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A local limit theorem is given for the sample mean of a zero energy function of a
nonstationary time series involving twin numerical sequences that pass to infinity.
The result is applicable in certain nonparametric kernel density estimation and re-
gression problems where the relevant quantities are functions of both sample size
and bandwidth. An interesting outcome of the theory in nonparametric regression is
that the linear term is eliminated from the asymptotic bias. In consequence and in
contrast to the stationary case, the Nadaraya—Watson estimator has the same limit
distribution (to the second order including bias) as the local linear nonparametric
estimator.

1. INTRODUCTION

Consider an array xi ,, 1 <k <n,n > 1 constructed from some underlying non-
stationary time series and assume that there is a continuous limiting Gaussian
process G(t),0 <t < 1, to which xp,;),, converges weakly, where [a] denotes
the integer part of a. For instance, in many applications we encounter quan-
tities such as xx, =d, Ly, where x; is a nonstationary time series, such
as a unit root or long memory process, for which d, is an appropriate
standardization factor. A common functional of interest S, of xi , is defined by
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the sample quantity

n

Sp="Y, 8(CnXkn), (1.1)
k=1

where ¢, is a certain sequence of positive constants and g is a real integrable func-
tion on R. Such functionals arise in nonparametric estimation problems, particu-
larly those involving nonlinear cointegration models, where the underlying time
series xj are nonstationary, g is a kernel function, and the secondary sequence c;,
depends on the bandwidth used in the nonparametric regression.

The limit behavior of S, in the situation where [°0 g (s)ds # 0 was stud-
ied in Wang and Phillips (2009a), where it was shown that when ¢, — oo and
n/c, = o0,

Cn o0
—Sn —>D/ g(x)dx Lg(1,0), (1.2)
n —00

where Lg(t,s) is the local time of the process G () at the spatial point s,
defined in the following section. When the function g is a kernel density, the
limit (1.2) is simply the local time of G at the origin. This limit may be recentered
at an arbitrary spatial point s by using g (cn (xk,n - s)) in place of g(c, xk,,) in
(1.1). Jeganathan (2004) investigated the asymptotic form of similar functionals
when xy , is the partial sum of a linear process. For the particular situation where
CnXk,n 18 a partial sum of independent and identically distributed (i.i.d.) random
variables, related results were given in Borodin and Ibragimov (1995), Akonom
(1993), and Phillips and Park (1998). Results of the type (1.2) have many statisti-
cal applications, especially in nonparametric estimation—see Wang and Phillips
(2009a, 2009b).

The present work is concerned with developing a limit theory for the sample
function S, in the zero energy case where [°°_ g (s)ds = 0. Such cases are impor-
tant in nonparametric regression and appear in the analysis of bias and in deriva-
tive estimation problems. In bias analysis, e.g., we need to consider functions of
the form g (s) =sK (s), where K (s) is the kernel function used in nonparametric
estimation, and then [ g (s)ds =0 when K is a symmetric function. Interestingly,
in this case it turns out that for nonstationary time series, the expression for the
bias in the limit theory involves no linear term in the bandwidth, in contrast to
the stationary case. One consequence of this change in the limit theory is that the
local level (Nadaraya—Watson) estimator has the same asymptotic distribution in-
cluding the bias correction as that of the local linear estimator in nonstationary
cointegrating regression. These issues are explored in Section 2 (see Remarks 2.5
and 2.6 for details). Similarly, in nonparametric derivative estimation, we need
to deal with functions such as the kernel derivative g (s) = K’ (s), which again
have zero energy when K is symmetric. Theorem 2.1 shows that the limit theory
for S, in (1.1) differs from (1.2) when g has zero energy in terms of both rate of
convergence and the limiting process.
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2. MAIN RESULTS
Let {;, j > 1} be a linear process defined by

&= P&k 2.1
k=0

where {€;, —00 < j < oo} is a sequence of i.i.d. random variables with Eeg =
0, Eeg = 1, and characteristic function ¢(r) of € satisfying [°°_ | (t)|dt < oo.
Throughout the paper, the coefficients ¢, k > 0, are assumed to satisfy one of the
following conditions.

Cl. ¢p ~k=# p(k), where 1/2 < u < 1 and p(k) is a function slowly varying
at oQ.

C2. 3% 1dx| < 00 and ¢ = Y2 ¢ # 0.

Put x; = 2;21 ¢&; and let g(x) be a Borel measurable function on R. As dis-
cussed earlier, the present paper is concerned with the limit behavior of sample
functions of the form Y} _, g(xk/h), when n — oo, h =h, — 0, and g is an
integrable zero energy function for which [°2 g (x)dx = 0.

We start with the following notation. A fractional Brownian motion with 0 <
p < 1on D[0, 1] is defined by

Wp(r) = A(lﬁ) /_Ooo [(t—s)ﬁ_l/z—(—s)ﬁ_lﬂ}dW(s)—i-/Ot(t—s)ﬂ_l/de(s),
where

5= (5 [ [asorrz - as)'"

W(s),0 < s < oo is a standard Brownian motion, and for —oo < s < 0, W(s)
is taken to be W*(—s), where W*(s),0 < s < oo is an independent copy of
W(s),0 <s < oo. Itis readily seen that Wy ,2(t) = W(s) and Wg(z) has a contin-
uous local time LW/} (¢, s) with regard to (¢, s) in [0, 00) x R. See, e.g., Theorem
22.1 of Geman and Horowitz (1980).

Here and subsequently, the process {L(¢,s),t > 0, s € R} is said to be the local
time of a measurable process {¢'(¢),¢ > 0} if, for any locally integrable function
T (x),

/tT[C(S)]ds = /Oo T(s)Ly(t,s)ds, allteR,
0 —00

with probability one.
We now develop a limit theory for the sample function (1.1) in the zero energy
case. Write d,% = Ex,zl. It is well known (see, e.g., Wang, Lin, and Gulati, 2003)
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that

d> ~

n

2.2)

Cu n372# p%(n), under C1,
¢2 n, under C2,

where ¢, = 1/((1 = u)(3—=2u)) [5- x #(x + 1)"#dx. Setting ¢, = d,/h, we
consider the standardized version

n d, 1/2 »n
( ) /2zg(cnxkn)—<) Zg(xk/h)-
n h P

Our main result is as follows.

THEOREM 2.1. Assume that [le@®|dt < oo, [|g()|dt < o0 and |g(t)| <
C min{|¢|, 1}, where g(x) = [€'™*g(t)dt and C is a positive constant. Then, for
any h — 0 (h*logn — 0 under C2) and nh/d, — oo, we have

(dl)l/z i g(xk/h) Sp TNy 2, 2.3)

nh P}

where 1% = Ik g%(s)ds, N is a standard normal variate independent of v (t), and
for 0 <t <1, the process y (t) is defined by

LW3/2_;, (t,0), under C1,
y(t) =
Lw(t,0), under C2.

Remark 2.1. The conditions on g(x) imply [ g(x)dx =0and [ g?(x)dx < ooc.
Indeed it follows by dominated convergence that

/g(x)dx = /lim e g(x)dx =1lim g(t) =0
t—0 t—0

On the other hand, [ g%(x)dx = 2z)~! [8%(x)dx < 2n)~! [1g(x)|dx [|g(x)]
dx < oo. This fact will be used in the proof without further explanation. Inte-
grability of g(x) is a mild condition, and |g(¢)| < Cmin{|t|, 1} is implied by
JA+1xD]gx)|dx < co. Many commonly used functions, such as the normal
kernel function or functions having a compact support with [ g(x)dx = 0, sat-
isfy the conditions on g(x) in Theorem 2.1. These conditions are particularly
convenient for our proofs. More direct conditions such as [g(x)dx =0, [(1+
[x])]g(x)]dx < oo, and fgz(x)dx < oo might be imposed on g, but it is not clear
whether these are sufficient for our results.

Remark 2.2. If [ g(t)dt # 0, the limit behavior of ¥}_, g(xx/h) is quite dif-
ferent and involves a different rate of convergence. It has been proved as a corol-
lary of a more general result in Wang and Phillips (2009a) that
d n
i 2 8(w/h) >0 () [ s,
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Jeganathan (2004) and Borodin and Ibragimov (1995) provide related results for
such sample functions. The latter monograph investigated the limit behavior of
i1 8 (xk / h) under more general settings on g (x), but required x, to be a partial
sum of i.i.d. random variables.

Remark 2.3. Assume that ¢g =1 and ¢; =0, j > 1. In this setting, x; = Z§=1 €;
is a partial sum of i.i.d. random variables, and d,% = n. Under some conditions on

g(x) that are similar to those in Theorem 2.1, Theorem 4.3.3 of Borodin and
Ibragimov (1995) established that

(‘i )1/2 i (x) = p o/ NLY?(1,0), 2.4)

Where R |g(x)|2[1 +232, o*(x)]dx with ¢(t) = Ee!"“. Note that

= [g?(x)dx = 2” e © 18(x)|?dx in (2.3), which is related to z/2. But there
is an essential difference between (2.3) and (2.4). In particular, (2.4) is only a
partial invariance principle because the limit involves the characteristic function
p(t) = Ee'’€0 of the innovations in x; and so the constant 7’ in (2.4) is dependent
on this distribution. The reason underlying the difference between (2.3) and (2.4)
is that the sample autocovariances of the summand in (2.3) satisfy

== Y g(xx/h)g(x1/h) = Op(h).

nh 1<k<l<n

See the proof of Proposition 3.3. Hence J,, = op (1), when & — 0, and so J,, does

not contribute to the limit behavior of () 12 >¢_18(xx/h). The extension of
(2.4) to linear processes can be found in Jeganathan (2008). Our proof is different
from Jeganathan (2008), and the presence of the bandwidth sequence / seems to
simplify the limit theory.

Remark 2.4. If | fj (x)| and fl.z(x), Jj = 1,2, are Lebesgue integrable functions

on R with 71 = [ fi(x)dx # 0 and 72 = [ f2(x)dx # 0, in addition to the result
(2.3), we have

wh k=1g k/h)s P \x/n), P 2 Xk
=D {TNW'/z(l), ay(l), o w(l)}, (2.5)
where the notation — p is defined as in Section 3.2. As a direct consequence of

(2.5), we have the following corollary, which provides a self-normalized result for
additive functionals of random sums.

COROLLARY 2.1. Assume that f[lg(()l +g*(0)]dt < oo, [|§(t)|dt < oo,
and |g(1)] < Cmin{|t|, 1}, where g(x) = [ €' g(t)dt and C is a positive constant.
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Then, for any h — 0 (h*logn — 0 under C2) and nh/d, — oo, we have

EZ:1 g(xk/h)
Yi—18%(x/h)

—p N(0,1). (2.6)

Remark 2.5. Result (2.5) is also useful in nonparametric bias analysis related
to nonstationary cointegration regression. To illustrate, consider the following
nonlinear structural model of cointegration:

yl:f(xf)+u19 t:192>"'3n5 (2.7)

where u; is a zero mean stationary equilibrium error and f is an unknown func-
tion to be estimated with the observed data {y;, x;}}_,. The conventional kernel
estimate of f(x) in model (2.7) is given by

_ i1 Y Kn(xr —x)
?:1 Kp(x; —x) ’

f) (2.8)
where Kj(s) = (1/h)K (s/h), K (x) is a nonnegative real function, and the band-
width parameter 4 = h, — 0 as n — oo. Under certain conditions on f(x), u;,
and £, it is shown in Wang and Phillips (2009a) that

nh®)* (f(x) = f(x)) > p CoN Ly, *(1,0), (2.9)

where Cy is a constant related to the kernel K (x) and the moment Eu,2 By making
use of the result (2.5), together with some additional smoothness conditions on
f(x), an explicit bias term may be incorporated into the limit theory (2.9). To
do this, we use the following assumptions in the asymptotic development. The
assumptions are similar to those in Wang and Phillips (2009b), but Assumption 3
allows for higher order kernel functions K (y).

Assumption 1. x; = 2}:1 ¢j, where &; is defined as in (2.1) with ¢ satisfying
C2.

Assumption 2. (¢;,7;),i > 1, is assumed to be a sequence of i.i.d. random
vectors. The equation error u; = u(#;, Hr—1, . .., Hr—mo+1) in (2.7) satisfies Eu; =0
and Eu? < oo for t > mg, where u(y1, ..., ym,) is a real measurable function on
R™_ We defineu; =0forl1 <t <my—1.

Assumption 3.

(a) K(x) satisfies that [ K (y)dy =1 and for some p > 2,

/y”K(y)dwéO, /yiK(y)dyZO, i=12,....,p—1

(b) K(x) has compact support.
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Assumption 4. For given fixed x, f(x) has a continuous p + 1 derivative in a
small neighborhood of x, where p > 2 is defined as in Assumption 3.

THEOREM 2.2. Under Assumptions 1—4, we have

(nhz) 1/4

. he f(P) 00 _
f(x)—f(x)—w/_ooy”K(y)dy] b o N Ly (1,0),
(2.10)

provided nh> — oo and nh*™*PTD — 0, where o} = |7 Eul,
I, K2(s)ds.

Remark 2.6. An important distinction between (2.10) and the limit theory for
the case of stationary x; is that the expression for the bias in (2.10) involves only
a term that depends on f(?)(x). In particular, in the important case where p = 2,
there is no linear term (involving f’(x)) in the bias expression. The reason for this
simplification in the limit theory is that in the usual Taylor development for the
bias, the linear term takes the form

= Xy —X

Iazhf’(x)ZH1< fh ) (2.11)
=1

in which Hj (s) = sK (s) is a zero energy function. It follows from Theorem

2.1 that I, = O, (n1/4h3/2) when x; is unit root nonstationary and d, = /n as

occurs under Assumption 1. On the other hand, the quadratic term in the Taylor

development of the bias has the form

h? 1 X —X
Iy=—f" H
b 2JC(X)Z1 2< A )

where H,(x) = x?K (x), which is Op (n1/2h3) from (2.5). Thus, I, is dominated
by I, as n — oo provided nh® — co. On the other hand, when nh® = O(1), both
1, and I}, do not affect the limit theory. Details are given in the proof of Theorem
2.2 in Section 4. By contrast, in the stationary case both 1, and I, are O (nhz),
and then both terms contribute to the bias in the limit theory.

Remark 2.7. The result (2.10) implies that
f@) = fx) = 0p{h® +a,(nh®) ™14, 2.12)

where a,, diverges to infinity as slowly as required. This indicates that a possible
“optimal” bandwidth A that yields the best rate in (2.12) or the minimal E( f (x) —
£(x))? satisfies

h* ~ aargminh{h2 + (nh2)_1/4} ~a'n~ V10,
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where a and a’ are positive constants. This result is different from that of
nonparametric regression with a stationary regressor, which typically requires
h=o (n_l/ 5) for undersmoothing. Investigation of an “optimal” bandwidth & for
nonstationary cointegration regression therefore involves different criteria from
that of stationary regression. We leave this topic for future work.

Remark 2.8. Interestingly, the fact that the linear term in the bias is eliminated
in (2.10) means that in the nonstationary case the Nadaraya—Watson estimator
f (x) defined by (2.8), under Assumptions 3 and 4 with p =2, has the same limit
distribution (to the second order including bias) as the local linear nonparametric
estimator (e.g., Fan and Gijbels, 1996), defined by

fre) = ZwlY/zw,, wi = Kp(xi =) {Vao— (i —x)Vua},  (2.13)

where V,, j = 37 Kj, (x; —x) (x; —x)7.
Indeed, we have the following theorem.

_THEOREM 2.3. Theorem 2.2 (with p = 2) still holds if we replace f(x) by
JE).

Remark 2.9. The local linear nonparametric estimator is popular partly be-
cause of its bias reducing properties in comparison with the Nadaraya—Watson
estimator f (x) defined by (2.8). The present finding shows that this particular
advantage is lost when x; is nonstationary. The other main advantage of the local
linear smoother is the absence of boundary effects when the distribution of x; has
bounded support. However, in the present case, x; is recurrent with unbounded
support, and so this second advantage also does not apply.

Remark 2.10. As pointed out by a referee, a comparison between the
Nadaraya—Watson estimator f (x) defined by (2.8) and the local polynomial esti-
mator with order p > 2 would be interesting. The asymptotics related to the local
polynomial estimator with order p > 2 require more precise results than those of
(2.5). This kind of extra precision in the limit theory is not available at the present
time. So we leave this topic for future work.

3. PROOF OF THEOREM 2.1

Section 3.1 provides some preliminary lemmas. Section 3.2 outlines the proof of
Theorem 2.1. In fact, we provide the proof of the more general joint convergence
result (2.5). Some useful propositions are given in Section 3.3. These propositions
are interesting in their own right. Throughout the section we denote constants by
C,Cy,..., which may differ at each appearance.
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3.1. Preliminaries

Write i = X!_¢, Sk = Sh_gi€i, A} = Xf_gp?, and fi(t) = BelSt/M,
Recalling the properties of ¢;, together with (2.2), simple calculations show that

(1—p) foox #(x+1)"#dx, underCl,
d@Aﬁ~{ 3.1

1, under C2.

Next, because Eeg =0, Eeé = 1, and the characteristic function ¢ () of €q satisfies
2. lo(t)ldt < oo, it follows that, Ve > 0, we may choose A sufficiently large
such that

[ oar <e, 32)
|t|=A

uniformly on k. See, e.g., the proof of Corollary 2.2 of Wang and Phillips (2009a).
Result (3.2) implies the following fact.

FE. Si/ A has a density vi(x), and the vy (x) are uniformly bounded on k and x
by a constant C.

See, e.g., Lukdcs (1970, Thm. 3.2.2). Note that, for any s < m,

mJ
=2 2 €

j=li=—o0
m s m J
=X+ D, D Ghi—it Y, D €idj-i
j=s+1li=—o00 j=s+1i=s+1
=X X s (3.3)

where xs’"m depends only on (..., €51, €) and

m—s
2 261+S¢] i= Z 61 2 ¢j =d Sm —s—1>
j=1i= i=s+1 j=0

where =, denotes equivalence in distribution. By virtue of (3.3), results (3.1) and
(3.2) also imply the following lemma.

LEMMA 3.1. xi/di has a density gr(x) in which the gr(x) are uniformly
bounded over k and x by a constant C, and as k — oo,

1 o0
sup g (¥) —n(x)] < — / 18 (t) — e~/ dt > 0, 3.4)
X 27T —00

where g (t) = Ee'™/% and n(x) = e_x2/2/\/ 2r.
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Proof. By virtue of (3.1) and (3.2), it follows from (3.3) with s = —1 and the
independence of ¢; that

0 0 . 0
/ 8e(n)ldr < / [Eel"/4| dt < C max / | fe(0)]dt < oo, 3.5)
—00 —00 k 00

uniformly on k. This proves that x;/d; has a density gi(x), and the gi(x) are
uniformly bounded on k and x by a constant C. As for (3.4), for any € > 0, by
noting that we may choose A sufficiently large such that

/ Iék(t)ldt+/ e‘fz/zdtsC/ Ifk(t)ldt+/ e 12dr <,
[t|>A [t[=A [t|>A [t|>A

uniformly on k because of (3.2), we have

o0
27 suplge(x) —n(x)| < / 8 () — e~ Pt
X o0

< / 18 () —e "2l d1 + / @ldi+ [ e Pdr < 2e,
|t|l<A [t|=A |t|>A

when k — oo, where we have used the fact that flrlsA | fi (@) — e"z/zl dt — 0, for
any A > 0, as xg/dy —4 N (0, 1). This proves (3.4) and also completes the proof
of Lemma 3.1. [ |

To introduce the next two lemmas, let r(x) be a real function such that
S22, Ir(x)|dx < oo. Define

I
Ik(,sz) =E [r(xé,k/h)r(x;’l/h) exp {i# D Ej/x/ﬁH ,
j=1

k
Y =g [r(x;,k/h) exp {iﬂ )y fj/ﬁ}] ’
j=1

where x;,k is defined as in (3.3) and u is a constant.
LEMMA 3.2.
(i) Elr(x{/h)| < Ch/di—s and
hd;™!
V2r

(ii) Suppose that |7(t)| < C min{|t|, 1} and [|F(t)|dt < oo, where 7(t) = [ e'™*
r(x)dx. Then, foralll —k > 1 and all k > s + 1,

Er(xi/h) —

r(x)dx = o(h/dy). 3.6)

| < Ch [(k—s)"2+h/d2], 3.7)

IS < Ch[U—k) 2 +h /dy] [(k —5) 72+ h/dk—s} : (3.8)
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Remark 3.1. The constant C in Lemma 3.2 depends on r (x) through [ |r(x)|dx
and [ |7 (x)|dx. This implies that, if

sup </|r(x)|dx+/|f(x)|dx) < o0,

r()eQ
where Q is a set of functionals, then Lemma 3.2 holds true uniformly on r () € G.

Proof. The first part of result (i) follows from fact F. It follows from Lemma 3.1
that
-1

hd
Er(xk/h)—J;_n/r(x)dx

<hde™" [ 1rCollguCeh/d) = 1/32x | d

<nde™" [ 1rCol(|enCen/do) = nGeh /)|
| (xh /di) = n(0)] ) dx = o/ k),

which gives the second part of result (i).
We next prove result (ii). We prove (3.8) with s = 0 because the proofs of (3.7)

and (3.8) with s # 0 are the same and so the details are omitted. For convenience
of notation, write x;’ = x(, and [y ; = I(Ol). As [|F(t)|dt < oo, we have r(x) =

5 [ e ¥7(t)dt. This yields
l
I =E [r(x,/(//h)r(xl”/h) exp {i,u D q/ﬁ}]
j=1

= s [ [B{ermim et S 7 Garan
T

Define 25:1{ =0if [ <k and put a54 = 3,77 ¢;. Without loss of generality, as-
sume that ¢g # 0. Indeed, if ¢p = 0, we may use ¢, etc. Because

1 g k -1
x'= quz pi=(2+ 2 €qal,q + €10,
g=1 j=0 g=1 g=k+1
it follows from independence of the ¢ ’s that

1 . ‘
1 < G | B {elze)/h}

[F(D)IAQ, k)dA, 3.9

where A(1, k) = [ |E{e™" /M Y| |7 (1)l dt,

k
V= D eq(Rarg —tagg+uh/vn),
g=1
~1
D=3 e (lag+uh/n).

q=k+1
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As n can be taken sufficiently large so that u/./n is as small as required, we
assume u = 0 in the following proof for convenience. We first show that, for all 4,

AQLk) < C (K724 h/dy). (3.10)

To estimate (3.10), write Q; (€, respectively) for the set of 1 < g < k/2 such
that |Aa; g —tagql > h (|haiq—tagg| < h, respectively), and

— 2 _ _ 2
B = 2 jc 4> B = 2 ajqaky and B3 = 2 aj 4
qe qe qeQ

By noting that

3.11)

‘as’q’ - ?, under C2,

s—q
Y, ¢
j=1

{C(s —¢)'""p(s—¢g), underCl

as s — g sufficiently large, it is readily seen that

Ck>2“p2(k), under Cl
>
"= ek, under C2,

whenever #(Q) < \/Iz and k is sufficiently large, where #(A) denotes the number
of elements in A. On the other hand, there exist constants y; > 0 and y, > 0 such
that

. e g > 1,
|[Be' '] < ) (3.12)
e 72" if |t <1,

because E¢; =0, Ee% =1, and € has a density. See, e.g., Chapter 1 of Petrov
(1995). Also note that

Y (ajg—tayy)* = A*By—24t By+1* By = By (t — .B2/By)*
qed
+12(By— B3/B1) = Bi(t— B2/ B1)?,

because 322 < B B3, by Holder’s inequality. By virtue of these facts, it follows
from the independence of ¢, that

k/2
‘Eeiw(l)/h < H ’EeiEl(ia],q—ldk,q)
=1

q

<exp {— P#(Q1,) — y2h 2 Y (Gag — tak,q)z}
qedy

<exp {— P1#(Q1n) — 72 Brh ™2t — /132/31)2},
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where W) = 2];/:21 €q(Aaj 4 —tag,). This, together with the fact that z(V) =
w4 2’;=k/z+1 €,(Aay 4 —tag 4), yields that, for all 4,

NGB = [[[B{e™ Iy

|7 (2)|dt

<

e_yl#(gl)|f(t)|dt+/ e—}'zBlh_z(t—“?z/Bl)2 dt

/#(91)2\/1; #Q)<vk

5Ck_z/lf(t)ldt+/e_yzBlh_ztzdt

< C(k™2 +h/dy),

as required.

We now turn back to the proof of (3.8) for s = 0. Recall that we may assume
u = 0 for convenience as earlier. By virtue of (3.9) and (3.10), it suffices to show
that

i ::/|Ee“¢061/h|‘E{e“fqllwlfq%/”} 7 (1) d2

< Ch[U=k)2+h/dr], (3.13)

for [ —k > 1. First notice that, for any J > 0, there exist constants y3 > 0, y4 > 0,
and kg sufficiently large such that, for all s > kg and g < s/2,

=357 p(s) .
Eeiellax)q/h’ < e 5 if M,| > 6/1,
= e_y4s2(1_”)p2(s))»2/h2’ if |/1| < 5}1’
under C1, and
: e, if [4] > oh,
Eezeliax)q/h’ < o
e A |4 < 6,

under C2. These facts follow from (3.11) and (3.12) with a simple calculation.
Hence, because p(.) is a slowly varying function, whenever [ — k > ky,

E{e"" Syir1 €qaig/h | < 2 |Beica o/

e~ 73(U=k) if || > oh,
Now, using |#(¢)| < C min{|¢|, 1}, we obtain that, whenever [ —k > ko,
I < C = 73—k h(I=k) |Eei/1¢0q/h‘d/1+c/ ‘ |/1|e_)’4dlz—k’{2/h2dj,
21> 6h 111 <oh

< Clh(U—k) 2 +h*/dl ],
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where we have used the fact that flEe“‘lldl < 0o. This gives (3.13) for [ —
k > ko. The result (3.13) for [ — k < kg is obvious, because, in this case,

Ly < C/}Ee’““‘l/” |dA < CI3h(l—k)~2.

The proof of Lemma 3.2 is now complete. u

3.2. Proof of (2.5)

First, it is convenient to introduce the following definitions and notation. If a,(ll),
oc,(,z),. e oc,gk) (1 < n < 00) are random elements of D0, 1], we will understand

the condition

(oc,(ll), a’(12), e a,gk)) D (a(()é), a(()%), ety agé))
to mean that for all ag)), a(%), e, a(()]é)-continuity sets A1, A, ..., Ax

P(oc,(Ll) eAl,a,(lz) GAQ,...,a,(lk) eAk) - P(ag)) €A1,a(%) eAz,...,ocg;) eAk)

(see Billingsley, 1968, Thm. 3.1; Hall, 1977). The term D[0, 1]" will be used to
denote DI[0, 1] x --- x DJ[O0, 1], the k-times coordinate product space of D[0, 1].
We still use = to denote weak convergence on D[O0, 1].

To prove (2.5), we use the following lemma, whose proof is the same as in
Wang and Phillips (2009b). Also see Borodin and Ibragimov (1995).

LEMMA 3.3. Suppose that {F};>0 is an increasing sequence of o -fields, q(t)
is a process that is F;-measurable for each t and continuous with probability one,
Eq%(t) < 00, and q(0) = 0. Let w(t),t > 0, be a process that is nondecreasing
and continuous with probability one and satisfies y (0) = 0 and Ey>(t) < oo. Let
&l . e Em be random variables that are Fy-measurable for each t > 0. If, for any
i 20,j=12,...,r,andany0 <s <t <ty <t <--- <ty <00,

E(e_ZJr'=l7-/'["’0-/)_‘/’('1“)] [q(1) —q(s)] |ﬂ) =0, a.s.,

E(em @Dl [g () — ()P~ [y () = w1} | K ) =0, aus.

then the finite-dimensional distributions of the process (q(t),¢1, ..., En)i>0 coin-
cide with those of the process (W[y (t)],&1, ..., Em)r>0, where W (s) is a standard
Brownian motion with EW?(s) = s independent of v (1).

By virtue of Lemma 3.3, we now obtain the proof of (2.5). Technical
details of some subsidiary results that are used in this proof are given in the
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next section. Set
. WAt
Cn(tal)zi €k l/lln(t)zi fl xk/h s
Vi S nh (o

d, [nt]
won(t) = o Y fa(xx/h),
k=1

d, 1/2 [nt] d, [nt] 5
k=1

nh =
forO<t<land0 <! < 0.
We will prove in Propositions 3.1 and 3.2 that &, (z,]) = ¢(t,1), for each 0 <
I < oo, where ((t,1) = W(t) — W(=1), yn(t) = 2y (1), and yj,(t) = 7; w (1),
Jj =1,2,0n D[0, 1]. Furthermore we will prove in Proposition 3.4 that {#, (#)},>1
is tight on D[0, 1]. These facts imply that, forany 0 <[y <[} <--- <[l,s < 00,

{7’In(t); l/’n(t); l//ln(t)s Q//Zn(t): (n(t;IO),---’(n(tslr’)}nzl

is tighton DI[O, 1] "+4 Hence, by Prohorov’s theorem (see Billingsley, 1968, Sect.
6), for each {n'} C {n}, there exists a subsequence {n”} C {n’} such that

{”ﬂ”(t)’ t//n”(l‘), V/lrl”(l)a V/Zn’/(])a Cn”(t,lO)a s an”(talr’)}

—a {n@), 7w @), iy ), oy (), 0,1, ..., (t,1)} (3.15)

on D[0, 11" **, where n(t) is a process continuous with probability one by noting
(3.28) later in this section. Write F; = o {¢(¢,1),0 <t < 1,0 <l < 00;#(t),0 <
t < s}. Itis readily seen that F; T and #(s) is Fs-measurable for each 0 < s < 1.
Also note that y (¢) (for any fixed ¢ € [0, 1]) is Fy-measurable for each 0 < s < 1.
If we prove that forany 0 <s <7 < 1,

E([n(z)—n(s)} |.7-‘S> =0, as., (3.16)

E({tr) = 1P -y v 1} | ) =0, as, @3.17)

then it follows from Lemma 3.3 that the finite-dimensional distributions of {iy(t),
1w (1), 72 (1)} coincide with those of {t N w!/2(t), 71 w(1), 72 w(1)}, where
N is a normal variate independent of y!'/2(r). The result (2.5) therefore follows
because {n(z), (1), t//(l)} does not depend on the choice of the subse-
quence. See, e.g., Theorem 2.3 of Billingsley (1968).

Let0=1 <t <--<t,=1and0=1y <!y,...,l < oo, where r and r’
are arbitrary integers, and G (e) be an arbitrary bounded measurable function on
RIHCHDE D To prove (3.16) and (3.17), it suffices to show that

E[n(t) —n(t;-1)1G(---) =0, (3.18)

E{ln(t)) — n(ti—)1* = [y () — y (tj—1)1} G(---) =0, (3.19)
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where G(---) = Gn(t),...,n(tj-1); (o, lo), ..., (t0, )55 (85 0)s .0
C(t}’a lr’)]-

The result (3.15) (for convenience of notation, we assume that the sequence
{n”} in (3.15) is just {n} itself), together with the uniform integrability of 7, (¢),
;73 (), and y, (r) for each 0 < ¢ < 1 (see Proposition 3.3), implies that the state-
ments (3.18) and (3.19) will follow if we prove

El#,(tj)) — nu(tj—1)1Gp[---1= 0, (3.20)

E{[’?n(tj) - Un(tj—l)]z —[wn(t) — wn (tj—l)]} Gul---1—-0, (3.21)

where Gul---1 = Gl (t0), ..., 1a(tj=1); & (t0,10), .., G (t0, L) o5 G (8, Do),
s Cn(tr,10)] (see, e.g., Billingsley, 1968, Thm. 5.4).

Note that, by using similar arguments to those in the proofs of Lemmas 5.4 and
5.5 in Borodin and Ibragimov (1995), we may choose

j—1 ror
G(e) = exp{i ( PIIATEDID ﬂksst> }
k=0 k=05=0

and simple calculations show that

Z At (k) + Z Z PiesCn (ks Ls)

k=0s=0

= 2 A (tx) + 2 Z HsCn (ties Is)
= =0s=0

[ntj_i] [nti]
22/%( Y et Y 6u>
k Jjs

u=—[nlg] u=[nfj_1]+1
1 [n1] [nk]
ZX(tj—l)‘Fﬁ#; 2 2 zﬂks 2 €u,
u=[nt;_1]+1 k=j+1s= u=[nt;]+1

where y(s) = y(...,€5—1,€5), a functional of ..., €;_1,€5, and y;‘ = ercz/'

Z?lzo Iks- By independence of €;, we now only need to show that

[nt;] - [nt;] .
E{ )y g(xk/h)e’”f“/ﬁ)zk’['"f-”*‘“w(tj_l)}

k=[ntj_1]1+1
h\1/2
- {(Zz) } (3.22)
n
5 oW S ek G-
E Y s/l = ¥ /b e’ klntj 1 KT
k=[ntj_1]+1 k=[ntj_1]+1
h
- 0<Z)' (3.23)
n

https://doi.org/10.1017/50266466610000277 Published online by Cambridge University Press


https://doi.org/10.1017/S0266466610000277

ASYMPTOTIC THEORY FOR ZERO ENERGY FUNCTIONALS 251

Furthermore, by independence of €; again and conditioning arguments, it suffices
to show that, for any g,

m
oup E{ )Y g(y+x;’k/h)ew21-"=lei/ﬁ}

y,0<s<m<n k=s+1

=0 {(’Z‘)”z] , (3.24)

&z 2 m
sup E({ 2 g(y+x;,k/h)} — Z g2(y+x;’k/h)> e"“zi=15i/\/ﬁ

¥,0<s<m<n k=s+1 k=s+1

_ 0(’;}’> (3.25)

where x{ ; is defined as in (3.3). This follows from Proposition 3.5. The proof of
Theorem 2.1 is now complete.

3.3. Some Useful Propositions

In this section we will prove the following propositions required in the proof of
theorem 2.1. Our notation will be the same as in the previous sections except when
explicitly mentioned.

PROPOSITION 3.1. We have, for each 0 <1 < oo,

[nt] _
G, D)= ¢(t,l) and ()= di Y, xk = W() onD[0,1], (3.26)
n k=1

where W(z‘) = W3/24(t) under C1 and W(t) = W (t) under C2.

Proof. The first result of (3.26) is well known. The second result in (3.26) can
be found in, e.g., Wang et al. (2003). |

PROPOSITION 3.2. For any h — 0 and nh/d,, — oo, we have
wa(1) = 12w () on DI[O,1]. (3.27)
Similarly, we also have
yin@) =ty @),  ya@)=ny@) onD0,1]

Proof. We only prove (3.27). It suffices to show that

(a) the finite-dimensional distributions of y, (¢) converge to those of 2 w(t);
(b) {wn(?)}n>1 is tight on D[O, 1].
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Statement (a) has been established in Jeganathan (2004) (also see Wang and
Phillips, 2009a). We will use Theorem 4 of Billingsley (1974) to establish state-
ment (b). According to this theorem, we only need to show that

max g2 (xe/h) = op(nh/dy), (3.28)

and there exists a sequence of a,, (¢, J) satistying lims_ ¢ limsup,,_, o ax(€,0) =0
for each € > 0 such that, for

0<n<n< - <ty <t<l, t—ty <0,
we have

Pllyn(@) = yn(ta)] = € | w0, yn(12), - yu(tm)] < an(€,9), as. (3.29)

To prove (3.28), by noting that, for all € > 0,

P( max g>(xi/h) > eznh/dn)
1<k<n

n
=P ( Z gz(xk/h)lgz(xk/h)zeznh/dn > Eznh/d,,> ,
k=1

it suffices to show that, for all € > 0,

J

d n
j DBk / M (g2 s myze2ni gy = 0()- (3.30)
k=1

In fact, by recalling that xi /dy has a uniformly bounded density g (x) by Lemma
3.1, we have

d n
J=—2 / 8* (i) W12 (xay /1y =2 fa,) 8L dx
k=1

d, & 1
< c— Z ;/gz(x)lgz(x)zeznh/dndx =o(l),
n k=1 %k

where we have used the fact that ‘fT"ZZ:l ﬁ = O(1) and fgz(x)lgz(x)zéznh/dn

dx =o(1).!
We next prove (3.29). It follows from the independence of ¢, and (3.3) that
[n1]
sup P< Z gz(xk/h) > enh/dy | €], €tns)—1, - - ) < an(€,0), (3.31)
[t—s|<6 k=[ns]+1
where

[nt]

an(€,0) =€ [dy/(nh)] sup EY g*[(y+x(4)/hl.
y,0<t<0 k=]
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The result (3.29) will follow if we prove lims_, o limsup,,_, , @ (€, ) = 0 for each
€ > 0. In fact, by letting r(x) = g?(y/h +x), we have [r(x)dx = [ g>(x)dx <
oo uniformly on y € R and h. Hence it follows from part (i) of Lemma 3.2 (also
recall Remark 3.1) that, for all € > 0,

d,, 19l
an(€,0) <Ce ' =Y a7t >0, (3.32)
n k=1

first n — oo and then J — 0, as required. The proof of Proposition 3.2 is
complete. u

PROPOSITION 3.3. For any fixed 0 <t < 1, 1,(¢), n,zz(t), and y,(t), n > 1,
are uniformly integrable.

Proof. We first claim that, for each fixed ¢,

Ey,(t) = t>Ey(1), asn— oo. (3.33)
In fact it follows from (3.6) with r(x) = 2()c) that, for each fixed ¢,
dy 2 d,
E t_— Eg“(xk/h) ~ — — » d;
‘/’n() Z 8 ( k/ ) \/E Z k
N 72 o= 1/2tu 172 under Cl,
V2m | $e/2, under C2,
=72Ey(1).

By virtue of (3.33), together with Proposition 3.2 and the fact that yy () is posi-
tive, it follows from Theorem 5.4 of Billingsley (1968) that yy (¢) are uniformly
integrable for each fixed ¢.

To prove the uniform integrability of n,zl (¢) for each fixed ¢, we first show that

sup Ely, (1) = m (1) = o(1). (3.34)

0<r<l1

To prove (3.34), let r(x) = g(y/h+x) and 7 (1) = [ r(x)dx. It is readily seen
that (1) = [/ g(y/h+x)dx =e /" g(¢) and [ |r(x)|dx = [|g(x)|dx < oco.
Furthermore, [ |F(4)|dA < [|g(A)|d4 < oo and

()] < 1g(®)| < Cmin{Jz], 1}.

That is, the conditions on r(¢) in part (ii) of Lemma 3.2 hold true uniformly for all
y € R and A. It now follows from (3.8) (recall Remark 3.1) withu =0 and s =0
that, foralll —k > 1,

sup |E{g[(y+x02)/h] g[(y+x5,)/n]}

< Ch[U=k)2+h/diy] (K> +h/dy). (3.35)
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Hence, by noting that

2dy
Bl () =yl <=2 3 [E[gCu/m)gCa/m]l,
N <k <i<[ne]

and recalling (3.3), we obtain that

d
sup E|V/n(t)_77r2¢(t)|572 > sup|E{g[(y+x0.)/h] g[(y+x0,)/h]}]|
0<t<1 Ny ck<i<n Y
dn < -2 o —1
<=(C+h Y d")(C+h Y d;
n k=1 k=1
h, under C1,
<
h+ h? logn, under C2,

which yields (3.34), because 7 — 0 (h? logn — 0 under C2).
By virtue of (3.34), for any A > 0 and fixed ¢, we have

[Enn () 1,20054 —Byn(O) 1200541 < sup Ely, (1) = ()] = o(1).
0<t<l1

This, together with the fact that
By (2054 EWnI, oo z+YVAPO @) > A)
<Eyn(D1, 4)oyz+ A" ?Byn()+o(1),
implies that
Jim_ sup En? Ol@za < Jim sup [Evn1,, )5zt AT By, ()] =0,
where we have used the uniform integrability of , (¢). That is, #2(¢) is uniformly

integrable. The integrability of #,(¢) follows from that of n,%(t). The proof of
Proposition 3.3 is now complete. u

PROPOSITION 3.4. {3,(t)}ns1 is tight on D[0, 1].

Proof. As in the proof of Proposition 3.2, we will use Theorem 4 of Billingsley
(1974) to establish the tightness of #,(z) on D[0, 1]. According to the theorem,
we only need to show that

max |g(xi/h)| = op[(dy/nh)V2, (3.36)

and there exists a sequence of a), (¢, J) satisfying lims_,o limsup,,_, o, &, (€,5) =0
for each € > 0 such that, for

O0<n<n<--<ty<t<l, t1—1y<9,
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we have

P[Mn(’)_']n(tm” > €| (), 77;1(’2)a---,77n(tm)] < a;l(esé)s a.s. (3.37)
The result (3.36) has been proved in (3.28). To prove (3.37), we choose
) dn [nt] 2
o, (€,0) =€ "— sup E{ > g[(y+x6,k)/h]} .

nh oy o<i<s \{Z
It follows from (3.32) and (3.35) that

d
al(€,0) < € Lay(e,d) +2¢7% = sup
nhoy < Sl

x|E{g[(y+x0,)/hlgl(y+x0,)/h1}|

d, (nd] ) [nd] |
lag(e,0)+2e = C+h Y d7 | [ C+h Y dp

n k=1 k=1

IA

1 _2 h under C1,
€ ‘an(e,0)+Ce <0
h+ h? logn, under C2,

— 0,

first n — oo and then  — 0, as 1 — 0 (h?logn — 0 under C2). Now, by noting
that

sup P
lt—s|<d

< ay,(€,9),

[n1]

D glw/h)

k=[ns]+1

> € (dn/nh)" | €(us)s €nsi—15 - - - ﬂ[ns],u-,m>

by using Markov’s inequality and the independence of €, we obtain the required
(3.37). The proof of Proposition 3.4 is complete. n

PROPOSITION 3.5. Results (3.24) and (3.25) hold true for any constant
u€eR.

Proof. Let r(t) = g(y/h +1t). It has been proved in Proposition 3.3 that r(x)
satisfies the conditions required in part (ii) of Lemma 3.2 (also recall Remark 3.1),
uniformly on y and /. Hence it follows from (3.8) that, uniformly on y,

Sougl<c Y [k +h/dE] (k‘2+h/dk>

1<k<l<n 1<k<l<n

h+h2, under C1,

<C{A+nh/d
( /dn) {h+h210gn, under C2.

This implies (3.25) because 4 — 0 (h? logn — Ounder C2) and nh/d,, — oo. The
proof of (3.24) is similar, and the details are omitted. n
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4. PROOF OF THEOREM 2.2

We may write

) nAfG) = MK (35E) T u K (A5
f)—fy=2E= . o
t:lK([h ) t=1K( h )

= A1n+Aon, say. 4.1)

It is readily seen that Assumptions 1-4 match those used in Theorem 3.1 of Wang
and Phillips (2009b) except Assumption 2. The current Assumption 2 seems to be
more natural and clearly does not affect the result and the proof of Theorem 3.1
in Wang and Phillips (2009b). It follows from (3.8) of Wang and Phillips (2009b)
that

—12

(nh*)* Aoy = p oy N Ly, '~ (1,0). 4.2)

We next consider Aj,. The numerator of A, involves

p+1
> 2 I, 4.3)

Z f(Xz)—f(X)}K<
where

G)
I = fj(x)Z(xt x)/K< hx>, i=12....p,

n ) _
=3 {re ,)—ij(x)m—x)f} (x’hx>.

Write H;(x) = x/K(x),j=1,2,..., p. Recall that K (x) has a compact support
(Q, say), [K(x)dx =1, [Hi(x)dx =0,j=1,...,p—1,and [H,(x)dx #0
by Assumption 3. It is readily seen from (2.5) that

h=I (nh)V41;

-1/2 .
K (B "ﬂ)_””fNLw/ 1,0),  j=12..,p—1, d.4)
t=1 T

0 _
where al = [f] (x)] ] 1ijz(x)dx, and

hP1I, f(l’)(x)
H dx. 4.5
LR [ s )

On the other hand, by noting that lim;—supycq |fP+D(yh +x)| < C by As-
sumption 4, Taylor expansion yields

< Pt Xt —X
pp1l <C Y Ix —x|PT K — )

t=1
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and hence
h= P 1,44 i Hpv1 (1)
1l >p € [ Hpn@as, .6)
i K () 1 K (*7)

where H,11(x) = |x|"1K (x).
Combining (4.3)—(4.6), simple calculations show that

P £) o0
I IO

(nh?V/4 RS (nh*) 4|14

< S ooy il + 75 =
vae= P g ey

= Op[n'2+@mh®)*rPT1] = 0p(1),

whenever nh? — oo and nh*t#(P+1) — 0. This, together with (4.1) and (4.2),
yields (2.10). The proof of Theorem 2.2 is now complete. u

5. PROOF OF THEOREM 2.3
We may write
Va2 2 Kn(i —x) Y = Vi 1 27 K (i — x) (x; — x)Y;
Vi S8 Kp(xi —x)— V2,
_ :l:] K[(x; —x)/h]
S K[ =x)/h1 =RV / Va2

(h Vn I/Vn 2)2 1H1[(x1 —x)/hlY;
K[(xi —x)/h]l—h Vnz,l/Vn,z

fr) =

f@x)

b

where Hj(x) = xK(x). As in the proof of Theorem 2.2, it follows easily from
(2.5) that

2

1%
h—L 5, CoN, h(fh)l/z L 5pCINLy,
Vn,2 n2

—1)2

(1,0,
where Cq and C; are constants. Also recall that

flh 2. Kl =0/h =0 1y~ L 1,0,

By virtue of these facts, together with (2.10), to prove

2 00
(me?) " lfL(x)—f(X)— S /_OoyzK(de] —p ouNLy*(1,0).
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it suffices to show that
i Hi[(xi —x)/h]Y;
i K[(xi —x)/h]

A3y = =op(1), (5.1)

provided that nh'* — 0 and nh? — oo. This follows from some arguments similar
to those in the proof of Theorem 2.2. To see why, we may split the numerator of
A3y, as

F) Y Hil(xi —x)/h1+ Y, Hil(xi —x)/h][ f (xi) — f(x)]
i=1

i=1

+ Y, Hi[(x; —x)/hlu;

i=1
= Ay + Asy + Agy.
Noting Hi(y) < CK(x) as K (x) has a compact support, as in (4.2),
Aen
i1 Kl[(xi —x)/h]
Asin (4.4) (also see Theorem 2.1),

A4n
i1 Kl(xi —x)/ h]

= 0p[(nh*) ™ * 1= 0p(1).

= 0p[(h®)™/*1=0p ().

By noting that
n n

|Asnl <C Y |Hi[(xi —x)/hll|xi —x| = Ch Y, Hal(xi —x)/h],
i=1 i=1

where H>(x) = x>K (x), as in (4.6),

ASn
i1 Kl[(xi —x)/h]

= Op(h) =op(1).

Combining all these estimates, we obtain (5.1), and the proof of Theorem 2.3 is
complete. u

NOTE

1. Assuming that ¥ has a density |g(x)|/ [ |g(x)|dx, we have EIg(Y)IIgz(y)inh/d” = [¢%(x)
Ig2(x)zeznh/d,,dx/f|g(x)|dx' The fact that fgz(x)lgz(x)zeznh/d,,dx = o(1) follows from
Elg(Y)| = [ g2(x)dx/ [ |g(x)ldx < coand P(g*(Y) = €2nh/dy) < €~ [dn/(n)]'/2Elg(Y)| = o(1).
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