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We study the coupled surface and grain boundary motion in a bi-crystal in the context of
the ‘quarter loop’ geometry. Two types of normal curve velocities are involved in this model:
motion by mean curvature and motion by surface diffusion. Three curves meet at points where
junction conditions are given. A formulation that describes the coupled normal motion of the
curves and preserves arc length parametrisation up to scaling is proposed. The formulation
is shown to be well-posed in a simple, linear setting. Equations and junction conditions are
approximated by finite difference methods. Numerical convergence to exact travelling wave
solutions is shown. The method is applied to other problems of physical interest.

1 Introduction

Coupled surface and grain boundary motion is an important phenomenon controlling the
grain growth in materials processing and synthesis. A commonly used model to study this
coupled effect is called ‘quarter loop’ geometry introduced by Dunn et al. [11].

In the quarter loop geometry, there are two crystal grains between which there is
an interface called grain boundary as shown in Figure 1. The two grains are of the
same material and differ only in their relative crystalline orientation. The grain boundary
runs parallel to a free surface before it turns up and attaches to upper surfaces at the
groove root. When heated at a specific temperature, the grain boundary migrates to
reduce the surface energy and to heal the orientation mismatch. In the literature, it has
been assumed that the bi-crystal is uniform along the cross-section direction. Thus it is
reasonable for us to consider only two-dimensional (2D) geometry in this paper. A robust,
numerical method is developed in this work that can approximate the dynamics of this
physical situation. The method can also be applied to other mixed order curve network
problems.

This geometry contains two types of motion. One of them is mean curvature mo-
tion for the grain boundary. The other one is surface diffusion for the upper surfaces.
More detail about this model is given in [16]. Motion by mean curvature is a second
order parabolic evolution law in which the normal velocity of an interface is given

https://doi.org/10.1017/50956792508007390 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792508007390

312 Z. Pan and B. Wetton

Surface 1 Surface 2
y = y(x) \ /i
‘ Grain 1
Grain 2 ‘ ‘ u = u(x)
Grain Boundary

FIGURE 1. The quarter loop bi-crystal geometry.

by
V(r = Ak. (1)

Here, V. denotes the velocity in the normal direction, x stands for the mean curvature
and A is a physical constant. Surface diffusion is a fourth-order parabolic evolution law,
first proposed by Mullins [21] to model the curvature-driven diffusion on the surface of a
crystal. With surface diffusion, the normal velocity of an interface is proportional to the
surface Laplacian of mean curvature. In two dimensions, the normal velocity is given by

Vi = —Bkg. (2)

Here, s is arc length parametrisation and B is a physical constant. It is shown in an
appendix to this paper that it is possible to take both 4 and B as one by rescaling time
and space.

Surface diffusion is an intrinsically difficult problem to solve numerically even in two
dimensions [8, 9, 25]. It is stiff due to the fourth order derivatives such that an explicit
time-stepping strategy requires very small time steps. Moreover, owing to the lack of a
maximum principle, a curve may self-intersect during its evolution. To handle problems
with changing topology due to self intersection, level set methods are typically used, and
[25] describes a level set method for curves that move with surface diffusion. However,
it is not possible to handle the curves with mixed velocity type and junction conditions
of the quarter loop problem in a level set method. Therefore, we have turned to a
formulation that involves curve tracking. The formulations in this paper will be proposed
in parametrised form.

Several contributions have been made to the study of numerical methods for curvature-
driven interface motion problems [4, 7, 9, 20, 25, 33]. For an overview we refer to [10].
In [2, 12], the authors presented formulations allowing only normal direction evolu-
tion and therefor redistribution of grid points in the tangential direction was needed to
avoid coalescence. The importance of nontrivial tangential velocity has been emphasised
and utilised in [7, 20]. In [7], the authors developed a parabolic formulation and util-
ised its smoothing property to adjust grid points. Another approach for uniform grid
distribution is proposed by Mikula and Sevcovic in [20]. They explicitly introduced a

https://doi.org/10.1017/50956792508007390 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792508007390

Coupled surface and grain boundary motion 313

tangential velocity function into the formulation and derived an evolution partial differ-
entiation equation (PDE) to move the points tangentially such that a uniform grid was
maintained. Variational formulations were also developed to describe curvature-driven
motion and solved by finite element method, for example [27-29] and more recently
[3].

The analysis and simulation of the mixed order has been considered in different
contexts. In many cases, linearised or model problems are considered as in [30-32]. In
other cases, steady state or travelling wave solutions are considered [15-19]. Despite
this continued experimental and mathematical interest in the mixed order problem (see
also [11, 13, 21]), numerical methods that describe the general, nonlinear, time-dependent
evolution of this phenomena had not been developed. In this paper, we contribute a robust
numerical method using a finite difference discretisation. The travelling wave solutions for
the mixed order problem in [17] are used to verify numerical convergence in this paper.
Our computations give some evidence that these travelling waves are stable even to large
perturbations. Our method maintains uniform distribution of grid points in arc length
without redistribution by interpolation or using an evolution equation for the tangential
velocity. Instead, we use an algebraic equation to adjust the position of grid points. This
approach does not depend on the type of the motion and therefore the same approach
for both the curvature motion and surface diffusion can be used.

Other authors [3] recently and independently considered a similar numerical approach
to the type of curve networks we consider here. Their method is based on a variational
formulation of the problem and they used a finite element method to approximate it.
Careful consideration of their formulation shows that in the semi-discrete case (time
continuous) their method leads to uniform distribution of grid points in a manner similar
to our approach. However, this exact discrete property is lost in their fully discrete (space
and time) scheme but retained in ours. In addition our method is much easier to implement,
allowing modifications to the junction conditions and normal motion in a straight-forward
way. Neither their method nor ours is particularly amenable to computations in three
dimensions (3D) in the situations of interest where complex topological changes occur.
Great success has been obtained using thresholding methods for curvature-driven networks
in 3D [23]. Some recent work on networks with higher order motion has been done [24].
However, there are difficult unanswered questions on how to implement these techniques
for mixed order problems.

The outline of this paper is as follows. In Section 2, equations are derived for the
motion by mean curvature and the motion by surface diffusion. The PDEs for the normal
motion are augmented by algebraic conditions that the parametrisation be scaled arc
length. Our formulation is thus a partial differential algebraic equation (PDAE) system.
The boundary conditions including the triple junction conditions and approximate far-
field boundary conditions are also discussed. In Section 3, the well-posedness for a linear,
PDAE system that is closely related to the full nonlinear problem is analysed. Both the
problem and our formulation are shown to be well-posed in this setting. In Section 4, we
discuss the numerical details including discretisation and time stepping. A convergence
study to an exact travelling wave solution is given. In Section 5, we use our method on
two more examples of interest: the Sun—Bauer geometry and grain growth in a thin film
array.
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FIGURE 2. An example when one of the surfaces is not single-valued.

2 The formulation

In this section, we derive a PDAE system to model the coupled motion. It is a new
formulation of the quarter loop problem. Other formulations of the problem are presented
in detail in [16, 17, 19]. For the coupled grain boundary motion, the function y(x) which
represents the exterior surface may not be single-valued as shown in Figure 2. This
phenomena is physically reasonable [15, 18]. For this reason, we use parametrised curves
to describe the interfaces. Here and throughout this paper we use X = (u(‘),v(")) to
represent a parametrised curve with u(-) and v(-) being the coordinates. The arc length
parameter is denoted by s. In the method presented below, ¢ will denote a parameter that
is scaled arc length, where the scaling can be different for each curve and where ¢ is in
the fixed interval [0, 1] with ¢ = 0 the junction and ¢ = 1 the edge of the computational
domain. The vectors v and n stand for unit tangential direction and unit normal direction,
respectively. x stands for curvature.

2.1 Motion by mean curvature

The basic evolution law (1) should be satisfied, i.e.,
X, 'n—x=0. (3)

However, this leaves the tangential velocity arbitrary. In [7], the problem was extended
to be parabolic in both components in a convenient way. A discretisation of this model
was applied successfully to curve networks with junctions: the tangential parabolicity
makes the parametrisation more uniform in time. The natural extension of this idea
to surface diffusion (discussed below) would make the tangential components of that
motion fourth order parabolic as considered in [13]. This approach leads to a scheme
with parameters in the tangential parabolicity that need to be chosen carefully to keep a
monotone parametrisation in a numerical approximation. Details of this approach as well
as an approximation in Cartesian formulation can be found in the archival report [22].
Much better numerical performance is achieved using the following approach.
Equation (3) is augmented by a condition that directly imposes uniform grid spacing:

|Xﬂ'|ﬂ' =0. (4)
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Note that
Xolo = (VR Xo)y = 220,
so (4) can be replaced by '
Xo - Xoo = 0. (5)

The idea of maintaining equally spaced grid points on a curve has been considered in
several other works [14, 20]. Our problem is simpler than some described in [14] in that
it is not necessary to keep track of material points on the curves. The idea of applying (5)
to enforce an equi-spaced parametrisation appears to be a new idea. In previous work,
particular choices of tangential velocities were used that caused the parametrisation to
move towards an equi-spaced parametrisation.

We have
X,=71
n=rtt
X = Kn.

Thus, x in (3) above can be replaced by the expression

_ Xoo vl
XeP

K

involving ¢ derivatives.

2.2 Motion by surface diffusion

In a similar way we derive the PDAEs for the motion by surface diffusion,
X, n+ks=0
Xo Xoo = 0. (7)

Using the fact that ¢ will be scaled arc length, this leads us to the expression

_ Kgo
1 X, |?

KSS

to be used in (7), where x is computed from (6).

2.3 The system

We use superscripts to denote the three curves, 1 for the grain boundary, 2 for the upper
left surface and 3 for the upper right surface as shown in Figure 3. The full PDAE system
for the coupled motion is

X' n—k=0
X n+Krs=0 i=273 ) 9)
XioXi=0 i=1,23
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FiGure 3. Sketch of the grain boundary groove showing the curve numbering.

This is an index-1 PDAE system. Usually an index-1 DAE can be handled without any
numerical difficulties [1], and that is our experience with discretisations of this system.

2.4 Boundary conditions

The grain boundary and the two upper surfaces meet together at one end (¢ = 0) which is
referred as triple junction. The other end of the three curves tends to infinity in the quarter
loop geometry. For numerical reasons, we compute this problem in a bounded domain.
This domain is chosen large enough such that it can simulate the motion accurately at
least for a short time. This restriction is reasonable since the curves are asymptotically flat
for the parts far away from the triple junction. Computations presented later in this paper
are constrained in a finite but ‘large enough’ domain and the curves are parametrised
with ¢ € [0,1]. At ¢ = 1 the three curves meet the artificial domain boundary separately.

2.4.1 Triple junction conditions at ¢ =0

We first discuss the boundary conditions at the triple junction, see Figure 3. The three
curves should have common coordinates at ¢ = 0, 1.€.,

X10,1) = X*(0,1) = X3(0,1). (10)
A balance of surface tensions (Young’s law) gives two angle conditions:

Xt x .
\XE| . \XZ| = cos ) = cos (g + arcsin r;) i=23, (11)

where 0 denotes the angle between the grain boundary and the exterior surfaces and
M = Ygrain/Vexterior 1S @ constant measuring the relative surface tensions y between them.
The continuity of the surface chemical potentials implies that

K = —i (12)
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and the balance of mass flux implies that

Ky =K, (13)
where the expression for x, is obtained by taking the derivative of the expression of
x directly. We must be careful about condition (12) which specifies that the two upper
surfaces have the same convexity. Since ¢ has opposite directions for the two curves, the
odd derivatives will have opposite signs when computed by parametric form. Thus we
should put a minus sign for (12) and keep the same sign for (13).

2.4.2 Boundary conditions at ¢ = 1

At the other ends of the curves we put several artificial conditions such that they do not
move during evolution and stay ‘flat’. The following conditions are imposed at ¢ = 1,

Xi1,)=0 fori=1,2,3
X (1,)=0  fori=2,3.

3 Well-posedness for the PDAE system

In this section, we analyse the well-posedness of a linear model of the system proposed
above. We linearise around fixed straight line solutions and get a system that has the
same highest order behaviour as the original problem near the junction. The analysis here
gives results that match those that more complicated nonlinear analysis gives, where such
analysis exists [6, 13]. Therefore, we believe the results of the analysis should apply to
the full nonlinear problem. In [6], three curves moving with curvature motion meeting
at a junction are analysed. In [13], three curves undergoing surface diffusion meeting
at a junction are analysed. There is a gap in the theory for the quarter loop problem,
which is of mixed order, for which the underlying theoretical estimates for the equal order
problems in [26] are not available. The analysis below corresponds to the first step in
such estimates.

3.1 Linearisation of the system
To linearise the system we consider a perturbation expansion around the tangential
direction at the triple junction for each curve, i.e.,
X' =dio +eX' +0(e?)
X2 =dyo + eX? + 0(e?)
X3 =dso + X3 +0(2),

where d; = (dj1,d;;) are constant vectors standing for the unit tangential direction. Sub-
stituting the above forms into (9), keeping only the leading order terms and dropping the
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bar superscript results in the linear system:

le 'dll:X;U dll
X dt=—X___-dt i=23 . (14)

0000 1

di-Xi =0 =123

The linearisation of the triple junction conditions is given below:
Common point at ¢ = 0:

X'=x>=x? (15)

Angle conditions:
di- X, +di- X} —(dy-di)(di - X +di- XL) =0 i=23 (16)
Continuity of surface chemical potential:
X dy = =X5, - dy (17)

Balance of mass flux:
X2, -df =X, -di. (18)

000 ago0

Without changing the well-posedness of the problem we specify one of the tangential
directions, say d; = (0,—1)T. Further we assume

0 ¢ (gn> (19)
so that d;,d;» # 0 for i = 2,3. The linearised system (14) has solution in the form

up = Aye Vs

v = By

uy = Az + By1e”’ + Cyy
; A 1 (20)
vy = —ky(A0e"? + Byne?) + £ Cy

Uz = A3le)'”T + B31€)'th + C31

v3 = —k3 (1432(2)'”T + B32€)'20) + éC31

The variables above stand for their Laplace transforms and s temporarily stands for the
Laplace transform variable. The term k; = d;;/d;; is a constant and

1= <—f+\zﬁi> Js,

N
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In the expressions above, we consider Re(s) > 0 and the roots of s are chosen such that
|arg(/s)| < g, | arg (51/4)| < g (21)

When these solutions are applied to the boundary conditions (15)—(18), an 8 x 8 matrix
M is obtained. The determinant of M can be computed directly:

s7/4(44/2sin(20) — 165'/*sin 0)
cos* 0

M| = . (22)
The problem will be well-posed with at most algebraic growth in time provided that this
determinant is nonzero for any s with Re(s) > 0. Under the conditions in (19), we see that
(22) can only be zero when s'/* is negative real, violating (21). In summary, the problem is
well-posed as long as all angles at the junction are less than . The marginal case 0 = /2,
excluded above, can also be shown to be well-posed.

4 Numerical discretisation

In this section, we present the discretisation of the PDAE system (9) and junction
conditions (10)—(13). The basic approach is to use a staggered grid in ¢ and we shall
denote the approximations by capital letters with subscripts, i.e., X;(t) = X((j—1/2)h,t) =
(u((j—1/2)h,t),v((j — 1/2)h,t)) where h is the grid spacing and N = 1/h is the number of
interior grid points for ¢ € [0, 1].

Let D; denotes the second order centred approximation of the kth derivative, i.e.,

DiXj=(Xjy1 — Xj-1)/2h
DX = (Xj1 + Xjo1 — 2X;)/I°

and let Dy and % denote forward differencing and forward averaging, respectively,

DX = (Xj+1—X;)/h,
FX; = (Xjo1 + X))/2.

Using these standard differences, x in (6) and then the surface diffusion term g in
(8) can be computed. Note that the ghost values X{, X3, X3, x5 and «j are needed to
complete the stencils of these discrete equations, see Figure 4. These eight values can be
related to interior values using the eight junction conditions (10)—(13) as shown below.
The discretisation at the junction is somewhat subtle. Instead of using two ghost points
for each fourth order surface diffusion problem we use only one ghost point (X?(0)) plus
another ghost value (x}) indicating the curvature at the ghost point. Other approaches
[22] may require additional tangential conditions at the triple junction.

4.1 Junction conditions

Condition (10) is approximated by

Y
s
I
N
&5
I
N
il
8
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. ,grain boundary
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FiGURE 4. Sketch of the ghost values at the triple junction.
The angle conditions (11) are approximated by

D,Xj DX}
Dy Xg| [P X

= cos 0 i=23.

Conditions (12) and (13) are approximated by

Tl — 3
F Ky = —F K,

D+K% _ D+K8
IDXg|  [DXg|

The discretisation of the artificial conditions at ¢ = 1 is straightforward.

4.2 Time stepping

In order to avoid the excessively small time steps due to the stiffness of the surface
diffusion term, we use implicit time stepping. For simplicity we use backward Euler
method. It is found computationally that spatial errors dominate temporal errors. Since
the three curves are strongly coupled by the junction, we solve for interior and ghost
points simultaneously. The nonlinear system is solved by Newton’s method.

4.3 Numerical results

We compare the numerical results to an exact travelling wave solution [17]. An example is
shown in Figure 5. Notice the uniformity of the grid points enforced by our formulation.
A numerical convergence study is shown in Table 1. The convergence rates shown in
Table 1 are close to 2 as expected.

Without difficulty we can apply this scheme to the case when the surface curve is not a
single-valued function as shown in Figure 6.

Another example is shown in Figure 7. Here, a large perturbation to a travelling wave
solution is given. The travelling wave structure redevelops after some time. This and other
runs conducted with similar behaviour indicate the 2D stability of these travelling wave
solutions.
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Result at time 0.5

-0.05

-0.15

-0.25

-1 -0.5 0 0.5 1 1.5

FIGURE 5. Comparison of the numerical solution to the exact travelling wave, zoomed in near
triple junction. Dotted line: numerical solution; solid line: travelling wave solution; time step size:
At =0.01.

Table 1. Estimated errors and convergence rates for PDAE formulation with m = 0.5.
Errors are evaluated at t = 0.02

dt As L, norm Rate L., norm Rate
0.2 2.7837e-04 1.8996¢-03
dt =0.014s> 0.1 7.2717e-05 1.9366 5.4444e-04 1.8029

0.05 1.8732e-05 1.9568 1.4732¢-04 1.8858

5 More examples

In this section, we consider two more examples, the Sun—Bauer geometry [19, 31, 32]
and the grain growth in a thin film array [5, 30]. Both examples preserve the complexity
of the the coupled motion but are considered in different contexts in which travelling
wave solutions are not available. Previous studies considered linearised or approximate
problems. Our method is able to accurately compute the full nonlinear problem.

In the Sun—Bauer geometry, an initially straight grain boundary attaches to the exterior
surface with an inclination angle f as shown in Figure 8. After annealing, the grain
boundary migrates to the right with inclination angle o at the groove root. The same
junction conditions as in the quarter loop geometry are applied. In [19, 31, 32], the
authors studied the mobility of grain boundary under different inclination angle . They
assumed, the grain boundary migrates at a constant speed which is measured in an
experiment and then iterates linearised surface diffusion and grain boundary motions
alternately. They considered the asymptotic behaviour of the grain boundary when f is
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Result at time 0.2
T

0.2

FIGURE 6. Plot of the results for scheme with m = 1.96 which has non-single-valued upper surface.
Dotted line: numerical result; solid line: travelling wave solution.

Initial Status Result attime 1

02| 02|

Resut atime § Resulat time 20

02|

FIGURE 7. Results for initial data that is a perturbation of a travelling wave.

small and drew the conclusion that the coupled motion can be separated into two time
regimes. In Regime I, the grain boundary turns vertically at the groove root. In Regime II,
the turning relaxes following two different paths depending on the value of y/f where
7 = 2arcsin(3) is the supplementary dihedral angle between the exterior surfaces. If
f < v/6, the grain boundary root moves continuously away from the initial position,
but the grain boundary tries to remain straight. For f > y/6, the grain boundary bends
towards the free surface to be inclined with angle y/6 at the groove root.

Figures 9 and 10 show the numerical results solved from our coupled nonlinear
formulation with different inclination angle . The simulations start with a straight line
attached to a horizontal surface. The relative surface tension is m = 0.5 and therefore
1/6 = 0.083. Figure 9 shows the results with § = 0.05 and Figure 10 uses f = 0.9. The
grain boundary turns almost perpendicular (« is small) at the beginning and then follows
two different paths as described in [19, 31, 32]. For f = 0.05 < 7/6, inclination angle «
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Grain 1

Grain 2

FiGURE 8. The Sun—Bauer geometry.

initial inclination angle p=0.05, y=0.5, B < ¥/6
T T T
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FIGURE 9. Sun-Bauer geometry simulation with < /6. Top: the groove and grain boundary
profile; middle: groove velocity versus time; bottom: inclination angle versus time.

keeps being small. For f = 0.9 > y/6, o begins to increase and approaches to a value
(roughly 0.078) that is smaller than but roughly comparable to the value y/6 in the linear,
approximate theory [19, 31, 32]. The velocity of groove root is also shown as a function
of time. It is not constant but the acceleration is small especially after some time of
evolution. Our accurate nonlinear simulations of the full model show that the predictions
of the earlier work are approximately valid.

The second example is about the grain growth in a thin film array. In [30], it is predicted
that film breakup occurs when grain sizes are larger than the film thickness. They simulated
the case when breakup occurs using an approximate linear system, assuming the surface
and the boundary deviate slightly from their inclinations. We employed our formulation
to compute the evolution of a periodic array in a 2D film where breakup occurs. The
computation starts with grain boundaries perpendicular to exterior surface. The qualitative
behaviour in our simulation shown in Figure 11 is similar to the results in [30]. However,
there are certain geometric anomalies in the earlier work (angles at triple junctions are
not matched accurately) from approximations made in their model that are computed
correctly by our approach.
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initial inclination angle B=0.9, ¥=0.5, B > v/6 = 0.083
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FIGURE 10. Sun—Bauer geometry simulation with > 7/6. Top: the groove and grain boundary
profile; middle: groove velocity versus time; bottom: inclination angle versus time.
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FIGURE 11. The evolution of film morphology during breakup.

6 Conclusion

In this work, we proposed a new formulation to describe coupled surface and grain
boundary motion. This formulation is well-posed (shown in a reduced, linear setting) and
easy to implement numerically with finite differences. The numerical method is shown
to converge to an exact solution with expected accuracy. It was applied to several cases
of physical interest, giving more accurate solutions than previous studies. An attractive
feature of the scheme is that grid points on each curve are equi-spaced. This maintains
uniform resolution and allows for convenient global regridding when necessary. This could
be necessary as curves in a network expand or shrink.
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This scheme can also be used to efficiently simulate the motion of a curve that involves
only mean curvature motion or surface diffusion as shown in [22]. It is more accurate
than the scheme proposed in [7] for curvature motion networks. It is the scheme with the
best overall performance of several finite difference approaches to this problem [22].

An avenue that has received no attention in the literature is the behaviour of this
problem in 3D. In future work, the authors intend to pursue basic questions such as
the stability of the travelling waves found in [17] to 2D and then 3D perturbations.
Some evidence of the stability of travelling waves to 2D perturbations is given by the
computations in this work.
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Appendix. Scaling the motion laws

The original curvature motion and surface diffusion are given as

X[ Tn= AK
. 24
Y[ ‘n= _BKSS} ( )
We show here that both 4 and B can be made unity by rescaling time and space.
We scale time by
t=Tt.
The spatial variable X, Y are scaled
X =RX, Y =RY.
We can easily verify that
5 =Rs,
where 3 is the arc length in the new system. It also follows that
5 o L1 L1
X§ - XS7 Y§ - YSa K= §K5 Kz = FKSS
Now equation (24) becomes
o= AR R
R S (25)
Yi n=—"5-K5

Here we use the same notation n since the normal direction does not change. If we choose

2
R JA 2
B B
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then equation (25) becomes

X;'HZINC

Yf ‘N = —Ksgs.

This completes the normalisation of coefficients A and B. Note that in [17], the authors
retain the ratio A/B in their equations. They use the remaining degree of freedom to
normalise the distance between the grain boundary and the upper surface far from the
junction in their travelling wave solutions.

References

[1] AscHER, U. M. & PetrzoLD, L. R. (1998) Computer methods for ordinary differential equations
and differential-algebraic equations. SIAM. Philadelphia, PA.
[2] Bansch, E., MoRIN, P. & NocHETTO, R. H. (2005) A finite element method for surface diffusion:
The parametric case. J. Comput. Phys. 203(1), 321-343.
[3] BARRETT, J. W., GARCKEB, H. & NURNBERG, R. (2007) On the variational approximation of
combined second and fourth order geometric evolution equations. SIAM J. Sci. Comput.
29(3), 1006-1041.
[4] BARRETT, J. W., GARCKEB, H. & NURNBERG, R. (2007) A parametric finite element method for
fourth order geometric evolution equations. J. Comput. Phys. 222, 441-467.
[5] BrokmaN, A., Kris, R, MuLLINs, W. W. & VILENKIN, A. J. (1995) Analysis of boundary
motion in thin films. Scr. Metall. Mater. 32, 1341-1346.
[6] BrONSARD, L. & REITICH, F. (1993) On three-phase boundary motion and the singular limit of
a vector-valued Ginzburg-Landau equation. Arch. Ration. Mech. Anal. 124(4), 355-379.
[7]1 BronsarD, L. & WETTON, B. T. R. (1995) A numerical method for tracking curve networks
moving with curvature motion. J. Comput. Phys. 120, 66-87.
[8] CaHN, J. & TAYLOR, J. (1994) Overview 113: Surface motion by surface diffusion. Acta Metall.
Mater. 42, 1045-1063.
[9] Davip, L. C. & SETHIAN, J. A. (1999) Motion by intrinsic Laplacian of curvature. Interfaces
Free Boundaries 1, 1-18.
[10] DeckeLnNick, K., Dziuk, G. & ErLriort, C. M. (2005) Computation of geometric partial
differential equations and mean curvature flow. Acta Numerica 14, 139-232.
[11] Dunn, C. G. & SHARP, M. (1952) Secondary recrystallization texture in Copper. Trans AIME
194, 42-43.
[12] Dziuk, G., Kuwerrt, E. & ScHATZLE, R. (2002) Evolution of elastic curves in R": Existence
and computation. SIAM J. Math. Anal. 33, 1228-1245.
[13] Garckg, H. & Novick-CoHEN, A. (2000) A singular limit for a system of degenerate cahn-
hilliard equations. Adv. Differ. Equs. 5, 401-434.
[14] Hou, T. Y., LOWENGRUB, J. S. & SHELLEY, M. J. (2001) Boundary integral methods for
multicomponent fluids and multiphase materials. JCP 169, 302-362.
[15] KANEL, J. & Novick-COHEN, A. (2004) Coupled surface and grain boundary motion: Nonclas-
sical traveling wave solutions. Adv. Differ. Equs. 9, 299-327.
[16] KANEL, J., Novick-COHEN, A. & VILENKIN, A. (2003) A traveling wave solution for coupled
surface and grain boundary motion. Acta Mater. 51, 1981-1989.
[17] KANEL, J., NoviCKk-COHEN, A. & VILENKIN, A. (2004) Coupled surface and grain boundary
motion: A travelling wave solution. Nonlinear Anal. 59, 1267-1292.
[18] KANEL, J., Novick-COHEN, A. & VILENKIN, A. (2005) A numerical study of grain boundary
motion in bicrystals. Acta Mater. 53, 227-235.

https://doi.org/10.1017/50956792508007390 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792508007390

(19]
(20]
(21]
(22]
(23]
(24]
(25]
[26]
(27]
(28]

[29]
(30]

(31]
(32]

(33]

Coupled surface and grain boundary motion 327

Min, D. & WonG, H. (2004) A model of migrating grain-boundary grooves with application
to two mobility-measurement methods. Acta Mater. 50, 5155-5169.

MikuLa, K. & SEvcovic, D. (2004) Computational and qualitative aspects of curves driven by
curvature and external force. Comput. Vis. Sci. 6, 211-225.

MuLLINs, W. W. (1957) Theory of thermal grooving. J. Appl. Phys. 28, 333-339.

PaN, Z. & WETTON, B. Numerical methods for coupled surface and grain boundary motion,
arXiv report math.NA/0702503. URL: http://arxiv.org/. Submitted 2007, last updated
February 16, 2007.

Ruurts, S. J. (1998) Efficient algorithms for diffusion-generated motion by mean curvature.
J. Comput. Phys. 144, 603—625.

EsepoGLu, S. & Tsal R., Threshold dynamics for high order geometric motions. To appear in
Interfaces Free Boundaries.

SMEREKA, P. (2003) Semi-Implicit level set methods for curvature and surface diffusion motion.
J. Sci. Comput. 19(1-3), 439-456.

SoLoNNIKOV, V. A. (1965) Boundary value problems in physics, In: Proceedings of the Steklov
Institute of Mathematics, Vol. 83, pp. 487—491.

SuN, B, Suo, Z. & YaNG, W. (1997) A finite element method for simulating interface motion,
part I: Migration of phase and grain boundaries. Acta Mater. 45, 1907-1915.

SuN, B. & Suo, Z. (1997) A finite element method for simulating interface motion, part II:
Large shape changes due to surface diffusion. Acta Mater. 45, 4953-4962.

Suo, Z. (1997) Motions of microscopic surfaces in materials. Adv. Appl. Mech. 33, 193-294.

VILENKIN, A. J. & KRris, R. (1997) Breakup and grain growth in thin-film array. J. Appl. Phys.
81, 238-245.

ZHANG, H. & WonG, H. (2002) Coupled grooving and migration of inclined grain boundaries:
Regime 1. Acta Mater. 50, 1983-1994.

ZHANG, H. & WoNG, H. (2002) Coupled grooving and migration of inclined grain boundaries:
Regime I1. Acta Mater. 50, 1995-2012.

ZHANG, W. & SCHNEIBEL, J. H. (1995) Numerical Simulation of grain-boundary grooving by
surface diffusion. Comput. Mater. Sci. 3, 347-358.

https://doi.org/10.1017/50956792508007390 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792508007390


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles false
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 15%)
  /CalRGBProfile (Adobe RGB \0501998\051)
  /CalCMYKProfile (Euroscale Coated v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage false
  /PreserveEPSInfo false
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Remove
  /UCRandBGInfo /Remove
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError false
  /PDFXTrimBoxToMediaBoxOffset [
    0.30000
    0.30000
    0.30000
    0.30000
  ]
  /PDFXSetBleedBoxToMediaBox false
  /PDFXBleedBoxToTrimBoxOffset [
    0.30000
    0.30000
    0.30000
    0.30000
  ]
  /PDFXOutputIntentProfile (U.S. Web Coated \050SWOP\051 v2)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /False

  /DetectCurves 0.100000
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /PreserveDICMYKValues true
  /PreserveFlatness true
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /ColorImageMinDownsampleDepth 1
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /GrayImageMinDownsampleDepth 2
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /CheckCompliance [
    /None
  ]
  /PDFXOutputConditionIdentifier (CGATS TR 001)
  /Description <<
    /DEU <>
    /FRA <>
    /JPN <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU (Cambridge University Press - Distiller version 6 job options for Press quality - 16-Feb-05)
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice




