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This paper is concerned with the stability issue in determining absorption and diffusion
coeflicients in photoacoustic imaging. Assuming that the medium is layered and the acoustic
wave speed is known, we derive global Holder stability estimates of the photoacoustic
inversion. These results show that the reconstruction is stable in the region close to the optical
illumination source, and deteriorate exponentially far away. Several experimental pointed out
that the resolution depth of the photoacoustic modality is about tens of millimeters. Our
stability estimates confirm these observations and give a rigorous quantification of this depth
resolution.
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1 Introduction

Photoacoustic imaging (PAI) [6,7,12,32,36,44,49] is a recent hybrid imaging modality that
couples diffusive optical waves with ultrasound waves to achieve high-resolution imaging
of optical properties of heterogeneous media such as biological tissues.

In a typical PAI experiment, a short pulse of near infra-red photons is radiated into a
medium of interest. A part of the photon energy is absorbed by the medium, which leads
to the heating of the medium. The heating then results in a local temperature rise. The
medium expanses due to this temperature rise. When the rest of the photons leave the
medium, the temperature of the medium drops accordingly, which leads to the contraction
of the medium. The expansion and contraction of the medium induce pressure changes,
which then propagate in the form of ultrasound waves. Ultrasound transducers located
on an observation surface, usually a part of the surface surrounding the object, measure
the generated ultrasound waves over an interval of time (0, T) with T large enough.

1 The research of FT was supported in part by grant LabEx PERSYVAL-Lab (ANR-11-LABX-
0025-01) and grant ANR-17-CE40-0029 of the French National Research Agency ANR (project
MultiOnde).
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The collected information is used to reconstruct the optical absorption and scattering
properties of the medium.

Assuming that the ultrasound speed in the medium is known, the inversion procedure
in PAI proceeds in two steps. In the first step, we reconstruct the initial pressure field,
a quantity that is proportional to the local absorbed energy inside the medium, from
measured pressure data. Mathematically speaking, this is a linear inverse source problem
for the acoustic wave equation [2,3,5,19,21,23,25-27,30,31,33,40-42,45,46]. In the second
step, we reconstruct the optical absorption and diffusion coefficients using the result of
the first inversion as available internal data [4,16,17,38,39,43].

In theory, PAI provides both contrast and resolution. The contrast in PAI is mainly
due to the sensitivity of the optical absorption and scattering properties of the media in
the near infra-red regime. For instance, different biological tissues absorb Near-infrared
(NIR) photons differently. The resolution in PAI comes in when the acoustic properties
of the underlying medium are independent of its optical properties, and therefore the
wavelength of the ultrasound generated provides good resolution (usually submillimeter).

In practice, it has been observed in various experiments that the imaging depth, i.e., the
maximal depth of the medium at which structures can be resolved at expected resolution,
of PAI is still fairly limited, usually on the order of millimeters. This is mainly due to
the limitation on the penetration ability of diffusive NIR photons: optical signals are
attenuated significantly by absorption and scattering. The same issue that is faced in
optical tomography [11]. Therefore, the ultrasound signal generated decays very fast in
the depth direction.

The objective of this work is to mathematically analyse the issue of imaging depth in
PAI To be more precise, assuming that the underlying medium is layered, we derive a
stability estimate that shows that image reconstruction in PAI is stable in the region close
to the optical illumination source, and deteriorate exponentially in the depth direction.
This provides a rigorous explanation on the imaging depth issue of PAI

In the first section, we introduce the PAI model and give the main global stability
estimates in Theorem 2.1. Section 2 is devoted to the acoustic inversion, we derive
observability inequalities corresponding to the internal data generated by well-chosen
laser illuminations. We also provide an observability inequality from one side for general
initial states in Theorem 3.2. In Section 3, we solve the optical inversion and show
weighted stability estimates of the recovery of the optical coefficients from the knowledge
of two internal data. Finally, the main global stability estimates are obtained by combining
stability estimates from the acoustic and optical inversions.

2 The main results

In our model, we assume that the laser source and the ultrasound transducers are on
the same side of the sample I',; see Figure 1. This situation is quite realistic since in
applications only a part of the boundary is accessible, and in the exiting prototypes a
laser source acts trough a small hole in the transducers. We also assume that the optical
parameters (D, u,), similar to the acoustic speed ¢, only depend on the variable y following
the normal direction to I',,. We further consider the optical parameters (D(y), 1,(y)) within
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FIGURE 1. The geometry of the sample.

the set
Oy = {(D, ) € C*([0,H])*; D > Do, u> po; ||Dllcs [|pelles < MY,

where Dy > 0, o > 0 and M > max(Dy, tp) are fixed real constants.
The propagation of the optical wave in the sample is modelled by the following diffusion
equation:

=V - D(y)Vu(x) + a(y)u(x) =0 x € Q,
u(x) = g(x) X € I'p,
ux) =0 x € I,
u(0,y) = u(L, y) y € (0, H),

(2.1)

where g is the laser illumination, D and p, are, respectively, the diffusion and absorption
coeflicients.
The part of the boundaries I'; are given by

Iy = (0,L)x{y=H} Ty = (0,L) x {y =0}

We further denote by I', the complementary of I'g U I, in €.

We follow the approach taken in several papers [13,14,17], and consider two laser
illuminations g;, j = 1,2. Denote u;, j = 1,2, the corresponding laser intensities.

Let

Vo= {ve H'(Q);v(0,y) =v(L,y), y € (0,H);u=0 on I'p}.
We further assume that g € V,, where
Vr, = {olr, 1v € H'(Q);0(0,y) = v(L,y), y € (0,H);u = 0 on I'p}.

Then, there exists a unique solution u € V satisfying the system (2.1). The proof uses
techniques developed in [24]. The first step is to show that the set

Vo == {v e H'(Q);v(0,y) =v(L,y), y € (0,H);u=0 on I'oUT,},
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is a closed sub space of H'(Q), using a specific trace theorem for regular curvilinear
polygons ( [24, Theorem 1.5.2.8, p. 50]). Then, applying the classical Lax—Milligram for
elliptic operators in Lipschitz domain gives the existence and uniqueness of solution to
the system (2.1).

Remark 2.1 Using an explicit characterisation of the trace theorem obtained in [24], one
can derive an optimal local regularity for g € H%(Fm) that guarantees the existence and
uniqueness of solutions to the system (2.1) (see also [8]).

For simplicity, we will further consider g; = ¢x,,j = 1,2, where ki < ka, and @k(x),k €
N, is the Fourier orthonormal basis of L*(0,L) satisfying —¢(y) = A7 pk(y), with 4 =
I k € Z. Direct calculation gives gx(x) = %e””,k cZ.

We assume that point-like ultrasound transducers, located on an observation surface
I, are used to detect the values of the pressure p(x, t), where x € I',, is a detector location
and t > 0 is the time of the observation. We also assume that the speed of sound in
the sample occupying Q = (0,L) x (0, H) is a smooth function and depends only on the
vertical variable y, that is, ¢ = ¢(y) > 0. Then, the following model is known to describe
correctly the propagating pressure wave p(x,t) generated by the photoacoustic effect

0up(x,t) = (y ) p(x,1) xeQt>0,

0,p(x,t) + BO,p(x,t) =0 Xx€l,t=0,

p(x,t) =0 x € Iy, t =0, (2.2)
p((0,),1) = p((L, y),1) y€(0,H),t =0,

p(X, 0) = f()(X), atp(x> 0) = fl(x)> X € Q,

where 0, is the derivative along v, the unit normal vector pointing outward of Q. We note
that v is everywhere defined except at the vertices of Q.

Here, f > 0 is the damping coefficient, and f;(x), j = 0,1, are the initial values of the
acoustic pressure, which one needs to find in order to determine the optical parameters
of the sample. The coupling between the optical and the acoustic waves is through the
relation

fo(X) = pa(u(x),  x€Q,
where u(x) is the unique solution to the system (2.1).

Remark 2.2 Notice that in most existing works in photoacoustic imaging, the initial state
fo(x) is given by u,(X)u(x), and is assumed to be compactly supported inside 2, while the
initial speed f1(X) is zero everywhere [31,42,45]. Recovering initial values by boundary meas-
urement in hyperbolic systems is a well-studied inverse problem [9,10,29,50]. In our model,
the initial speed 0,p(x,0) = f1(X) can be considered as the correction of the photoacoustic
effect generated by the heat at I'y,.

The PA inverse problem we consider in this paper is to recover the optical coefficients
a(y) and D(y) on (0, H) from the knowledge of the acoustic pressure p(x,t), X € Iy, t €
(0, T), for T >0 large enough.

The inversion can be divided into two main steps. The first step is to determine the
coupling internal function fo(x) = u.(y)u(x), x € Q, from the boundary measurement
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p(x,t), x € I'y,, t € (0, T). This step will be referred to us as the acoustic inversion. The
second step, called the optical inversion, is to determine the coefficients (D(y), uq(y)), vy €
(0,H) from the knowledge of the internal data u,(y)u(x), x € Q recovered by the first
inversion.

The following global stability estimates are the main results of the paper, obtained by
combining stability estimates from the acoustic and optical inversions.

Theorem 2.1 Let (D, u,), (lN),ﬁa) be in Oy, and ki, i = 1,2 be two distinct integers. Let
c(y) € Wh2(0,H) with 0 < ¢, < ¢~2(y), and set 0 = /||c=2||L~. Denote w, i = 1,2, and
Uk, i = 1,2, the solutions to the system (2.1) for gi = @y, i = 1,2, with coefficients (D, p,)
and (B,ﬁa), respectively. Let p;, i = 1,2 and p;, i = 1,2, be the acoustic waves, solutions to
the system (2.2), generated, respectively, by the optical waves uy,, i = 1,2 and U, i = 1,2.
Assume that D(H) = D(H), D'(H) = D'(H), u(H) = Tiu(H), 0,(H) = i,(H), ki < ks, and
ky is large enough.

Then, for T > 20H, there exists a constant C > 0 that only depends on g, Do, k1,ko, M, L,
and H, such that the following stability estimates hold.

i3, (10 = Fia) | co

2 T
Cyu - -
<C <;/0 (TZGH + ﬁ) 18:pi — B:Pill 2, + 10xPi — axPiHZLZ(r,,,)dt) ,

and
u3,(D — D) co :
< (3 [ (755 +8) 1o 0l + 100t
i=1 /0
where

Cy = HefoH <fz(5)\ay(<f_2(5))\dS(C*2(H) + ﬁ2),
1
D} (H) sinh(iy) . ((D%)" Ha J) o

Qm(y) = Ky = min

D3 () sinh(K,%H) ’ Osy<H

Since the function u,,(y) is exponentially decreasing between the value 1 on I',, to the
value 0 on Iy, the stability estimates in Theorem 2.1 shows that the resolution deteriorate
exponentially in the depth direction far from I',.

3 The acoustic inversion

The data obtained by the point detectors located on the surface I, are represented by
the function

p(x,t) = d(x,1) xel, t=0.
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Thus, the first inversion in PAI is to find, using the data d(x, ) measured by transducers,
the initial value fo(x) at t = 0 of the solution p(x,t) of (2.2). We will also recover the
initial speed f;(x) inside Q, but we will not use it in the second inversion.

We first focus on the direct problem and prove existence and uniqueness of the acoustic
problem (2.2). Denote by L?(Q) the Sobolev space of square integrable functions with
weight ﬁl}) Since the speed ¢? is lower and upper bounded, the norm corresponding to

this weight is equivalent to the classical norm of L*(Q).
Let

V ={peH'(Q); p0,y)=p(L,y), y € (0,H);p=0on I},
and consider in ¥ x L?(Q) the unbounded linear operator 4 defined by
A(p,q) = (¢, Ap), D(A) = {(p,q) € V x V; Ap € L*(Q); d,p+ fig =0on I',}.
We have the following existence and uniqueness result.

Proposition 3.1 For (fo, f1) € D(A), the problem (2.2) has a unique solution p(x, t) satisfying
Proof There are various methods for proving well posedness of evolution problems:
variational methods, the Laplace transform method and the semi-group method. Here, we
will consider the semi-group method [47], and prove that the operator 4 is m-dissipative
on the Hilbert space V x L}(Q).

Denote by (-,-) the scalar product in V x L*(Q), that is, for (p;,q;) € V x L2(Q) with
i=1,2,

_ _dx
((p1.q1). (p2. q2)) = /Q VpiVpydx + /Q N> 7
Now let (p,q) € D(A). We have
(A(p.q).(p.q)) = / VqVpdx + / Apgdx.
Q Q
Since 4p € L*(Q) and 0,p + ¢ = 0 on I',,, applying Green formula leads to

<Mn@wﬂ»=égmvw»iévaww—ﬂﬂ:m%ﬂn

m

Consequently,

WH@AM%@W=—B£Iﬂ%dH

Therefore, the operator A is dissipative. The fact that O is in the resolvent of A is
straightforward. Then, A is m-dissipative and hence, it is the generator of a strongly
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continuous semigroup of contractions [47]. Consequently, for (fo, f1) € D(A) there exists
a unique strong solution to the problem (2.2). O

Now, back to the inverse problem of reconstructing the initial data (fo, f1). We further
assume that the initial data is generated by a finite number of Fourier modes, that is,

i) = > faex) (ke  j=0.1, (3.1)
[k|<N

with N being a fixed positive integer.

As it was already remarked in many works, this linear initial-to-boundary inverse
problem is strongly related to boundary observability of the source from the set I,
(see, for instance [35,45,47,51]). We will emphasise on the links between our findings
and known results in this context later. Here, we will use a different approach taking
advantage of the fact that the wave speed c(y) only depends on the vertical variable y.

Since p(x) is L-periodic in the y variable, it has the following discrete Fourier decom-
position:

p(x,y) = Z Py, D or(x) (x,y) € Q.

|k|<N

One can check that pi(y,t)pr(x) is exactly the solution to the problem (2.2) with
initial data (for(¥)@r(x), f1x(y)@k(x)). Precisely, if A4, = ZI‘T", the functions pi(y, t) satisfy the

following one-dimensional (1-D) wave equation:

2070y, 1) = 0yyp(y,0) — Agp(y,1), v € (0,H),t >0,
Oyp(H,t) + po,p(H, 1) =0 t=0,

p(0,t) =0 t >0,

p(»,0) = fox(¥), 0:p(»,0) = fu(y), vy € (0,H).

(3.2)

Next, we will focus on the boundary observability problem of the initial data f; at the
extremity y = H. Taking advantage of the fact that the equation is 1-D, we will derive a
boundary observability inequality with a sharp constant. Define E(t) the total energy of
the system (3.2) by

H
E(t) = /0 (¢ 2W[Bep(y, D> + [0,p(v, O + A2 |p(y, ) dy. (3.3)

Multiplying the first equation in the system (3.2) by 9,p(y,t) and integrating over (0, H)
leads to

E'(t)y= —p|o;p(H,t))>  for t=0. (3.4)

Consequently, E(t) is a non-increasing function, and the decay is clearly related to the
magnitude of the dissipation on the boundary I',,.

It is well known that the system (3.2) has a unique solution. Here, we establish an
estimate of the continuity constant.
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Proposition 3.2 Assume that c(y) € W>°(0,H) with 0 < ¢,, < ¢=2(y). Then, for any T > 0,
we have

T
I / Qupi(H.0)Pdt < (C + C210)T + C2)EL(O).
0

for k € N, where

H
E(0) = /0 (2 F P + )P + 2l foc)) dy.

H
Ch= 1+ He2(E0) ™ (141 e e )

Ch = (1 +H2 )™ (1+2H] 7?2,
C}=H(l+Hc?*H))™!

Proposition 3.3 Assume that c(y) € W°(0,H) with 0 < ¢,, < ¢ 2(y). Let 0 = \/||c™2| L
and T > 20H. Then, the following inequalities hold

pr /H|f0k<y>2dy<( Cu +ﬁ) /T|atpk(H OPdi
0 T — 20H A :
+ 2 / |pi(H, t)|dt,
0

for k € N\ {0},

H C T
SN + Py < (S +8) [ oo
| 0NmoR + fwPay < (=557 +8) | ottt
+ 7 / Ipu(HL O,
0
Jor k € N, with

Car = Held' CORT s (=2(f) 4 g2).

The proofs of these results are given, respectively, in Sections 6 and 7.
The main result of this section is the following.

Theorem 3.1 Assume that c(y) € W>°(0,1) with 0 < ¢,, < ¢ 2(y), and fo, f1 have a finite
Fourier expansion (3.1). Let 0 = \/||¢2%||L~ and T > 20H. Then,

T
2
/|Vf0 )Pdx < <T 20H+ﬁ)/0 18:p(%, Ol 72, dt

/ 10.p(%, )1 721,
0
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and
2 20x < Cu ! d 2, d
o¢ W< {75 +F) | 100k Oz, dt
T
+/0 ||axP(X:t)||2L2(r,,,)d[>
with

Cy = Helo' CZ(S)\%-(L”Z(S))\dS(C*2(H) + ).

Proof The estimates are direct consequences of Propositions 3.2 and 3.3. The fact that the
Fourier series of p(x,t) has a finite number of terms justifies the regularity of the solution
p(x,t), and allow interchanging the order between the Fourier series and the integral over
0, 7). O

Using microlocal analysis techniques, it is known that the boundary observability in a
rectangle holds if the set of boundary observation necessarily contains at least two adjacent
sides [18,20]. Then, we expect that the the Lipschitz stability estimate in Theorem 3.1 will
deteriorate when the number of modes N becomes larger. In fact the series on the right
side does not converge because d,p(x,t) does not belong in general to L*(I',, x (0, T)). We
here provide a holder stability estimate that corresponds to the boundary observability
on only one side of the rectangle.

Theorem 3.2 Assume that c(y) € W'>°(0,1) with 0 < ¢p < ¢ (), and (fo.f1) €
(H*(Q) x H'(Q))ND(A) satisfying || follgz, || f1lm1 < M. Let 0 = \/||c=2| L and T > 260H.

Then,
2 CM ’ 2
/Q|Vf0(x)| dx <\ 755 TP /0 [10:p(X, D)[I 2, it
SR
+Ch </0 ||p(x,t)||H%(rm)dt> ;
and
) 2 CM g 2
/QC WIf1x)]7dx < m+ﬁ /0 18Pk (%, Ol 22(r, At
T 3
03 2
+Cyif ( / ||p<x,r>||,,;(rm)dt> ,
with

—~2
3

CM _ HefoH (;2(s)|6)v(0—2(5))|d5(C72(H) 4 B2)’ CM =2M:.

https://doi.org/10.1017/50956792518000268 Published online by Cambridge University Press


https://doi.org/10.1017/S0956792518000268

514 K. Ren and F. Triki

Proof The proof is again based on the results of Proposition 3.3. We first deduce from
Proposition 3.1 that d,p(x,t) € L*(I',,). Now, define

=Y faex)  xeQ  j=0.1,
|k|<N

with fj(y) are the Fourier coefficients of f;(x), and N being a large positive integer.
Consequently,

2 2 2
/ 0 folx)Pdx = / 0ufY (0 2dx + /0 |k>ZNjH|<axfo Pdy.

Using the fact that y — fo(x,y) is L—periodic, and integrating by parts in the integral
defining (O fo)x(y), we find

1
(@ fol)? < pl(@yxfo)k(y)lz,
Y
which implies

/Q|axfo(x)|2dx< / 0N (O Pdx + / 19, fo(x)Pdx

)“N+1

M?
/ ‘a\fo X)|2dX—|- 12
N+1

Repeating the same argument with 0, fo, we finally obtain

/|Vf0 (x)]?dx < /|Vf0 |dx+)2 , (3.5)
"N+1
Similarly, we have
2 2 2 N 2 92M2
e winepax < [ o eopdx S (36)
"N+1

for N large. Applying now Proposition 3.3 to (f, fV), gives

C T
2 2
S wseoRix < (S8 ) [ 1m0l o

T 72

M
yl 0|1 dt ,

i [0l e

/ T O e /  oup(x, 0B dt
Q T_ZOH 0 g ’ L*(I'n)

T 272

0°M

+ix / IO, di +

0 Hz(rm) /LN+1
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By minimising the right-hand terms with respect to the value N, we obtain the desired
results. O

4 The optical inversion

Once the initial pressure fo(x), generated by the optical wave has been reconstructed, a
second step consists of determining the optical properties in the sample. Although this
second step has not been well studied in biomedical literature due to its complexity, it
is of importance in applications. In fact the optical parameters are very sensitive to the
tissue condition and their values for healthy and unhealthy tissues are extremely different.

The second inversion is to determine the coefficients (D(y), uq(y)) from the initial
pressures recovered in the first inversion, that is, hj(x) = u.(y)u;j(x), x € Q, j=1,2.

For simplicity, we will consider g;(x) = ¢y,(x), j = 1,2 with k; and k, are two distinct
Fourier eigenvalues that are large enough. We specify how large they should be later in
the analysis.

The main result of this section is the following.

Theorem 4.1 Let (D, u,), (5,%) in Oy, and ki, i = 1,2 be two distinct integers. Denote
Uy, i =1,2 and w,, i = 1,2 the solutions to the system (4.1) for g; = @x,,i = 1,2, with coeffi-
cients (D, ptg) and (D, 1), respectively. Assume that D(H) = D(H), D'(H) = D'(H), pa(H) =
ua(H), W, (H) = I, (H), ki < ky, and ky is large enough. Then, there exists a constant C > 0
that only depends on (uy, Do, k1,ky, M, L, H), such that the following stability estimates hold.

5D = D)les < € (Il = Bulles + lh2 = el )

(e = o)l co < € (Il = Pllcr + 12 = Tl )

Classical elliptic operator theory implies the following result for the direct problem [37].

Proposition 4.1 Assume (D, pg) be in Oy and g € Vi, Then, there exists a unique solution
u €V to the system (2.1). It verifies

el < Colellyy
where Cy = Co(uo, Do, M, L, H) > 0.
For g(x) = ¢k(x), the unique solution u has the following decomposition:
u(x) = u(yV)er(x)  xeQ,
where uy(y) satisfies the following 1-D elliptic equation:

{ — (DO ) + () + 22Du(y) =0y € (0, H), “1)
u(H) =1, u(0) =0, '

Next, we will derive some useful properties of the solution to the system (4.1).
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Lemma 4.1 Let u(y) be the unique solution to the system (4.1). Then, u(y) € C*([0, H]) and
there exists a constant b = b(ug, Do, M, L, H) > 0 such that ||u||c> < b for all (D, u,) € Oy
In addition, the following inequalities hold for k large enough:

for 0 <y < H, where

1

u () = DA sinh(;c%,y), (o) — Di(H) smh(KMy)

D3(y) sinh(x2H) D:(y) smh(;cwa)

() B DY
;cm_orsnylsnﬂ< D3 +7+)‘k KM_O?}@{ D! -I-B-i-/% .

Proof We first make the Liouville change of variables and introduce the function

D3(y)

u(y) = DIH)

u(y).

Forward calculations show that v(y) is the unique solution to the following system:

—v"(y) + xk(y)o(y) =0 y € (0,H),
{ (H)=1, v(0)=0, (4.2)
where
_ (D%)” fa
K(y) = D1 + K +;k

Assume now that k is large enough such that x,, > 0, and let v, (y) and Ty (y) be the
solutions to the system (4.2) when we replace x(y) by, respectively, the constants x,, and

ky. They are explicitly given by

1
sinh(x}
p,(y) = SmblY),
sinh(k5H)
1
7 sinh(x}
vm(y) = M
sinh(x;, H)

The maximum principle [37] implies that 0 < v(y),v,,(y),7m(y) <1 for 0 <y < H.

By applying again, the maximum principle on the differences v — v, and v — Ty, we
deduce that v,,(y) < v(y) < vm(y) for 0 < y < H, which leads to the desired lower and
upper bounds.

We deduce from the regularity of the coefficients D and u, and the classical elliptic
regularity [37] that u € H3(0, H). Moreover, there exist a constant b > that only depends
on (ug, Do, M, L, H) such that

ull g < b. (4.3)
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Consequently, the uniform C? bound of u can be obtained using the continuous Sobolev
embedding of H3(0, H) into C*([0, H]) [1]. O

Lemma 4.2 Let (D, p,) € Op, and u(y) be the unique solution to the system (4.1). Then,
for k large enough there exists a constant ¢ = (Do, o, M, k) > 0 such that

u'(y) = o,
for 0<y<H.

Proof Since 0 is the global minimum of u(y), we have u/(0) > 0. Moreover, for k large
enough, Lemma 4.1 implies that

L(H) sinh(xzy)
() sinh(xzH)

D
u(y) =
y) D

2=

for all y € [0, H]. Therefore,

1

1
D2(H) K

u'(0) = T .
ID||; s sinh(xiH)

Now, integrating equation (4.1) over (0, y), we obtain

:
D) (y) = DO (0) + /0 (a(s) + 22D (5))u(s)ds

D(y)'(y) = DO (0) + / (als) + 22D(s)) 2 ) sinh(ns)

0 D2(s) sinh(x3H)

1
D:(H) cosh(kzy) — 1
1 1 :
[Dl|7  sinh(icaH)

ds

1
_ DiH) kDo
= [ 1
D]l sinh(ciH)

+ (1o + 22 Do)

Taking into account the explicit expression of k,, finishes the proof. O

Since the illumination are chosen to coincide with the Fourier basis functions ¢y, j =
1,2, the data hj(x), j = 1,2, can be rewritten as h;j(x) = hj(y)ox;(x), j = 1,2, where
hj(y) = pa(y)uk,(y)-

Therefore, the optical inversion is reduced to the problem of identifying the optical pair
(D, ny) from the knowledge of the pair (hy(y), ha(y)) over (0, H).

Let (D, ua), (5,ﬁa) be two different pairs in Oy, and denote u; and u; the solutions to
the system (4.1), with coefficients (D, u,) and (f),ﬁa), respectively.

We deduce from Lemma 4.1 that - and ;- lie in L?(0, H) for 0 < p < 1. Unfortunately,
for 0 < p < 1, the usual || - ||» is not anymore a norm on the vector space LP(0,H)
because it does not satisfy the triangle inequality (see, for instance [1]. In contrast with
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triangle inequality Holder inequality holds for 0 < p < 1, and we have

1
v < [l (4.4)
Uk

for all v € L4(0, H) with p,q > 0 and ,l =%+é.

Consequently, h = Z—f = % can be considered as a distribution that coincides with a
1

C? function over (0, H). A forward calculation shows that h satisfies the equation
— (D 1) + Duf, h(23 — 23) =0, (4.5)

over (0, H).
Since u,, j = 1,2 are in C?([0, H]), an asymptotic analysis of D(y)u,%l ()W (y) at 0 and
the results of Lemma 4.1, gives

lim Dug i’ = 0.
y—0
Similarly, we have

limh=1.

y—1

Integrating the equation (4.5) over (0, y), we get
DONE ) = G5 = 7 [ D6 5h 1

Dividing both sides by D(y)u,f1 (¥), and using again Lemma 4.1, imply

y y
(72 — MDi() / W2 (s)ds < H(y) < (73 — 23)MDoT; () / i (5)ds,
0 0
over 0, H, which leads to
c,y<W@y) <cly, ye(0,H), (4.6)

where the constants c,f are strictly positive and only depend on Dy, ug, M, H, L, ky, and k.
Now, back to the optical inversion. Dividing the equation (4.5) by Du,%1 h, and integrating
over (y, H), we obtain

W (1)D (), (v) = D(H)H (H)e =D 1 irds, 4.7)

for y € (0, H).
The identity (4.7) allows us to derive the following result.

Lemma 4.3 Under the assumptions of Theorem 4.1, there exists a constant C = C(ug, Do,
ki,ky, M, L, H) > 0 such that the following inequality holds.

12 Duid, = Diit Yo < € (Il = Puller + [lh = Tisfler )
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Proof Recall that the relation (4.7) is also valid for the pair (IN),’/L,), that is,

W (D ()i, (v) = DH) (H)e =1 frds, (4.8)

for y € (0,H).
Taking the difference between the equations (4.7) and (4.8), we find

Ww = D, (R (v) — W(y) + D(H)(H (H) — W (H)ye™ = 30 4 p(eyid (),

(4.9)
where w = (D(y)uf, (v)I'(v) — D(y)ii, (y)), and
T — e—()é—)})fy” Lds (AZ—A HtL ds
A forward calculations leads to
" -
h
2
V< Gy [y - .
H 1 7
<y |h h| -I— |h' W |ds,
y
. -
1 h ~
< — 4 = h—hlc,
(y it )n e
which combined with (4.6) yield
VIZI < erllh = |, (4.10)

where ¢; = Cl(ﬂo,Do,kl,kz, M, L,H) > 0.
Multiplying now the identity (4.9) by y and considering the behaviour of 4’ described
in (4.6), we obtain the desired result. O

Now, we are ready to prove the main stability result of this section. We remark as
n [17], that i is a solution to the following equation:
1

/

1’ 1
- (Duil — ) + 27 Duj, — = hy, y € (0,H).
Uk, U,

Since N— solves the same type of equation, we obtain that w = % — I is the solution to
"1

the followmg system:

(4.11)

{—(Du,%lw’)/-l-iilDuklvv—e y € (0,H),

Ww(H) = 0, w'(H) = —L((H) — hi(H)), w},w' € LX(0,H),
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where

N
e=0m@5ﬁ¢})4wﬁm@5%A}+mE.
uk1 ukl
We remark that to solve this system, we have to deal with two main difficulties, the first
is that the operator is elliptic degenerate, and the second is that the solution w(y) may be
unbounded at y = 0.

Integrating over (s, H), for s € (0, H), the first equation of the system, leads to

1
ta(H)

» H H
D(s)ui, (s)w'(s) = D(H) (W\(H) — W (H)) + / Ji Duj wdr — / e(r)dr.

Integrating again over (y, H), we find

1
ta(H)

H H H H
+/ / )V,%]Du,%]wdrds—/ / e(r)drds.
y s y s

Integrating by parts the integral on the left-hand side, yields

H ~
/ D w'ds = (H — y)D(H)—— (i (H) — hy(H)
y

H ~
D(y)u, (y)w(y) = / (Dug,)'wds — (H — y)D(H)M (H)(hi(H) — hi(H))
y a

H (H H (H
—/ / iilDui]wdrds—i-/ / e(r)drds.
y s y s

Hence,

H
1 ~
Dut, 0Vw0) < (D, Vbl + 1 = 9Dl D) — )

H H H H
+ / / iilDuil |w|drds + / / e(r)drds
y s y s

We deduce from Lemma 4.1 that there exists a constant ¢; = c»(uo, Do, k1, k2, M, L,H) > 0,
such that

. (4.12)

L (4.13)

0< =
U Uk

Substituting w by wou, % !, where wo(y) = T, (y) — ug, (v), and multiplying both sides by
ki “ky 1 1
uj (v) in the inequality (4.12) give

u, ()| wo(y)|

< ea|l(H) — By(H)| + cau, (y)iik, ()

/H /H e(r)drds
y s

H
+q@m/'%wwa
i
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where ¢;,i = 3,4,5, are strictly positive constants that only depend on pyg, Do, k1, k2, M, L,
and H.
Since uy, u; are increasing functions, we obtain using inequalities (4.13), the following

estimates:
H H H
/ / ug (r)e(r)drds| + cs / ug, [wolds,
y s y

(4.14)
where ¢} is a strictly positive constant that only depends on po, Do, k1, k2, M, L, and H.
Now, we focus on the second term on the right-hand side of the last inequality.

U, (y)|wo(y)| < o3| hy(H) — hy(H)| + ¢

uk1 r)drds

H (H ‘2
</ g, | Dug, — D|[i, |ds+4/ / i, | Dug, — D} i, 17 ds
Yy s k

1

(4.15)

H
2, H [ Dud, — D i dy + sy — Mo
0

where ¢¢ is a strictly positive constant that only depends on pug, Do, k1, k>, M, L, and H.
Using the estimates in Lemma 4.3, we find

/ ! / "t (retr)dr
1

¢7 > 0 only depends on ug, Do, ki, ks, M, L, and H. Combining inequalities (4.14) and
(4.16), leads to

ds < er (Ilm = Tller + [l = Fallcr ) (4.16)

i, (1) wol(1) (4.17)
. . H
€1 (I =Pl + = aler) + €2 [t (ol ),
t

for 0 <t < H, where C;,i = 1,2, are strictly positive constants that only depend on
po, Do, ki, ko, M, L, and H.
Using Gronwall’s inequality, we finally get

ukI

H 4 ~ ~
wol(®) < Coe B O (g~ Tulles + 1z = Taller ) (4.18)

for0<t<H.
The following Lemma is a direct consequence of the previous inequality.

Lemma 4.4 Under the assumptions of Theorem 4.1, there exists a constant C =
C(uo, Do, ki, ko, M, L, H) > 0 such that the following inequality holds.

o, = i lleo < € (s = Tlles + b = Rl )
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Proof (Theorem 4.1) Recall that h; = u,uy, and ﬁl = pqty, over (0, H).
Therefore,

uli'.“d - ﬁa‘ < ”zl ‘hl _’El‘ +ﬁﬂu£1|uk1 _ﬁk1|'

Lemma 4.4 implies

I, (10 = Tl < € ([l = Pllcr + b2 = Falen ) (4.19)

A simple calculation yields

5 D N2 1,3 ~3 3 2 N2
uk1 ‘D - D| < Duk] |uk1 - uk1| + ukl |Duk1 - D kl |’

over (0, H).
Inequalities (4.13), Lemmas 4.3 and 4.4 lead to
J4,(D = D)l < € ([l = Riller + 12 = Tzl ) (4.20)
Applying the bounds in Lemma 4.1, we obtain the wanted results. O

5 Proof of theorem 2.1

The main idea here is to combine the stability results of the acoustic and optic inversions
in a result that shows how the reconstruction of the optical coefficients is sensitive to the
noise in the measurements of the acoustic waves.

The principal difficulty is that the vector spaces used in both stability estimates are
not the same due to the difference in the techniques used to derive them. We will use
interpolation inequality between Sobolev spaces to overcome this difficulty.

We deduce from the uniform bound on the solutions u;, i = 1,2 (see, for instance (4.3)
in the proof of Lemma 4.1) that

il o, il s < Mb, i =12, (5.1)

for all pairs (D, py)and (l~), Ug) in Oy
The Sobolev interpolation inequalities and embedding theorems [1] imply

~ ~ ~ ~ 1 ~ 1
[[hi = hiller < Cllhi = hil[ g2 < Cllhi = hill i = hil s, 1= 1,2,
which combined with (5.1) gives

I —hiller < Cllh = hillZ i=1,2. (52)
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Since the acoustic inversion is linear, we obtain from Theorem 3.1 (or Proposition 3.3)

that,

H . C T
ﬁ/’m—m%w<(f”+@/"amW@—amawwr

T
—H%/ImHﬁ—ﬁWﬁW%
0

fori=1,2, and

H _ C T
-2 / o / 2 < M i _ . 2
/0 ()i — hil~dy < (T— 20H +ﬂ>/0 |0:pi(H, t) — O;pi(H, t)|"dt

T
4%ﬁ/|mHﬁ—EWJWM
0

fori=1,2.
Consequently,
7 — il
<C /T _Cu iy Qupi(H, t) — 8, pi(H, 0)|* + A3 |pi(H, 1) — pi(H, 1) *dt Z
S 0 T —20H tPi 5 tPi s ke |1PilI, Di ? >
fori=1,2.

Using the optical stability estimates in Theorem 4.1, we obtain

”ﬂrsn(.“a - ﬁa)HCO

~ 2 T

= Cu ~ 2, 2 ~ 2
< - . _ . . — 7.
<C (?_1 /0 (T —0H +ﬁ> [0upi(H, 1) — 0,pi(H, 0)|> + 2 |pi(H, t) — pi(H, 1)|*dt

and

|, (D = D)l co
~ 2 T C
~ o B ~
<C (Z/O (T%)H - ﬁ) 0upi(H, 1) — 0upi(H, 0)|* + 7 |pi(H. 1) — pi(H, t)|2dt>
i=1

which ends the proof.

https://doi.org/10.1017/50956792518000268 Published online by Cambridge University Press

>

>


https://doi.org/10.1017/S0956792518000268

524 K. Ren and F. Triki
6 Proof of proposition 3.2

Multiplying the first equation of the system (3.2) by y0,p(y,t) and integrating by part one
time over (0, T'), we obtain

/ 10, p(H. 0)2dt = / / 19, p(y. 1) 2dydi — / / ~20up(y, )30, p(y. t)dydi

‘4%/(/pmm@mmww=&+&+m.
0 0

In the rest of the proof, we shall derive bounds of each of the constants A4;,i = 1,2,3, in
terms of the energy E(0). Due to the energy decay (3.4), we have

|41| < TE(0).

Integrating by part again over (0, T) in the integral 4,, we get

T H
- / / ye=20,[0,p(y, 1) Pdydt
0 0

H H
+2 /0 ye20,p(y, T)Oyply. T)dy — 2 /0 ye~20,p(y. 0)0, p(y. 0)dy.
Integrating by part now over (0, H), we find
T T H
Ay He ) [ optttofdr= [ [ 0,06 ot Pdya
0 0 0
H H
+2 /0 ye 20,p(y, T)3,p(y, T)dy — 2 /0 ye~20,p(y,0)3,p(y, 0)dy,

which leads to the following inequality:

T
@+H€%ﬂ/\%ﬂuwm
0

< || 0,(ve 2] o TEO) + Hlle (0)|(E(T) + E(0)).

Using the energy decay (3.4), we finally obtain

T
Ay + He™(H) / Qup(H, 1)2dt

<<u (14 2y )T + 201 2||‘/2) ()

Similar arguments dealing with the integral 43 show that
|43| < HATE(0).

Combining all the previous estimates on the constants 4;,i = 1,2,3, achieve the proof.
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7 Proof of proposition 3.3
Let 0 = /[c=2||L= and T > 20H, and introduce the following function:

T—0y
P(y) = /H (¢7*(H — y)|ep(H — y,0)> + [8yp(H — y, ) + 27 |p(H — y, 1)) dt,

)

T—0y
- /0 o (v, ),

)

for 0 < y < H. We remark that

T T
B(0) = (¢ 2(H) + §) /0 Qup(H. O Pdt + 72 /0 Ip(H. 0)d. (1.1)

On the other hand, a forward calculation of the derivative of &(y) gives

T—0y
() = /9 3,00 0t — 0p(y, T — 0) — 0(y, 0y).
y

Integrating by parts in the integral, we deduce that

T—0y
() = Bo(y) + 0y (H — 7)) /@ Oup(H — y, 1),

where

t=T—0y

Bo(y) = (—2¢*(H — y)3,p(H — y,1)d,p(H — y,1)) =0y

t=T—0y

~0 (¢ (H = y)ouptH — y.0P + 0up(H —y.0P +lp(H —y.0P) |

The choice of 6 implies By(y) < 0 for 0 < y < H. Hence, we obtain
T—0y

(1) < A(H — y)|o,(c(H — 7)) /9 ¢ (H — )[oup(H — v 1)t
:

< EH = y)[Ry(c 2 (H — )| D).
Using Gronwall’s inequality, we get
¢(y) < €f0” CZ(S)|ay(C_2(S))|ds¢(0), (72)

for0<y<H.

We deduce from the energy decay (3.4) that
T—0H

(T — 20H)E(T) < (T — 20H)E(T — 0H) < / E(t)dt. (7.3)
0H
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Rewriting now the right-hand side in terms of the function ¢, we found

T—0H H ,T—0H
/ E(t)dt = / / o(y, t)dtdy.
0H o JoH

Since (6H, T — 0H) C (0y, T — 0y) for all 0 < y < H, we have

T—0H H
/ E(t)dt < / B(y)dy. (7.4)
0H 0
Combining inequalities (7.2)—(7.4), we find

(T — 20H)E(T) < Hels' €62 (6Dlds o). (7.5)

Back again to the energy derivative (3.4), and integrating the equality over (0, T), we
obtain

E(0)=E(T)+p /OT |0.p(H, t)|dt.
The last equality and energy estimate (7.5) give
E(0) < (T — 20H)"'Held' C@ORTOldsg0) + p /0 ! 10,p(H, t)dt.
Substituting ¢(0) by its expression in (7.1), we finally find

T
E(O) < ((T _ 26H)71H€j&)H (42(S)|ay(c*2(s))\LIS(672(H) + ﬂ2) + ﬁ) / |6,p(H, t)|2dt
0

T
+%/|mmm%u
0

which combined with the fact that

H
mm=A (2ONF10IP + 1F§0IF + Zfo)]?) dy.

finishes the proof.
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