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Abstract

A theoretical model for electrons in the conduction band intend to investigate the optical breakdown threshold in
femtosecond laser pulse-fused silica interaction is presented. The model is derived from a rate equation that includes
the avalanche and multi-photon ionization processes of Thornber and Keldysh, respectively, and also the three-body
and exciton recombination mechanisms. In addition, the time evolution of electron mean energy is also considered
through the energy balance equation. The mean energy acts as a trigger for the avalanche mechanism. The evolution of
electron density profiles is calculated and discussed with respect to the ionization and recombination mechanisms. The
results for the fluence threshold as a function of the pulse duration fall in good agreement with the experimental data
reported in the literature.
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1. INTRODUCTION

The recent progress in laser research results from the devel-
opment of high power laser pulse produced by low or mod-
erate pulse energy and short pulse duration. Typically, pulse
durations down to 10 fs and laser intensity up to 1021 W/cm
are reached. This can be achieved with the use of the tech-
nique of amplification by frequency shift (also called chirped
pulse amplification). Schematically, a short pulse is initially
chirped and stretched, allowing its amplification with rela-
tively low peak power. After amplification, an optical com-
pressor is used to re-establish the original pulse width,
producing a pulse with short duration and large energy
(Strickland & Mourou, 1985).
These laser systems are opening new research applications

in laser-matter interactions such as particle acceleration, radi-
ation sources, and fast ignition scheme of fusion targets.
Further increases in the peak power accessible from such sys-
tems are now limited by damage to optical surfaces, due to
the intense short pulses. As a result, the study of the mechan-
isms of laser-induced damage is of crucial importance in the
development of capability of high- intensity laser system.

Several experimental and theoretical studies have been de-
voted to the determination of the optical breakdown
threshold (OBT) and its dependence with respect to the
pulse duration and, to the understanding of the role of phys-
ical mechanisms of laser damage in large band dielectric
material. The experimental results reported in the literature
present significant discrepancies due to the different detec-
tion methods (Nomarsky microscopy, plasma emission …)
used for the determination of the OBT and to the different
experimental conditions (initial electron density, single or
multiple-shot…). Generally, the theoretical models give par-
tial agreement with experimental data and thus the theoretical
determination of the OBT is still an open research problem.

This work is devoted to the OBT for fused silica through a
new theoretical model of laser induced damage based on the
rate equation. It improves the previous models by including
additional terms in the rate equation due to the exciton re-
combination and by taking into account the time evolution
of the electron mean energy. The resulting model equations
are three coupled equations that describe the time evolution
of free electrons, excitons and mean energy of electrons.

The next section is devoted to the model equations. The
models formulti-photonandavalanche ionizations are presented
together with the three-body and exciton recombination rates
in dielectrics. Section 3 deals with the numerical results and
their interpretations and a summary are given in a last section.
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2. MODEL EQUATIONS

The OBT in dielectric materials is due to the generation of
a sufficiently high free electron density in the material.
Breakdown is assumed to occur when the free electron
density reaches a critical value nc. Two critical values are
generally admitted in the literature and they correspond
to nn= 1021 cm−3 or to the density when the laser frequency
is equal to the plasma frequency, i.e., nc cm−3

( ) = 1.11021/
λ2L μm
( )

where λL is the laser wavelength. The two breakdown
criteria coincide for λL≈ 1 μm. Hence, the threshold laser
pulse fluence is defined as the minimal fluence that just cre-
ates the critical density. At the critical density, laser light ab-
sorption becomes very efficient, so the deposited density of
laser energy is extremely high and under these conditions,
electrons can cause macroscopic damage in the material.
With the advent of the ultra-short laser pulse, the laser in-
duced dielectric breakdown has been extensively studied in
the past two decades for various media such as dielectrics
(Du et al., 1996; Lenzner et al., 1998; Li et al., 1999;
Stuart et al., 1995; 1996; Tien et al., 1999), conductors (Eid-
mann et al., 2000; Kirkwood et al., 2009) and semiconduc-
tors (Allenspacher et al., 2003; Chen et al., 2005).
In this work, we concentrate on the laser-dielectric inter-

action and in the following we summarize the main theoreti-
cal models reported in the literature. We focus our attention
on theoretical models based on the rate equation for free elec-
trons which includes the relevant physical mechanisms,
i.e., the photo-ionization and the avalanche source mechan-
isms together with the loss terms, i.e., the recombination
processes.
For ultra-short pulses, Du et al. (1996), predicted that the

photo-ionization can be described by tunneling effect and
that this mechanism is less efficient than the avalanche mech-
anism. The model is based on the following rate equation that
describes the time evolution of the free electron density n in a
dielectric material,

∂n
∂t

= An t( ), (1)

where the ionization avalanche rate A is described by the
Thornber (1981) formula. We mention that the ultra-short
pulse-solid target interaction is characterized by an energy
transfer time from free electrons to the lattice by Coulomb
collisions typically of few picoseconds, thus longer than
the laser pulse duration. As a result the hydrodynamic
motion does not occur during the interaction time and the
model equations do not account for the spatial effects.
Stuart et al. (1995; 1996) have proposed the following rate
equation

∂n
∂t

= αI t( )n+ σkI
k t( ), (2)

where α is the avalanche coefficient and I (t) is the laser pulse

intensity. The second term on the right-hand side of Eq. (2)
refers to the gain of electron density through the
multi-photo-ionization mechanism defined by the following
parameters: the k-photon absorption cross section σk with
the smallest k satisfying kh− ω ≥ Δ, where h− is the reduced
Planck’s constant, ω is the laser frequency, and Δ is the
band gap of the dielectric. The linear scaling law of the ava-
lanche rate with respect to the laser intensity I(t) was mod-
eled through the use of the Fokker-Planck equation. The
ionization mechanisms consist to create an important seed
of free electrons with the multi-photo-ionization mechanism,
and then, these electrons are heated up via the inverse brems-
strahlung mechanism. Once the electron density is suffi-
ciently high, the material is ionized efficiently by means of
the avalanche mechanism. The multi-photon contributions
to carrier buildup are also present during the cascade
phase. A similar rate equation model as the one described
by Eq. (2) was proposed by Tien et al. (1999) with the use
of the Thornber’s (1981) rate and Keldysh’s (1965) rate for
the avalanche and photo-ionization mechanisms respectively.
Li et al. (1999) have improved the preceding models with a
relaxation term to model the decay process for short pulse
duration,

∂n
∂t

= αI t( )n+ σkI
k t( ) − n

τ
, (3)

where τ is the relaxation constant on the order of 60 fs. We
should mention that further models based on the propagation
model (Peñano et al., 2005) and on the multiple rate
equations (Rethfeld et al., 2004; 2010) have also been re-
ported in the literature.
The model of the present work is based on the rate

equation with explicit recombination terms, namely, the
three body and exciton recombination terms. In addition,
the energy balance equation is also considered. It yields the
following model equations

dn

dt
= αenθ ε− 2Δ( ) + na − n( )

na
WPI − R3Cn

3 − dnexc
dt

, (4)

dnexc
dt

= −αexcnexc t( )θ ε− 2Δexc( ) − nexc
na

Wexc
PI + n

τexc
, (5)

d nε( )
dt

= �j · �E + Δ
na − n( )
na

WPI + Δexc
nexc
na

Wexc
PI − 2Δαen

− 2Δexcαexcnexc − nQei T − Tl( ),
(6)

where n(t), na, and nexc (t) are the free electron, atomic, and
exciton densities, respectively, ε is the electron mean energy,
�E is the electric field, τexc= 150 ps is the characteristic

B. Bendib et al.524

https://doi.org/10.1017/S0263034613000396 Published online by Cambridge University Press

https://doi.org/10.1017/S0263034613000396


trapping time of excitons, T is the free electron temperature,
Tl is the lattice temperature, Qei= 1 ps is the electron-ion
energy coupling parameter,

R3C cm6s−1
( ) = 8.75 10−27T−9/2 eV( ), (7)

is the three-body recombination coefficient (Huba, 2000),
θ(x) is the theta Heaviside function, αe and αexc are the
avalanche coefficients, σe and σexc are the photo-ionization
coefficients,

�j · �E = enI t( )
ε0 cm

n

n2 + ω2
, (8)

is the laser energy absorbed by electrons per unit time and
volume, where the notation “–”, stands for the average over
a laser cycle, I(t) is the pulse intensity, c is the speed of
light, m is the effective electron mass, e is the electron
charge and n= nei+ nen is the electron lattice collision fre-
quency, nei= nSHnph/(nSH+ nph) is the electron-ion col-
lision frequency, nSH(s

−1)= 310−6Zn(cm−3)T−3/2(eV)
ln Λ, is the Spitzer-Härm electron-ion collision frequency
(Spitzer & Härm, 1953), nph= 4e2kBTL/(h− 2VF) is the
electron-phonon collision frequency and nen(s

−1)= 210−7

na(cm
−3)T1/2 (eV), is the electron-atom collision frequency,

where ln Λ is the Coulomb logarithm, Z is the ion charge,
VF= h− (3πn)1/3/m is the de Fermi velocity, h− is the reduced
Planck’s constant and na is the atomic density.
We should mention that the interaction of an ultra-short

and ultra-intense laser pulse with solid target is a complex
physical problem. It is defined by a chain of events which
occur on a wide range of length and time scales making
the problem even more intractable (Stoian et al., 2002;
Perez et al., 2002; 2008). In particular, it is well known
that the free electrons created by the ionization mechanisms
gain the energy exceeding the threshold energy and escape
the solid target during the pulse time. It results a strong elec-
tric field due to charge separation. If the electron energy is
greater than the binding energy of ions in the lattice this
field pulls the ions out of the solid target. Simple scaling
laws derived by Gamaly et al. (2002), show that below the
ablation threshold, the acceleration time of ions is much
longer than the pulse duration and when the laser fluence ex-
ceeds the ablation threshold this acceleration time could be
shorter than the pulse duration. Further manifestations of
damage material such as vaporization, melting and crack for-
mation, are also produced after the pulse termination.
It is admitted that ionization by collisions requires an

energy greater than the gap energy, Δ. In our model we
have used the theta function to model the onset of the ava-
lanche ionization from an energy of about 2Δ, which is
the standard value. In addition, we have approximate in
Eq. (7), the electron temperature by the mean energy, i.e.,
3/2kBT ≈ ε, where kB is the Boltzmann constant.

The photo-ionization rate used in this work is approxi-
mated by the Keldysh’s (1965) expression

wPI(I) = 2ω
9π

ωm∗���
γ1

√
h−

( )3/2

Q(γ, x) exp −π〈x+ 1〉
K γ1
( )− E γ1

( )
E γ2
( )

{ }
,

(9)

where

Q(γ, x) =
��������

π

2K γ2
( )

√
×
∑∞
n=0

exp −nπ
K γ2
( )− E γ2

( )
E γ1
( )

{ }

× Φ

�������������������������
π2 2〈x+ 1〉− 2x+ n
( )
4K γ2

( )
E γ2
( )

√{ }
,

x = 2
π

Δ

h− ω

�������
1+ γ2

√
γ

E
1

1+ γ2

( )
, γ1 =

γ2

1+ γ2
, γ2 =

1
1+ γ2

,

γ = ω
�����
m∗Δ

√

eE
, ω is the laser frequency, m∗ = mmh

m+ mh
is the

effective reduced electron-hole mass, 〈z〉 is the integer part

of the number z, Φ(z) =∫
z
0 exp (y

2 − z2)dy is the Dawson in-

tegral and, K x( ) ≡∫
π
2
0 (1− x sin2 θ)−

1
2dθ and E x( ) ≡∫

π
2
0 (1−

x sin2 θ)
1
2dθ, are the complete elliptic integrals of the first

and second kinds respectively. The subscripts ′e′ and ′exc′

stand for the free electrons and excitons respectively. We
just note that the Keldysh’s photo-ionization rate is governed
by the relevant parameter γ (the so-called Keldysh’s par-
ameter). For γ≫ 1, (typically, I≪ 1013 W/cm2), expression
(9) tends asymptotically to the multi-photo-ionization rate,
wMPI= σkI

k and for γ≪ 1 (I≫ 1013 W/cm2), to the tunnel-
ing ionization rate.

Otherwise, to our knowledge there is no accurate theoreti-
cal model to describe the avalanche ionization in dielectrics.
We used the empirical avalanche rate of Thornber (1981)

Wava E( ) = vdrifteE
Δ

exp − EI

E 1+ E

Ep

( )
+ EkT

⎛
⎜⎜⎝

⎞
⎟⎟⎠n t( ), (10)

where vdrift≈ 2107 cm/s is the saturation drift velocity, EI=
30 MV/cm, EP= 3.2 MV/cm, and EkT= 0.01 MV/cm are
the electric fields for electrons to overcome the decelerating
effects of ionization scattering, optical phonon scattering
and thermal scattering in one mean free path, respectively.
Eqs. (9) and (10) are valid for arbitrary electric field strengths
and thus they are adequate for the description of ultra-short
laser pulse-dielectric interaction.

The photo-ionization is a nonlinear mechanism respon-
sible for simultaneous absorption of few photons by elec-
trons in the valance band. It creates a seed of free electrons
which are heated by the laser pulse at energy greater than
the gap energy. In turn, these electrons collide with bound
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electrons and create by energy transfer new free electrons in
the conduction band: it is the avalanche ionization. The two
ionization rates depend strongly on the laser pulse parameters
(wavelength and intensity) and on the material parameters
(energy gap). As the theoretical models presented above,
our model is based on the rate Eq. (4). It includes the ioniz-
ation and the relaxation mechanisms that are the three-body
and exciton recombination. The three-body recombination
is often used in ionization models, while the one due to the
production of electron-hole pairs is less common and it
was suggested by Petite et al. (1999) in modeling the inter-
action of ultra-short laser pulses with dielectrics. We mention
that we have checked that radiative recombination mechan-
ism is negligible with respect to the ones used in our
model. The excitons are described as a particle population
with the energy balance Eq. (5) and their relaxation terms
are the photo-ionization and avalanche recombination. Fur-
thermore, our model takes into account the average energy
of the free electrons via Eq. (6). The estimate of the electron
mean energy is particularly important since it allows the
modeling of the interdependence of the two ionization mech-
anisms with the use of the theta function. Indeed, for free
electron energy above the gap (ε> 2Δ), the electrons can
contribute to the avalanche ionization, otherwise the ava-
lanche mechanism cannot be triggered out. Statistically,
there will be also electrons that violate this assumption, but
we consider that it is a reasonable approximation.

3. NUMERICAL SOLUTION AND DISCUSSION

The set of Eq. (4)–(6) consists of nonlinear coupled equations
which clearly do not admit analytical solutions. We solved
numerically this set of equations with the use of standard
numerical algorithms. The code input parameters which
characterize the incident laser pulse of a Gaussian shape
[I(t)= I0 exp (−4 ln2(t/τp)

2)], are the intensity I, the pulse
width τp, and the wavelength λL. The input parameters charac-
terizing the dielectric material are, the atomic density na, the
band gap energy Δ, the initial free electron density nin, the
initial electron mean energy εin, the initial exciton density
ninexc, and the index of refraction at the wavelength, nr.
Figure 1 depicts the time evolution of the free electron

density in different physical situations with respect to the re-
combination mechanisms. First, if we drop the recombination
terms in Eqs. (4)–(6), the electron density (solid line) tends to
a constant value once the ionization becomes negligible. If
the recombination mechanisms are accounted for (dashed
and dotted lines) we see that the density is less important
and the competition between recombination and ionization
effects leads to a maximum in the electron density profile.
Moreover the exciton recombination (dotted line) is more ef-
ficient than the three-body recombination mechanism
(dashed line) and therefore, it could play a significant role
for the determination of the OBT.
In addition to these recombination mechanisms, let us now

investigate the role of the two ionization mechanisms in

laser-dielectric interaction. We present in Figure 2 the time
evolution of the free electron density in the case where
both mechanisms are kept and, in the case where the ava-
lanche ionization is neglected. In addition, we give the
time evolution of the electron mean energy and the laser in-
tensity. We can note that the maximum value of the density
in the case where we account for the avalanche is four orders
of magnitude larger than the one where only the photo-
ionization is considered. This large difference implies that
the avalanche mechanism plays a crucial role in target ioniz-
ation. For free electron densities less than 2 × 1016 cm−3, the
avalanche ionization is negligible. Thus the photo-ionization
has an important contribution, since it generates a seed

Fig. 2. The solid lines correspond to the free electron density in the case
with avalanche ionization and without avalanche ionization. The dashed
line corresponds to the electron mean energy and the dotted line to the
laser intensity. The electron mean energy is calculated with multiphoton
and avalanche ionizations. The physical laser and dielectric parameters are
the same as in Figure 1.

Fig. 1. Free electron density as a function of time. The solid line corre-
sponds to the case without recombination mechanisms, the dotted line to
the case with only exciton recombination, and the dashed line to the case
with only three-body recombination.
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of free electrons that triggers efficiently the avalanche mech-
anism. On the other hand, we observe that the thermal energy
of free electrons exhibits peak and valley structures. This can
be explained by the competition between the rate of change
of the electron density (governed by recombination and ion-
ization) and the laser electron heating through an isochoric
process. At the beginning of the laser pulse (up to 0.18 ps)
the ionization is weak and the laser electron heating is effi-
cient. This leads to a rapid increase in the thermal energy.
When the exciton avalanche (threshold energy= 8 eV) is
triggered at 0.18 ps, the electron density increases rapidly,
the absorption mechanisms are not able to heat the electrons,
thus the thermal energy decreases. From 0.24 ps, the electron
density increases less rapidly and again the thermal energy
increases due to the isochoric heating, and so on. Finally,
from 0.32 ps, the temperature reaches its equilibrium value.
In Figures 3 and 4, we give a comparison of code results to

experimentally measured fluence thresholds for breakdown
of fused silica (Stuart et al. 1995; 1996). We present the
OBT as a function of the pulse duration under 1.056 μm
and 0.526 μm laser irradiations respectively. As the exper-
imental results do, the calculated damage threshold increases
with increase in pulse duration τp and laser wavelength λL.
For the dependence on τp, the longer the pulse duration,
the smaller the electric field strength. The ionization mechan-
isms are thus less efficient and the electron density does not
increase rapidly. We mention that this dependence with re-
spect to τp was also studied with simple scaling laws by
Stuart et al. (1995). For the dependence with respect to λL,
first we remark that the avalanche ionization rate of Thornber
(1981) does not depend on the laser wavelength and that the
photo-ionization rate of Keldysh (1965) decreases with the
increase in the laser wavelength. We deduce that the increase
in the electron density is less important and therefore the

threshold of the laser fluence is more important for increasing
laser wavelength.

We can see that the calculated OBT agrees well to exper-
imental data of Stuart et al. (1995; 1996), for the laser wave-
length, λL= 1.056 μm but it is slightly larger, for the laser
wavelength λL= 0.526 μm. Globally, the trend observed
for the optical damage threshold is very similar to that ob-
served by Stuart co-workers. There is a gradual decrease of
the damage threshold as the pulse duration is reduced
down to 1 ps. Below this limit the rate of decrease is less
important and the fluence scales roughly as F∼ τp

0.25. We
should note that the results of Tien et al. (1999) confirm
the trend of damage threshold which decays more slowly for
short pulse durations. The scaling law F∼ τp

0.25 applies
approximately to the pulse duration range 0.1< τp ( ps)< 1,
corresponding in our numerical calculations, to the laser inten-
sity range 2.5< I0 (TW/cm2)< 13 for the wavelength λL=
1.056 μm and 1.5< I0(TW/cm2)< 9 for λL= 0.526 μm.
These intensity ranges correspond to the intermediate intensity
regime and thus, in the short pulse duration range, both multi-
photon and tunneling ionization mechanisms play a relevant
part for the estimate of the OBT. On the other hand, for
laser pulse duration longer than 40 ps, our results show signifi-
cant departure with respect to the experimental data which
scale as the well-known scaling law ∼τp

0.5. Actually, this
regime is dominated by the thermal diffusion inside the cold
material (spatial effects) that our theoretical model does not ac-
count for. More precisely, the rate of heating is determined by
the rate of laser energy absorption and the rate of energy loss
mainly through the electron-lattice energy transfer (typically
from few picoseconds) and the thermal conduction away
from the focus (typically from few tenth of picoseconds).
When the pulse durations are large (greater than one hundred
of picosecond) the thermal conduction is the more relevant
mechanism. It follows that the OBT is governed by the thermal

Fig. 4. Optical breakdown threshold as a function of the pulse duration. The
dark squares correspond to the experimental data and the open circles to the
present results. The straight lines are fits to the model calculations. The phys-
ical laser and dielectric parameters are the same as in Figure 3.

Fig. 3. Optical breakdown threshold as a function of the pulse duration. The
dark squares correspond to the experimental data, and the open circles to the
present results. The dark circles correspond to the code results obtained with
the model Eqs. (4) and (5). The straight lines are fits to the model
calculations.
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diffusion length Fth∼ lth. A simple scaling law of lth with the
use of the balance energy equation (see for instance, Gamaly
et al., 2002), is lth ∼

���
τp

√
. Therefore for long pulses the OBT

varies with laser pulse duration as Fth ∼
���
τp

√
, which corre-

sponds to the most experimental results reported in the
literature.
One of the significant improvements proposed in our

model is the estimate of the free electron mean energy
through the energy balance equation and the use of the
onset of collisional ionization from an energy threshold.
We added in Figure 3, the OBT results keeping only the con-
tinuity Eq. (4) and the momentum Eq. (5). The energy Eq. (6)
was not taken into account. We have obtained unusual
behavior since the curve has a minimum. Moreover the
values of the OBT are too low compared to experimental re-
sults. For instance, for the laser pulse and dielectric par-
ameters used in Figure 3, and for a pulse duration, τp=
200 fs, we obtained the fluence threshold, F= 0.58 J/cm2,
instead of F = 1.66 J/cm2 when the energy equation is ac-
counted for. These results confirm that the energy equation
must be taken into account in the theoretical model.
Otherwise, in Figure 5 we compared our results with the

experimental data reported more recently by Rajeev et al.
(2009) on the threshold of the laser intensity as a function
of laser pulse width for fused silica. As expected our results
again does not fit experimental data for long pulses. On the
other hand they are in agreement with the experimental
data for pulse durations ranging from 150 fs to 1ps. However
they slightly overestimate the experimental data for too short
pulses (less than 150 fs). The discrepancy could be due to the
field-assisted collisional ionization and to the ejection of
electrons from the target that we have not taken into account
in our model.

4. SUMMARY

A theoretical model has been developed to calculate fluence
thresholds for laser induced breakdown in fused silica. The
model is mainly an extension of previous models (Du
et al., 1996; Stuart et al., 1995; 1996; Li et al., 1999)
based on the rate equation, with the use of exciton recombi-
nation and energy balance equation. Avalanche ionization
rate of Thornber (1981) coupled to photo-ionization rate of
Keldysh (1965) are used to promote free electron in the con-
duction band. The numerical results obtained have been com-
pared to experimental data for breakdown of fused silica by
ps and fs pulses in the visible and near infrared. Theoretical
and experimental values agree fairly well for data with the
use of the endpoint n= nc, where nc is the critical density.
The code has proven useful in explaining trends in the
threshold data such as the competition between three-body
and exciton recombination mechanisms and the role of the
onset of the avalanche ionization with electron mean
energy. It may be also useful in the future as part of a
more extensive model based on the laser propagation.
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