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Random g-expansions
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Abstract. In this paper, random expansions to non-integer bases 8 > 1 are studied. For 8’s
satisfying B2 = nf + k (with 1 < k < n)and p" = "' + ... + B + 1 the ergodic
properties of such expansions are described.

1. Introduction
1.1. Expansions to base f > 1. Asis well known, any x € [0, 1) can be developed in a
series expansion to any base g > 1:

o0
dag
=Y % daray (1.1)
e

where a; € {0,1,...,8 —1}if B € N,and a;y € {0,1,..., |B]} otherwise. The two
cases B > 1 integer or non-integer behave very differently. In the first case almost every
x € [0, 1) has a unique series expansion; only rationals p/g of the form m/B" for some
n>1landm = 0,1,..., 8" — 1 have two different expansions of the form (1.1), one
of them being finite while the other expansion ends in an infinite string of (8 — 1)’s.
In the latter case almost every x € [0, 1) has infinitely many expansions of the form (1.1);
see [EJK, JS, DK].

One possible way to obtain an expansion of the form (1.1) is to use the so called greedy
map Tg : [0, 1) — [0, 1), defined by

Tg(x) = Bx (mod 1),
and the digits a; = ax(x), k > 1, are given by

ar = |BTF '), k=1,
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where [£] denotes the largest integer not exceeding &. Clearly Tg is related to the
Bernoulli-shift on B symbols in the case 8 € N, and the Lebesgue measure A is
Tg-invariant. In the case B ¢ N, it was Rényi in [R1] who showed that

([0, 1), ug, Tp)

forms an ergodic system, where g is a Tg-invariant probability measure equivalent to A
with density A g, with

1 1
1——<hgkx) < .
g = T-1yp
Independently, Gel’fond [G] (in 1959) and Parry [P1] (in 1960) showed that

o0

1
— — Lo, 77y (),
F(B) ,; B

! 1
o (2 )
0 x<;:(l) B

is a normalizing constant. After Parry, the ergodic properties of Tg were studied by
several authors. For example, it was shown by Hofbauer [Ho] that ug is the measure
of maximal entropy, and Smorodinsky [Sm] showed that for each non-integer § > 1 the
system ([0, 1), ug, Tg) is weak-Bernoulli; see also [DKS]. A deep result by Friedman
and Ornstein [FO] then yields that the natural extension of ([0, 1), g, Tg) is a Bernoulli
automorphism.

The B-expansion of x € [0, 1) is also known as the greedy expansion of x. Since one
can in fact perform the greedy algorithm for any x € [0, |8]/(8 — 1)) (see also [DK]), we
will extend the definition of T to all points in [0, [8]/(B8 — 1)) by

hﬁ(x) =

where

Bx (mod1), 0<x <1,
Bx— 18], 1=<x<|[Bl/(B-=1);

see also Figure 1. Notice that for each x € [0, |8]/(B8 — 1)) there exists a unique integer
ng = no(x) such that for all n > ng one has that T[,’ (x) € [0, 1). In view of this we extend
hg on [0, [B]/(B — 1)) by setting hg = O on [1, [B]/(B — 1)). The interval [0, 1) is the
attractor for the extended map 7. Due to this, the system

(o755 w0 )

is weak-Bernoulli, since the original system on [0, 1) is.

An expansion which is lexicographically the ‘smallest’ expansion of x is the so called
lazy expansion of x. Underlying this lazy expansion is the lazy map Sg : (0, |8]/(8 — 1)]
— (0, 1B1/(B — D], defined by

Sp(x) = Bx —d; forx € A(d),

Tg(x) = {

where

A(O):(O LA) ]

BB
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FIGURE 1. The greedy map T (left), and lazy map Sg (right). Here g = 7.
and

A(d):<LﬁJ _Lﬁj—d+17 LA] _LﬂJ—d}
p—1 p -1 p
LA] d—1 [B] d
= , -, de{l,2,..., ;
(Goen T s 5] e -
see also [DK] for more details.
The greedy map Tg and the lazy map Sg are strongly related. If one defines the map

v 210, 1B)/(B=1)) — (0, [B1/(B — DIby

Y(x) = % — X,

then v is a measurable bijection, ¥ Tg = Sgy and

<LﬂJ » Lﬁj}
g—1 -1

is the attractor for Sg; see Figure 1. Due to this, the system

(5% )-on9)

is weak-Bernoulli, where pg is a probability measure on [0, | 8] /(B — 1)], given by

pp(A) = np(W " (A)),
for any Lebesgue set A C [0, [B]/(B — 1)].

1.2. Random B-expansions. Let 8 > 1 be a non-integer. If we superimpose the greedy
map and the corresponding lazy map on [0, | 8]/(8 — 1)], we get | 8] overlapping regions
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FIGURE 2. The greedy and lazy maps, and their switch regions.

of the form

S [Z LA +Z_1} (=1 L8]
¢=|7 ) =1... )
B BB-D B

which we will refer to as switch regions; see Figure 2. On Sy, the greedy map assigns the
digit ¢, while the lazy map assigns the digit £ — 1. Outside these switch regions both maps
are identical, and hence they assign the same digits. We will now define a new random
expansion in base 8 by randomizing the choice of the map used in the switch regions.
For each switch region we assign a coin, and whenever x belongs to the ith switch region
we flip the ith coin to decide which map will be applied to x, and hence which digit will
be assigned.

To be more precise, we partition the interval [0, | 8]/(8 — 1)] into switch regions S, and
equality regions Ey, where

LB (=1 ¢+1
= N 9 EZI,..., —1,
¢ <ﬁ(ﬁ—1)+ B ) P

I Bl 1BI—1 LB
Ey=10, — d Eg = , ;
0 [ ﬂ) and Eu) (ﬂ(ﬂ—l)+ 5 ﬂ—l}
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see Figure 2. Let
LB] L8]

S:US@ and E = UEg,
=1 =0

and consider @ = {0, 1} with the product o-algebra. Let ¢ : € — € be the
left shift, ie. if © = (w1, w2,...) € 2, then o(w) = (w2, w3,...). Define K :

Qx [0, [B]/(B—D]— Q2 x[0,[B]/(B— D]by

(w, Bx — 0), x€E,, £=0,1,...,|8],
K(w,x) =1 (oc(w), Bx — L), xeSeandw; =1, £=1,...,|8], (1.2)
(c(w),Bx—£+1), xeSpandw; =0, £=1,...,|8].

The elements of €2 represent the coin tosses (‘heads’ = 1 and ‘tails’ = 0) used every time
the orbit hits a switch region. Let

l, ifxeE;,, £=0,1,..., 8],
di =di(w,x) = or (w,x) e{w =1} xS, £=1,2,..., 8],
L—1, if(w,x)ef{w =0} xS, £=1,2,..., 8],
then
(w, Bx —dy), ifx e E,

K(w, x) =:
(o(w), Bx —dy), ifxeS.

Setdy = dy(w, x) = di(K"~ (@, x)), andlet 7w : 2x[0, |B]/(B—1]— [0, [B]/(B—1)]
be the canonical projection onto the second coordinate. Then

(K" (w,x)) = p"x — " dy — - — Bdy—1 — dy,

and rewriting gives

di d dy  7w(K"(,x))
=— =t
TR B B
Since 7 (K" (w, x)) € [0, [B]/(B — 1)], it follows that
n d;
x= Bl

i=1

(K" (w, x))
=———— "> >0 asn— 0.
’Bn
This shows that for all w € Q2 and for all x € [0, | 8]/(B8 — 1)] one has that
o o
di di(w, x)
=y d e
i=1

i=1

2. Ergodic properties for certain Pisot bases

In this section we study the dynamical properties of the map K for certain Pisot values
of B, namely, § > 1 satisfying ,32 —-n8—k =0,1<%k < nn > 1, and
gt —prl— g2 ... B—1=0,n > 2. In both cases we will show that the
dynamics of K is isomorphic to a mixing Markov chain.
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2.1. The case ,BZ—nﬁ —k=0,1<k<n,n=>1. Thebehaviorof K inthecase k = 1
is slightly different than the behavior for all other values of k with 2 < k < n. We will
analyse the case k > 2, indicating the adjustments needed in case k = 1. In this case it is
easy to see that | 8] = n, and if we denote by I the closure of an interval /, then the image
of any switch region S; under the greedy map is the interval

ED [O,L_i},
0 BB—1) B

which is a subset of Eg (note that for k = 1 one has that E(()l) = Ey). Since

- < n k ) _ n L n—k
P\B-1» ) BBE-D " B
which is the right endpoint of the switch region S,,_x+1, we find fori =1, ..., n, that
T3(S) = Tp(EY) = EgUSi U+ U Eyy U Syicn.

Similarly, the image of any switch region §; under the lazy map Sg is the interval

O R
" [ﬂ—l

which is a subset of E,, (note that for k = 1 one has that E,(,l) = E,), and we find for
i=1,...,n,that

SE(S) = Sp(E") = Sk UELU---U S, UE,.

This suggests that in order to find the Markov chain underlying the map K, we need to
subdivide both E( and E,, into two intervals E(()l) and E(()2), and E ,(,1) and E ,(,2), respectively,

Where
2 1

(note that in the case k = 1 both E(()z) and E,(,z) are empty sets). Notice that the partition
1 2
{E(() )7 E(() )7 Sls E17 MR ] Snfls Enfls EISZ)s E;gl)}

satisfies the following property: the interior of any of the partition elements is mapped to
the interior of a union of partition elements; see Figure 3.

We now assume that on each switch region Sy we flip a coin with P(heads) = py,
£ =1,...,n. To incorporate the randomness of the expansions which takes places in the
switch regions S, $2, . .., S, we consider the Markov chain on 2n + 3 states

n Q@
e(() ), e(() ) S1,€1,52, s en_1. Su, e oD,
(in the case k = 1 we only need 2n+-1 states eq, 1, €1, 52, - - -, €n—1, Sn,s €n)-. € corresponds
to the case when the orbit under K is in region E;, i = 2,...,n — 1, while ef")
corresponds to the case when the orbit is in El.(j ), i = 0,n,and j = 1,2, and finally

s; corresponds to the case when the orbit is in S;. We will show that for k > 2 the map K
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FIGURE 3. Refinement of the regions Eq and Ej,.

given by (1.2) is isomorphic modulo sets of measure zero to the Markov chain with states

1 2 2 1 .. e .
e(() ), e(() ), S1,€1,82, .-y €n_1,Sn, e,(l ), e,(1 ), and transition probabilities given by

Py =5 = P
k—1
Peh o = BB —k) =P,
Peél)s’_ =% :p€;(,1)8;,—f+1’ i=1,2,....n—k+1,
286—-2—n .
pe(()l)e’_ =m=pe£1)enﬂ_, i=1,2,...,n—k,
286—-2—n .
peé”ef:m:peﬁz)en_[’ i=n—k+1,...,n—1,
B—k

P,

s
€n Sn—i+1

Pedss = pa—1)
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1

pe(()z)el(lz) = E = peflz)e(()Z),
Psie(()l) =pi=1- P i=1,...,n,

B—k .

5= S, i=1,....,.n—1, j=1,...,n,
Pess = 208 —2—n) 7
1

pejej:E’ la]=17 ,}’l—l,

k—1 .
P, @ p o, i=1,...,n—1.

cieg.  BRB—2—n) e
2 Note that these transition probabilities are obtained using Lebesgue measure and the

dynamics of K.

The case k = 1 follows easily from the case 2 < k < n, by putting egp = e(()l), ey = e(()l),

and removing the states e(()z) and e,(,z) (and their corresponding transition probabilities).
To find the stationary distribution 7 = (ne(l), TC,Q)5 Ty ey - - Ty T,2)5 nem) of this
0 0 n n

Markov chain one has to distinguish three cases:

1 k—1<n—k+1,

2) k—1>n—k+1,

(3) k—1=n—k++ 1 (in this case n is even).

For instance, for k& = 1 one finds that the stationary distribution 7 = (¢, 7y, Teys - - -,
s, Te,) 1S given by

o _ Bt p)
CTB-DE+

1
nsk=ﬂ2+1’ k=1,2,...,n,
-1
e, ='3—, k=1,2,...,n—1,
B*+1
(n—(p1+-+p))B
nen = 2
B-D(B=+1)
Notice thatif p; = 1 foralli = 1, ..., n, one gets the Parry measure, and if p; = 0 for all
i =1,...,n, one gets the lazy measure described in §1.1.

‘We now show that almost any sequence of ¢;’s and s;’s generated by the above Markov
chain corresponds to a random expansion in base S generated by iterating the map K.
Let Y be the set of all sequences generated by the Markov chain, i.e. with symbols in the
set {e(()l), e(()2), S1, €1, ..., Sn, e,(f), e,(ll)}, transition matrix P and stationary distribution 7.
We denote by F the o-algebra generated by the cylinders, and let i be the stationary

measure given by P and 7, which is oy-invariant, where oy is the left-shift on Y.

To every y € Y we can associate a point

O n
xe[’ﬁ—l}
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as follows. Define

0, if yj € {e(()l), e(()z)},
n, ifyiele) e,
b =4/, ify,=ej, 1<j<n-1,
Js if yi =57, yiq1 =€(()l), 1<j<n,
j=1 ifyi=sj yii=e 1<j<n,

and let
b;
F

2.1

o0
x=2
i=1

x€|:0, " i|
B—1

However, to capture the dynamics of K, we define a measurable isomorphism

=

then

o: Y, oy, un) —> (Qx [O,%},K,p),

1 as follows. Let

where p = o @™
Y ={y=(1,y2...) €Y : y; =s; for finitely many i’sand £ = 1, ..., n}
then w(Y’) = 0, and define
w:Y\Y/an[O,%}

as follows. To a point y = (y1, y2,...) € Y \ Y’ we associate a point

(w,x)eQx[O,—n }
B_1

To do this, we first locate the indices n; = n;(y) where the realization y of the Markov
chain is in state sy for some £ € {1, ...,n}. Thatis, let n; < np < --- be the indices such

that y,, = s¢ forsome £ =1, ..., n. Define
: _ M
w; = {1’ i yn; 41 = ¢

. 1
0, 1fynj+1 = ef, ),

then w = (w1, w2, ...) € Q. Now, set ¢(y) = (w, x), where x is as given in (2.1).
Remark 1. In the case k > 2,in Y \ Y’ the only realization corresponding to i /8 is
(siv el s, eV s, o)

under ¢ this is mapped to (0@, 1/8), with @ = (0,0,...). Similarly, the only
realization corresponding to [n/B(8 — )]+ [(i — 1)/B] is

1) 1
(s,-,e(() ,Sn—k+1,e(()),sn—k+1,-.-),

which is mapped under ¢ to (0", [n/8(B — D]+ [(i — 1)/B]), where 0D = (1,1, ...).
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The following lemma shows that the dynamics of K behaves essentially in the same
way as the Markov chain.

LEMMA 1. Leter\Y/and(p(y) (w, x). Then:

@) yl_e()=>er fori =0,nand j =1,2;

(i) yr=ei=>x€Eifori=1,....,n—1;

(iii) yl—s,,yz—e(()l):>xeS,-anda)1=1f0ri=1,...,n;and

{iv) —s,,yz—ef,):>xeS,-anda)1 =0fori=1,...,n

(1)

Proof. (i) We study each subcase separately. If y; = e¢;’, then by construction
b1 = 0. The realization in the Markov chain leading to the largest possible digits is
(e(()l), Sn—k+1, e,(ll), e,(,l), ...), yielding
0<x< 0 n —k n n
X < — -
/3 g* B
n n k
< P + E + )= ﬁ
_ n k
BB—1  p*

Equality on the right-hand side is achieved since
) /
(e() s Sn— k+lseo s Sn—k+15 - - )EY\Yv

and by (2.1) y corresponds to [n/B(8 — 1)] — (k/B?).
Ify = eO , then the path yielding the largest digits is given by

P, e?, er1,e? e, ...) €Y,
implying
n k—1 n k—1
_E+?+y+?+“
Since
n +k—1_1 1
B? B3 BB

it follows that
e (B ) (B ) em
—\B B B B B
)

However, equality is never attained by an element from Y \ Y’ starting with e(()z.
The ‘smallest digits path’ is given by

2 2
(e(())vel’l k+lve(())1en k+1ve(())7' ')EY/'

Using
n k

Bt = pUH + gL+’
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we get
n—k+1 n—k+1 n—k+1
x> ,32 + 134 + ,36 +
n k n k n k
TR TRTE R E g
n n n k n k

=F+E+E+--- —E=m—ﬁ~

Again, no pointin Y \ Y’ starting with e(()2) corresponds to [1n/B(8 — 1)] — (k/B?). Thus

2) n k 1
x€EEy =\ 22 ]
pB—-1) p~ B
Ify; = e,(ll), then by = n, and the path with the largest digits is (e,(,l), e,(,l), ) EY,
corresponding to 1. The path with the smallest digits is

eV, 5, e(()l), e(()l), e(()l), L) ey,
which corresponds to n/(8 — 1). We remark that the point 1 corresponds to an element
y € Y \ Y/, starting with e,(,l), namely (e,(ll), Sk, e,(ll), Sk,...). Thus x € E,(,l).
Ify = e,(,z), then b1 = n. The only paths yielding the largest digits and the smallest
digits are, respectively,

e?, ex—1,eP ery,...) and (e, e(()Z)’ en—k+1; e(()l)* en—k+ls-- ),
which belong to Y’. The corresponding points are 1 and [(n — 1)/8] + [n/B(B — 1)], and
it follows that x € E ,(,2).
(ii) Let yy = ¢; fori = 1,...,n — 1. Then by construction b; = i, and the path giving
the largest digits is

2 2
(ei, e, enor, P ex—1,...) €Y/,

corresponding to (i + 1)/8. The path in Y leading to the smallest digits is
2 2 2
(ei7 e(() )7 el’l*k‘l’ls e(() )1 en7k+1 ) e(() )1 . ') € Y/7

corresponding to [n/B(B—1)]+[(i —1)/B]. No pointin Y \ Y’ starting with e; corresponds
to either of these end points. Therefore x € Ej;.

(iii) Let y; = s; and yo, = e(()l), wherei = 1, ..., n. Then by =i, and the path yielding
the largest digits is

1
(si e snoprrs e eD eD )y ey,

corresponding to [n/B8(B — 1)] 4+ [(i — 1)/B]. The path leading to the smallest digits is

(si, e(()l), e(()l),e(()l),e(()l), L) ey,

corresponding to i /8. Note that the point i /8 does not correspond to an elementin Y \ Y’,
starting with s;, e(()l), while [n/B8(B — 1)] 4+ [(i — 1)/B] corresponds to

1 1
(5is €8s Snis1s €8s Suiet 1 ) €Y\ Y.
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Thus

i n i—1
- <x< +
B BB -1 B
Hence, x € §;, and definition of ¢ we have w; = 1.
(iv) Finally, let y; = s; and yp = e,(ll), wherei = 1,...,n. Then by =i — 1, and the

path yielding the largest digits is

(s;, etV e,(ll),...) ey,

n

which corresponds to [n/B8(8 — 1)] + [(i — 1)/B]. The path leading to the smallest digits

18

(si, e,(ll), Sk» e(()l), e(()l), .)eyY,

corresponding to i/B. Similar to (iii), the point [n/8(8 — 1)] + [(i — 1)/B] does not
correspond to a point in Y \ Y’ starting with s;, e,gl), while the point i /8 corresponds to
(s;, e,(ll), Sk, e,(ll), Sk....)EYN\Y.

This shows that

i n i—1
—=<x< + ’
B BB —1) B

hence x € §;, and by the definition of ¢ we have w; = 0. O

Remark 2. (1) It follows from the above lemma that if

x=Y bi/p’
i=1

is as defined by the Markov chain, and if we look at the random expansion of x under K,
then b1 = d; (w, x).

(2) In the case k = 1, the statement of Lemma 1 only contains three cases; two cases
are (iii) and (iv) from Lemma 1, while one case can be formulated as

yvi=e=>x€kEy, fort=0,1,...,n.

The proofs for the case k = 1 are similar to those for the case 2 < k < n as described
above.

LEMMA 2. Forye Y \Y/,
pooy(y) =Kop(y).

Proof. Let y = (Yi)?il € Y \ Y/, and suppose that ¢(y) = (w,x) and ¢(oy(y)) =

(w*, x*), where
o o0 b*
i

b
x:Z,B—li and x*:} IE.
i=
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‘We now show that

w, ifyi=ep, £=1,...,n—1,
w* = orylzel.(]),izo,n,jzl,l
o(w), ifyy=s¢, £=1,...,n.
To this end, let us first assume that y; = ey forsome £ € {1,...,n — 1} ory; = efj) for
i =0,n, j =1, 2. Then, the successive times

ni(oy(y)) <na(oy(y)) <---

that the realization oy (y) of the Markov chain is in state s; are given by n;(oy(y))
n;(y) — 1. Hence,

0y i oy () = DMnioy ON+1 = Yni(y)»

which implies that a)?‘ =w; foralli,ie. o* = w.
Next, assume that y; = s; for some £k € {1,...,n}. In this case n;(oy(y)) =
nij+1(Y) — 1, and it follows that

@y Dni@y () = iy m+1 = Mz ()
which implies that w* = w;41 for all i, i.e. w* = o(w). Thus we find that (v*, x*) =
K(w, x) and p(oy (y)) = K(9(y)). O
Remark 3. Tt follows from Lemma 2 that ¢ o cr{,’ = cr{,’ o ¢ for all n > 0, and since
b1 = di(w, x) we find that
by = dp(w, x) = di (K" Y(w,x)) foralln € N.

Let Z = (Y \ Y'). From the above, one has that
Z ={(w,x) : K"(w, x) € Q x S infinitely often}.
On 2 x [0, n/(B — 1)] we consider the completion C of the o-algebra cr(\/?lo:() P.), where
Po={QxE:i=12...n—1JU{QxE":i=0,1,j=12)
U{{w; =i} x Se:i=0,1,£=1,...,n}
and P, = Pyv K '"Pyv---v K" 1Py Itis easy to check that the inverse image under ¢
of an element in P, is a cylinder in X. Thus ¢ is (F, C)-measurable. In fact, if we consider
the o-algebra A on Q x [0, n/(B — 1)] which is the product of the o -algebra on 2 and the
Borel o-algebra on [0, n/(8 — 1)], then the inverse image of any cylinder in A that is not
an element of C is the empty set, hence ¢ is also (F, A)-measurable. Define a measure o

on 2 x [0,n/(B—1)]by p = o '. Then p is K-invariant and p(Z) = 1. Further,
@ is a factor map by the above. We now show that ¢ is in fact an isomorphism.

THEOREM 1. The map

o: Y, F,u,oy) —> <Qx [0, %]C,p,K)

is a measurable isomorphism.
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Proof. Since ¢ is a factor map, it is enough to show that ¢ : Y \ Y’ — Z is invertible.
To thisend, let ¢ : Z — Y \ Y’ be given by ¥ (w, x) = y = (y;), where

e, if m(K'~Yw, x)) € Ep, forsomel =1,...,n—1,
yi = efj), if (KN w, x)) € El.(j), forsomei =0,n, j=1,2,
sg, ifx (K'Y w,x)) €S, forsomel =1,...,n.

Since K on Z has the same allowed transitions as the Markov chain on Y \ Y’, we see that
y € Y\ Y. We show that ¢(y) = (w, x), and hence v = ¢~!. To this end, notice that
if ny < np < --- are the indices for which y,, = s, for some £ € {1, ..., n}, then by
construction 7 (K"~ (w, x)) € S¢ and hence

£

, ifw =1,
(K" (w, x)) € { (()1) @
E
n »

ifw; =0,

i.e.

e, ifw; =1,
Yni+1 = .
" eV, ifw; = 0.

Suppose that ¢(y) = (0*, x*), then

= )

. 1
* 11 1f)7n,+1 _e(())v
01 1f)7n,+1 =€,

and we see that @ = w*. If b; denotes the ith digit as defined in (2.1), then by Remark 3
b; = di(w*, x*), and by construction

7, if 7(K'~'(w,x)) € Ej, j=0,1,...,n
bi = or (K'Y (w,x)) € S;, andw; =1, j=1,...,n,
j—1, ifr(K'"Yw,x)) eSjandw; =0, j=1,...,n

from which b; = d;(w, x) = d; (0*, x*), and we see that

o >0 bi Zd,(a) x)
i=1 ﬁl

Hence ¢(y) = (w, x) and thus ¥ = ¢~!. This proves that ¢ is invertible. O
Remark 4. In the case k = 1 the above proof needs some small adjustments. Let
?©® =0,1,0,1,...),and 9 = (1,0, 1,0,...). Note that fori = 1, ..., n one has
that

i i
y(l) _(Slaei'hslaen’sla"')eY\Y/ and (p(y(l)):<l?(0)7 E>~

However,

9O LY _ Y
v ’,3 (Sis Sns S15 80,81, ...) €Y.
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D 7= 3] 5 S Bm-

FIGURE 4. The greedy and lazy maps and their switch region S, in the case " = B+ 4 B+ 1 (here
n=>5).

Similarly,

. i — 1
79 = (si,e0,51,€0,51,...) €Y\ Y and ¢(z") = <ﬁ(1), nyl! ) ’
’ BB—1 B

1//15‘(1) n +i—l = (Si, S1, Sn, S1, S, YEY
’13(13_1) ﬁ - 59159155158, - - i

Hence, for the proof that ¢ is invertible we need to remove from Y \ ¥’ all points whose
orbit under oy eventually equals y® or z() forsome i = 1, ..., n, and their corresponding
images under ¢ in Z (this is a set of © measure 0).

If one calculates the entropy of the Markov chain Y (and hence the entropy of K) one
finds that for k = 1

log p; + (1 — p;)log(1 —pl)
1+ B2

ho(K) =logp -3 2
i=1

2.2. Thecase " = B"'+...+B+1,n>2. (SeeFigure 4.) First notice that the case
n = 2, which is the case when § equals the ‘golden mean’, has already been dealt with in
the previous section. Therefore, throughout this section we will assume that n > 3. It is
easily checked that one has | 8] = 1. In this case we have one switch region

S_[i #}
LB BB-D ]
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which is mapped under the greedy map 7j to the interval [0, 1/(8"(8 — 1))], which is a
subinterval of [0, 1/8). Further, fori =0, 1, ..., n one has that

(e =a]) s
BB —1 BB -1

(o) =
BB —1) BB —1)

Notice that

Let
o F@s) v=lme—v5)
Li=|0,—), L=|———""7>-,—-],
B (B —1) BB —-1)" B
1 1 .
Li:|:,3"—"+2(,8—1)’,3"—"4‘1(;3—1))’ fori=2,...,.n—1,
and

1 1 1 1
m=(15m] 2= (oot
B—1 "T\BB-D' B B
1 1 1 1 for i
R; = E+"'+W,E+"'+W , fori=2,...,n—-1,
then, under the greedy map T we have

Tg(S) = L1, Tp(L1)=LiULy, Tp(Lj)=Lis1, i=2,...,n-2,
Tg(Ly—1) = Ly US, Tg(Ln) = RoU---URy,

and under the lazy map Sg we have

Sp(S)=Ri, Sp(R) =RIURy, Sp(R)=Rit1, i=2,....n=2,
Sg(Ry—1) =R, US, Sg(Ry)=LoU---UL,.

Motivated by this, we will study the following Markov chain in order to study the
dynamics of the map K. Consider the Markov chain with state space

{61, 82, ..., Ly, 8,1yt ..., 11}

and transition probabilities

1 B—1
Deyey = E = Priry = Plury = Proty>s Pty = T = Prirp>
peiei+]=1:priri+l’ i=2,...,n—2,
p—p 1 2 —
penflen = ﬁ = prnflrn’ penfls = ﬂ _ 1 = prnfls
and
= P = | =2 1
pellri_ﬁn,i+](ﬁ2_ﬁ_l)_prneﬂ l=4,...,n— 1.
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The stationary distribution w = (¢, ..., my,, s, Tr,, - - ., Tr,) is given by
B—1
Ty = 7’3n+1 — n’
DB
o, = Firl g
_(d-=pB
ry — IB"'H _ I’l’
L B =B-Dp+p D
o= BB+ —n) ’
_ _B-B-DE" -p
BB —n)
pIBi—l(,Bn—H-l _ 1) +,3n(,3i—l _ 1)
Ty, = ’ = 27 ,n— 11
| BT —n)
and - - -
A Vi (Al VI
Ty = , 1=2,....,n—1
’ BB+t —n)
Ifp= %, then one gets my, = m,, 1 = 1,2, ..., n, as expected.

Let Y be the set of all sequences generated by the above Markov chain, oy be the left
shift on Y, and let u be the invariant measure generated by P and w. As in the previous
case, for each y € Y we associate a point

5]
xe |0, ——
B—1

0, ify;=¢;forsomei=1,...,n

as follows. Define

ory, = s and yjy1 = rq,
1, ify;=riforsomei=1,...,n
ory; =sand yj+] = £y,

and set

N 2)

o0
x=2
i=1

xe[O,;]
B—1

To show that the random expansion under K can be symbolically described by the above
Markov chain, we consider a map

=

so we have that

1
@Y—)QX[O,ﬁ}

defined almost everywhere as follows. Let

Y ={y=(y1,y2,...) €Y :y; =s for finitely many i’s}.
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Fory = (y;))2, € Y\ Y’,denote by n; < ny < --- the indices for which y,, = s. Setting

| =

1, if ypq1 =41,
0, if yp41 =11,

then w = (w1, w2,...) € Q. Now define ¢(y) foreach y € Y by ¢p(y) = (w, x), with
x given by (2.2). Let C and p be defined as in the case 82 = nf + k. Then we have the
following theorem.

THEOREM 2. The map

1
(p : (stvﬂsaY) - <Q X [07 F} 7cvpsK>
is a measurable isomorphism.
The proof that

1
o: Y, u,oy)—> <Qx I:O,ﬁ]p,l(>

is a measurable isomorphism, with p = i o ¢!, is similar to the case 8> = np + 1.

In this case, v is not the inverse of ¢ at the points (0", 1/8(8 — 1)) and (0 ?, 1/8), with
0@ = @i,i,...),i =0, 1. To see this, observe that the sequence

a:(S1E11£21"'1En717s7£11"'7Zn717s7"')

belongsto Y \ Y’ with

1
pla) (w ’/3(/3—1))’

while
1
I//(a)(l),i) =(5,02,03, ..., 8n, 5,00, ... . Uy,s,...) &Y.
BB —1) " "
Similarly,
B= (S, 1,72 s a1y Si Ly eeey 1, 8,...) €Y \Y,
with
0@ = (0. 5)
B

while

1/[(0)(0) l):(sr2r3 Tn, S, I Tn, S )¢Y.
’ﬂ ’ ’ seeestny 8572500y Ppy 8y .e .

So apart from Y’ we need to remove from Y all points whose orbit under oy eventually
equals « or B, and their corresponding images in Z.
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2.3. Final remarks. The approach of the previous sections also works for many 8 > 1
for which the expansion of 1 in base § is either finite or eventually periodic. For example,
if = %(3 ++/5) = 2.6183.. ., one has that the greedy expansion of 1 in base 8 is given
by
1—2+1+1+1+ +1+
g B B B" '
Setting g = %(—1 ++/5) = 0.6183...,G = g + 1 and hencet g = G> = G + 1, one
finds that there are two switch regions
1
lzl:—’i}:[gz,l‘»g—z] and S2:|:
B BB —1)
and three equality regions:
Eo=10,¢%, E;=(4g—2,2¢%) and E»=Eg = (3g—1,2gl.
As in §2.1 we need to subdivide Eq and E»:

1 2 1 1 2 1
E" =10,2¢ 1), EP =Eo\E" and E{" =(1,2¢], EP =E\E].

2 1 LA]

S| =[2¢%3g 1],
ﬂﬂ+ﬂ(ﬂ—1)} 287 3¢~ 1l

E also needs to be subdivided into two equal parts:
¢
E\) =(g—2,g) and E{” =(g.2¢");

note that g is a fixed point under K. As in the previous sections, one can show that the
dynamics of K is isomorphic to a mixing Markov chain. We leave the details to the reader.
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