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Abstract

This paper models the decumulation period of a Personal Pension with Risk sharing (PPR). We derive
several relationships between the contract parameters. Individuals can adopt two approaches to the decu-
mulation period of a PPR: the investment approach and the consumption approach. In the investment
approach, individuals specify how to invest wealth and how much wealth to withdraw. Retirement con-
sumption follows endogenously. In the consumption approach, in contrast, individuals specify retirement
consumption exogenously. Investment and withdrawal policies follow endogenously. We explore these two
approaches in detail. Consistent with habit formation, we allow for excess smoothness and excess sensi-
tivity in retirement consumption.

Key words: Consumption approach; investment approach; liability-driven investment; personal pension plan; smoothing of
shocks
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Private pension provision is in transition, moving from employer-sponsored defined benefit (DB)
pension plans towards individual defined contribution (DC) pension plans (Investment Company
Institute (2017)). Many workers regard this trend as undesirable (Rhee and Boivie (2015)). Indeed,
a DC plan focuses primarily on accumulating retirement wealth rather than providing a stable
lifelong income stream. Recently, Bovenberg and Nijman (2015) propose a new pension contract
called a Personal Pension with Risk sharing (PPR). A PPR unbundles the three main functions
of variable annuity contracts: insurance, investment and withdrawal.' In particular, a PPR
organizes the insurance function collectively and individualizes the investment and withdrawal
functions.”>

'A PPR differs from a variable annuity in three key aspects. First, a PPR defines property rights in terms of a personal
investment account rather than an income stream. Second, a PPR allows for more flexibility in tailoring investment and with-
drawal policies to individual needs. Third, a PPR integrates the accumulation period with the decumulation period.

*Individualization of the investment function is possible without any welfare loss. Indeed, pooling of systematic risks does
not generate any welfare gain. In fact, individualization of the investment function typically leads to a welfare improvement,
because pension providers can tailor the investment function to individual needs.

*Like a PPR, a pooled annuity fund allows individuals to pool idiosyncratic longevity risk and, at the same, it allows indi-
viduals to take systematic risks; see, e.g., Piggott ef al. (2005), Valdez et al. (2006), Stamos (2008), and Donnelly (2015).
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While the work by Bovenberg and Nijman (2015) is descriptive in nature, this paper formalizes the
decumulation period of a PPR. We define the pension contract in terms of various parameters such as
the investment policy and the median growth rate of the benefit payout. We show how the budget
condition implies several relationships between the contract parameters. The budget condition does,
however, not uniquely identify all parameters. As a consequence, individuals must specify some
parameters exogenously. They can specify the parameters according to (at least) two alternative
approaches: the investment approach and the consumption approach. We explore these two
approaches in detail and show how they differ from each other.

In the investment approach, individuals specify, in each period, how to invest their accumulated
retirement wealth and how much to withdraw. The value of the investment account at the start of
the decumulation period (e.g., accumulated retirement wealth at the age of retirement) is also given
exogenously. Many pension providers adopt the investment approach in practice. For example,
when an individual purchases a variable annuity from a provider, the payout policy is (usually) a func-
tion of the adopted investment policy and the so-called Assumed Interest Rate (AIR). In particular, the
investment policy and the AIR together determine the median growth rate of the benefit payout.
Indeed, if a pension provider adopts a more conservative investment policy and leaves the AIR
unaffected, then the benefit payout will, in expectation, grow at a slower rate. Changes in not only
the investment policy but also the expected return on investments affect the median growth rate of
the benefit payout.

In the consumption approach, individuals specify the entire retirement consumption stream
exogenously.* More specifically, individuals define the desired median growth rate and the volatility
of the benefit payout. They also specify the benefit payout at the start of the decumulation period
exogenously. The initial value of the investment account, the investment policy and the withdrawal
policy follow endogenously from these objectives. Individuals thus adopt the principle of liability-
driven investment. In fact, the investment policy consists of two endogenous components: a specula-
tive component and a hedging component. This decomposition of the investment policy is familiar
from the literature on optimal consumption and portfolio choice under a stochastic investment oppor-
tunity set (see, e.g., Brennan and Xia (2002), Wachter (2002), Chacko and Viceira (2005), and Liu
(2007)). The speculative portfolio allows individuals to take advantage of risk premia, while the hedg-
ing portfolio hedges changes in the investment opportunity set that affect the costs of future benefit
payouts (Merton (1971)).> The hedging portfolio thus enables individuals to achieve a stable median
payout stream in retirement.

Standard variable annuities fully reflect a speculative shock into the current benefit payout; that is,
the current benefit payout responds one-to-one to an unexpected change in the value of the specula-
tive portfolio (see, e.g., Chai et al. (2011) and Maurer et al. (2013)).° As a result, in a standard variable
annuity, a speculative shock does not affect the AIR. A PPR, in contrast, allows a speculative shock to
affect the AIR so as to reduce the year-on-year volatility of retirement consumption. This so-called
smoothing of speculative shocks is optimal in the presence of internal habit formation and loss aver-
sion (see, e.g., Fuhrer (2000), Pagel (2017), and Van Bilsen et al. (2017)).” As the individual ages and
the duration of his pension liabilities declines, the AIR becomes less effective in absorbing speculative
shocks. Accordingly, in order to prevent an extreme year-on-year volatility of retirement consumption
at higher ages, the individual must reduce the riskiness of his investment portfolio over the course of
his life.

“Brown et al. (2008, 2013) find that individuals value annuities more if framed in terms of consumption rather than
investment.

>Changes in the investment opportunity set are due to shocks in, for instance, the real interest rate.

®Pension providers have also developed annuity products in which the current benefit payout responds sluggishly to a
speculative shock (see, e.g., Guillén et al. (2006) and Maurer et al. (2016)).

’Smoothing of speculative shocks implies an excessively smooth and excessively sensitive payout stream. Aggregate con-
sumption data also exhibit these properties (see, e.g., Flavin (1985), Deaton (1987), and Campbell and Deaton (1989)).
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1. Modelling the decumulation period of a PPR

1.1 Financial market

This section describes the financial market. Our specification of the financial market is closely related
to Liu (2007). The only difference between his specification and ours is that he does not assume a
complete financial market, whereas we do. Denote by X; an N-dimensional vector of state variables.
This vector characterizes the asset prices in the financial market. The vector of state variables could
include the short-term real interest rate, the realized rate of inflation, or predictors of stock returns.
We assume that X, satisfies the following dynamic equation:

dX, = X (Xpdt + 34 (Xp)dZ,, (1)

where the drift term £*(X,) and the diffusion matrix £¥(X,) are an N-by-1 vector function and an
N-by-N matrix function of X, respectively, and Z; is an N-dimensional standard Brownian motion.

We consider a financial market consisting of N risky assets and one (locally) risk-free asset. The
vector of risky asset prices P,=(Py, ..., Pyy) and the risk-free asset price Py, satisfy, respectively,
the following dynamic equations:®

dP; = w(X,)P,dt + 3(X,)P,dZ;, (2)

dPy; = R (X;)Pydt. (3)

The drift term u(X,), the diffusion matrix 3(X,) and the risk-free interest rate R/(X,) are functions of
X, In what follows, we write uX(X,) = u¥X, 3¥(X,) = 3%, w(X,) = p,. 3(X,) = 3, and R'(X;) = R/.

1.2 Survival probabilities
To protect individuals against the risk of outliving their accumulated retirement wealth, a PPR distributes
the accumulated retirement wealth of someone who dies among the surviving individuals of the same age.
Hence, a PPR pools individual longevity risk. We assume that the risk-sharing pool is sufficiently large so
that the law of large numbers applies. Furthermore, we abstract away from macro longevity risk.
Denote by y the date of birth of an individual, by x, the age at which individuals retire, and by x,,,, the
maximum age individuals can reach. If the date of birth y falls between time ¢ — x, and time ¢ — x,,,,, and
the individual has survived up to time ¢, then this individual receives a pension payment at time . We
denote the probability that an individual aged x = t — y will survive to age x + h by

h

hpx = €Xpy — [ 0x+vdV 4)
0

Here, 6., represents the force of mortality (i.e., hazard rate) at age x + v.

1.3 Budget condition

The value of the individual’s investment account should match the value of the individual’s pension
liabilities in every state of nature and at any date. Indeed, in a PPR, an individual finances its pension
liabilities by its own investment account. Let W, and V,, denote, respectively, the value of the

8For notational convenience, we often write a column vector in the form z = (zy, ..., zy), Where z; represents the ith element
of z.
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investment account and the value of the pension liabilities at time ¢t of an individual born at time y.
Mathematically, budget balance implies that for each t € [y + x,, ¥ + Xmaxl

Wt,y = Vt,y (5)

The budget condition (5) states that the (balance sheet) funding ratio W,,/V,, is equal to unity in
every state of nature and at any date. It follows from (5) that dlog W,,=dlog V,,. We explore the
dynamics of log W, and log V;, in Sections 1.4 and 1.5, respectively. Section 1.6 derives several rela-
tionships between the contract parameters that follow from the budget condition (5).

1.4 Dynamics of the value of the investment account
The value of the investment account of a surviving individual satisfies the following dynamic equation:

dw,, = (at_y + R+ o) [~ R ]) Wiydt + o] 3, W, ,dZ, — B, ,dt. 6)

Here, o, and B,, represent, respectively, the vector of portfolio weights and the (annualized) benefit
payout at time ¢ of an individual born at time y.” We can view 6,_, as the biometric rate of return."’
Indeed, because the accumulated retirement wealth of someone who dies goes to the surviving indi-
viduals (and not to its heirs), surviving individuals earn an additional return. The symbol ‘T’ denotes
the transpose sign.

Application of It6’s lemma to log W, yields

dlog Wt.y = (0,&,}, + [.LZ\; - Ct3y>dt + wzyztdzt, (7)

where p,t""; and ¢, denote, respectively, the (geometric) expected financial return on accumulated
retirement wealth and the withdrawal rate at time ¢ of a person born at time y:'!

1
it = vl (- ) - o33 o ®
B
Cty = thy), . €))

The withdrawal rate (9) controls the speed at which accumulated retirement wealth W,, =V, is
depleted. In fact, it models how the individual’s accumulated retirement wealth is allocated between
his current payout and his future payouts.

1.5 Dynamics of the value of the pension liabilities

1.5.1 A factorization

Let C;,, denote the conversion factor at time ¢ of an individual born at time y. This factor is implicitly
defined as follows:

Ct,th,y = Wt,y = Vt,y. (10)

°The portfolio weight wy , denotes the share of accumulated retirement wealth invested in the ith risky asset at time f of an
individual born at time y.

'%In the absence of pooling of mortality risk, this term drops out.

"!'The last term on the right-hand side of (8) is due to It6 lemma. As a result, the geometric expected financial return ,LLK,
(see (8)) differs from the arithmetic expected financial return R{ + wz plo = R’: .
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It follows from (10) that
dlogV,, = dlogC;, + dlogB; ,. (11)

Hence, to derive the dynamics of the log value of the individual’s pension liabilities V,, we first need
to derive the dynamics of the log conversion factor C;,, and the dynamics of the log benefit payout
logB,,. Sections 1.5.2 and 1.5.3 explore the dynamics of log C,, and log B, respectively.

1.5.2 Dynamics of the log conversion factor
Denote by V, o the value of the future benefit payout By, We can write the conversion factor C,,, as
follows:

Xmax—(t=Y) Xmax—(t=Y)
Gy = ot Veyhgp — J Copndh, (12)
Bt,y A Bt,y

where Cy .= Vi n/Byy.
Let 8,,,, denote individual y’s discount rate (or AIR) at time ¢ for a benefit payout occurring at time
t+ h. This discount rate is implicitly defined as follows:

Ct,y,h = pt—y eXp {_Bt,y,hh}- (13)

The discount rate models the speed at which an individual withdraws his accumulated retirement
wealth. We allow the discount rate to depend on future expected financial rates of return and past
speculative shocks.'”> Hence, we can divide Oty into two parts:

Bt,y,h = 8;4,)/,]’! + ai,y,h' (14)

Here, 8}, , models how the discount rate depends on future expected financial rates of returns. The
1nd1v1dual s elasticity of intertemporal substitution determines the extent to which & ¢y.n Tesponds to a
change in the investment opportunity set. In the special case where the individual has unit elasticity of
intertemporal substitution, the discount rate &, is insensitive to changes in the investment oppor-
tunity set. The term & y » models how the dlscount rate depends on past speculative shocks. By
increasing (decreasing) o; , , following a negative (positive) speculative shock, the individual (par-
tially) absorbs a shock 1nt0 the future growth rates of the benefit payout. We call &/, , and &, ,
the unconditional and the conditional part of o, , . respectively. Henceforth, we refer to &, as
the unconditional discount rate. We note that at the start of the decumulation period, the uncondi-
tional discount rate coincides with the actual discount rate (i.e., 6; ok = Oy, p,n for all h).
Using (13) and (14), we can write Ct%h as follows:

Ct,y,h = At,y,th,y.hv (15)

where
Atyh = h Pr—y €Xp {—5;‘%}1},}’ (16)
Ftyh = eXp{ thh} 17)

>To dampen the impact of a speculative shock on the current benefit payout, we allow an individual to adjust his con-
version factor following a speculative shock.
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In what follows, we refer to A, , and F, , as the horizon-dependent annuity factor and the
horizon-dependent funding ratio, respectively.
It follows from It0’s lemma, (12) and (15) that

Xmax—(t=y)
dlogC ), = j aty pdlog Gy pdh — ¢ dt

0

Xmax—(t—y)
1
+§ J' a,,y,hd[log Cty.n, log Ct,y,h]dh (18)
0
Xmax—(t=Y) Xmax—(t—Y)
1
-3 ry sy d[log Gy log Gy |dudy,
0 0
and
dlog G n = dlog A, + dlogFy y p. (19)

Here, ayy,, = Cyn/Cyy and [log Cy ., log Cy ] denotes the quadratic covariation between log C, ., and
log Ct,,,. We now derive the dynamics of logA, , , and logF, , ,, respectively.

Dynamics of the Log Horizon-Dependent Annuity Factor. To derive the dynamics of the log
horizon-dependent annuity factor log4,  ,, we assume that the unconditional discount rate &y n
depends on the vector of state variables X;. By Itd’s lemma, the log horizon-dependent annuity factor
logA; . = log, pi—y — Bt“,y’ 1 (see also (16) for the definition of At!y’h) satisfies the following dynamic

equation:

8(6;"%,1]1) T X
legAt,y,h = Gt_ydt + T dt — Dt,y’h,ut dt (20)

1 T
_ ETr[(zf) Ht.y,hzf]dt - D], 3%z,

Here, Dy yn = Vx (82y,hh> and Hy ;5 = Hx (5';%;111) are the gradient and the Hessian matrix of 5';,y$hh

with respect to X, respectively, and Tr denotes the trace operator. The first term on the right-hand side
of (20) denotes the change in the (log) survival probability. This term is positive. Indeed, the probabil-
ity of surviving to age t + h — y increases as time proceeds. The second term represents the unwinding
of the discount rate. Finally, the last three terms model how the underlying state variables affect the log
horizon-dependent annuity factor.

Dynamics of the Log Horizon-Dependent Funding Ratio. Equation (20) shows that the (aggregate)
annuity factor A, ), = g‘““"f(tfy ) Ay y,ndh is typically stochastic. The hedging portfolio aims at hedging
stochastic variations in the annuity factor. If the hedging portfolio does not coincide with the actual
portfolio, then there is a speculative risk. The individual can absorb a speculative shock in either the
current benefit payout B;, or the future growth rates of the benefit payout or a combination of both.

Denote by wf’ , the N-dimensional vector of speculative portfolio weights at time ¢ of an individual

T
born at time y. The speculative shock at time ¢ is thus given by <th y) 3:dZ,. The individual translates

a fraction g, of a current speculative shock into the future benefit payout By, . That is, the exposure
of log V;,, to a current speculative shock equals g;,,,. We assume that g, (which we call the
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smoothing coefficient) weakly increases with the horizon A so that a current speculative shock does not
yield a smaller impact on a benefit payout in the distant future than on a benefit payout in the near
future. To absorb the entire speculative shock into the current payout and the future growth rates of
the payout, we must have that

Xmax—(t=y)
at,y,hqtyy!hdh =1. (21)

The exposure of the log horizon-dependent conversion factor log C;,,, =log V,,, —log Vo to a
current speculative shock equals gy, — g:,,0. Hence, the horizon-dependent funding ratio (which
models how the conversion factor depends on past speculative shocks) is given by"'>

t

T
Ft,y,h = €xp ] (%,y,H—h—s - QS,y,t—s) (wf’y) 2sts . (22)
y+xr

By comparing (17) with (22), we arrive at

t

.
8§,y,hh =— J (qs,y,t+h—s — qw,t_s) (wiy) S.dzZ, = —logFy . (23)
yt+x,

Equation (23) shows how past speculative shocks affect the discount rate. In the case of no horizon
differentiation in risk exposures (i.e., gy, is equal to unity for every h), past speculative shocks do not
affect the conversion factor C, . Indeed, in the absence of horizon differentiation in risk exposures, the
individual fully translates a speculative shock into the current benefit payout. The conditional part of
the discount rate, i.e., &, is thus the consequence of the gradual adjustment of the current benefit
payout to a speculative shock. The log horizon-dependent funding ratio obeys the following equation
(this follows from (22)):

t

T T
dlogF,,, = (qr,y,h — qz,y,o) (a)f,y) 3,4z, — j dds y s (wiy> S.dZ,. (24)
ytxr

The first term on the right-hand side of (24) represents the impact of a current speculative shock on
the horizon-dependent funding ratio. The second term denotes past speculative shocks that are
absorbed into the current benefit payout so that they are no longer included in the horizon-dependent
funding ratio.

Also, Guillén ef al. (2006) and Maurer et al. (2016) consider a pension product in which a specu-
lative shock has less impact on the current benefit payout than on the future benefit payouts.'* Their
pension product works as follows. In the case of a positive investment return, only a fraction of the
positive return will be added to the benefit payout. The insurer retains the remainder of the return.
In the case of a negative investment return, only a fraction of the negative return will be subtracted
from the benefit payout. The insurer confers the additional benefit payout. A potential drawback of

*We note that the so-called balance sheet funding ratio W;,/V;, is equal to unity in every state of nature and at any date

(see (5)). In contrast, the so-called cash-flow funding ratio F;, = jg‘""r([ﬂ') FiynAiyndh/A;, = Wi, /(B:yAs,) can deviate
from unity.
45ee also Jorgensen and Linnemann (2011), Guillén et al. (2013), and Linnemann et al. (2014).
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this shock absorbing mechanism is that the pension provider runs the risk of ending up with a nega-
tive reserve. Our specification, in contrast, implies individual buffers so that investment shocks do not
cause transfers between individuals and the provider.

1.5.3 Dynamics of the log benefit payout
We specify the benefit payout at time ¢+ h of an individual born at time y as follows:

t+h t+h
T
Bt+h y = =B y+x0,y eXp J ‘yz)’ds + l[ ( SBi}/,[Jrh*S) dZS . (25)

y+x, YA

Here, 7/, denotes the unconditional median growth rate of the benefit payout at time ¢ of an individ-
ual born at time y and E ,,» models the exposure of the future benefit payout log By, to a current
Brownian shock dZ,. We require that Ef% , weakly increases with the horizon h so that a current

Brownian shock does not yield a smaller impact on a benefit payout in the distant future than on a
benefit payout in the near future.
It follows from (25) that

t+h t+h
.

BH»h,), = Bt,yFt,y,h exp J 'y‘:yd5+ j ( fy,tJrhfs) dZS . (26)

t t

where
t
B B T
Fiyn = exp j (Es,y,t+h s Esyt S) dz, . 27)
yx,
Comparison of (27) with (22) yields

S0 = G @) (28)

Equation (28) expresses how the vector of speculative portfolio welghts o) ;, and the smoothing
coefficient g, together determine the vector of payout exposures E
The log benefit payout log B;, evolves according to (this follows from (25)):

t
dlogB,, = v/, dt + j a3, ) az,+ ( M) dz, = ytydt+<2,y0> dz. (9
yx.
Here, ¥;, denotes the actual median growth rate of the current benefit payout. This rate depends
on current expected financial rates of return (i.e., if expected returns change, the individual may

want to reallocate consumption over time) and past Brownian shocks. Hence, we can divide y,,
into two parts:

Y[y = ‘)/14,}’ + ‘)ft’ya (30)
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where
t
B T
¥, = j a(s?,,.) iz (31
y+xr

We refer to v/, as the conditional part of y,,. Equation (31) represents past Brownian shocks that
affect the median growth rate of the current benefit payout.

1.6 Relationships between the contract parameters

The previous sections have modelled the decumulation period of a PPR in terms of seven parameters.
The first column of Table 1 lists these parameters. This section derives several relationships between the
contract parameters that follow from the budget condition (5). We can write this condition as follows (use
dlog V;, =dlog C,, + dlog By,):

dlog W;, = dlogC; ,, + dlog By ,. (32)

Appendix A.1 shows that (32) is equivalent to:
AT ooX
My ydt + W, E[dZt (I‘Lty + Y y>dt + [( ) Et Dt’yzt ]dZt (33)

Here, D, y = fxm"“_(t_y ) a1 Ds 7! »dh models the sensitivity of the conversion factor with respect to the
underlying state variables and u’ "y 18 the expected financial rate of return on the conversion factor; see
Appendix A.1 for the expression of ,u,t

Using (5) and (33), we find the followmg system of equations:'

Wyts,y = Gy Bytx, s (34)
Yoy = B = He (35)
wty = w (EXE ) Dt,y- (36)

Individuals can use this system of equations to determine the contract parameters. Condition (or
relationship) (35) shows that the median growth rate of the current benefit payout y;, equals the dif-
ference between the expected financial rate of return on accumulated retirement wealth w,", and the
expected financial rate of return on the conversion factor ,ut = Condition (36) shows that the vector of
portfolio weights @, is equal to the sum of the vector of speculative portfolio weights w and the

vector of hedge portfolio weights w{! y = (Ef‘z, ) Dy ,. We also have a condition for every horizon
h (see also (28)):

2fy,h = th%hzj w}s.y' (37)

In the absence of pooling of mortality risk, the right-hand side of (35) includes the biometric rate of return, ie.,
— W _ ,C _ 0
Yiy = My = My t—y
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Table 1. Investment approach versus consumption approach. The second (third) column of this table summarizes the
exogenous and endogenous parameters of the investment (consumption) approach

Parameter Investment approach Consumption approach
Value of investment account at start of period Exogenous Endogenous

Vector of portfolio weights Exogenous Endogenous
Unconditional discount rate Exogenous Endogenous
Smoothing coefficient Exogenous Endogenous

Benefit payout at start of period Endogenous Exogenous
Unconditional median growth rate Endogenous Exogenous

Vector of payout exposures Endogenous Exogenous

Conditions (34)-(37) do not uniquely identify all contract parameters. Individuals must thus
specify some parameters exogenously. They can specify the parameters according to (at least) two
alternative approaches: the investment approach and the consumption approach. In the investment
approach individuals specify the initial value of the investment account, the unconditional discount
rate (as a function of ¢ and h), the vector of portfolio weights (as a function of ) and the smoothing
coefficient (as a function of ¢ and /) exogenously; see also the second column of Table 1. In the con-
sumption approach individuals specify the benefit payout at the start of the decumulation period, the
unconditional median growth rate of the current benefit payout (as a function of ¢) and the vector of
payout exposures (as a function of t and &) exogenously; see also the third column of Table 1. The next
sections explore these two approaches in more detail and show how they differ from each other.

2. Investment approach

This section explores the investment approach which is commonly adopted by pension providers. In
this approach the benefit payout at the start of the decumulation period, the unconditional median
growth rate of the current benefit payout and the vector of payout exposures are endogenously deter-
mined; see also the second column of Table 1. Section 2.1 specifies the vector of state variables and its
dynamics. Section 2.2 considers the investment approach, with the restriction that the smoothing coef-
ficient g, is equal to unity for all 4. Hence, past speculative shocks do not affect the discount rate.
We relax this restriction in Section 2.3.

2.1 State variables

For the sake of simplicity, we characterize asset prices by three state variables: the inflation rate 7, the
real interest rate r,, and the stock price S,. Hence, X, = (7, r,, S;). Following Brennan and Xia (2002),
the inflation rate and the real interest rate follow Ornstein-Uhlenbeck processes and the stock price
follows a geometric Brownian motion. The drift term w¥ and the diffusion coefficient Ef are thus
specified as follows:'®

n(7T — ) or 0 0
wl = kF—r) |.Z=|0 o 0 | (38)
SR+ S Aso 0 0 S

Here, 7> 0 and x > 0 are mean reversion coefficients, 7 and 7 denote long-term means, A is the equity
risk premium per unit of risk, and o, > 0, 6, > 0 and o5 > 0 correspond to diffusion coefficients."”

The individual invests his retirement wealth in three risky assets: two nominal zero-coupon bonds
with times to maturity h; and h,, and a stock. We find the following expressions for the expected
excess return fu, — R,( and the diffusion matrix X, (see Appendix A.2):

'We assume that the state variables are uncorrelated. It is straightforward to extend our analysis to the case where the state
variables are correlated.
In the standard model with neither interest rate risk nor inflation risk, we have o, =0, =0.
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Table 2. Parameter values. This table reports the parameter values that we use in our numerical illustrations

Parameter Value Parameter Value
T 0.02 r 0.01
n 0.2 K 0.1
Oy 0.01 o, 0.015
An —0.05 A —-0.15
—)\ﬂ-a'ﬂ-Kh1 — )\rO'thl —()'ﬂ-Khl —O'thl 0
w— R = | =A,0.K, — MoyLy, |3 = | —0.Kn, —ouLn, 0 |. (39)
)\50'5 0 0 gs

Here, A=A, A, Ag) is the vector of market prices of risk, Kj, =(1—e ™)/ and
Ly, =01 - e *"1)/k. Table 2 reports the parameter values that we use in our numerical illustrations.

2.2 No Smoothing of speculative shocks

Figure 1 illustrates the investment approach, with the following two restrictions. First, the smoothing
coefficient g, is equal to unity for all h. Second, the (unconditional) discount rate is constant (i.e.,
8., = 0" = dforall fand h). The latter restriction implies that the vector of hedge portfolio weights
is equal to zero:

wffy =0. (40)

The benefit payout at the start of the decumulation period, the (unconditional) median growth rate
of the current benefit payout and the vector of payout exposures follow from (34), (35) and (37),
respectively. We find"®

Wy+xr )y

B === 41
y+xr,y Cy+xhy ( )
Yiy = 'U‘tvg) - & (42)

Shm =20, =3 @), (43)

Equation (42) shows that the expected rate of return on accumulated retirement wealth
Mt""; = R’; + o y<,ut — R{) —1)20/ yEtEtT o, and the (unconditional) discount rate §* together

determine the (unconditional) median growth rate of the current benefit payout ;. As a result,
the median growth rate of the current benefit payout is not constant but rather depends on the infla-
tion rate and the real interest rate."” To obtain a constant median growth rate, the individual must
determine the discount rate endogenously. Section 3 derives the discount rate under the assumption
that the individual specifies the median growth rate of the current benefit payout exogenously. We will

"®We note that the conditional part of the median growth rate of the current benefit payout is equal to zero. Furthermore,
in the absence of pooling of mortality risk, the right-hand side of (42) includes the biometric rate of return, i.e.,
Yy = /J,["j; — 8" = 6.

This assumes the presence of interest rate risk and/or inflation risk. In the absence of both risks (i.e., 6, = ¢, =0), the
median growth rate of the current benefit payout will be constant.
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Figure 1. Illustration of the Investment Approach: A Special Case. The figure illustrates the investment approach, with the restric-
tion that the smoothing coefficient g, is equal to unity for all h and the (unconditional) discount rate is constant. The left-hand
side of the figure shows the exogenous parameters of the contract. These exogenous parameters determine the parameters of the
contract on the right-hand side of the figure.

see that the discount rate then depends on the current inflation rate, the current real interest rate and
the horizon. In fact, the discount rate has an endogenous term structure.

2.3 Smoothing of speculative shocks

This section assumes that the individual now adjusts the conversion factor following a speculative shock;
in other words, the smoothing coefficient g, ,, increases with the investment horizon h. As a direct con-
sequence, the conditional part of the discount rate, i.e., 8? o differs from zero (see (23)). We still assume
that the unconditional discount rate is constant (i.e., Bzy, , = 6" for all t and k). The unconditional
median growth rate of the current benefit payout, i.e., ¥, is given by (42). However, equation (43)
no longer applies. The exposure of the future log benefit payout log By, to a current Brownian
shock is now given by

300 = Gyl o), (44)

It follows from (21) that g, increases and converges to one when the individual becomes older
because his remaining life expectancy declines and the value weights of the shorter horizons a,,,,
increase. Hence, under the condition that the vector of speculative portfolio weights wf’y does not
change over time, the vector of payout exposures Ef%o becomes larger as the individual ages (see
(44)). Intuitively, a relatively old individual with a short remaining life expectancy can no longer
smooth the investment results over a long remaining lifetime. Hence, the year-on-year volatility of
retirement consumption increases as the individual ages. To arrive at a constant year-on-year volatility
of retirement consumption, the individual must determine the investment policy endogenously.
Section 3.2.2 below derives an endogenous investment policy such that the year-on-year volatility of
retirement consumption is constant.

3. Consumption approach

This section explores the consumption approach. We consider the same setting as in Section 2.1. In
the consumption approach, individuals specify the entire retirement consumption stream exogenously.

ssa.d Anssaniun abpriquied Aq auljuo paysiiqnd 0720008127 L1/y1S/LL0L 0L/Blo 10p//:sdny


https://doi.org/10.1017/S1474747218000240

274 Servaas van Bilsen and A. Lans Bovenberg
Exogenous Endogenous
Benefit Payout at Start of Period [pee=wesssssssssrersesrsseeew > Value Df;::fts:f"::;:;m"m b
3
]
]
]
]
1
(Unconditional] Growth RIS O | e cessssssssssssassssss > (Unconditional) Discount Rate

Current Benefit Payout

Vector of Hedge
Portfolio Weights

Vector of Portfolio Weights

Figure 2. Illustration of the DB Approach. The figure illustrates the DB approach. The left-hand side of the figure shows the exogen-
ous parameters of the contract. These exogenous parameters determine the parameters of the contract on the right-hand side of
the figure.

Section 3.1 examines the DB approach in which retirement consumption is constant in either nominal
or real terms. Section 3.2 extends the DB approach to stochastic benefit payouts.

3.1 DB approach

In the DB approach individuals specify the benefit payout at the start of the decumulation period and the
rate at which the benefit payout grows over time. The benefit payout either grows with the inflation rate
(inflation-linked annuity) or does not grow at all (nominal annuity). This section derives, in line with the
principle of liability-driven investment, the (unconditional) forward discount rate and the vector of port-
folio weights endogenously from the liabilities of the contract. Figure 2 illustrates the DB approach.
The DB approach specifies the (unconditional) growth rate of the current benefit payout as follows:

Yﬁy =g +& -, (45)

where g; € {0, 1}. If g, equals zero (unity), retirement consumption is constant in nominal (real) terms.

Let 3? v denote individual y’s (unconditional) forward discount rate at time ¢ for horizon v. The
(unconditional) forward discount rate is implicitly defined as follows:

h
1 [ wu
:A,y,h = EI 8t,y,vdv' (46)
0

We find that the forward discount rate SZy,v

is specified as follows (see Appendix A.3):

i 1 1
Bt,y,v = [Et[(l - gl)'ﬂH—v + rH—V] - gO - DIVO-’)T(/\’)T + EDIVU’)T) - DZva'r ()\r + 5D2vgr> ) (47)
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where Dy, =(1—-g)l/n(l—e"™), D,=(/k)(1—e™") and E[(1—g)my + 1] =1 —g1)
[m+A—e ™)@ —m)]+r+ 1 —e" )T —1).

We observe that the coefficients g, and g;, which model the median growth rate of the current
benefit payout, determine the forward discount rate (47). Intuitively, the higher the median growth
rate of the current benefit payout is, the higher the costs of future benefit payouts are and the
lower the forward discount rate will be.

Mean reversion in the state variables also affects the forward discount rate and is captured by the
term E;[(1 — g1)%1y + 7440]. Indeed, if the current inflation rate and the current real interest rate exceed
their long-term means (i.e., 7 > 7 and r; > 7), then returns are expected to decline over time (ie.,
E[(1 — g1)7sry + 1240] decreases with v), and hence it may be relatively more expensive to finance long-
term benefit payouts than to finance short-term benefit payouts depending on the size of the second
term, ie., — D;,06,(A1,+ (1/2)D;,0,) — D5,0,{(A, + (1/2)D,,0,).

The latter term reflects the expected excess return on the underlying hedging portfolio and typically
increases with the horizon. Indeed, larger horizons are more exposed to inflation risk and real interest
rate risk and thus benefit from higher risk premia (i.e., Dy, and D,, increase with v and 4,, 4, < 0).
Hence, the later the payout date is, the larger the second term will be. The discount rate thus exhibits
an endogenous term structure, which depends both on current state variables (i.e., current inflation
rate and the current real interest rate) and the horizon. In particular, the term structure is upward
sloping unless the current inflation rate and the current real interest rate are substantially above
their long-term means.

3.1.1 Guaranteed nominal benefit payouts
The individual receives guaranteed flat nominal benefit payouts if go =g, =0. We find the following
expression for the (unconditional) forward discount rate (substitute go=g; =0 into (47)):

U

8t,y.v = Rf,V’ (48)

where R;, denotes the nominal forward interest rate:
1 1
Rt,v = [Et[WtJrv + rt+v] - DIVO-W )\71' + EDlvUﬂ' - DZVUr /\r + EDZVO-r . (49)

Figure 3 illustrates the forward discount rate 8 ¢y, fOr various values of the current inflation rate 7, and the
current real interest rate r, as a function of the horizon v. The solid line shows the case in which the current
inflation rate and the current real interest rate are equal to their long-term means (i.e., E;[7;y,] = 7rand
E¢[ri4v] = 7 for all v). As shown by Figure 3, the solid line is not horizontal, but rather rises with the
investment horizon v. Indeed, the longer the investment horizon, the more a nominal benefit payout
is exposed to 1nﬂat10n risk and real interest rate risk, and hence the larger the nominal interest rate
risk premium &, oy — Bl Tiey + 7epy] = =D1y07(Az + (1/2)D1,07) — Doyor(Ar + (1/2)Day07). 7

The dash-dotted and the dashed line show the case in which the current inflation rate and the cur-
rent real interest rate deviate from their long-term means. If the current inflation rate and the current
real interest rate exceed their long-term means, then the term E,[7,,, + 1;,,] in (49) decreases with the
investment horizon v. Indeed, in a situation where returns are expected to decline over time, it may be
relatively more expensive to finance long-term benefit payouts than to finance short-term benefit pay-
outs if the mean-reversion term E,[7,,,+ r,] dominates the risk premium term — Dy,0,(4,+ (1/2)
Dlvo-n') - DZVGT(}“?’ + (1/2)D2v6r)

2In the absence of interest rate risk and inflation risk, the nominal interest rate would be fixed so that the solid line in
Figure 3 would be flat.
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Figure 3. lllustration of the Nominal Forward Interest Rate. The figure illustrates the nominal forward interest rate for various
values of the current inflation rate z; and the current real interest rate r; as a function of the horizon v. The benchmark parameter
values are given in Table 2.

The inflation sensitivity and the real interest rate sensitivity of the value of the pension liabilities
are, respectively, given by

Xmax—(E—Y) Xmax—(t=y)
Dlt,y = J at’},,thhdh = j aryn(l — e_nh)dh/”f), (50)
0 0
Xmax—(t—y) Xmax—(t—=y)
Dy y = j a; y nDandh = J gy n(1 — e Mdh/k. (51)
0 0

Pension providers can replicate the pension contract by investing in a portfolio of nominal bonds
with inflation sensitivity Dy, and real interest rate sensitivity D ,; that is, the portfolio weights @,
and @, solve the following system of equations:

Diiy = o11,yKpn, + @0,Kn,, (52)

D2t,y = wlt,thl + th,th2~ (53)

Equations (52) and (53) show that the portfolio weights ., and @, are not constant (as is usually
the case under the investment approach), but rather depend on the inflation sensitivity and the real
interest rate sensitivity of the value of the liabilities. In particular, the larger the inflation sensitivity
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and the real interest rate sensitivity of the value of the liabilities, the greater the extent to which the
value of the bond portfolio responds to a change in the inflation rate and the real interest rate.

3.1.2 Guaranteed inflation-linked benefit payouts

The individual receives guaranteed flat inflation-linked benefit payouts if g = 0 and g; = 1. We find the

following expression for the (unconditional ) forward discount rate (substitute go = 0 and g; = 1 into (47)):
U

By = T (54)

where r,, denotes the real forward interest rate:
1
Ty = [Et[rt+v] - D2v0'r Ar + EDZVO'r . (55)

Figure 4 illustrates the forward discount rate 8 \.y,v for various values of the current real interest rate
r¢ as a function of the horizon v. The solid line shows the case in which the current real interest rate is
equal to its long-term mean. This line increases with the investment horizon v. Indeed, the longer the
investment horizon, the more an inflation-linked benefit payout is exposed to real interest rate risk,
and hence the larger the real interest rate risk premium St v Elriey] = —Dayor(A+
(1/2)D,,0,). Also here, the slope of the term structure depends on the risk premium term, which
is typically upward sloping, and the mean-reversion term, which may be both upward and downward
sloping depending on how the current short-term real interest rate compares with its long-term mean.

The real interest rate sensitivity of the value of the pension liabilities is given by

Xmax—(t—y) Xmax—(t—Y)
Dy, = j ayy nDopdh = ] ay (1 — e Mydh/k. (56)

0 0

Budget balance requires the pension provider to invest in an investment portfolio that is insensitive
to changes in the inflation rate and, furthermore, has the same real interest rate sensitivity as the value
of the liabilities, i.e.,

0 = w11,y Kp, + w1,y Kp,, (57)

D2t,y = wlt,thl + th,thz- (58)

The investment portfolio is thus continuously rebalanced over time.

3.2 Defined Ambition (DA) Approach

The DA approach generalizes the DB approach to stochastic benefit payouts. In the DA approach indi-
viduals specify the benefit payout at the start of the decumulation period, the unconditional median
growth rate of the current benefit payout and the vector of payout exposures. As in the DB approach,
the unconditional forward discount rate and the vector of portfolio weights follow endogenously from
the liabilities of the contract. The DA approach generalizes the DB approach in two directions.

First, the unconditional median growth rate of the current benefit payout (45) may depend on the
real interest rate r,, i.e.,

Yiy =8 +& m+g- (59)
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Figure 4. Illustration of the Real Forward Interest Rate. The figure illustrates the real forward interest rate for various values of the
current real interest rate r; as a function of the horizon v. The benchmark parameter values are given in Table 2.

where the coefficients g, g; and g, are given exogenously.”" In fact, the coefficient g, models the pref-
erence for intertemporal substitution (i.e., the extent to which the drawdown policy changes in
response to a real interest rate shock). We note that if g; € {0, 1} and g, =0, (59) reduces to (45).
Second, the individual is allowed to take the speculative risk (i.e., EE s 0). Section 3.2.1 assumes
that the exposure of a future benefit payout to a current Brownian shock does not depend on the
investment horizon h; that is, Ef%h = Efy. Figure 5 illustrates this case. Section 3.2.2 considers the
DA approach with gradual adjustment of the current benefit payout to a current Brownian shock;

that is, Ef},’ , increases with the horizon h. This case is illustrated by Figure 6.

3.2.1 Direct adjustment of the current benefit payout

We find that the forward discount rate SZ},’V is given by (see Appendix A.3):

W 1
817},,1/ = [Et[(l _gl)ﬂ-hLv + (1 - gZ)rt+v] — & — DIVO-‘IT()\ﬁ + EDD/O-’?T)
— Dyor( A +1D20' +(ws )T (/w —M)—EE(E)T(.OS (60)
vOr r ) vOr ty t t 2 t\<=t ty
T T
+(@f,) (D)2

where the vector of (efficient) speculative portfolio weights a)f,y follows from the vector of payout
exposures Ef},:

o = (37 s (61)

ty*

! Appendix B derives the optimal coefficients gy, g, and g, in case the individual aims to maximize constant relative risk
aversion utility. This appendix also derives the optimal median growth rate of the current benefit payout in case mortality risk
is not pooled.
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Figure 5. Illustration of the DA Approach: Direct Adjustment of the Current Benefit Payout. The figure illustrates the DA approach
with direct adjustment of the current benefit payout. The left-hand side of the figure shows the exogenous parameters of the con-
tract. These exogenous parameters determine the parameters of the contract on the right-hand side of the figure.
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Figure 6. lllustration of the DA Approach: Gradual Adjustment of the Current Benefit Payout. The figure illustrates the DA approach
with gradual adjustment of the current benefit payout. The left-hand side of the figure shows the exogenous parameters of the
contract. These exogenous parameters determine the parameters of the contract on the right-hand side of the figure.
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u

¢.y,y NOW includes two add-

Comparing (60) with (47), we observe that the forward discount rate 5
itional terms. The first additional term

() [ (w2 —gmamoa | = (51) |2 () 330 @

is due to taking the speculative risk. By taking the speculative risk, pension providers are able to offer
an adequate expected payout stream at an affordable price.
The last additional term in (60)

T T
(wts,y) % <D1/TE§> = _O%T(w§t,yKhl + wgt,yKhz)Dlv - Of(w\?t,yl‘hl + wgt,yL}h)DZV (63)

is due to the interaction between the speculative portfolio and the hedging portfolio. Appendix A.4
shows that ?, , and w3, , are positive if the individual invests efficiently. Hence, the longer the invest-
ment horizon is, the larger D;, and D,, are and thus the more negative the interaction term

T T
(wi y) Et<DVT Ef() becomes. Intuitively, long investment horizons benefit less from speculative

risk premia because lower interest rates raising the value of the speculative portfolio go together
with a higher value of the liabilities. This applies especially to longer horizons for which the value
of the liabilities is relatively more sensitive to interest rates. Figure 7 illustrates the forward discount
rate (60) (panel (a)) and the interaction term (panel (b)) as a function of the horizon v. This figure
assumes that the current inflation rate and the current real interest rate equal their long-term means.

The inflation sensitivity and the real interest rate sensitivity of the value of the pension liabilities
are, respectively, given by

Xmax —(E—Y)

Py = (1—g1) j oy (L — &M/, (64)

Xmax—(t—y)

DZt,y == (1 _gZ) j at,y,h(l - eiKh)dh/K (65)

To replicate the benefit payouts of the contract, the pension provider should choose a hedging port-
folio with the same sensitivities.

3.2.2 Gradual adjustment of the current benefit payout

We find that the forward discount rate SZ},’V is given by (see Appendix A.3):

i 1
6,y =Bl — gDy + (1 — g)riy] — 80 — Dlvo'w()\w + EDMTW)

1 T 1
— Dy, 0, </\T + EDZVO'r) + qz,y,v(wiy) |:</-Lt - R{) - E(It,y,vztz;r C!)iyjl (66)
T

+ qt,y,v(wiy)T2t<DIEf>
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where the vector of speculative weights is given by

with

Xmax—(E—Y)
~B B
Et,y = a[,y,hzwqhdh.
0
Xmax—({—Y)
~B B
Et,y = a[,y,hzt’y,hdh.

(67)

(68)
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Figure 8. Illustration of the Forward Discount Rate. The figure illustrates the forward discount rate in the case of smoothing of specu-
lative shocks. We assume that 7 = 7 = 2%, re =F = 1%,90=91=92=0,33,,, = (1 — e °%)A,/5, 55, = (1—e°%)r,/5and
S5t yw = (1 —€7°%)As/5. The benchmark parameter values are given in Table 2. We also illustrate the case in which the individual
does not smooth speculative shocks, i.e. En y = Ax/5, EZW = A;/5and z‘jt_y = As/5. Hence, the exposure of a future benefit payout
to a current Brownian shock is always strictly smaller in the case of smoothing than in the case of no smoothing.

Equations (67) and (68) show that the individual implements a life-cycle investment strategy if the

vector of payout exposures 35 which is exogenously given - increases with the horizon k. Indeed,

tyh ~
when the remaining life expectancy declines, the value weights a;,;, of the shorter horizons become

B
larger. As a result, %, , decreases as the individual ages. Hence, the vector of speculative portfolio

weights o} ', 1s also a decreasing function of age.

Equation (66) shows that gradual adjustment of the current benefit payout to speculative shocks
(i.e., g1y, increases with v) is another reason why the forward discount rate 6 ¢.y,» depends on the hori-
zon v. Indeed, the further into the future a benefit payout occurs, the larger the exposure of the benefit
payout to a current speculative shock is, and hence the higher the discount rate will be.

We note that gradual adjustment of the current benefit payout also impacts the interaction term

T T
q,,y,v<wf‘y) Et(DVT Ef) . This term causes the term structure to become less upward sloping.

Hence, although gradual adjustment causes the forward discount rate to increase more rapidly with
the horizon, the interaction term somewhat mitigates the increase in the slope of the term structure
of the forward discount rates.

We illustrate the forward discount rate (66) in Figure 8. This figure assumes that the current infla-
tion rate and the current real interest rate equal their long-term means. Moreover, the vector of payout
exposures is given by Ef%v = (1 — e ") (A;/5, A,/5, As/5). Hence, it takes 3 1/2 years before 50% of
the Brownian shocks A,/5dZ,,, 1,/5dZ,;, and A¢/5dZ;, are reflected in the current benefit payout.

4. Concluding remarks

This paper has explored how to model the decumulation period of a PPR. We have derived a system of
restrictions on the contract parameters. These restrictions do not uniquely identify all parameters. As a
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result, individuals must specify some parameters exogenously. They can specify the parameters
according to (at least) two alternative approaches: the investment approach and the consumption
approach. In the investment approach, individuals specify the speed of decumulation and the invest-
ment policy exogenously. We have shown how these exogenous parameters determine the median
growth rate and the volatility of retirement consumption. The consumption approach, in contrast, spe-
cifies the entire retirement consumption stream exogenously. We have shown how to derive the dis-
count rate and the investment policy given a particular exogenous consumption profile.

If the median retirement consumption is assumed flat in real terms and benefit payouts respond
gradually to a current speculative shock, then the discount rate depends on the investment horizon
because of four reasons.”” First, mean reversion in the state variables affects the discount rate. Indeed,
if the real interest rate exceeds its long-term mean, then returns are expected to decline, and hence
long-term benefit payouts benefit less from the current high real interest rate than short-term benefit
payouts. Second, the degree of real interest rate exposure varies across horizons. Typically, longer hor-
izons are more exposed to real interest rate risk than shorter horizons and thus benefit from a higher
real interest rate risk premium. Hence, the discount rate for a short horizon is lower than the discount
rate for a long horizon unless the current real interest rate is substantially above its long-term mean.
Third, if the individual invests efficiently, then the hedging portfolio and the speculative portfolio are
positively correlated with each other. In particular, longer horizons benefit less from speculative risk
premia because lower interest rates raising the value of the speculative portfolio go together with a
larger value of the liabilities. Fourth, since a speculative shock is smoothed, such a shock has a larger
impact on benefit payouts in the far future than on benefit payouts in the near future. With a larger
risk premium for longer horizons, the discount rate increases with the horizon.
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Appendix
A.1 Derivation of (A1.33)

The log horizon-dependent conversion factor log C, , , satisfies the following dynamic equation (the second equality follows
from (A1.20) and (A1.24)):

dlogC, , ;, = dlog A, n + dlogFyy»

= etydt-i-a(aiflh)dt - Jl dqsvy_tﬂ(wiy)TESdZS
Yt

1 T
(DrT,JchlU‘f + ETr[(Ef) Ht«y-hzf]>dt

.
+ <[qt¢y.h — Guy0] (wts_y) 3 - DtTy,th(>dZt‘

(A1.69)

The dynamic equation of the log conversion factor log C;, is given by (this follows from (A1.12), (A1.21) and (A1.69))
T N
dlogC,y = <l9t,y + /.Lf),)dt + ([1 — qiy0] (wiy) > — DLE?)dZt — rydt, (A170)

where pl.fydt is defined as follows:

Xmax—(t—y)

pdt == bodit | auEidlogGdh

Xmax—(t—y)

ayynd[log Cy. 1, log Cr p1dh (A1.71)

N =

0
Xmax— (=) Xmax—(t—y)

Qyu0yydllog Gy, log Cr y , Jdudy.

N =
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Here, d[log Cy,.,, log C,,,,] is given by
-
d[log C; y.u, 10g Ct 0] = ([qt%u — qt,y.O] (wiy) S — D;u2f>

T (A1.72)
T
X <[qt,y.v - qu,O] (wf,y) Ef - D;vzi() dt.

Substitution of (A1.7), (A1.70) and (A1.29) into (A1.32) yields (A1.33).

A.2 Derivation of (A2.39)

We start by deriving the analytical solution to the stochastic differential equation (SDE) for the Ornstein—-Uhlenbeck process.
After applying It0’s lemma to the function f(t, m) = " (m — ), we find

df (¢, m) = me™ (m — Wdt + e"dm

) (A2.73)
= ne™(m — wdt — e"n(m — Wdt + e 0,dZ;; = (T,Teg’ Zit
The solution of (A2.73) is given by
v
fm) =ft, m)+ o j e™dZy,. (A2.74)

The inflation rate at time ¢+ v >t is given by (the first and third equality follow from the definition of f (¢, 7,), and the
second equality follows from (A2.74))

t+v
Ty = T+ "Vt ) = T4+ et m) + oy J ez,
v
=7+e ™(m — T+ 0, j e A7) 4 (A2.75)
0
4
=m+(1—e™)(7T—m)+ ijefn(vf”)dZutJru).
0
In a similar fashion, we find
4
fy=r+1—e")F—r)+ o, j e A2y 4. (A2.76)
0
The (conditional) expectation of the inflation rate E[z,,,] and the (conditional) expectation of the real interest rate

E[r.,] are given by

E[ 7] = m + 9(7 — m)K,, (A2.77)

Elrin] = 1t + k(F — 1)L, (A2.78)
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The aggregate inflation rate 7, = | Z 7+vdv and the aggregate real interest rate 7, , = fg re4»dv play a key role in deter-
mining the yield to maturity. We find (the first equality follows from substituting (A2.75) to eliminate 7;,,)

Tt,h Ty dv

(m 4+ @ — 7)1 — e ™Ndv + o | | e ™ dZ1 0 dv

O e =
O — <

(m + (7 — m)(A — e ™)dv + oy | | e dudZy 14 (A2.79)

O e
< —

h
0-77 — —
(m + (7 — m)mK,)dv + ?J(l — g V))dzl(t+v)
0

Il
O T O T O T O T O —

h
E[mp]dv + o j Ky—ydZ1(44)-
0

In a similar fashion, we find that the aggregate real interest rate 7, j, is given by

h h h
Ton = erVdV = j E[rqy]dv + oy JLh—vdZZ(tJrvy (A2.80)
0 0 0

The pricing kernel is given by (see, e.g., Brennan and Xia (2002)):

t

& =exp —j <7r5 +r+ %/\T)\ds - )Jzt> . (A2.81)

Here, A = (4, A, As) represents the vector of market prices of risk. Denote by P, the price of a bond with time to maturity
h,. We can determine Py, as follows:

hy

1
P, =E ng’“], =F/|expy — j <m+v + Ty +E)\T)\dv = MZen, — Z[)) . (A2.82)
t
0

Substituting (A2.79) and (A2.80) into the pricing formula (A2.82) to eliminate fg ydv and fg rt+,dv, we arrive at

hy hy

1
Py = expy — J ([Et[771+v + 1’;+,,] + z)\T)\dV) [E; expy — j )\st3(;+1,)
0 0

hy hy
exp j (_/\‘n' - (Tthl—v)dZI(t+v)+ j (_/\r - UYLhI—V)dZZ(t+V)
0 0

(A2.83)

hy
1 1
eXpy — J(Er[wf+v + Vr+v:| - AﬂTUﬂTK‘/ - /\rUer - E(O—‘ITKV)Z - E(UVLV)2>dV
0

hy

=expy — '[Rm,dv
0
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The instantaneous nominal forward interest rate R, is defined as follows:
1 , 1 2
Rt,v = |Et[7TH»v + TH»V] — Aqg0Ky — Ayoy Ly, — E (U‘n'Kv) - 5 ((Ter) . (A284)

The log bond price is given by (this follows from (A2.77), (A2.78), (A2.83) and (A2.84))

hy
1nglf = j (_7Tf + 7]('77_ 7Tt)Kv + Tt + K(’7 - fr)Lv - A‘n'U-‘n'Kv
J (A2.85)
1 2 1 2
— )\rO'er - E ((TqTKv) - E (U'er) )dV
Solving the integral (A2.85), we arrive at>
log Py, = — mhy — (7 — m)(h — Kp,) — rehy — (F — r) (1 — L)
ApOy Ar0,
+ (h — Kn,) + 'K’(hl—th)
N 1 o 1 (A2.86)
o oy
S(Z) (1 -2k + 5K ) +5(5) (- 20 +5L
+2<”’I)(1 h1+2 2hl>+2 K (1 h1+2 2h1)
= _WtKhl — 1’[th — Mhl .
Here, the horizon-dependent constant Mj, is defined as follows:
A0, 1o, 7 1 2
= (220 1))+ o)
m o 2ln 4n
(A2.87)

_ Aoy lyo? 1
# () ) o

To calculate how the value of the bond with a fixed maturity date t + h; develops as time proceeds (i.e., t + h; is fixed but ¢
changes), we apply It6’s lemma to

Py = exp{—mKp, — reLy, — My, }. (A2.88)
We find
dpP _ 1 1
P_” = (Rep, — (7 — m)Ky, — k(t — 1)Ly, + 3 (O',TK;,I)Z-FE (a',th)z)dt
1t
A2.89
O-‘ITKhl let - (Tthl dZZt ( )
= (Tt + T — A0 Ky, — /\r(Tthl)dt — 0Ky dZy; — 0,1y, dZ;.
A.3 Derivation of (A3.47), (A3.60) and (A.66)
We show that the following specification of the (unconditional) forward discount rate yields budget balance:
S;l.y,v =doy+dv - m+dy 11 (A3.90)

The first equality follows from K2=(1—2¢"™ +¢2™)/7? and the second equality follows from
K = Ky, — Kan)/ .
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Budget balance implies that (see also (A3.35))

w c
Yeydt = [.Lt.ydt - [.Lt.ydt.

Substituting (A3.59) and (A3.31) into (A3.91), we arrive at

¢
.
(go+g m+g- n)dt+ J d(Ef_Nﬂ) dz, = /.Lxdt - ;Lfydt. (A3.92)
y¥x,

Xmax—(t—y

0 ) aty 1Dty ndh and is given by

The vector of portfolio weights depends on f)t,y = f

TaB

T,
Wty = wily + wts,y = 7(23(2:1) Dtv)’ + (E;l) 2t.,v' (A3.93)

Here, Dy = VX(S,_y,hh) = (IZ dy,dv, f z dy,dv, 0) = (D1p, Dan, D3i) = Dy, models the sensitivity of the discount rate with
respect to the underlying state variables.
Substitution of (A3.93) into (A3.8) yields

“xdt = (77’ + rf+|:(ify>T - DLZ?}E;I (P«z - Rf)

1 /A T A 1. T . N A
-5(30) 2,—5DL¥(3Y) Duy+ D] Ef‘Efy)dt-

t.y_2 8% y

(A3.94)

Substituting (A3.90) and the expression for ,uf( (see (A3.38)) into (A3.71), we arrive at

Xmax—(t—y) Xmax—(t—y)
/.Ltc:ydt = j a,'y‘hdghdhdt + 7 j a[‘yyhdlhdhdt
0 0
Xmax—(t—y)
+ 1 I ay,y pdypdhdt — DIT[.yn(TT — mp)dt — D;l.yk(? — rpdt
0
(A3.95)
t Xmax—(t—y)
T 1
- j dgoyims(0f,) Sz +3 j .y nd[log Ci ., log Cr . ]di
yhx 0
Xmax— (=) Xmax—(t—y)

1
-3 j at_y,uat_y.vd[log Cty.u» log C[.yyv]dudv.

It follows from substituting (A3.94) and (A3.95) into (A3.92) that dy;, and d,;, must satisfy the following two conditions:

dy, =1 — g + KDy (A3.96)

dzh =1 — & + KDzh. (A397)

—KV

Solving these two equations, we find d;, = (1 —g;)e™"" and d,, = (1 — gy)e
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The coefficient dy;, must satisfy

Ximax —(t—y)

~AB\T RN _
ary pdondhdt = — godt + [(E,Vy) - DZyEf‘]E, I(Mt — R{)dt

1/2B\TaB 1. T, A ~B

~5(30,) So,de - DL (3Y) Biyar+ DS, ar
+ D), mwdt + Dj, krdt

o (A3.98)

Xmax—(t—y
1
—3 j a[v},yhd[logC[vy,h, logCt_y,h]dh
0
Xmax—(t=) Xmax— (=)

1
+5 j 1yt yyd[log iy, log Cr .y [dudy.

We note that

t t

J d(zfy.t—s)TdZS: j dqs.y,rfs(wf,y)TESdZs. (A3.99)

y+x, ytx,

Straightforward computations yield (A3.66). Equations (A3.47) and (A3.60) emerge as a special case of (A3.66).

A.4 Derivation of the Efficient Speculative Investment Portfolio

This appendix derives the efficient speculative investment portfolio. In particular, we show that Ef =
—0q @}, Kn, + @3, Ki, ) and 3= g, @}, Ln, + @3, Ly, ) are (typically) negative. The individual aims to minimize
the variance of the change in the log benefit payout, i.e., V;[dlog B;,], subject to a given expected excess return on the specu-
lative portfolio ¢ > 0. Hence, the individual’s optimization problem is given by

() o () (52)

3737 spmin (A4.100)
st S+ 30 430 =
The Lagrangian £ is given by
2 2 3
L= (2?) + (Ef) + (Ef) +y(c —SPa, 4 SEA Efx\s). (A4.101)
Here, y > 0 denotes the Lagrange multiplier.
The first-order optimality conditions are given by
235 =y, (A4.102)
235 =y, (A4.103)
235 =y (A4.104)

It follows from (A4.102)-(A4.104) that E?* o< Ay, Ef* oc A, and 25* oc \g. Since A, and A, are typically negative, it fol-
lows that 35 and 35* are also typically negative.

ssa.d Anssaniun abpriquied Aq auljuo paysiiqnd 0720008127 L1/y1S/LL0L 0L/Blo 10p//:sdny


https://doi.org/10.1017/S1474747218000240

290 Servaas van Bilsen and A. Lans Bovenberg

Optimal Benefit Policy

This appendix derives the optimal benefit policy with and without pooling of mortality risk. We assume the same economy as
in Section 2.1. Denote by xp, the age at which the individual dies. In case mortality risk is pooled, we can determine the opti-
mal benefit policy by assuming xp, is known in advance. Hence, we have the following maximization problem:

Xp+y -y
max e P )E, i L (By dt
By yix,+y<t=<xp+y Y 1— Y Ht

Xty
(A4.105)
Xp+y

s.t By oy j

Here, &, represents the nominal pricing kernel (or stochastic discount factor) at time t (see (A4.81) for an explicit analytical
expression of &), I, = exp{ | ([) sds corresponds to the consumer price index at time ¢, ¥ stands for the coefficient of relative
risk aversion, and p denotes the rate of time preference.

Maximizing (A4.105), we arrive at

1
B;, = I ey, & ) 7 (A4.106)
' Xrty
where y >0 denotes the Lagrange multiplier.
Substituting (A4.81) into (A4.106), we find
‘ T
p—(1/DATA
Bf, =B ,,,exp j mds — ——————(t—x, — y)
Xty
(A4.107)
t t t t
1 Ar A A
+- j reds + =7 J 4z, + = j Az + 22 j dZs,
Y Y Y Y
Xty Xty Xty Xty
Hence, the optimal go, g; and g, are given by

/20—

Q= A/24 A=p (A4.108)
Y
a =1 (A4.109)
! (A4.110)
= .
& Y

We now consider the case where mortality risk is not pooled. We have the following maximization problem in case the
individual does not have bequest motives:

Xmax+y

1 (B,
_P(t—xr—}’)uE 1 E (2w dt
Bx.y:x,+ryn§)s(xm+y _[ € x,+y[ lt<xu+y] | T2 Y\,
Xty
A4.111
Xy ( )
&

s.t.Ex 4y

Xty
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Assuming independence between the age of death and financial returns, we can write (A4.111) as follows:

Xmax+y
s.t.Ey gy j giBt,ydt < Wy 4y (A4.112)
Xty KA

Note that E, 4, [1t < xp + y] represents the probability that an individual aged x, at time x, ., will survive at least t — y — x,
years, i.e.,

Exqyllt <xp+y] =1—y—x Px,- (A4.113)
Problem (A4.112) is thus equivalent to:
Ximax+y/ . B\ 1Y
—p(t=x—y) E 2ty dt
B,.,,:x,+ryn§aéx.mx+y J ¢ oy Pty |:1 - y(H,
Xty
(A4.114)
Xmax +Y
st Erqy gidet < Wery.
Xy
Xty
Maximizing (A4.114), we arrive at
1
, p(t=x—y) Ty
Bt,v =1L . yIL 75{ 'Y’ (A4.115)
’ t—y = XiPx, &ty

where y >0 denotes the Lagrange multiplier.
Note that the following holds (see also (A4.4)):

t Xr

-
t—y—x,Px, = €Xp| — j Oy, +vdv (A4.116)
0

Substituting (A4.81) into (A4.115) and using (A4.116), we find

t

p—(1/2)ATA
Bf, =B ,,,exp J mds — — (t—x—y)
Xy
(A4.117)
t t t
1 Ar A A
+= j (ro— 6,_)ds + =7 j dz, + = J 4z, + 22 j dzs,
Y Y Y Y
Xty Xty Xty X+t

In case of no pooling of mortality risk, the optimal median growth rate of the benefit payout is thus given by:
y 1 1 T
ytyy:m-i-;/- rt+§)\ A=p—=06y|.

Compared to the case where mortality risk is pooled, the biometric rate of return 8,_, reduces the effective median growth
rate of the current benefit payout.

Cite this article: van Bilsen S, Lans Bovenberg A (2020). The decumulation period of a personal pension with risk sharing:
investment approach versus consumption approach. Journal of Pension Economics and Finance 19, 262-291. https://doi.org/
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