be an arbitrary natural number. We
prove that the formula

——8(L. k) — [ki](£) (B.2)

is spr-realizable. Assume that the premise of the formula (B.2), i.e., -—=S(¢, lg ). is

spr-realizable. Thus we have that the formulas ——S(k;, k~ ) and -—=S(¢, kN ) are - Spr-
realizable. Since the formula A is spr-realizable, it follows that the formula -—& (ki 0)
is spr-realizable. It follows from Proposition 6.14 that the formula [ki](é) is spr-
realizable. By Proposition 5.13. ay () ko [k ](E ) and by Proposition 3.4, the number
Ay (v spr-reahzes the formula (B. 2) at level 0. If the premise of the formula (B.2) is not

spr- reahzable then by Proposition 3.4, the number 3ay () SPT- -realizes the formula (B.2)
at level 0. Thus, for any £, the number aa[/ ) SPT- reallzes (B.2) at level 0. Now it is evi-
dent that Ay. By 1o IR0 Yy (=S (y. k i) = [k [k:](»)). Thus it is proved that the formula

[k + 1](k ) is spr- reahzable Since the formula [k ]( ;) is also spr-realizable, it follows
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from Proposition 6.18 that k; 4+ 1 = k; in contradiction with the assumption that the
formula =S (k;. k) is true. Thus the formula =S (k:. kNJ) is spr-realizable. Conversely,
assume that the formula ~S(k;. I:j) is realizable. We prove that the formula =S (k;. k)
is true, i.e., k; # k; + 1. Suppose the opposite. Then the formula [fﬁ](l?j), ie.,
(B.1), is spr-realizable. It follows that the formula —Z(k;) is spr-realizable. Since the
formula 45 is spr-realizable, it follows that there exists a natural number £ such that
the formula =—S(¢. k ;) is spr-realizable. On the other hand. since the formula (B.1) is
spr-realizable, it follows that ——=S(¢, k ) — [k [k:](£) is spr-realizable, thus the formula
[k:](€) is realizable. Since the formula Qc is also spr-realizable, it follows from
Proposition 6.15 that the formula ==& (E k;) is spr-realizable. By Proposition 6.14,
the formula —-—S (kl, k ) is spr-realizable in contradiction with the assumption that the
formula S (k;, k ) is spr-realizable. Thus it is proved that the formula —S (k;. k ;) is true.
N 4) If W(xi.....x,) is the formula —A4(x;.x;.x,). where 1 <i jm <n, then
Y(x1,....X,) is —|A(xl,x i Xm). We prove the proposition by induction on k;. Let
k; =0. Then k = 0 and the formula [O](k ). ie., ﬂﬁZ(k ). is spr-realizable. Assume
that the forrnula —|A(k,,k j.kom) is true. This means that &, # k;. We prove that the
formula —|.A(k,,k km) is spr-realizable. Suppose the oppos1te Then the formula
ﬂﬁA( is j,km) is  spr- reahzable Since the formula A16 1s realizable, it follows that
the formula ﬁﬁA(k,, k k ) is  Spr-1 -realizable. Since the formula A14 is spr-realizable, it
follows that the formula - —& (km, k ) is spr-realizable. As it was proved above in the case
1). the formula E (k. k;) is true. i.e.. k,,, = k; in contradiction with the assumption that
the formula —A (k;, k ;. k;,) is true. Thus we have proved that the formula —A(k;. k. k )
is spr-realizable. Conversely, assume that the formula ﬁA(l;,', k~] l;:,) is spr-realizable.
We prove that the formula =4 (k;. k;. k) is true, i.e., k,, # k;. Suppose the opposite.
Then /;; = I; Since the formula 2;6 is spr-realizable, it follows that the formula
ﬂﬁA(k, ! k k ) is spr-realizable in contradiction with the assumption that the formula
—~Alk:. k; s k ) is spr-realizable. Thus we have proved that the formula —A(k;, k ;. k;,) is
true. Now suppose that k; = £; 4+ 1 and for any k;, £,,. the formula —A(k;, £; Zm) istrue
iff the formula ﬁA(k £ ],Zm) is spr-realizable. Note that the formula ﬁS(E k;) is not
true. As it was proved in the case 3) above, the formula =S (E k ) is not spr-realizable.
Then the formula =—S (@V k ;) is spr-realizable. Assume that the formula ﬂA(k kj.km)
is true. This means that k,, 7é ki + k ;. We prove that the formula ﬂA( k ) is spr-
realizable. Suppose the opposite. Then the formula ﬁﬁA(k k km) I spr -realizable.
On the other hand, since the formula —A4(k;, ¢ j,k +¢;) is not true, then by the
inductive hypothesis, the formula —~A(k;, é k +¢;) is not spr-realizable. Then the

formula =—A(k;, 0k + E_,») is spr-realizable. Let £,, = k; + £; + 1. Then the formula
S(k; +4¢;.,£,) is true and the formula —S(k; + £;.¢,,) is not true. As it was proved

above in the case 3). the formula ﬁS(k/—\F/E €~) is not spr-realizable. Then the

formula —~—=S(k; 4+ ¢ ,,Zm) is spr-realizable. Since the formula Aj7 is spr-realizable, it
follows that the formula —ﬁA(k,, k; 2 ém) is spr-realizable. Since the formula Ay is spr-
realizable, it follows that the formula ——& (k. ,,) is spr-realizable. As it was proved
above, the formula E (k. £,,,) istrue,i.e.. k,, = £, = ki + £; +1 = k; + k;. Thismeans
that the formula A(k;.k;.k,,) is true in contradiction with the assumption that the
formula —A(k;. k;. k) is true. Thus we have proved that the formula -Alk;, l:j k)
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is spr-realizable. Conversely, assume that the formula ﬂA(l;,', kN, l’c\,,;) is spr-realizable.
We prove that the formula —A(k;.k;.k,,) is true. Suppose the opposite. Then the
formula A(k;.k;.ky) is true. This means that k,, = k; + k;. Let £,, = k; + £;. Then
km = £y, + 1 and the formula —4(k;.¢;.4,,) is not true. By the inductive hypothesis,
the formula ﬂA(l:,-,Z,-, ¢,,) is not spr-realizable. Then the formula ﬂﬂA(l;,-,Z,',é:,) is
spr-realizable. On the other hand, since the formulas S(¢;. k;) and S(¢,,. k) are true,
it follows that the formulas —.S (¢ i kj) and —|S (€. k) are not true. It follows from
the case 3) above that the formulas =S ([l k ) and ~S(6,,. k,,) are not spr-realizable.
Then the formulas -—S ([ k~ ) and ~—=S (Em, k) are spr-realizable. Since the formula
A17 is spr-realizable, it follows that the formula ——A(k:. k; J, ke ) is spr-realizable in
contradiction with the assumption that the formula —|A( kj. km) is spr-realizable.
Thus we have proved that the formula —A4(k;, k e k) is true.

_ 5) If ¥(xi.....x,) is the formula =M (x;, x;.x,). where 1 <i, jm <n, then
W(x1,.ouxp) 18 " M(x5, x5, x,). We prove the proposition by induction on k;. Let
k; = 0. Then the formula [0](k k;). ie., ~—Z (k~ ). is spr-realizable. Assume that the
formula =M (k;.k;. k) is true. We prove that the formula —|M(k k k) is spr-
realizable. Suppose the opposite. Then the formula ﬂ—d\/l(k k k ) is spr-realizable.
Since the formula A21 is spr-realizable, it follows that -— M (k k k ) is spr- reahzable
Since the formula Ao is realizable, it follows that the formula =& (k. k ) is spr-
realizable. As it was proved above in the case 1), the formula E (k. k;) is true, ie.,
km = k;. Then the formula M (k;.k;. k,,) is true in contradiction with the assumption
that the formula - M (k,-,kj,km) is true. Thus we have proved that the formula
ﬁM(l:I k~ lg,;) is spr-realizable. Conversely, assume that the formula ﬁ/\/l(/:, kNJ /};) is
spr- reahzable We prove that the formula - M (k;. k; s k,,) is true. Suppose the opposite.
Then k,, = k; and km = k Since the formula A21 is realizable, it follows that the
formula ﬁﬁ./\/l(k,, k; 2 km) is spr-realizable in contradiction with the assumption that
the formula ﬁ/\/l(lg lg l? ) is spr-realizable. Thus we have proved that the formula
=M (k;.k;. k) is true. Now suppose that k; = ¢; + 1 and for any k;. £,,. the formula
- M (k;.€;.¢y,)is trueiff the formula ﬂ/\/l(k l; s Em) is spr-realizable. As it was shown in
the case 3) above, the formula =—S (f k ;) is spr-realizable. Assume that the formula
- M (k. kj.ky) is true. We prove that the formula ﬁ/\/l(k k ky,) is spr-realizable.
Suppose the opposite. Then the formula ﬂ—d\/l(k k k ) is spr-realizable. Since the
formula M (k;.£;.k; - £;) is true, then the formula ﬁM(k,,Ej,k,v -¢;) is not true. By
the inductive hypothesis, the formula ~M (k;. Z k/\_é/ ) is not spr-realizable. Then the

formula =——M (l:,[, ki - ¢;) is spr-realizable. Let £,, = k; - £; + k;. Then the formula
Ak - L ki, £,,) is true and the formula =4 (k; - 4. ki, ) is not true. As it was proved

in the case 5) above, the formula ﬁA(k/[-T-e/j I:,E;) is not spr-realizable. Then the

formula ——A(k; - ¢;. ki b,) is spr-realizable. Since the formula A2 is spr-realizable,
it follows that the formula ﬂﬂ./\/l(l;i,l;,»,é;) is realizable. Since the formula ;179 is
spr-realizable, it follows that ——&(k,,.£,,) is spr-realizable. As it was proved in the
case 1) above, E(ku.ly) is true, ie., ky =€y, = k; + k; - £; = k; - k;. This means
that the formula M (k;, k i k) is true in contradiction with the assumption that the
formula =M (k;. k ;. k,,) is true. Thus we have proved that the formula ~M(k;, l: k) is

spr-realizable. Conversely, assume that the formula M (k;, k k) is spr-realizable. We
prove that the formula =M (k;. k ;. k,) is true. Suppose the oppos1te Thenk,, =k; - k;.
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Let ¢, =k; -£;. Then the formula M (k;.¢;.4,) is true and k,, = £, + k;. This
means that the formula A(4,,. k;.k,,) is true. Then the formulas —M (k;. ¢, ¢, ) and
-A(l,,. ki, k,,) are not true. By the inductive hypothesis, the formula —|M(k A ,E:i)
is not spr-realizable. Then the formula ——M (l;,é;é;) is spr-realizable. Since the
formula —A(£,. k;. k,,) is not true, it follows from the case 4) above that the formula
ﬂA(Z,,,, k km) is not spr-realizable. Then the formula ﬂﬂA(Zm k,, k ) is spr-realizable.
Since the formula A22 is realizable, it follows that the formula —\—u/\/l(k k km) is spr-
realizable in contradiction with the assumption that the formula ﬂM( kj. km) is
spr-realizable. Thus we have proved that the formula =M (ki k;. km)vis true.

6) If W(xi,....x,) is =¥o(x1.....x,), then ¥(x1.....x,) is =WPo(x1.....x,). By
the inductive hypothes1s for any natural ki.....k,. the formula ¥o(k;.....k,)
is true iff the formula ‘Po(kl km) is spr-realizable. Assume that the formula

—¥y(ki.....k,) is true. Then the formula Yo(ki. ..., k) is not true. By the inductive
hyRothes1s the formula ‘Po(k1 km) it is not s, J(realiza}ble. By Proposition 3.4,
Wk, .. k”}l is spr-realizable. Conversely, if =W (k1. ....k,,) is spr-realizable, then
the formula Yo(ky.....k,) is not spr-realizable. By the inductive hypothesis, the
formula Wo(k. ... k,,) it is not true and —Wo(k. .... k,,) is true. _

7) If W(xi.....x,) is Wi(x1.....x,) &Wa(x1.....x,). then ¥(x).....x,) is the
formula Wi (x1. ..., x,) & ¥, (x1. ..., x,). By the inductive hypothesis, for i = 1,2 and

any natural numbers ki, ....k,,, the formula ¥;(k;.....k,,) is true iff the formula
Vi (ki.....ky) is reahzable The formula W(ki.....k,) is true iff the formulas
Wi (k1. ....ky) and Ws(ky, .... k,,) are both true. By the inductive hypothesis. this is

possible iff the formulas ¥ (k. . km) and W (k. ... . k) are both spr-realizable and.
by Proposition 3.4, the formula Y(ky. ... ky) is spr- realizable. _

8) If W(xy.....x,) is ¥i(xi. ...,x,,) — Ws(x1, ..., x,). then ¥(x1,...,x,) is the
formula W (x....,x,) — ¥>(x1.....x,). The inductive hypothesis is the same as in
the previous case. Assume that the formula W(k. ....k,,) is true. This means that the
formula Wi (k1. .... k,,) is false or the formula (k. ... k) is true. In the first case,
by the inductive hypothes1s the formula W, (ky. .... & ) is not spr-realizable and, by
Proposition 3.4, the formula ‘I’(kl, km) is spr- real1zable. In the second case, by the
inductive hypothesis, the formula ‘Pz(kl, .... k) is spr-realizable and, by Proposition
3.4, the formula ‘I’(lq ) is spr-realizable. Conversely, assume that the formula

W(ki.....ky) is spr- reahzable. Then the formula W (k;, ... k,,) should be true because
0therw1se the formula ¥, (k1. .... k) i is true and the formula Yy (ky, ..., k) is false. By
the inductive hypothesis, the formula ‘I’1 (ki oor Ko ) is spr-realizable and the formula
W, (ky. ... k) is not realizable. But this is 1mposs1ble if the formula ¥ (k1. .... k) is
spr-realizable.
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