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A new stopping problem and the critical exercise price of American fractional lookback
option are developed in the case where the stock price follows a special mixed jump diffu-
sion fractional Brownian motion. By using It6 formula and Wick-It6-Skorohod integral a
new market pricing model is built, and the fundamental solutions of stochastic parabolic
partial differential equations are deduced under the condition of Merton assumptions. With
an optimal stopping problem and the exercise boundary, the explicit integral representa-
tion of early exercise premium and the critical exercise price are also derived. Numerical
simulation illustrates the asymptotic behavior of this critical boundary.
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1. INTRODUCTION

As is known that lookback options are path-dependent options whose payoff depends on the
maximum or the minimum of the underlying asset price attained over a lookback period.
An American lookback call (put) option allows it to be exercised at any time prior to expiry
and gives the holder the right to buy (sell) at the historical minimum (maximum) of the
underlying asset price on exercising the option. A more general and less expensive variant
called fractional or partial lookback option, where the strike is fixed at some fraction over (for
a call) or below (for a put) the extreme value. Specifically, the payoffs for European lookback
call and put with fractional floating strikes and maturity date T" are given, respectively, by
(St —amg)" and (bMy — S7)T, where a and b are positive constants, allowing flexible
adjustment of option premiums. In this paper, we consider a new stopping problem and
the critical exercise price of American fractional lookback option under the environment of
mixed jump-diffusion fractional Brownian motion(MJD-fBm).

The mixed fractional Brownian motion(mfBm) is a family of Gaussian processes, which
is a linear combination of Brownian motion and fractional Brownian motion(fBm). As the
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fact that Black—Scholes model [22] is inadequate to describe the asset returns and the
behavior of the option markets. [6] proposed a jump-diffusion process with Poisson jump
to match the abnormal fluctuation of stock price. Several authors [1,2,4,5,19,26,34] also
considered the problem of pricing options under a jump-diffusion environment in a larger
setting. Actually, various empirical studies on the statistical properties of log-returns show
that the log-returns are not necessarily independent and also not Gaussian [7,8,13]. One
way to a more realistic modeling is to change the geometric Brownian motion to a geo-
metric fBm: the dependence of the log-return increments can now be modeled with the
Hurst parameter of the fBm. It can be said that the properties of financial return series are
non-normal, non-independent and nonlinear, self-similar, with heavy-tails, in both auto-
correlations and cross-correlations, and volatility clustering [7,10,11,17,24,35]. Since fBm
has two substantial features such as self-similarity and long-range dependence, thus using it
is more applicable to capture behavior from a financial asset [35]. Some scholars proposed
a mfBm version of a option pricing Merton model [23,29]. [29] assume that the value of
the firm obeys to a geometric mfBm, the result shows that the mixed-fractional model to
simulate credit risk pricing is a reasonable one. [7,8] derived a European call pricing option
on an asset driven by a linear combination of a Brownian motion and an independent fBm.
Cheridito had proved that, for H € (3/4, 1), the mfBm was equivalent to Brownian motion
and hence it was arbitrage-free. The case even for the fBm with arbitrary Hurst param-
eter and Wick products of the fractional Black—Scholes model have been proposed as an
improvement of the classical Black-Scholes model [3,17,32]. In virtue of the fBm is neither
a Markov process nor a semi-martingale, we cannot apply the common stochastic calcu-
lus to analyze it. Fortunately, Hu et al. [17] employed the Wick product rather than the
pathwise product to define a fractional stochastic integral whose mean is indeed zero. This
property was very convenient for both theoretical developments and practical applications.
Further, in [32], it was stated that if one uses the Wick-It6-Skorohod integral, then can
obtain an arbitrage-free model, while Wick integration leads to no-arbitrage, the definition
of the corresponding self-financing trading strategies is quite restrictive. Therefore, the
fractional market based on Wick integrals is considered which is a beautiful mathematical
construction but with restricted applicability in finance. In recent years, many researchers
investigate the mfBm (see [16,28,35]) derived explicit pricing formulas for European cur-
rency options when the valuation models were governed by mfBm. However, continuous
assumptions on the dynamics of assets ignore sudden shocks to asset returns due to the
arrival of important information, since the financial crisis and significant business always
result in sudden changes in firm values, which cannot be captured by continuous sample
paths. To get around this problem and to take into account the long memory property, it is
reasonable to use the mfBm with jumps model to capture fluctuations of the financial asset
(see [27,30,31,33,36]).

Further, to capture jumps or discontinuous, fluctuations problem or take into account of
long memory property, we present here a new stopping problem and the exercise boundary
to solve the American fractional lookback option pricing problem in a MJD-fBm environ-
ment. It is different from the Shokrollahi’s and Rao’s model, we establish MJD-fBm model
which is a linear combination of Brownian motion, fBm, and Poisson process. By using Ito
formula and fractional Wick-Ito-Skorohod integral a new market pricing model is built, and
the fundamental solutions of stochastic parabolic partial differential equations are deduced
under the condition of Merton assumptions. With an optimal stopping problem and the
exercise boundary, the explicit integral representation of early exercise premium and the
critical exercise price is also derived. Based on some researches of lookback options pric-
ing and early exercise premium in the literature [12,14,15,18,20,21,25], to achieve quick
and accurate pricing for practical purposes, this paper adopts the critical exercise price
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to valuing American fractional lookback options, and numerical simulation illustrate some
notable features of American fractional lookback options.

The remainder of this paper is structured as follows. In Section 2, we present some
basic lemmas and preliminary results of our special mixed jump-diffusion pricing model
and Wick-Ito-Skorohod integral which will be used throughout this paper. In Section 3, we
turn to the exercise boundary formulation of special optimal stopping problem described,
and the critical exercise price is given by a Volterra integral equation. In Section 4, the
asymptotic behaviors of the critical exercise prices are presented, some simulation results
and notable features are also provided. The paper is ended with conclusive remarks in the
last section.

2. A SPECIAL MIXED JUMP-DIFFUSION MODEL

In this section, we construct mixed Poisson jump-diffusion processes as a suitable alternative
to fBm.

DEFINITION 2.1 [7,28,35]: A mfBm of parameters «, 3, and H is a linear combination of
Brownian motion and fBm, defined on the probability space (Q, §, P) for any t € R* by:

MH = aB, + 8BE, (1)

where By is a Brownian motion, B} is an independent fBm with H € (0, 1), a, 3 are two
real constants such that (o, §) # (0, 0).

Now we list some properties in [23] by the following proposition.

PROPOSITION 2.1: The mfBm M} satisfies the following properties:

(i) MH is a centered Gaussian process and not a Markovian one for all H € (0, 1)\1/2;
(ii) M =0 P—almost surely;
(iii) the covariation function of M (a, B) and M (a, b) for any t, s € RY is given by
2
Cov(MH, MT) = a®(t A s) + %(t%[ + 82— |t — 5|2,
where A denotes the minimum of two numbers;

(iv) the increments of MH («, B) are stationary and mived-self-similar for any h > 0
Mify(ov, ) & M (ah/?, BRT),

A
where = means “to have the same law”;

(v) the increments of M} are positively correlated if 1/2 < H < 1, uncorrelated if H =
1/2 and negatively correlated if 0 < H < 1/2;
(vi) the increments of M are long-range dependent if, and only if H > 1/2;
(vil) for allt € RY, we have

0, =20+1
E[(M{(a, 8))"] = @, 2,2H 1 '
Sy (@t gL =21
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PRrROOF: These properties are easily obtained based on [7,23]. |

Now, let (2, §, P) be a probability space such that B; is a Brownian motion with respect
to P and BY is an independent fBm with respect to IP. Some results presented that is needed
for the following Lemma (see [7,28,35]). We assume hereafter that the index H > 3/4 which
ensures that the probability measure generated by the process M/ is equivalent to the
Wiener measure.

LEMMA 2.1: For every 0 <t < T and o € C we have

Et[ea(BTJrB?)] _ eD’(BT+B¥)+1/2(T—t)g—2+1/20'2(T2H7t2H)

)

where Et denotes the quasi-conditional expectation with respect to the risk-neutral measure.

LEMMA 2.2: Let f be a measurable function such that E, [f(Br, BH)] < 0o. Then for every
0<t<T and o €C,

1
/R\/QW[O'Z(Tt+T2Ht2H)]
x—oB; —oB[')?
e {_ 2Uz((T—thTw —)tzH)] - f(x)dw.

LEMMA 2.3: Let A € B(R), f(x) = 1a(z). Then

Et [f(aBT + aBgﬂ =

1
=/ —
R \/27[02(T — t + T2H — 2H)]
 (@—0B; - oBH)?
202(T — t + T2H — 12H)

Et[lA(O'BT +0'le:1

X exp [ ] 14(z)dx.

Let 01, 09 € R. Consider the process
Z; = o01(BE)* + 09B} = 0. B + 0}B + 09B; +03t, 0<t<T;

where o1 and o9 are two real constants such that (o1, o2) # (0, 0). From fractional
Girsanov’s theorem ([24], Lemma 1.7), there exists a measure P*, such that Z} is a new
mfBm. We denote Ef[] the quasi-conditional expectation with respect to P* as following

E:[eal(Bg)*+g2B;] _ eo’g(BT+B¥)+1/20’§(T*t)+1/20-f(T2H7t2H)' 2)

LEMMA 2.4: Let f be a measurable function such that Ey[f (o1 B2 + 09Bp)] < co. Let X, =
exp(—o1 B — 02 /21?1 — 5B, — 02/2t). Then for every t < T, we have

Er[f(01BY + 03Br)] = XitEt[f(ng;f + 03Br) X1, 3)

LEMMA 2.5: The price at every t € [0, T| of a bounded FH —measurable claim F € L? is
given by
Ft = e_T(T_t)Et [F],

where v represents the constant riskless interest rate.

The proof of Lemma 2.1-2.5 can be seen [7,28,35].

https://doi.org/10.1017/50269964818000311 Published online by Cambridge University Press


https://doi.org/10.1017/S0269964818000311

A NEW STOPPING PROBLEM AND THE CRITICAL EXERCISE 31

2.1. MJD-fBm Pricing Model

Consider a continuous-time financial market in [0, T]. It can be described by a filtered
complete probability space {Q, ¥, &+, P}. {St}ogth = [ is a natural o—filtration generated
by a standard Brownian motion B, fBm Bt , and a Poisson process Pt Here P; is an
(F+, P)-Poisson jump process with intensity A, independent of B; and Bf. j; is jump percent
at time ¢t and i.i.d.; j; satisfy Merton assumptions In(1 + j;) ~ N[ln(l + 1) —1/20%, 03],
where p; is the unconditional expectation of j;, and 0‘]2 is the variance of In(1 + j;). Notice
that the unconditional expectation j; is deterministic and can be calculated, j; is a bounded
functions of ¢, so we assume that o3 = In(1 + p;) is a constant. Then we can denote the
process

27 = 01(BE)* + 09B} + 03P} = 01B + 0}B 4 09B; + 05t + 03P, + 03t,0 <t < T}

where (o1, 02, 03) # (0, 0, 0). By fractional Girsanov’s theorem ([24], Lemma 1.7), there
exists a measure Z*, such that 2" is a new mfBm. And the quasi-conditional expectation
with respect to &* can be denoted as following

B} [eal(Bﬁ)*JraQB;Jra;,P;] o2 (Pr+Br+BH)+1/202(T—t)+1/202 (T—t)+1/20%(T2H—t2H).

—e

Let f be a measurable function and satisfying E; [f(o1BH + 03By + 03Pr)] < o0, let X; =
2

exp(—oBff — o} /2t* — 03B, — 2t — 03P, — 03 /2t), for every ¢t < T, by Lemma 2.4, we

have

~ 1 ~
E}[f(01B¥ + 02Br + 03Pr)| = X—Et [f(e1B¥ + 02 Br + 03Pr)X71].
t

LEMMA 2.6: Suppose Vi = V (S, t) is a binary differential function if stochastic process St
suitable for the following equation

dSt == ,uStdt + O'lstdBtI{ + O'QStdBt + UgStht, (4)
then
ov ov 0*V
AV, = |5+ nSi (HofSEtzH 1y 0252 + >\ 252> 852] dt

oV oV oV

+GleanB +GgStanBt+O'35t%

where 035;0V /OSAP; is the change volume of Poisson-jump process within dt for OV /9S,

AE[V(S(1+ i), t) — V(S, t)]dt is the change volume of Poisson-jump process within dt,
and E is the expectation operator of V.

dP; + AE[V(S(1 + j;),t) — V(S,t)]dt

PROOF: See the Appendix A. |

2.2. Wick-1t6-Skorohod Integral and Mixed Jump-Diffusion Fractional Stochastic
Differential Equation

DEFINITION 2.2.1 ([3]): For Y: R — (§)* is a given function such that Y;o BH is dt-
integrable in (§)*. Then the Wick-Ito-Skorohod integral of Y with respect to BfL by

/YtdBtH ::/YtthHdt,
R R

where o is the Wick product and W is the fractional Gaussian noise.
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LEMMA 2.2.1 (Fractional Girsanov formula I)[3]: Let 1 € LP(PH), for some p > 1 and let
vy € Li(R)NC(R) C &'(R). Let 5 be defined by 5 = [ 6(t, s)y(s)ds. Then the map w —
P(w +7) belongs to LP(PH), for all p < p and

d(w + )P (w) = (w) - exp®({w,7))dP (w).
5 (R) 8’ (R)

where equip 6(R) with the inner product

(wir)a = / / (s ((s, D)dsdt, w,y € 5(R),

and
B(s,t) = pu(s,t) = H2H — 1)|s — t|* 72, s teR.

LEMMA 2.2.1* (Fractional Girsanov formula IT)[3]: Let T > 0, and let v be a continuous
function with supp v C [0, T]. Let K be a function with supp K C [0, T] and such that

<K7f>H = <’y7f>L2(R)’ for all f € 6(R)7 supp f - [07T]7
that is,
/ K(s)p(s,t)ds =~(t), 0<t<T.
R
On the o—algebra F generated by {BH : 0 <t < T}, define a probability measure P17 by

dPH

aPH = exp®(—(w, K)),

then EH(t) =B + fot vsds, 0 <t < T is a fBm under P77,

LEMMA 2.2.2 (Wick products on different white noise spaces) [3]: Let P = P Q = P"7,
and BH (t) = BE + fot vsds. Let the Wick products corresponding to P and @ be denoted by
op and og, respectively. Then

FopG= FOQ G,
for all F, G € ()%

The proof of Lemma 2.2.1-2.2.2 can be seen [3].
Suppose the price of the risky asset S; and interest rate r; satisfy the following equation

dSt = ’I"tStdt,
So=1.

By Definition 2.2.1-Lemma 2.2.2, we can consider the mixed jump-diffusion fractional
stochastic differential equation

dS; = S; o [(r — ¢ — Ao3)dt + 01dB + 02dB; + 03d Py,
S;=S.

where r is the instantaneous expected return, ¢ > 0 is the continuous dividend rate, o1 and
oy are the same as Lemma 2.3, o3 is the unconditional expectation of j;. Assume that B,
B; and P; are independent.
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Suppose J is the path-dependent variable, for lookback put option on the maturity 7',
the stock price Sy satisfies Sy < J; = maxo<<7 St; for lookback call option on the maturity
T, the stock price S; satisfies Sy > J; = ming<;<7 S¢. Thus, the lookback put option value
V(St, Ji, t) is the function of S, J, and ¢. Then we construct a riskless portfolio I = V' —
V ¢ S, choose the appropriate variable V makes the investment portfolio II in the interval
(t, t + dt) on risk-free. Then dII = r(V — V ¢ S)d¢, according to the Ité formula we have

dIl =dV —VodS — Vgo Sdt

ov oV o?V oV 0%V
= —dt+ ——d )\ 382 ——dt + —=dS + Ho7S**H 1 ——dt
8t JraJ J+ 5852 + a9 S+ HoyS 95?
SZa—dt—Hf W 4P, —VodS - Vgo Sdt

052 Sas Tt 1

ov 1 1 0°V ov ov
Ho22H-1 4 252 4 23,2 g2 _ oV P,

[8t+< ot +202+2)\03)5852 VgoS dt+aJdJ+0'3an

oV
Note that J; is nondifferentiable about ¢, by J,,( fo ) "dT] /7 such that approxi-

mate amount J,,(t) is differentiable about ¢ and satlsfy

dd, S —Jn(t)
n—1 no_ t n
nJ = (t) - - 1

Hence S; is continuous function with ¢, we have lim,,_. J,, () = maxo<;<7 Sy = J;, and

1 1
dII = {%‘; + <Ha§t2H1 + o3 + 2Aa§) 526—‘/ —Vqo S} dt + a—VdJ

2 052 oJ
+03%dpt - (?S/ — V) 0dS
= {%‘tf + <Ha§t2H1 + %ag + ; ) 52322 + STV% ~ Vg S]
+U3ngPt + (g‘; V) o dS.

By V = 2%, then

ov oom—1 1 o 1 5 , OV (S/Jn)"*lsfjnﬁl

9 +<Ho*1t +202+ Aos |S 852 - o7
ov

= 0= A00)S S + ABIV(S(L+ o), 1) = V(S,0] - (r+ NV =

where S < J,, and E is the expectation operator of V.
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For fixed (J,t), when n — oo, then (S/.J,)" 1S — J,/nt — 0, since we obtain the
general equations of lookback option under the environment of MJD-fBm as follows:

oV 1 1 0%V oV
oV Ho2i2H-1 4 252 L 2y ,2)629 " o oV
5 +< ot +202+2/\a3>5 552 +(r—gq /\03)885
+AE[V(S(1+j;),t) = V(S,t)] — (r+ \)V =0, (5)
V(S,J,t)=J— 8, (6)
where 0 < S < J < 00,0 <t <T, and the terminal condition is given by
oV
i — 7
0J ls=J (7)

3. THE OPTIMAL STOPPING PROBLEM

In this section, we turn to the exercise boundary formulation of special optimal stopping
problem described, and the critical exercise price is given by a Volterra integral equation.

3.1. Fundamental Solution Derivation of the General Equations

Define &(S, ¢;¢, T) is the fundamental solution of the following solution problem:

ov o1 1 o 1) 5\ 0V o ov ~

5 + (Halt + 502 + 2)\03 S 552 +(r—gq /\03)585 + AE[V(S(1 + ji),t)
- V(S t)] - (r+ AV =0, (8)

V(5,T) = 6(5 =), (9)

where 0 < S < 00, 0 < { < 00,0<t<T,d(x)is Dirac function.
LEMMA 3.1.1 (sce [24],Theorem 4.3): The price of a deriative on the stock price with a
bounded payoff f(St) is given by D(t, Si), where D(t, S) is the solution of the PDE:

0D (2H -1 9?°D 0D

et H22 —— _rD =
5 + Ho*S 8524—7'585 r 0,

D(S,T) = f(9).

LEMMA 3.1.2: The solution of equations (8) and (9) is

B, LET) =3 {)\”(T — )" e:j)[—A(T - t)]gn}
n=0 :

. exp[—r(T —t)]
£\/27m[203(T2H — 2H) + 02(T — t) + Ao3 (T — t)]

1
-exp{ - 203(T2H —12H) 4 o2(T — t) + Ao2(T — t)

. {IHW—F(T—q—)\ag)(T—t) — o} (T — 1)

AR ] }
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where &, denotes the expectation operator over the distribution of [\ (14 ji,)-
PROOF: See the Appendix B. [ |

THEOREM 3.1.3: The fundamental solution &(S, t;&, T') consider to be the function of £
and n, and &(S, t;€, T) satisfies the adjoint equation of (8) and (9). If we note

&(S,t;:&,n) = v(&,n),

then v(€, n) satisfy

_Ov oom-1 L o 1, o 2@_ o v
T <H01t + 502 + 2)\03 S 552 (r—q )\Ug)SaS
— AE[w(S(1 + j¢), t) — v(S,t)] — (r + AN)v =0, (10)
v(§;n) =6(6—9), (11)
where 0 < S <00, 0 << o0, t <.
PROOF: See the Appendix C. [ |

COROLLARY 3.1.4: By Lemma 3.1.1, 3.1.2 and 3.1.3, if we note &*(&, n; S, t) is the
fundamental solution of (10) and (11), then

&(S,t;6,m) = &"(&§,m; 9, 1).

3.2. Optimal Stopping Problem of American Lookback Option

Conze A and Viswanathan [9] introduced a fractional or partial lookback option, where the
strike is fixed at some fraction over (for a call) or below (for a put) the extreme value.
Specifically, the payoffs for European lookback call and put with fractional floating strikes
and maturity date T are given, respectively, by (St — am7)™ and (bMr — St)T, where a
and b are positive constants, allowing flexible adjustment of option premiums. To reduce
option premiums, we assume that a > 1 and 0 < b < 1. Given a finite time horizon T" > 0,
let C =C(t, S, m) be the value of the American fractional lookback call option at time
t € [0, T]. Note that the values of American and European call options are equal if the
underlying asset pays no dividends. In the absence of arbitrage opportunities, the value
C(t, S, m) is a solution of an optimal stopping problem

C(t,S,m) = sup Elexp{—r(T; —t)}(St, — amg,)"|S; = S, m; = m], (12)
Ty€[t,T]

where T} is a stopping time of the filtration § and the conditional expectation is calculated
under the risk-neutral probability measure P. The random variable T} € [t, T] is called an
optimal stopping time if it gives the supremum value of the right-hand side of (12). It is
clear from (12) that C is nondecreasing in S and nonincreasing in ¢, m, and a. Solving the
optimal stopping problem (12) is equivalent to finding the points (¢, S;, m;) for which early
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exercise before maturity is optimal. Let
D ={(t,S,m) € [0,T] x [m,00) x Ry}

be the whole domain, and let € and ¢ denote the exercise region and continuation region,
respectively. In terms of the value function C(¢, S, m), the exercise region € is defined by

€ = {(t, S, m)|C(t, S, m) = (S — am)*},
for which the optimal stopping time T} satisfies
T7 = inf{n € [t,T]|(n, Sy, my) € €}.
The continuation region € is the complement of S in ©, such as
¢ ={(t,S,m)|C(t,S,m) > (S —am)*}.

The boundary that separates S from € is referred to as the early exercise boundary, which
is defined by

S(t,m) = sup{S > m|(t, S,m) € ¢}, te€[0,T].

At the early exercise boundary [S(¢, m)];c[o,7], the American fractional lookback call option
would be optimally exercised. In terms of S(¢, m), the continuation region € can be
represented as

¢={(t,S,m);m < S < S(t,m)}.

Let V(S, J, t) be the lookback option price at time ¢ with stock price S and path-
dependent variable J. Using argument similar to Section 2.2, it can be shown that the
American fractional lookback option price solves the following stochastic partial differential
equations:

_ v 21 Lo 1y 0\ OV A
0= 5 <H01t +202+2)\03 S 852+(r q )\03)585 (r+A)V

AE[V(S(1 + j¢), min{J, S(1 + j¢)}, t)], for lookback call option,
AE[V(S(1 + j¢), max{J, S(1 + j:)},t)], for lookback put option,

V(S,Jt) = J -8, (14)

(13)

where 0 < t < T, and satisfy an order continuous differentiable on domain

(15)

{(S,J):0< J<S < oo}, for lookback call option,
B {(S,J) :0< S < J < oo}, for lookback put option,

the terminal condition is given by

ov

57| =0 (16)

S=J

We define the differential operator £; g by

Lig= 9 (Ho2em 1 4 12 1302 528—2 +(r—q-— /\cfg)si —(r+ ).
: ot ! 2721 973 952 S
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Then the free boundary problem can be written in a linear complementary form as

[L:,sC(t, S, m)] - [C(t,S,m) — (S —am)"]| =0,
Ly sC(t,S,m) <0,
C(t,S,m) — (S —am)™ >0

together with auxiliary conditions

ac
(9 _ +_ : _
C(T,S,m) — (S — am) 0 and élgln 3 0.

For the free boundary [S(t, m)];c[o,7), this problem is equivalent to solving the Black—
Scholes—Merton partial differential equations

L:sC(t,S,m) =0, m<S<S(tm), (17)
together with the boundary conditions

lim C(¢, S,m) = S(t,m) — am,

S18
i 1 and tim (18)
sisas 0 MY SR om T
and the terminal condition
C(T,S,m) = (S —am)". (19)

In the same way as in the call case, by (12)—(19), we can formulate the put case: Let P =
P(t, S, m) be the value of the American fractional lookback call option at time ¢ € [0, T7.
The value P(t, S, M) is a solution of an optimal stopping problem

P(t,S,M) = sup Elexp{—r(T; —t)}(bMrp, — STf,)+|St =S5 M, =M], (20)
T.€[t,T)

And P(t, S, M) satisfies the same PDE as (17), then
LosP(t, S, M) =0, S(t,M)< S <M, (21)

where [S(t, M)];cjo,7) is the early exercise boundary for put. The boundary conditions for
put are
lsllr% P(t,S,M) = bM — S(t, M),
lim 8—7) =—1, and lim a—P =0. (22)
518 0S8 ’ St OM
and the terminal condition is given by

P(T,S,M) = (bM — S)*. (23)

3.3. The Critical Exercise Price

It is well known that the value of an American fractional option can be represented as the
sum of the value of the corresponding European option and the early exercise premium.
For American fractional lookback options, Lai and Lim [20] proved that the value has such
a decomposition and that the premium has an integral representation. Applying the same
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solution method as in Theorem 3.1.3 to the PDE (23) for P(¢, S, M), we can obtain the
critical exercise price under our MJD-fBm environment, which is shown in the following
theorem.

THEOREM 3.2.1: Let V (¢, S, M) is American fractional lookback put option, then
V(t7SaM) = VE(ta‘gvM) +€(t,S7M), (24)

where Vi(t, S, M) is the price of the hedging portfolio of the equivalent European option,
and

Vi(t,S,M) = i {A”(T —t)" GZ?[—A(T - t)]gn}

n=0
bM exp{—r(T — t)}N(=da) — S [[(1 + jr,) (25)

i=1

exp{—(q + Aos)(T" — t)}N(_dl)] ,

where &, denotes the expectation operator over the distribution of H?:l(]' +7t,), M is con-
tractual strike price, b is positive constants, N(-) is the cumulative normal distribution
Sfunction and

. "1+ g, 1
dy = [mw +(r—q—Ao3)(T —t) + od(T?H — *1) ¢ 5(03 +Ao3) - (T —t)

3
C(\202(T2H — £2) 4 G3(T — ) + Ao3(T — 1)), (26)
dy = dy — \J202(T2H — 2H) 1+ 03(T — 1) + Ao3(T — 1), (27)

e(t, S, M) is early exercise premium, and ils explicit integral can be represented by
T s,
(. 5.30) = [ dn [ [BMr (g4 Ara)e] - 8( 1 i (28)
t 0

PROOF: See the Appendix D. [ |

Remark 1: Tf the critical exercise price is given by S =.S;, then pricing of American
fractional lookback Options can be represented as (24)-(28).

Remark 2: This result shows that American fractional lookback options is equal to the
option of a hedging portfolio: a risk premium associated with the European values plus the
early-exercise premium. Using the similar techniques, the critical exercise price can be given
by the following Corollary.
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COROLLARY 3.2.2: The critical exercise price of American fractional lookback put options
1s defined by S =S¢, 0 <t < T, then S = S; satisfy the following Volterra integral equation

St = bM + Sexp{—(q + Aos)(T — 1)}

SHz 1(1+Jt)
'N{‘ DM
+

—In + (r—q—Aa3)(T — t) + o3(T*1 — )

(a% + )\og)(T —

)

: [\/QUf(TQH —t2H) + 02(T —t) + A3 (T — t)

1
2

_ bMexp{—r _t}z{)\” — )" exp[—)\(T—t)]gn}

b

1
— 503+ 203)(T -

M +(r—q—2Xo3)(T —1t) faf(TsztQH)

R

: [\/QJf(TQH —2H) £ 62(T — 1) + Ao2(T — t)
_er/tTeXp{ _t}Z{A" n—t" exp[ A(n — t)]gn}
.{1_N
~ (03 + ) - t)) (202 (PH = 27 + 03— 1) + A3 - t))l] }dn
s / o4+ o) —t}Z { — )" exp|=A(—1)] 5n}

n!
.{1_N

+ %(05 + o) (n — t)) : <\/20%(772H —t2H) + 03 (n — t) + A3 (n — t)) 1 }dn,
(29)

+ (r—q—Aos)(n—t) — of (n*" = *1)

(m STIy (1 + )
Sn

S +(r—q—2Xo3)(n—1t) + o5 (" —*1)
n

(m STIa (1 + v

where N(-) is the cumulative normal distribution function and S, > M >0,0<n <T.
PROOF: See the Appendix E. [ |

In practice, it is very difficult to calculate nonlinear integral in (29), we only show that
this assumption holds in Volterra integral equation for the critical exercise price, by the
relation (29) and Theorem 3.2.1, asymptotic expression of the critical exercise price S = S;
is obtained near the maturity ¢ = T. Comparing with Theorem 3.2.1 and Corollary 3.2.2,
the critical exercise price and Volterra integral equation of American fractional lookback
call option are obvious as follows.
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COROLLARY 3.2.3: Let V*(t, S, m) is American fractional lookback call option, then
V*(t, 5, m) = Vg(t,5,m) + (¢, S, m),

where Vi(t, S, m) is price of the hedging portfolio of the equivalent European option, and

> {)\”(T — )" exp[-\(T — t)] gn}

Vit Sm) =>" -

n=0

ST+ i) exp{—(q + Aos)(T — 1)}N(=dy) — am

i=1

x exp{—r(T — t)}N(—dy) |,

where &, denotes the expectation operator over the distribution of T\, (14 ji,), am is
contractual strike price, N(-) is the cumulative normal distribution function and

dy = [m Sl 0t d0) HHS Ft) 4 g Aoy (T — 1)+ (T2 — 21 4 %(JS +A03) (T =)

X (\/20§(T2H —2H) + 02(T — t) + A3 (T — t))_1 ,

dy = dy — (/203 (T2 — 2H) 4+ 3(T — 1) + A3 (T — 1),

e*(t, S, m) is early exercise premium, and its explicit integral can be represented by

T Sy
e*(t,S,m) = /t dn/o [(q + Aos)§ — amr] - &(S,t; &, n)dE.

4. ASYMPTOTIC RESULTS

In the whole domain © = {(¢, S, M) € [0, T] x [M, co) x Ry} of the American fractional
floating strike lookback put option model, the American put is alive when S < M and
becomes dead when S > M. The boundary which divides the continuation region (option
remains alive) and the stopping region (option becomes dead) is time-dependent, that is, S
is a function of ¢. Similar to the usual argument for American floating strike lookback put
options that the critical exercise price should be denoted as
Se(t, S, M)
S(t,M) = T
As deduced from (29), at a given time ¢, the optimal exercise boundary S;(¢, S, M) increases
linearly with M. Since both S(¢, M) and M are increasing function of time ¢, and so
S¢(t, S, M) increases as time is approaching expiration.
Similarly, the critical exercise price for the American fractional floating strike lookback
call option should be denoted as
— Si(t, S, m
S(t,m) = FES)
m
where S(t, m) is a monotonically decreasing function of time ¢. The plots of S(t, M)
and S(t, m) against time ¢ with varying interest rate are shown in Figure 1, where
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FIGURE 1. Plot of S and S against time t for American fractional lookback options with
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F1GURE 2. The critical exercise prices of the floating strike lookback put option.

m =M =100, 7T =1, r =0.05, ¢ = 0.02, 0.04, 0.06, 01 =0.2, 00 =0.3, 03 =0.071, A\ =
2.68, a=1.2 and b = 0.8. Since the lower value of interest rate leads to the loss of the
time value of the floating strike price to be smaller when the American fractional floating
strike lookback call option is exercised prematurely, then the critical exercise price decreases
when the interest rate assumes lower value. The similar phenomenon was also appeared in
[20,37].

The asymptotic behaviors at times close to maturity of the critical exercise prices for the
American fractional floating strike lookback put and call options are respectively given by

lim Mt

1
lim S¢(¢t,5,M) = —min | ————,1
e (8,5, M) a <q+)\03’ )t—»T

and

. 1 r ’
tll)l%‘li St(t, S, ]m) = E max (M’ 1) tEIjI"lf Imy.
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FicUure 3. Critical exercise price surfaces generated with MJD-fBm.

Hence the strike prices of the American fractional lookback put and call options are set to
be M{" and ml, respectively. The usual argument and proof of analysis of limiting behaviors
can be applied in a similar manner like literature [18,20,37].

In what follows, the critical exercise prices for the American fractional floating strike
lookback put options be displayed by using MJD-fBm for different parameters. We consider
the critical exercise prices of our MJD-fBm for various Hurst parameters H and then investi-
gate the critical exercise prices for different jump parameters. Figure 2 shows critical exercise
prices of the American fractional floating strike lookback put option against its parameters,
H, X\, pj, oj. The default parameters are r = 0.0250, ¢ = 0.0320, o1 = 0.1073, K = 100,
H=0.76, J =0.35,t =0, T = 2(Year), A = 7.88, u; = —0.0721 0; = 0.19, 0 = 0.0215 and
o3 = 0.07202. Figure 2 shows that critical exercise prices is a decreasing function of H, A,
p; and o;. We observed from these figures, that critical exercise price is monotonically
decreasing with various Hurst parameters H and the parameters o;. It is a convex function
of Hurst parameters H and the parameters o;. When the jump intensity A becomes larger,
the critical exercise price of lookback option decreases faster, this phenomenon is consistent
with empirical evidence.

We compare theoretical exercise prices of some assumptive options among the follow-
ing models: the pure mixed fBm (hereafter pmfBm), the jump-diffusion Brownian motion
(hereafter jdBm), and our MJD-fBm. This exercise consists of some simulations of different
pricing models with some chosen parameters that will be not based on empirical data. Using
an iterative search procedure like the binomial tree methods, we can easily find the exercise
prices for every option critical exercise price and plot an exercise prices surface. In Figure 3,
we plot the critical exercise price surfaces generated with our MJD-fBm. The chosen param-
eters are r = 0.0250, ¢ = 0.0320, 07 = 0.1073, K =100, H =0.76, J =0.35, t =0, T =
0.5(Year), A = 10.22, p; = —0.0721 0; = 0.19, 09 = 0.0215 and o3 = 0.07202. We compare
the two exercise prices derived from the pmfBm and jdBm models for out-of-the-money. The
simulation parameters are selected as: r = 0.0250, ¢ = 0.0320, o1 = 0.1073, K € [80, 140],
H =076, J=08,t=0.1, T € [0, 3.5](Year), A = 2.3, u; = 0.0721 o; = 0.19, 02 = 0.0215
and o3 = 0.07202. For the critical exercise price surfaces generated with pmfBm and jdBm
models in Figure 4 and Figure 5, respectively. From these figures it is concluded that the
MJD-fBm model be better fitted to the smile curve than pmfBm and jdBm models. As
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F1GURE 5. Critical exercise price surfaces generated with jdBm.

can be seen, the model indicates that the critical exercise price varies with r; and matu-
rity, which attempts to explain the curious price movement of a stock (or index) that is
sometimes observed during the first few days and last few days leading up to an option’s
expiration date. The negative correlation between the critical exercise price and r; of Euro-
pean lookback fixed strike put option is particularly large and is consistent across all sample
periods. The critical exercise prices is also negatively and almost perfectively correlated with
the maturity(days). This indicates that the non-positive skewness of returns becomes more
negative as market volatility rises. Consequently, the critical exercise prices also could serve
as an accurate indicator for investor fear. Therefore, we can see that our MJD-fBm model
seems reasonable.
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5. CONCLUSION

In this paper, we compound the Brownian motion, fBm, and Poisson process by fractional
Wick-Ito-Skorohod integral. With an optimal stopping problem and the exercise boundary,
the explicit integral representation of early exercise premium and the critical exercise price
are estimated by the fundamental solutions of Volterra integral equation. The fundamental
solution of stochastic partial differential equations plays an important role in numerical
inversion for the put and call case. By solving the free boundary problem and the Black—
Scholes—Merton partial differential equations, we characterized asymptotic behaviors of the
early exercise boundaries at a time to close to expiration and at infinite time to expiration.
We also present and discuss numerical simulations of the critical exercise price.

In the numerical simulations, we further examine the critical exercise prices of our
MJD-fBm under various parameters assumptions. We find that critical exercise prices is
a decreasing function of H, A, u; and o;, and the critical exercise price is monotonically
decreasing with various Hurst parameters H and the parameters o;. It is a convex function
of Hurst parameters H and the parameters ;. We compared with the pure mixed fBm, the
jump-diffusion Brownian motion and our MJD-fBm, we find that the MJD-fBm model be
better fitted to the smile curve than pmfBm and jdBm models. Our model indicates that
the critical exercise price varies with r; and maturity, which attempts to explain the curious
price movement of a stock (or index) that is sometimes observed during the first few days
and last few days leading up to an option’s expiration date. The negative correlation between
critical exercise price and r; of European lookback fixed strike put option is particularly large
and is consistent across all sample periods. The critical exercise price is also negatively and
almost perfectively correlated with the maturity(days). These results have some reference
significance to pricing other European options and exotic options.
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APPENDIX A. PROOF OF LEMMA 2.6

Let dP; admits two-point distribution as following:

dP P{jt = w1} =p, jumps cannot occur,
L P{jt =w2} =1—p, jumps can occur.

Moreover, during the time interval [t, ¢t + dt], we can write the probability of jumps cannot
occur as Prob(wi) = 1 — Adt, the probability of jumps can occur as Prob(ws) = Ad¢. In the case
jt >0, Si4 > Sp describes stock price S; has upward jump at time ¢. In the case j; < 0, while
St+ < St describes stock price S; has downward jump at time ¢. Hence j; > —1 can ensure the
stock price is positive, such that Sy = S¢(1+ j;) > 0.

Let II; = Vi — VSt is a riskless portfolio and V¢ is stock shares at time ¢. In complete financial
markets, there are no risk-free arbitrage opportunities. Then

E(dﬂt) = rIl;dt.

No matter the jumps occur or not, by Merton assumptions In(1+ j) ~ N[In(1 4 ;) —

1/2032-, sz} and model (4), the variance 0]2 exist surely. Because either P(X = z) > 0 for all x > 0
or P(X =x) =0 for all z > 0. In the first case, every positive point can be hit continuously in X

and this phenomena is called creep[2'4]. In the second case, only jumps can occur (almost surely).

In time interval [t, t 4+ d¢], the pricing satisfy the following hypothesis:

i) If jumps cannot occur, for the events wy, by Vi = V(St, t) second order differentiable, hence
we can use [t6 formula, then

Al (wy) = dV; — V;dS;

oV _
= | 4 (Hop* 1 4

2
20V ov
ot s

1, 2
*)\0’3) :| dt + (7 —V) d.St.
2 052 ] (5,,1) 05 (Sut)

ii) If jumps can occur, for the events wa, we have

1
50% +

dIl(w2) = V(Si4) — V(St,t) — Vi(St+ — St) = V(1 + 51)St, t] — V(St, t) — VSt
Then

E(dHt) =rllidt = (1 — )\dt)[dHt (wl)] + )\dt[dHt ((.UQ)]

2 v

2
Ao3) 952 5ot

1
- dt
2

ov _ 1

+ 87‘/ -V dsS: p + )\dt{V[(l +jt)St,t] — V(St,t) — thtSt}.
a8 (Se,t)

Let Vi =0V /0S \( s,,t) take expectations for j; on both side of the above equation, and cancel
items of dt2, then we have a parabolic partial differential equation as following

1 o 1, 9\ 20°V oV
502 + 2)\03) S 552 —|—(7"—)\03)Sas
)

+AE[V(S(1 4+ jt),t) — V(S,t)] — (r + )V =0,

ov 2,201
— H
o +( o1y

then under the environment of MJD-fBm, lookback option pricing model can be expressed as a
parabolic integral equation which containing expectation.
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Notice that V; = V(S¢, t) is a binary differential function, since we can use Taylor expansion
as follows

% R1% 10V

by approximate that
(dBf)? ~ Var(dBf!) = E(dBF)? = at*" = 2m¢*T 14t (aB;)? = dt,

and

(AP, dPy) = d(P, P)(t) = (dP,)* = Adt,
we have

(dS1)? = [uSedt + o1 S:dBi + 695:dB; + 035:dP)?
= 283 (dt)? + o752 (ABI)? + 035 (dBy)? + 03 SFH(dP;)? + 2[uSio1 Sed B dt
+ uS;09S;dBydt + pSiogSydtd P, + 015,025 dBE d By
+ 018038 dBH AP, + 095:035,dB;dPy]
= 2Ho1 57771 At + 03.57dt + Ao3 S7dt + o(dtdSidPy). (A.2)

Substituting (4) and (A.2) into (A.1), then

dVy = %dt + %[ustdt + Ulstngf + 09S5tdB; + UgStht]

16%V _
+ —%[zH 2524214t 4 63 82dt + Aod S7dt

oV ov 2 2H 1 1 9. 9 1 9 92\ 0°V ov

E-’- Stﬁ—’— (HO’lSt +§0’25t +§)\O'3‘St) 852]dt+015t%dBt
Vv Vv

+ 005 2V 4B, + 035 2V AP, + ABV(S(1+ jo), £) — V(S, H)]at

oS oS
APPENDIX B. PROOF OF LEMMA 3.1.2

STy (1 + e,
Let z = In STz (U +jes) ER, W=V -exp{—r(T —t)}, then solution problem of (10) and (11)

is equivalent to the following solution problem

0 292H-1 , 1 2 1 %
ﬁ*(Half t 5021 5A0 )87*[( q— Ao3)
_ 1 1 oW
—(Hoft*H =1 4 50% + §Aa?,)] H T NW=0, (B.1)
O ] (B.2)
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Let 20 = U - exp{«a(T, t) + (T, t)z}, where

[(r—q—Ao3)(T —t) — of (T*H — 21y — L(53 + Xod)(T —1)]?

alrf) = —r(T ~1) - 202(T2H — 12H) 1 62(T — t) + \o2(T — t) - (B3)
ey am(203 (T2 — 2H) 4 o} (T — 1) + AoF(T — 1)]
32 o (N (= 1) expl-A(T = D)(n) &0} B0

6\ [2m[202(T2H — 2H) £ 3T — 1) + AR(T — 1)

here Poisson distribution with intensity A(T" — ¢). Then by (B.1) and (B.2) we get

0U 2,2H-1 1 o2 4 1
ot (H‘“t T 302t A )a
B(z,0) = eXp(g Bz) 5 (m)—gé(ac). (B.6)

The solution of stochastic parabolic partial differential equations B.5 and B.6 can be written as

1

Y(x,&t,T) =
£/2m202(T2H — £2H) 4 63(T — 1) + Ao3 (T — 1)

(B.7)
3:2

P {_2af(T2H —2H) £ 02(T— 1) + A3 (T — t)

Combine B.7 with B.3 and B.4 we have

S0 oI NU(T — )" exp[—A(T — t)](n!) "' En}
£/2m(202(T2H — 12H) 1 63(T — 1) + Ao} (T — 1)

W(x,&t,T) =

1
202(T2H — 2H) 4+ 02(T — t) + Ao3(T — t)

exp { [T~ 0] -
<ot (r—a =)= 0) - T 1) - Sod e aad)T -0} (B.9)

Substitute original variables (S, t) in B.8, we obtain

&(5,4:¢,T) = i { AT = O exp[ZAT — 1) sn}

= n!
. exp[—r(T — )]
£\/2r(207 (T2H — 2H) 4 63(T — t) + Ao3(T — 1)]
P { 202 (T2H — 12H) + g2(T — 1) + Ao2(T —t) {m 3

2
b (r—q—Ao3)(T —t) — o2(T?H _ tZH);(USJrAa%)(T—t)}}.
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APPENDIX C. PROOF OF THEOREM 3.1.3

For any € > 0, considering integral as follows
0= [Tao [T 16" i S0) - o) — O - (o0 S,y

:/ dx/ { ®) . <Ha%t2H*1+la§+ Epys §> g< 6*3—6)
0 e 2 ox ox

. 22H-1 , 1 2 1 2\ 0 0 2 .
+ AE[u(S(1 + j¢),t) —v(S,t)] — (Halt —&—502 +§)\03) P2 {68—:6@ () )}

0 * .
+ (r—q-— )\Ug)a(x®® ) = AE[v(S(1 + ji),t) — v(S, t)]} dy.
When z — 0, co, we have

x%*g—f—m, @%(ﬁ@*)—m, 266G 0,

since
00 00
/ 6*(:877776;‘5'715)'6(:”77776;5’77)(1:6:/ 6*(ZC,t+E;S,t)’@(x,t+6;f,n)dl'
0 0

Let € — 0, by conditions (9) and (11) we get

/OO & (z,n;S,t) - d(x — £)dx = /OO 0(x —S) - &(x,t;n,&)de
0 0

Then
&(S,t;€,m) = &"(&,1; 5,1).

APPENDIX D. PROOF OF THEOREM 3.2.1

Suppose V (¢, S, M) satisfies an order continuous differentiable on domain 3: ¥ ={0< S <M <
00, 0 <t < T}, and V (¢, S, M) exist piecewise continuous of the second order derivative, then

O (taS7M)€El’

(D.1)
bMr — (¢ + Ao3)S, (t,S,M) € Xo,

—LV(t, 5, M) = {

where £ is the Black-Scholes operator.

Multiplying both sides of the equation (D.1) to &*(&, n;S, t) and quadrature on domain
{0<E<M<oo, t+e<n<T}, For 80 ={0<E<M<S,,0<n<T}, and Sy is continuous
monotonous of the asset price, then

T Sy
/ dy / bMr — (g + Aos)é] - & (£,17; 5, £)de
t+e 0

T )
- / ay / & (€,;5,1) SV de
t+e 0
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/t L / (€ S, )LV (1, £, M) — V(n, £, M)S* 6" (€, ; S, 1)]dé

] o(&™V) 20H-1 1 2 1. 9\ 0 <OV
_/+ed"/ { o +(H"” *2"”2”’3)65(568&)

+ B[V (1, (1 + j), M) — V(¢ 5, M)] - (Ha%tQH—l 503+ 1>\02> 55

0 * .
5 (5 (G )} (rqu)\ag)a—g(gV@ ) — AE[V (¢, S(1 +]t),M)7V(t,S,M)]}d§,

where £* is the adjoint Black—Scholes operator, and when & — 0, oo, we have

OV
o' S0 0. Vi) -

0, £Ve* —0,

hence

/OO G (€ 1+ 6 S,)V(E+ e, &, M)dE
0
o0 T STI
- / " (¢, T; 5, 1)V(T, £, M)de + / dy / [BMr — (q + Ac3)E]™ (€, m: S, D)de.
0 t+e 0
Let € — 0, by (11) and Corollary 3.1.4, we obtain
00 T Sy
V(t, 5, M) = / (S, 56, T) (bM — £)+de + / dy / BMr — (q -+ Ao)€ (S, £ €, m)de
0 t 0
— Vig(t, S, M) + e(t, S, M).

Then the prove is finished.

APPENDIX E. PROOF OF COROLLARY 3.2.2
By (28) and (B.6), (S, t) can be represented by

T Sy 00 n — " exp|— o
e(t,S,M):/t dn/O [U[)Mr—(q+)\03)§].z{/\ (T —1) mp[ AT t)]gn}

n=0
, exp{—r(T — 1)}
£/2m203(T2H — 2H) 4 63(T — 1) + Ao3 (T — 1)

1
.exp{ © 202(T2H — 2H) 4 62(T — t) + Ao2(T — t)

: {m —SHLlél i) | (r—q—Ao3)(T —t) — o (T* — 2H)
1 2
— 5(03 + X)) (T — 1) }dg. (E.1)
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Let
—— !
\/20 2H — 2H) 4 62(n—t) + Ao3(n —t)
[ L=l g ey -0 - 6P - ) - Lo+ acha - o)
. d¢
dz™ = — R
€/203(T2H — 12H) 4 63(T — 1) + Ao3(T — 1)
then
e(t, S, M)
_ bMr - A" (n —t)" exp[—A(n —t)]
- ), exp{ t}Z{ m Sn}dn

o0
s 1 2
/1 Sz, Utiy) g; P96 4 (v reg) (-0 - a3 2H —2H) L (a3 420y (n—1) €XP{—z" }da

V203 n2H —2H) 102 (n—t)+ Xo3 (n—1)

n!

(q+)\03 S/ exp{—(q+ Aos)( *t}Z{ -t)" exp[—A(ﬁ—t)]gn}dn

o0
STIP, (4ie,)
/1 =l (r—a=Aog) (=) o3 (2 H =2 H) = L (03203 (n—1)

V203 @2H —2H) 103 (n—t)+ 03 (n—1t)

2
X exp {—% + [\/20%(772H —2H) + 03 (n—t) + Aod(n— t)];r} dz

= UoMr/tT exp{—r(n—1t) }Z {)\n n=1) eXp[i/\(nit)]En}

n!
.{1N

— (g + Ao3) S/ exp{—(q + Ao3)(n —t) }Z { — )" exp[=Aln — )] Sn} dn

[
n.
n=0
S 143
/1 I 1; 98 | (rmg-rog) (n—t) = a3 (2 —2H) L (a3 4 2ad) (n—1)

V202 02T —2H) 102 (n—t)+ a2 (n—1)

2
1
X exp{ 5 (er \/20’%(7]21{ ftQH)JrU%(n*t)Jr)\og(nft))

i STt

g —Xo3)(n—t) = ot (n* — ) — 5(oF + AoB)(n — 1) J
n
207 (n*H — 12H) + 03 (n —t) + Ao3(n — 1)

1
+(r—q=o3)(n— 1) + ot (T =) + 2 (03 + Aod)(n - t)}dw

:UoMr/tTexp{ h—1) }Z { exp[—A(n—t)]gn}

|
n=0 w
STIM, (1+7e,
i SHm) (g o) (1) — o3 621 — 121
1-N : 2(2H
207(n

— 3(03 +2a)(n 1)
)

d
2 ¥ o2 (n — 1) + A2 (n —t g
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R

n!

— (¢ + Ao3) S/ exp{—(q + Ao3)(n —t}z

n=0
.{1_N

Substituting (E.2) into (24), we have

STI7, (1474,
tn S & (g - do)(n =) +od 0P~ ) + Je a0 |
.

207 (?H —t2H) 4 05 (n — ) + Ao (n — 1)

(E.2)

V(t,St, M) = bM — S,

then we obtain
bM — S = Vg(t, St,M) + e(t, St, M),

such that
St = bM + Sexp{—(¢+ \o3)(T —t)}
N{— In SH’L 1(1+.7t)

bM
+ %(05 +o3)(T — t)} : {\/QJf(TQH —12H) 4 62(T — t) 4+ Ao2(T — t)

— +(r—q—Xo3)(T )+J( 720

R

.N{ - [ o Sz 0+ i) DloM”“) +(r—q—Ao3)(T —t) — b (T?1 — 2H)

— bMexp{—r(T —t)} Z { AT — t)" exp[—A(T —t)] gn}

n!
n=0

-1
%(O’Q + o) (T — } . [\/2a%(T2H —t2H)+a§(T—t)+,\a§(T—t)] }

Y . {ra—oreminr o, )
t n=0

n!
.{1_N

~1
- %(0§+/\0§)(n—t)) : (\/QUf(WQH — 21 + o3 (n — 1) +M§(n—t)) Hdn

+(r—q—Xo3)(n—t) — ot (* —*7)

(1 Il )
Sy

+ (g + Ao3) S/ exp{—(q + \o3) (n—t}Z{)‘n " e;!p[ A(T—t)]gn}
-{1—N (lnsnln_léw+(r—q—)\03)(n—t)+0%(n2H—tQH)

_|_

%(a% +202)(n— t)) . (\/20§(U2H —t?H) + o2(n—t) + Ao3(n — t))—l} }dn.
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