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In the first part of this paper, a variational characterization of parts of the Fucik
spectrum for the Laplacian in a bounded domain {2 is given. The proof uses a linking
theorem on sets obtained through a suitable deformation of subspaces of H!(2). In
the second part, a nonlinear Sturm—Liouville equation with Neumann boundary
conditions on an interval is considered, where the nonlinearity intersects all but a
finite number of eigenvalues. It is proved that, under certain conditions, this equation
is solvable for arbitrary forcing terms. The proof uses a comparison of the minimax
levels of the functional associated to this equation with suitable values related to the
Fucik spectrum.

1. Introduction

The purpose of this paper is twofold. First, we consider the so-called Fu¢ik problem
for the Laplacian, both with Dirichlet and Neumann boundary conditions,
—Au=ATut —A"u" in £,
% _ 0 or u=0 in 092, (L)
on
where 2 is a bounded domain in R and u*(x) = max{0, +u(z)}.

The notion of Fuéik spectrum was introduced in [4,9]; it is defined as the set X' C
R? of points (A*, A7) for which there exists a non-trivial solution of problem (1.1).

To know the Fuéik spectrum is important in many applications; for example, in
the study of problems with ‘jumping nonlinearities’, that is, nonlinearities which
are asymptotically linear at both +0o0 and —oo, but with different slopes. If the
slopes correspond to a point (AT, A7) that is not in the Fuéik spectrum, then it
is possible to guarantee a priori estimates for the solutions and the Palais—Smale
(PS) condition for the associated functional. Moreover, if the point (AT, A7) may
be connected by a curve that does not intersect the Fuc¢ik spectrum to a point of
the line {A\T™ = A~} (not belonging to the Fuéik spectrum), then it is possible to
prove existence of solutions.

If one has also a variational characterization of this spectrum, then other inter-
esting results can be obtained (cf. [2,3,5,7]). However, these papers deal only with
the first non-trivial curve of the Fuc¢ik spectrum or with the periodic case on an
interval.
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In the following, we will call H the space H'({2) when considering the Neu-
mann problem and H{ (£2) when considering the Dirichlet problem. We will denote
by 0 <A1 <Ay < A3<--- < Ay <+ the eigenvalues of —A in H and by ¢,
k = 1,2,..., the corresponding eigenfunctions, which will be taken orthogonal
and normalized with ||¢g| 2z = 1.

First we give a variational characterization of parts of the Fuc¢ik spectrum for
problem (1.1). In particular, we prove the following.

THEOREM 1.1. Suppose that the point (a*,a~) € R? with a™ > o~ is X-connected
to the diagonal between A\ and Apy1 in the sense of definition 2.1. Then we can
find and characterize one intersection of the Fucik spectrum with the half-line

{(a™ +t,a” +rt), t >0},
for each value of r € (0,1].

The cases o™ < a~ and r € [1,+00) can be done in a similar way.
The second main theme of the paper is the following Sturm—Liouville equation
with Neumann boundary conditions,

—u" = u+ g(z,u) + h(z) in (0,1),
v (0) =4/ (1) =0,

where g € C°([0,1] x R), with

im 458 m 9®8) Lo (H1)

S——00 S s— 400 S

uniformly with respect to = € [0,1], and h € L?(0,1).
We will compare it to the Fu¢ik problem

" =XTuT = A uw" in (0, 1),} (1.3)

u'(0) =u'(1) =0,
and, taking advantage of the fact that, in the one-dimensional case, the Fucik spec-
trum may be exactly calculated, we will prove existence results for problem (1.2).
The proof uses the variational characterization above to make a comparison of these
minimax levels with those of the functional associated to problem (1.2) in order to
prove the existence of a linking structure for this last functional.

Some hypotheses on the growth at infinity of the nonlinearity g will be needed
to obtain the PS condition for the functional associated to problem (1.2). Defining

Glas) = [ gle.)de,
we ask

30 € (0,1), so>0 such that 0 < G(z,s) < 0sg(z,s) Vs> sg, (H2)
Js1 >0, Co >0 such that G(z,s) < 3sg(z,s) + Cy Vs < —s1. (H3)

https://doi.org/10.1017/50308210500003346 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003346

Fucik spectrum and a Sturm—Liouville equation 559
For certain ‘resonant’ values of A, the following hypothesis will be needed:

Jpo >0, My € R such that G(z,s) + h(z)s < My ae. z€[0,1] Vs < —po.
(HR)
The exact statement of the results is as follows.

THEOREM 1.2. Under hypotheses (H1), (H2) and (HS3), if X € (3\k, Akq1) for
some k > 1, there exists a solution of problem (1.2) for all h € L*(0,1).

THEOREM 1.3. Under hypotheses (H1), (H2), (H3) and (HR), if X\ = $ M4 for
some k > 1 and h € L?(0,1), there exists a solution of problem (1.2).

REMARK 1.4. Hypotheses (H1)—(H3) are satisfied, for example, by the function
g(z,s) = e®. In this case, in order to also satisfy (HR), we need h(z) > 0 a.e.

Another example of a nonlinearity that also satisfies (HR) and where there is
some more freedom on h is when g behaves at —oo as |s|® with § € (0,1). Then h
may be chosen arbitrarily in L°>°(0,1).

1.1. Related results

Theorem 1.2 extends the result obtained in [6], where the existence is proved for
A€ (0, iﬂz), that is, the case k = 1 of theorem 1.2.

Results similar to [6] (with slightly different hypotheses) can be found in [18].

Perera in [13] proved the existence of a solution for A € (72, A*), where A* is
some value in (in, %71’2), and so theorem 1.2 extends this result as well.

We also mention that, for periodic boundary conditions, the equivalent of theo-
rem 1.2 is proved in [7].

Theorem 1.3 deals with some kind of resonance (as will be clear from the proofs in
the following). The case A = i)\g was already discussed in [13], where the existence
is proved under different hypotheses, while the case A = i)\l (that is, A = 0) is
treated in [6].

For what concerns the variational characterization of the Fucik spectrum, we
cite [3,5], where the second curve in any spatial dimension is characterized (in two
different ways), and [7], where the whole spectrum for periodic boundary conditions
on an interval is characterized.

In the construction of the characterization of the Fucik spectrum, we will use a
technique derived from one used in [8], which will be discussed in §2.1.

For further references on problem (1.2), see [6].

1.2. The Fuéik spectrum

The notion of the Fuéik spectrum was introduced in [4,9]. It is defined as the
set ¥ C R? of points (A, A7) for which there exists a non-trivial solution of
problem (1.1).

In the case of problem (1.3), the spectrum can be completely calculated, with
the corresponding non-trivial solutions. It is composed of curves (which we denote
by X) in R? arising from each point (Ax, A\x),

DAt = MU =\
(k=7 (k-1)m _ (1.4)
RN e =1, k=2,3,...
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Note that each curve with k > 2 is monotone decreasing, has asymptotes at
At = %/\k and lies completely in the quadrant \* > i/\k.

In the case of higher dimensions, less is known: X' is always a closed set; the lines
{A" = X1} and {\™ = A1} belong to ¥; X does not contain any other point with
At < A1 or AT < A\y. Moreover, we know (see, for example, [10,11,16]) that, in each
square (Ar_1, \etmy1)? where A1 < A\g = -+ = Mg < Metmi1, from the point
(MK, A\k) arises a continuum composed of a lower and an upper curve, both decreasing
(may be coincident); other points in X M (Ag_1, Ak+m-+1)? can only lie between the
two curves (and hence, in the open squares (Ar_1, Ax)? and (Aktm, Aetmi1)?, there
are never points of X). Something more can be said about the lower part of the
continuum arising from (A2, A3) (see [5]).

In [1], it is proved, under a non-degeneracy condition (which was first introduced
in [12,14]), that the whole spectrum is composed by curves arising from a point
(Ak, Ak), never intersecting and going to infinity. This non-degeneracy condition is
discussed in [14], where it is proved that it holds for ‘almost all’ (in a suitable sense)
domains. However, in the general case, it does not seem possible to arrive at the
same conclusion.

For more references concerning the Fucik spectrum, see [17].

1.3. Idea and plan of the paper
If we consider a point a € (Ag, Ag+1) and the functional J, : H — R,

/|Vu|2—a/ , (1.5)

we have a natural splitting H =V @ W, where V = span{¢1, ..., ¢x}.
Taking B, to be the boundary of the unit ball in the L?-norm in V', one knows
that there exists p > 0 such that

Jo(u) < —p <0 for all u € dB%,, (1.6)
Jo(u) = pllull3 =0 for all u € W, (1.7)

and that the two sets link (for a definition of linking, see, for example, [15]).
The existence of this structure allows us to characterize the eigenvalue Ag11 as

Ae+1 =a+ inf  sup J,(u), (1.8)
7€l uey(B)

where the family I" is defined as
I' = {y € C°(B*;0By2) such that v|yp is a homeomorphism onto dB},}. (1.9)
Here, By2 denotes the unit ball in the L?-norm in H and
k
BF = {(ml ..., xy) € R¥ such that Zw? < 1}.
i=1

In this paper, we will build suitable sets to play the same role for the functional

:/Q|Vu|2—oz+ /Q(uﬂ?—a—/ﬂ(u—)? (1.10)

in order to characterize a point in the Fucik spectrum.
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These sets will be obtained in §2.1 as a deformation of the sets in (1.6) and (1.7),
using a technique similar to the one described in [8].

Then the variational characterization will be carried out in §2.2.

In §3.1, a comparison of the obtained minimax levels with those of the functional
associated to problem (1.2) will allow us to prove the existence of a linking structure
for this last functional, and then to prove theorems 1.2 and 1.3.

Finally, in §4, we give the complete proof of the PS condition for the functional
associated to problem (1.2).

2. Variational characterization of the Fuéik spectrum

2.1. Construction of the linking structure

Consider first the Dirichlet problem (thus, here, H will denote H} and we consider
the norm [[u||?, = [, [Vu/?). Take a point (a,a™), Z-connected to the diagonal
between A\, and Agy1, in the sense of the following definition.

DEFINITION 2.1. A point (at,a”) ¢ X is Y-connected to the diagonal between
Ai and Mgy if Ja € (Ak, A\gs1) and a C* function « : [0,1] — R? such that the
following hold.

(a) a(0) = (a,a), a(l) = (a*,a7).
(b) a([0,1]) N Z = 0.

REMARK 2.2. Since X is closed and «([0,1]) is compact, this implies that the fol-
lowing property holds.

(b’) 3d > 0 such that £a([0,1])N Y =0 forall £ € [1 —d,1+d].
This property will be used in the following proofs.

Now consider

Tato @) = [ 190 = a0 [ @ =am ) [ @) (2.1)

Q
where a(t) = (a™(t),a™ (t)). Then, splitting as before H =V & W, we have
Joo)(w) < —pllul|z; for allu €V, (2.2)
Jo)(w) = pllullz  forallu e W,
for some p > 0.

LEMMA 2.3 (from lemma 2.3 of [8]). If (o, ™) is as in definition 2.1, we can find
n € (0,p) and 6, > 0 such that, Vt € [0,1], u € H with ||ul|g =1,

if Jagy(u) € [=n,m], then ||[Vudow (WF — (Vadag (u), u)ir = 6y

Proof. Following [8], take n = min(d/(3(d+ 1)), ), and suppose, by contradiction,
the existence of a sequence t, C [0,1] and u,, € H, ||un||zz = 1 such that

—n < Ja(tn)(un) <n and Hvu‘]oz(tn)(un)llgf - <vuJa(tn)(un)aun>%{ -0 (2-4)

as n — 4o00.
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Define
jn = <vuJa(tn)(un)aun>H = 2Ja(tn)(un) € [_2777277]
From Pythagoras’ theorem, deduce that

”Vuja(tn)(un)nil - <vu‘]a(tn)(un)vun>%1 = Hvu‘]oc(tn)(un) - ]nunH%{

(2.5)

Then, evaluating the norm and considering the points in H as operators on H, one

concludes that

(1—jn)/ Vuann—a+(tn)/ u,fvn—l—a_(tn)/ u, vy — 0
0 Q Q

for any bounded sequence v,, C H.

(2.6)

Up to a subsequence, we may say that j, — j € [-2n,2n)], t,, — to € [0,1] and

up, — u € H (strongly in L?). Taking the limit of (2.6) with v,, = u,, gives

1 j = a*(t) /Q (W)? + o™ (to) /Q ()2,

where j < 2n < 1, and then u is not trivial.

(2.7)

From equation (2.6) with arbitrary test function, and using the weak convergence

of u,, we get that u is a solution of the Fué¢ik problem with coefficients

(04+(t0) a_(t0)>’

T
but the choice of n and remark 2.2 imply that this is not possible, since
1

Tj S [1 —d, 1 +d] V] S [—27],27’]]

Then, as in [8], define a continuous flow o¢(u) : [0,1] x H — H,

d

&at(u) = MFi(ot(u)),
oo(u) = u,

where the following conditions hold.

(1) M is a suitable positive constant, defined as M = 2K 5?/§,, with
(i) K= sup (la™ @)+ la™ @®)']):

)

(ii) S = A;l/Q = sup ||UHL2.
wer |[ullm

(2) F;: H— H is defined such that it is locally Lipschitz and

. Ja t (U)
vuJa(t) (U) if ||;‘)‘2 z %777
Fy(u) = "
. Ja(t) (u) 1
—Vaudaw (u) if ||UH2 < —37
H
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Then o,(u) has the following properties.
(1) 0+(0) =0 and o¢(uw) # 0 Yu # 0.
(2) 0+ : H— H is a homeomorphism Vt.
Moreover, the following result holds.
LEMMA 2.4 (from lemma 2.6 of [8]). Defining
Ja(t) (o (u))

llore (w) I

@t (u) =

and fizing u, we have that O(u) is increasing (respectively, decreasing) in the vari-
able t in any interval [t1,ts] such that

< O(u) <n Vit e[ty
(respectively, —n < Oy(u) < —in Vt € [t1,2]).
Proof. Consider first the case 317 < ©¢(u) < 7. Then the flow is defined by

d

&at(u) = MV yJow(o(u)) (2.10)

for all ¢ € [t1,t2].

Then we have (we will omit the dependence from u in the notation)

de; 1 8Ja(t)(0't) d d 1
T (Tt ) | e (G

= o [ [ e [y
T (Vadaiey (1), Mvqu)(ot»H}

2 d
+ %<Vu‘]a(t) (0¢), 0000 (_H0t||‘}{<gt7 dtat>H>

S kg2 +M(||Vu<]a(t)(0t)|%r B <VuJa(t)(0’t)70’t>?{>
oI llorell

> —KS? + Mg,

By the choice made above, M > KS?/§, and then the proof of the first part is
complete.
For the case —1 < ©;(u) < —117, the proof follows the same ideas. O

Finally, denote o;(u) with 7, ,(u) (to indicate its dependence on a and 7) to
obtain the following result.

LEMMA 2.5 (from equation (2.9) and lemma 2.7 of [8]). We have

—77”7'@717(“)“%( for allu €V, (2.11)

Ja(Ta,n(u <
Jo(Tam > 77\|Ta’n(u)||§{ forallue W (2.12)

)
(Tan ()
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and, YR > 0, To,(W) links with R, ,(0BY), where BY is the unit ball, in the
H-norm, of V.

Proof. Equations (2.11) and (2.12) follow easily from lemma 2.4.
For the linking property, we need to prove that

Vy € I' = {y € CO(R7a,(B}); H) and such that v(u) = u for u € R7,,,(0B})},

there exists a point @ € Y(R7qa,,(BE)) N 7o n(W).
We start by proving that
§Ta (1) # Tay(v) (2.13)

for any u € OBY, v € W and € > 0. Actually, if it were not so, from equations (2.11)
and (2.12), we would get

77HTOM7(U>||%I < JalTan(v) = Ja(§Tan(uw)) = 52*]04(7—04’77(“)) < _anHTam(u)H%h

which implies (using also the uniqueness of the Cauchy problem) that u = v = 0; a
contradiction, since u € BB"“,.
Now define P to be the orthogonal projection of H onto V and consider the map

H,=Po 7;717 o(1+ (R—1)t)Tay.
Property (2.13) implies that H; # 0 on dB% for any ¢ € [0, 1], and then
deg(Hi, BY,,0) = deg(Ho, By, 0) = deg(Id, Bf;,0) = 1.
Now, for any v € I,
deg(P o7, ) 070 Rray, BE,0) =1,

since, on BB‘k/, the function is exactly Hy, and then there is a point p € B‘k, such
that v(R7a,n(P)) € Tan(W). O

For the Neumann problem, as shown in the proof of theorem 3.4 of [8] for the
periodic case, one can get the same conclusions, working with the operator —Au-+u
to avoid the problems arising since the first eigenvalue is 0.

Finally, we prove one more property that we will need later.

LEMMA 2.6. Ifu eV orueW and & >0, then 7o ,(§u) = E7an ().

Proof. From lemmas 2.4 and 2.5 and equations (2.8) and (2.9), we have that, in
these two cases, the equation just contains the gradient of J, ).
If we take u € V, then the flow is defined by

d

aUt(u) = =MV yJo)(oe(u)),

(2.14)
oo(u) =ueW

Consider then the change of variable o = k7 with k& > 0. Equation (2.14) becomes

d
k&ﬂ't(u) = _Mvu*]a(t)(kﬂ-t(u))’ (215)
kmo(u) =u €V,

https://doi.org/10.1017/50308210500003346 Published online by Cambridge University Press


https://doi.org/10.1017/S0308210500003346

Fucik spectrum and a Sturm—Liouville equation 565

and, considering the linear positive homogeneity of V,J,(), it can be simplified to

obtain d
—ﬂt(u) = —MVuJa t (ﬂ't(u)),
a . ® (2.16)
7T()(/LL) = E S ‘/,

which is the same equation as (2.14), with a different initial condition. Then

oo (u) = kmy(u) = koy (:)
The case u € W is treated in the same way. O

2.2. Construction of the variational characterization

Now we use the results of §2.1 to obtain a variational characterization of some
parts of the Fuéik spectrum (problem (1.1)).

The result is the one stated in theorem 1.1.

Note that, in the one-dimensional case, since the spectrum is known, (a*,a™)
may be taken anywhere between the continuous curves arising from a point (Ag, Ax)
and the ones arising from (Ag41, Ak+1). In the multi-dimensional case, one has to
be more careful, but Y-connection may be assured at least for (a*,a™) in the
square (Ag_1, Merma1)? (being A1 < A\g = -+ = Mgt < Mgmr1) when it is not
between (or on) the lower and the upper curve arising from (Ag, Ag).

We will now imitate the characterization of A;11 described in (1.8).

We fix a point (at,a™), Y-connected to the diagonal between Ax and A\p;1 and
with ot > a~. Then we apply the results of §2.1, obtaining the deformation 7, ,,
and choose r € (0,1]. We split again H =V & W with V = span{¢s,...,¢r} and
we consider the following.

(1) I}lf 5€
(Q - u 11 SUCh lllal u + riu - 1 . 2.11

(ii) The radial projection on @, of the set obtained in §2.1 by the deformation
of 83{3, that is,
Loy = P'(Ta.(0BE)), (2.18)

where
u

\/fn(“+)2 + Tfrz(“_)Q.

Priu—

(iii) The class of maps

I, ={yeC’B*;Q,) such that v|ypz+ is a homeomorphism onto L, },
(2.19)
where

k
BF — {(m...,xk) € R” such that fo < 1},

i=1
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(iv) The functional
Ta () :/ﬁ(vu)Q—w/Q(uﬂ?—a— /Q(u—)% (2.20)

The idea now is to consider

doyr= inf  sup Ju(u) (2.21)
V€l uery (B*)

and to prove that this leads to a non-trivial solution of the Fué¢ik problem (1.1),
that is, to a point in Y.

We first prove that the above definitions are well posed and derive some properties
of the defined sets.

LEMMA 2.7. For u € Q,, we have that 1 < [, u? < 1/r.

Proof. We have

LEMMA 2.8.
(i) The set Ly, is homeomorphic to OB*.
(ii) Loy C Tan(V).

Proof. (i) Since BY{. is homeomorphic to B* and 7, , is a homeomorphism, we
just need to prove that P" is a homeomorphism when restricted to Ta,n(aB‘k,).

Ta,n on OB has the property (see lemma 2.6) that 7, ,(§u) = £74,,(u) VE > 0.
Then P" is one to one on 7,,,(B%) and so can be inverted.

Finally, P" is continuous together with its inverse because, since 8B‘k/ is a compact
set that does not contain the origin, [,(u™)*+r [,(u™)? is continuous, bounded
and bounded away from zero on it.

(ii) The second point is a trivial consequence of lemma 2.6. O

LEMMA 2.9. 74 ,(W) links with Lq .

Proof. From lemma 2.5, 7, ,(W) links with 7, ,(9B%).

Then the claim could be false only if, for some u € Ly, £ > 0 and v € 74, (W),
we had {u = v. But, by the homogeneity property of 75, in V and W (lemma 2.6),
this would imply &(7a,,) "' (1) = (Ta,y) ' (v), and then u = v = 0, which is impos-
sible since u € P (7, ,(0B%)). O

In the next three lemmas we verify the conditions for the ‘linking theorem’ which
will be used to prove the criticality of d .
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LEMMA 2.10. The functional J,(u) constrained to Q, satisfies the PS condition.

Proof. Consider the sequences {u,} C @, {fn} C R (Lagrange multipliers) and

en — 01 such that
/ (Vun)? — a* / () —a- / (u)?
0 (9] (9]

/Vuan—a+/(ui)v—i—a‘/(u;)v%—ﬁn(/ u,fv—ru;v)‘ <enllv|la
Q Q 2 Q

Yv € H.
(2.23)

<C  (2.22)

Since {u,} C Q,, it is a bounded sequence in L?, and then equation (2.22) implies
that it is also a bounded sequence in H. Then there is a subsequence converging
weakly in H and strongly in L? to some u.

The L? convergence implies that u € Q,.

Taking v = u,, we get that

Bn + </Q(Vun)2 - oﬁ/ﬂ(uz)Q —a” /Q(un)2> — 0. (2.24)

Then, with v = u,, — u, we have
/ Vu,V(uy, —u) — a+/ () (up, — u) + a_/ (uy, ) (un — w)
Q Ie; Q

- (/Q(Vunf —ar /Q(u;r)2 o /Q(“n)2> </Q(“$ =ty ) (un — U)> 0,

where all terms except the first go to zero. Then we conclude that [|[Vu,||z —
IVu| L2, and then w,, — u strongly in H.

LEMMA 2.11. We have sup,eopr) Ja(u) <0 Vy € Iy .

Proof. By lemma 2.5, since y(0B*) = Ly, C 7a,,(V), then J,(u) < —nllul|% < 0.
O

LEMMA 2.12. We have +00 > Sup,c.(pky Ja(u) = n >0 for each v € Iy .

Proof. By lemma 2.9, there is always a point u € v(B*) N 7,,(W) and, by lemma
2.5, we have, in that point, that J,(u) > n||u|%. Considering lemma 2.7 and the
fact that v € @Q,, this becomes > 7.

Finally, it is less than +o0, since each y(B*) is a compact set. O

At this point, we can state the following standard ‘linking theorem’ (see, for
example, [15]).

PROPOSITION 2.13. The level do» =1 > 0 is a critical value for J,(u) constrained

to Q.

The importance of the criticality of the level d, , is clarified in the following
proposition.
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PROPOSITION 2.14. The critical points associated to the critical value d, , are non-
trivial solutions of the Fucik problem (1.1) with coefficients (AT, A7), where

AT —at = doy and A —a =rdy,.

Proof. Criticality of u implies that there exists a Lagrange multiplier 5 € R such

that
/ Vqu—oﬁ/ (ut)v+a~ / (u)v+ﬂ(/ u*vruv) =0 YveH, (2.25)
0 0 0 0
but testing against u, we get 3 = —d -, and so u solves

—Au=aTu"—a u +dout —doruT = (@ +do ) ut — (a7 +rda)uT (2.26)

in §2, with the considered boundary conditions.
Finally, u is not trivial, since it is in Q.. O

Propositions 2.13 and 2.14 imply that the point (o™ + da,, @™ 4 7da,-) belongs
to the half-line {(a™ +¢,a~ +t), t > 0} (since dq,» > 0) and also to the Fucik
spectrum. Thus theorem 1.1 is proved.

REMARK 2.15. We did not prove that this solution corresponds to the first inter-
section (that is, the one with smallest t) of the half-line with X.

Thus, even in the one-dimensional case (that is, when the spectrum is known),
we cannot assert that the point belongs to the continuum arising from (Ag41, Ak+1)-
What we can say (since dq, > 0) is just that it belongs to the continuum arising
from (Ap, Ap) for some h > k + 1.

3. The superlinear problem

3.1. Proof of theorem 1.2

Consider now the superlinear problem (1.2). The idea here is to prove the existence
of a non-constrained critical point of the functional

F(u):;/Ol(u’)g—;/01u2—/01G(33,u)—/01hu, (3.1)

which corresponds to a solution of the problem.

We will follow a strategy inspired by [7].

Note that H'(0,1) C C°([0,1]), with compact inclusion, and recall that, in this
case, the asymptotes of each X with k > 2 are at A~ = i)\k and that X lies
entirely in {A~ > 1.},

This structure of X' implies that, for fixed A € (i)\k, %)\k_}rl), k > 1, it is always
possible to find the following.

(i) A point (a™,a™), X-connected to the diagonal between A\, and A1 and such
that a= < ),

(i) A 0 >0 such that @~ <A —4d and A+ 6 < FAp41.
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Now, using the notation of §2.2, we define, for R > 0, the family of maps

Ff:; = {y* € C%(B*; H) such that v*|yz» is a homeomorphism onto RL, }.
(3.2)
We want to prove that, for a suitable R > 0, the level

f=inf sup  F(u) (3.3)
Y ETEr uey* (BF)

is a critical value for the functional F'.

REMARK 3.1. In the definition of I'Y., the choice of 7 € (0,1] has no importance;
it can be chosen arbitrarily.

Using the fact that h € L? and hypothesis (H1), we can find constants Cy, Cs
and Cj3 as follows.

(i) C1(4,h) such that

'/01 hu| < L8lJullZe + C1(5,h). (3.4)

(i) Ca(6, g) such that
[ 60| < dolul + Cat6.9). (35)

(i) C3(M, g) such that
/01 Gz, u®) = M|lut||7. — C3(M, g) (3.6)

for any M.
To find a generalized mountain-pass structure, we first need the following result.
LEMMA 3.2. VC € R, we can find R > 0 such that

sup Fu)<C Wy e FCI:;. (3.7)
u€vy*(0BF)

Proof. We evaluate, for u € Ly 7 and p > 0,

1
F(pu) _ 1/1(1/)2 - 1)\/ G(z pu) B Jo hou
P> 2/, 02
1 - ) 1
1 —pu (z, pu hpu
SZ/(U/V—%)\/U—F'IO 2 pu”)| fo 2/) +‘fo 2,0|
0 0 P P

i (o] -2

_GM/;W)Q 03(;\49> <5 01u2+C’15h))
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< [ wr-so-a [ e
M/ )24 C1(8,h) + C2(6,9) + C3(M, g)
2

=1Ja(u) = §(A =6+ M — a+)/01(u+)2

ot Cy + Cy + C3(M, g)
—la-6-a )/0(u )2+ = 2p2 3 .

Now, if we fix M = ot — a~ and consider that J,(u) < 0 and fol u?>1on Ly,
we get

F(pu) 6(670479)]1)
p? p?

where the first part is negative by the choice made for § and then we can find the

required R, namely,
2 9 (6] h) —

<-3A-d6-a")+ ; (3.8)

A—d—a~
O
We need also the following result.
LEMMA 3.3. We have
sup  F(u) > —C1(0,h) — Ca(6,9) — 1 V" € I'1-. (3.9)
u€y* (B¥)
Proof. Fix a v* € Folff.
Since v*(B*) is a compact set in a space of continuous functions, we can find
b(v") = max{lu(z)| : € [0,1], u € y*(B")}, (3.10)
and then there exists iy~ > 0 such that
Lpy8* > G(x,s) —1 for all s € [0,b(v%)]. (3.11)

Then

1 1
/ G(x,u)—&—/ hu
0 0
1 1 1 1
<t [weraen i [ raGo i [@e [ 1 G

and so
1 1 1 1
s Fwzg sw ([wr-oes) [ [
u€y*(BF) u€y*(B*) \JO 0 0

—C1(8,h) — Ca(8,9) — 1. (3.13)
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Now, if 0 € v*(B*), the sup on the right-hand side is clearly non-negative.
Otherwise, we can rearrange the terms in the sup on the right-hand side, adding
and subtracting a™ fol (wh)?+a fol(u_)Q, defining

— A+d—a”
’Y*_)\—|—(5+,LL»Y*_O[+

and collecting fol(zﬁ)2 + 7oy fol (u™)? > 0. We thus obtain
Ja
sup |:< (u) _ ()‘+6+/L’y* _ OL+))

wery (B9 L\ [ (ut)2 4 e [ (u)? 1 1
X (/0 (u+)2+7“7*/0 (u—)Qﬂ. (3.14)

Now, if the sup of the first part is non-negative, then so is all the sup.
But

Jao ()
sup T . i .
ueys(B%) fo (ut)2 41y [ (u7)

is equivalent to sup,c.(pry Jo(u) for some v € Iy . (cf. (2.19) and (3.2), consid-
ering the definition 2.18). Then it is not lower than the value da,r,. obtained in
proposition 2.13. This means that, by proposition 2.14 and remark 2.15,

sup  Jo(u) = A — o, (3.15)
u€y(BF)
where ()\IY"M)\,}) € Xy with h > k+ 1 and (A}, — a’)/()dy'* —at) =ry.
There remains the calculation

(W —a*) = (A4 b+ e —a*) = A —a7)=(A+d—a7) _ A (/\Jr§)7
Ty Toyr
(3.16)
which is positive for the choice made for d, since the curves X, with h > k + 1,
have all points with A~ > i)\k+1.
To conclude, note that, in this way, we eliminated the dependence from v* (and
from the values that depended upon it, 7=, /\::* and /\;) in the estimates, and

hence the lemma is proved. O

The PS condition for F was proved (using hypothesis (H2)) in [6] for A € (0, 172),
and in [7] (also using (H3)) for any A > 0, in the case of periodic boundary condi-
tions, but the proof can be extended to the Neumann case. The complete proof is
given, for the sake of completeness, in §4.

Using lemma 3.2 with C < —C1(d,h) — C2(d,9) — 1, lemma 3.3 and the PS
condition, we have the conditions necessary to apply a linking theorem that proves
the criticality of the level f defined in equation (3.3). Thus theorem 1.2 is proved.

3.2. Proof of theorem 1.3

For the values A\ = i)\kJrh one has a kind of resonance that creates difficulties
for some of the estimates. Actually, the proof of lemma 3.2 can be done in the same
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way, choosing § > 0 such that o= < A — 4. But, for lemma 3.3, we cannot conclude
with the same estimates, since no choice of § > 0 would allow us to infer that the
expression in (3.16) is not negative.

Thus, in this case, we need to also impose the hypothesis (HR), and we proceed
using the following estimates:

1
/ G(z,u) + hu < 0/ 1,
u<—po 0

1
/ G(z,u) + hu < sup G(z, u)/ 1+po/ |h| = Ca(h, g),
u€[ PO 0] 0

w€[—po,0],z€]0,1]

/ G(:c,u)qthug%,u,y*/ /1+ / 7/ hZ.
u>0

Then we get, in place of (3.12), that

1 1 1 L
| Gt [ b e w0 [ @4 Mok Calhg w145 [0
0 0 0

0

and we can estimate the sup, as in (3.13), as

1 1 1
sw P>y s ([@roa [l )
uevy*(B*) 2 uey*(B*) \JO 0 0
1
S My—1-— %/ B Culhyg). (3.17)
0

We make the same calculations as we did before, but now with

A—a”
At pigr +1—at’

’I",Y* =

to conclude that there is a point (>\ « Ae) € Xy, with

h>k+1 and X
= + an W—T7*7

—

such that the sup is not negative if the following expression is not negative too:

M —at) = (At py+1-at) = Gy —a7) (A =a7) _A- =2 (3.18)

T,y* Tfy*

But this is actually positive, since all points in Y, with h > k+ 1 have A~ > A.

4. Proof of the PS condition

PROPOSITION 4.1. Under hypotheses (H1), (H2) and (H3), the functional (3.1)
satisfies the PS condition for any A > 0.

First note that, from hypothesis (H1), we can always construct the following
estimates: for any ¢ > 0, § € R and M € R, there exist Cpy, C. € R (also
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depending, of course, on §) such that

g(x,s) > Ms—Cy  fors>35, (4.1)
lg(z,8)| < e(—s)+ C. for s <. (4.2)
Let {u,} C H'(0,1) be a PS sequence, i.e. there exist T > 0 and &,, — 07 such
that
e 1 1 1
P =[5 [0l [ 2= [ e - [ <1 )
2Jo " o Jo 0
1 1 1 1
[(F (ug,),v)| = / upv’ — )\/ UpV —/ g(x, up)v f/ ho| < epllv]| g
0 0 0 0 L
Yve H-.
(4.4)

STEP 1. Suppose u, is not bounded. Then we can assume that ||u,|g: > 1,
lunllgr — +oo and define z, = un/||un| g1, so that z, is a bounded sequence
in H' and we can select a subsequence such that z, — 2y weakly in H' and
strongly in L?(0, 1) and C°[0, 1].

STEP 2. We claim that zg < 0.

Proof of the claim. Consider |(F'(uy), zd )/||un |z,

! /AN ! + ! g(w»un)zér ! h20+ <C:nHZar”Hl
BN A ey (LY L @)
0 0 0 |t ] 1 o lunllm Hun”H1
from which
1 -+ 1 1 1 h + +
/ 9o, un)zg / (=) +)\/ g +/ 0|y enllrollen g
o Nuallm 0 0 o lunllm l[wnll

Now, for any 7 such that zd (Z) > 0, we have that u,, (%) > 0 for n large enough.
We can then use estimate (4.1) to obtain

7w, c
9(@, un) > Mz (z) — —M (4.7)
[t [ 1 [[n| 1
Taking lim inf, we get
9T, up) -
| f——"—"">M 4.8
i s~ M@ “48)
for any choice of M, and then
lm L&) (4.9)

n——+oo ||unHH1

Joining equations (4.1) and (4.2) with § = 0 and divided by |[uy| g1, we get

Mz, — O if z, > 0,
o) Tl
T
lanlle =) o= % i <o
n ||un||H1 n b
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and so
gz, up)
([wnll o

= —€|zp| — —. 4.10
Since 2, is uniformly bounded (by its C° convergence) and |u,|| g1 > 1, this implies
that the functions g(z,u,)/||un|| g1 are bounded below uniformly, so that we can
use Fatou’s lemma and get, from (4.6) (supposing zg # 0),
1
foo— [t Bum)a
o notee [[unllm

1
<liminf/ 7g(x,un)za'
~

0

n—-+oo [t || e

1 1 1 +
hz
/ zn(z0) / Zn2g / >
0 0 o lunllm

The right-hand side can be estimated, since the first two terms are bounded by
(1 +Mlzallzllzg lzr < 14+ X and the last two clearly go to zero. Then equa-
tion (4.11) gives rise to a contradiction unless zy < 0. O

+ A +

n—-+o0o

+ 1
ghminf( L Enllzo llu > (4.11)

[[n | e

STEP 3. We claim that, using hypotheses (H2) and (H3), we obtain a constant A
such that

/ g(x, up)un < Allun | g1, (4.12)
Un > S0
at least for n big enough.

Proof of the claim. Consider first |2F (un,) — (F'(un), un)|,

1

1
/ —2G(z,un) + gz, up)uy + (1 — 2)/ huy| < 2T + ep|un] g1, (4.13)
0 0

from which

/ 9(x, up )y — 2G(2, up,)
Uy >80

1
/ hu,,
0

The right-hand side may be estimated as follows.

< / 2G(x, un) — g(x, up )ty + + 2T + epllun g (4.14)
Un <S0

(i) We have
/ 2G (z,up) — g(z, up)uy, < sup (2G(z,s) — g(x, s)s).
—s1<un <80 z€[0,1],s€[—s1,80]
(4.15)
(ii) Using hypothesis (H3),
/ 2G(z,upn) — g(x, up)u, < 2CH. (4.16)
Up <—S81
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1
‘/ hu,,
0

For the left-hand side, we use hypothesis (H2) to obtain

(iii) We have

< lAllzz lunllLz < 1P 2 llun | ar-

1-20) [ gloun < [ gleuun 200,
Un >80 Un >80
and then, since (1 — 20) > 0, joining all estimates (4.14)—(4.17), we get
[ gtoumun < SAlunlln + 34 < Al
Un >80

for some constant A.
STEP 4. We claim that )
[l
o Mlunlla
Proof of the claim. Fix € > 0 and k such that A/k < e and k > so.
Estimate (4.2) shows that

1
/ |g(x,un)\ g/ €|un|+ce gsOHunHL2 4 Ce
u 0

o<k [tn]lan [t | lunllmr [lunllm”

from which there exists n such that

/ @ u)l o4 1ye forn >
un<k l[wn ||z

Since k > sg, using estimate (4.12), we have

/ 9(@, un) </ 9(@, un) tn </ g(ﬂsaun)@< A <e.
wnsk nllar ™ Ju sk lunller k7 Sy ssy lunlla k7 K

Then we conclude that, for n > n,

/1 |g(xaun)‘ < (2+C)€
0

[ || 122

By the arbitrariness of €, the claim is proved.
STEP 5. We claim that A > 0 implies zg = 0.

Proof of the claim. For any v € H', we consider |[(F'(uy),v)/||un| ],

/1 . /1 /1 g(x, up)v /1 hv Enllv|| g1
Zp0 — A ZpU — — < ,
0 0 o |unllm o lunlla [[wn ||
from which
1 1 1 1
/ Z;L’U/—A/ 200 g/ |g(x7un)||v|+ / hv En”v”Hl.
0 0 o lunllm o lunllm | funllm
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But now the right-hand side goes to zero by equation (4.19), and then we get, taking
the limit and using the weak convergence of z,, that

1 1
/ 2pv" — )\/ 2ov =0 for any v € H'. (4.26)
0 0

Since all eigenfunctions of the Neumann problem with A > 0 change sign (while
2o < 0), this implies that zg = 0. O

STEP 6. We claim that u,, is bounded.

Proof of the claim. Consider [(F'(uy), zn)/||tn | g1],

/ / g(x, un)zn /1 hzn,
[[wn || 1 o lunlm
from which
1 1
(T, un)||2n hzn EnllZnllH1
0 l[wn || 1 o lunllmr — lunllm

Now, using (4.19) and the fact that z, — 0 in L?, equation (4.28) becomes

Enllzn |l

[[n| e

(4.27)

/l(z;)2 -0, (4.29)
0

which gives a contradiction, since we would get
1 1
1=/ (z;)Q—i—/ 22 0.
0 0

STEP 7. The PS condition follows now with standard calculations from the bound-
edness of u,,.

O
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