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In this article, we prove the continuity of the horizontal gradient near a C'%-Pini
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horizontal Laplaceans as in (1.1) below, where the scalar term is in scaling critical
Lorentz space L(Q,1) with @ being the homogeneous dimension of the group. This
result can be thought of both as a sharpening of the I''*® boundary regularity result
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1. Introduction

In this article, we consider the following boundary value problem:

> Xf(aijXju)=> X/ fi+g nQCG,
h=1 i=1 (1.1)

u=~h on 0N

where A = [a;;] is an m x m real symmetric matrix satisfying the following
ellipticity condition:

AL, <A(p) <A 'L, peG (1.2)

for some A > 0. In (1.2), I,,, stands for m x m identity matrix and G is a Carnot
group of step k (see definition 2.1). The main importance of such Lie groups in
the analysis of the hypoelliptic operators was established in the work of Rothschild
and Stein on the so-called lifting theorem, see [36,38]. The motive of this article
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Borderline gradient estimates at the boundary in Carnot groups 1921

is to obtain the pointwise gradient estimate for weak solutions to (1.1) upto the
non-characteristic portion of the boundary under minimal regularity assumptions
on [a;;], fi, g, h and the boundary 0.

The fundamental role of such borderline regularity results in the context of elliptic
and parabolic equations is well known. By using the well-established theory of
singular integral in the setting of Heisenberg group, interior Schauder estimates
have been studied by many authors in [11,12, 22,31, 37,41, 42] and the reference
therein. They play an important role in the analysis of nonlinear PDE’s.

In 1981, D. Jerison [24,25] addressed the question of Schauder estimate at the
boundary for the horizontal Laplacian in the Heisenberg group H". Jerison divided
his analysis in two parts, according to whether or not the relevant portion of the
boundary contains the so-called characteristic points (see definition 2.7). At such
points, the vector fields that form the relevant differential operator become tan-
gent to the boundary and thus one should expect a sudden loss of differentiability,
somewhat akin to what happens in the classical setting with oblique derivative
problems. In fact, Jerison proved that there exist no Schauder boundary estimates
at characteristic points! He did so by constructing a domain in H" with real-analytic
boundary that support solutions of the horizontal Laplacian A j»u = 0 which vanish
near a characteristic boundary point, and which near such point possess no better
regularity than Holder’s. On the other hand, he established Schauder estimates at
the non-characteristic portion of the boundary.

Very recently in [3], by suitably adapting the Levi’s method of parametrix,
A. Baldi, G. Citti and G. Cupini established I'>“ type Schauder estimate for non-
divergence form operators upto the non-characteristic portion of a C*° boundary
in more general Carnot groups. Subsequently in [4], by employing an alternate
approach based on geometric compactness arguments, the authors showed the
validity of I'''® boundary Schauder estimate for divergence form operators as in
(1.1) when boundary is C:® regular and a;;, fi € T%% h € T, g € L>°. The com-
pactness argument first of all appears in the seminal work of Caffarelli [9] and
is independent of the method of parametrix. In this article, we consider a simi-
lar framework as in [4] and prove the continuity of the horizontal gradient under
weaker assumptions on the coefficients, domain and the scalar term g belongs to the
scaling critical Lorentz space L(Q, 1), with @ being the homogeneous dimension of
the Carnot group G.

For historical note, E. Stein [39] showed the following limiting case of Sobolev
embedding theorem.

THEOREM 1.1. Let L(n,1) denote the standard Lorentz space, then the following
holds:

Vv e L(n,1) = v is continuous.

For the definition of Lorentz space, see definition 2.6. One of the interesting
properties of the Lorentz space is the following:

L™t c L(n,1) C L™
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for any € > 0 with all the inclusions being strict. One can think theorem 1.1 as the
limiting case of Sobolev-Morrey embedding theory which says that

Vv e L't = v e 00/t

Now, by combining theorem 1.1 with the classical Calderon-Zygmund theory, we
get the following interesting result.

THEOREM 1.2. Au € L(n,1) = Vu is continuous.

In 2013, Kuusi and Mingione in [27], made a break through by generalizing
theorem 1.2 for operators modelled after the p-Laplacian operator. Later on it has
been generalised in the setting of more general nonlinear and possibly degener-
ate elliptic and parabolic equations by using complicated and powerful nonlinear
potential theory (see for instance [18,26-30] and the references therein). Recently,
theorem 1.2 has also been extended in the context of fully nonlinear elliptic equa-
tions. For instance, see [16, theorem 1.2] where authors have established the
gradient potential estimate for fully nonlinear elliptic equations. We also refer to
[1] for the boundary analogue of the regularity result in [16] and also to the more
recent work [5] for similar borderline regularity results in the context of normalized
p-Laplacian.

The main idea in order to establish such end point gradient continuity estimates
is to employ the modified Riesz potential defined as follows:

R 1 1/‘1
9(p, R :/ S iqr | dr, 1.3
20 7) 0 <|QQB(I7,T)| QNB(p,7) lo(@)l I) ! (13)

where B(p,7) is defined as in (2.12) below. In fact, one estimates the L° norm
of the gradient as well as a certain moduli of continuity estimate in terms of such
modified Riesz potential. Then the continuity of the gradient follows from the fact
that

If(p,R) —0as R—0 (1.4)

provided g € L(Q, 1) and ¢ < @, for the details, see [16, theorem 1.3]. We will
follow a similar approach to prove our main result theorem 1.3. a-decreasing (see
definition 2.11) property of the modulus of continuity will play an important role
in our arguments.

Taking these considerations into account, we initiate the study of the regularity
property of the solution of (1.1). In order to state the main theorem, we introduce
a few relevant notations. Given an open set Q C G, pg € 9Q and 7 > 0, we set

Wy =QN B(py,7), L =00NDB(po,T). (1.5)

Here, 2 C G is a C"P"l domain, see definition 2.13 and we also consider the data
in the class T*Pi for k € NU {0}, see definition 2.12. We now state our main
theorem.

THEOREM 1.3. Let Q C G be of class CHP™ and pg € OQ be such that for some
7 > 0 we have that the set . consists only of non-characteristic points . Let u €
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LE2H) N C(H;) be a weak solution to (1.1), with aij, fi,g and h satisfying the

loc

following hypothesis:
ay; €TOPMOPD), f, e TOPMOP), g€ L(Q,1), heTHP™(p).  (1.6)

Furthermore, we also assume that the uniform ellipticity condition as in (1.2) holds.
Then V yu is continuous in W 5. In particular, for any p,q € W72, there exists
an universal constant Cy such that the following estimate holds:

Voeu(p) — Vru(q)| < C1W(Cod(p, q)), (1.7)

where Cy1 = C1(G, A, [aij]ro.pimi, ) > 0, d(-,-) is defined by (2.11), V su stands for
the horizontal gradient of u and W is a modulus of continuity given by (3.84) which
depends on the Dini modulus of (f1, fo, -+, fm), h, OQ and L(Q,1) character of g.

Our proof consists of five main steps. Though the idea of proof of our main
theorem 1.3 is motivated by the work of Agnid et. al in [4], but due to the lack
of the enough regularity on the data and boundary we obtain abstract modulus of
continuity of the horizontal gradient instead of the Holder modulus of continuity.
The presence of the abstract modulus of continuity poses additional difficulty in
the proof. For instance, one can see steps 3, 4 and 5 in the proof of theorem 1.3. In
step 3, we prove the existence of Taylor polynomial at non-characteristic portion
of the boundary, which follows from the mathematical induction in combination
with compactness lemma 3.2. In order to apply the compactness lemma, we define
a new rescaled function by (3.44) which contains the modulus of continuity w. So
in order to satisfy all the assumptions in the compactness lemma, we need many
properties of the modulus of continuity, which are given in step 2 of the proof of
theorem 1.3. Similarly, in the proof of continuity of the horizontal gradient on the
non-characteristic portion of the boundary (see step 4 in the proof of theorem 1.3)
and up to the boundary (see step 5 in the proof of theorem 1.3) we need a suitable
scaling invariant version of the interior estimate, see corollary 3.5. This estimate is
a suitable adaptation of corollary 3.2 in [4] in our setup. In step 5, we patch up the
interior and boundary estimate to get the continuity of the horizontal gradient up
to the boundary. In the process of patching, we crucially use a-decreasing property
of the modulus of continuity.

The article is organized as follows. Section 2 consists of some basic definitions
concerning Carnot groups. We also collect some known regularity results that will
be used in the proof of theorem 1.3. Section 3 is devoted to the proof of our main
result theorem 1.3.

2. Basic definitions and results

Before we proceed with the proof of our main theorem, we need to state some of
the basic definitions concerning Carnot groups, modulus of continuity of functions,
etc., and some of its properties that will be used throughout the article. In the last
part of this section, some known regularity results also have been presented which
will be needed in the proof of theorem 1.3. Most of the definitions related to Carnot
groups, we refer [4] for the details. Let us start by defining Carnot groups.
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DEFINITION 2.1. Given k € N, a Carnot group of step k is a simply-connected real
Lie group (G,o) whose Lie algebra g is stratified and k-nilpotent, that is, there
exist vector spaces g1, ..., gk such that the following holds:

l.g=g1 P Dg;
2. [g1,95] =9gj41,5=1,..., k=1, [g1,0:] = {0}

First, we assume that a scalar product (-,-) is given on g for which the
g;-s are mutually orthogonal. We let m; = dimg;, j=1,...,%, and denote by
N =mq + ...+ my the topological dimension of G. For simplicity in the nota-
tion from here onwards we will write m for m;. Since G is simply-connected, the
exponential mapping exp : g — G is a global analytic diffeomorphism onto, see for
instance [13,40]. We will use this global chart to identify the point p = exp{ € G
with its logarithmic preimage ¢ € g.

Now, we will define the translations and dilations available in Carnot groups.
First, we define the left and right translations in G by an element p’ € G with the
help of the group law o as follows:

Ly(p)=p'op, Ry(p)=pop. (2.1)
Given a function f : G — R, the action of L, and R, on f is defined by:
Ly f(p) = f(Ly(p)), Ry f(p)=[f(Ry(p)), PEG.

In order to define the dilations in a Carnot group G, we first assign the formal
degree j to the j-th layer g; of the Lie algebra. Then a family of non-isotropic
dilations Ay : g — g is given by

ANE = X+ -+ AR, (2.2)

where { =& +---+ & € g, with§; € g;, 7 =1,..., k. We then use the exponential
mapping to lift (2.2) to a one-parameter family of dilations {d)}r>0 in the group
G. The dilations {d)}x>o in the group G is given by

dx(p) = expoAyoexp (p), peG. (2.3)
The homogeneous dimension of G with respect to the dilations (2.3) is given by
k
Q=) jdimg;.
j=1

Let us introduce analytic maps §; : G — g;, 7 =1,...,k, by p= exp(&1(p) + ... +
&k(p)). For p € G, the projection of the logarithmic coordinates of p onto the layer
g, J =1,...,k, is defined by

x],.s(p) = <§j(p)aej,s>7 s = 17"'7mja (24)
where (21(p),...,2m(p)) = (x11(p), ..., T1,m(p)) are the horizontal coordinates of
p and the sets {e;1,.. .,ej,m].}, j=1,...,k, are a fixed orthonormal basis of the

https://doi.org/10.1017/prm.2020.86 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.86

Borderline gradient estimates at the boundary in Carnot groups 1925

Jj-th layer g; of the Lie algebra g. Sometimes, we will omit the dependence in p,
and identify p with its logarithmic coordinates

DE (T, Ty 215 T2mns ooy Thly v s Thomy )- (2.5)
In order to simplify the notation, let us set

61 = (x17~-' ;xm)7 52 = (1‘2,1,... ;xQ,m2)7"'7£k = (xk717~-~)$k),’mk)- (26)

~

Furthermore, we write z=uxz(p) =& = (21,...,2m), and y=y(p) the
(N — m)—dimensional vector

Yy = (527 cee 751@) = (x2,17 ey L2 gy ey L1y e - 7$k,mk)‘
In this case, we will write z = (z,y), see [20]. For every j = 1,..., k we also use the
following multi-index notation a; = (a1, .., a5m;) € (NU{0})™.
In this article, we assume that {ej,...,e;,} is an orthonormal basis of g;. The

family of left-invariant vector fields {X1,...,X,,} on G is given by
Xi(p) =dLy(e;), j=1,...,m, peG,

where dL,, denotes the differential of L,. Note that, the vector fields {Xy,..., X}
form a basis for the so-called horizontal sub-bundle .7 of the tangent bundle T'G.
Given a point p € G, the fibre of J# at p is given by

Hp = dLp(g1)- (2.7)

DEFINITION 2.2 Horizontal Laplacean. The horizontal Laplacean associated with
an orthonormal basis {ej,... ey} of the horizontal layer g; is the left-invariant
second-order partial differential operator in G defined by

Apw ==Y XiX;=) X7, (2.8)
j=1 j=1
where {X1,..., X,,} are left-invariant vector fields on G and the formal adjoint of

X, in L*(G) is given by X5 =-Xj.

2.1. Gauge pseudo-distance

In a Carnot group there exists a left-invariant distance de(p, po) associated with
the horizontal subbundle .77, see for instance [6, 35] and chapter 4 in [21]. A piece-
wise C! curve a: [0,7] — G is called horizontal if there exist piecewise continuous
functions b; : [0,7] — G with >..", |b;| <1 such that

@'(t) = Y biOXi(a(t).

We define the horizontal length of o as £ () = T and the metric

dC(pupO) = inf Zﬁf(a)? p,DPo € G
a€l(p,po)

where T'(p,po) is the collection of all horizontal curves « :[0,7] — G such that
a(0) = p and a(T) = pg. The metric do(p, po) is called the Carnot-Carathéodory
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distance. By Chow’s theorem [7], any two points can be connected by a horizontal
curve, which makes d¢ a metric on G.

The Carnot-Carathéodory metric de(p,p’) is equivalent to a more explicitly
defined pseudo-distance function, called the gauge pseudo-distance, defined as fol-
lows. Let || - || denote the Euclidean distance to the origin in g. For £ =& + -+ +
&he€g. &€9,5=1,...,k we define

2k!

k
2k! —
g = | D lI&I . Iple =lexp~'ply pEG. (2.9)
j=1
The function p — |p|g is called the non-isotropic group gauge and satisfies for any
A>0

[6x(p)| = Alpl, (2.10)

where dilations {d)}a>0 are group automorphisms (see [4]) and [p| = |p|c. The
gauge pseudo-distance in G is defined by

d(p,po) = [p~" o pol- (2.11)
Now, we define the metric and the gauge pseudo ball centred at p with radius R
Bo(p, R) ={po € G| dc(po,p) < R}, B(p,R)={po € G |d(po,p) < R}, (2.12)

respectively. When the centre is the group identity e, we will write B¢ (R) and
B(R) instead of Beo(e, R) and B(e, R). Note that if £ is Lebesgue measure on g,
then £oexp™! is a bi-invariant Haar measure on G. Now, we denote |E| = [} dp
the Haar measure of a set £ C G. Observe that we = we(G) = |Be(1)] > 0 and
w=w(G) =|B(1)| > 0, and hence for every p € G and R > 0,

|Bo(p, R)| = wc R, |B(p, B)| = wk?, (2.13)
LEMMA 2.3 [35]. For every connected Q2 CC G there exist C, € > 0 such that
Cda(p, po) < de(p,po) < Cdaz(p, po)°, (2.14)

where dg(x,y) is the left-invariant Riemannian distance in G and p,pg € ).

2.2. The Folland-Stein Holder classes

Now, we recall the intrinsic Holder classes I introduced by Folland and Stein
in [19] and especially [20], see also chapter 20 in [8].
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DEFINITION 2.4. Let 0 < o < 1. Given an open set 2 C G we say that v : Q) — R
belongs to I':%(Q) if there exists a positive constant M such that for every p, py € Q,

lu(p) — u(po)| < M d(p,po)™.
We define the semi-norm

[u(p) — u(po)|
U0, = sup ————.
HFO “ P.poEQ d(p, po)~

P#DQ

(2.15)

Given k € N, the spaces I'"%(Q) are defined inductively: we say that u € I'""(Q)
if X;u € T*~12(Q) for every i = 1,..,m.

Note that for any A > 0, [(5,\u]po,a(5rl(g)) = A*[u]ro.a(qy, where dilations {dx}x>0
are group automorphisms, see [4] for more details.

DEFINITION 2.5 Sobolev space. For an open set 2 C G we denote by .Z17(£2), where
1 < p < oo, the Sobolev space {f € LP(Q) | X;f € LP(Q),5 =1,...,m} endowed
with its natural norm

m
£l o) = 1o + D IXi fllr(e)-

j=1

The local space .Z-7(Q) has the usual meaning. We also denote by .27 (Q) =

G5 (@) 1" @ Let A denote the distribution function of f defined on G, then the
non-increasing rearrangement f* is defined for ¢ > 0 by letting

fr () =inf{s > 0: \(s) < t}.

DEFINITION 2.6 Lorentz spaces [17]. Let @ be strictly positive number such that
@ > 1. The Lorentz space L(Q, 1)(G) is defined as the set of real valued measurable
functions f, defined on G such that:

o dt
fluane = [ G OPF <o

Note that, Carnot group G endowed with the Carnot gauge ||z||c = d¢(x,0) or
with a smooth gauge © — |z|y together with the Lebesgue measure £ forms a real
variable rearrangement structure. For more details one refer to [34, theorem 3.1],
see also [2].

2.3. The characteristic set

We start with an open set ) C G which belongs to a class C!, that is, for every
po € 09 there exist a neighbourhood Up, of py, and a function ¢, € C*(U,,) with
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|V, | = a > 0in U,,, such that

QN Uy, = {pe Upo | o (p) < 0}, 902N Upo = {re Upo | ‘Ppo(p> =0}. (2.16)

At every point p € 92 N Up, the outer unit normal is given by

Vo (p)
0= G o)

where V denotes the Riemannian gradient.

DEFINITION 2.7. Let Q C G be an open set of class C!. A point py € 9Q is called
characteristic if

v(po) L 5, (2.17)

where ¢, is as in (2.7). The characteristic set ¥ = Xq is the collection of all
characteristic points of 2. A boundary point pg € 9 \ X is called non-characteristic
boundary point. For more details, we refer to [10].

2.4. Modulus of continuity and its properties

DEFINITION 2.8. A function ®(s) for 0 < s < Ry is called a modulus of continuity
if the following properties are satisfied:

1. &(s) -0 as s—0.
2. ®(s) is positive and increasing as a function of s.
3. @ is sub-additive, i.e. ®(s1 + s2) < P(s1) + P(s2)
4. ¢ is continuous.

Let us define the notion of Dini-continuity.

DEFINITION 2.9. Suppose that 2 C G and f: 2 — R is a given function. Then
we define the modulus of continuity of f as follows:

wi(s) = sup |f(p) - F@. (2.18)
d(p,p)<s

We say that the function f is Dini-continuous if

1
/ 919 4 < o0, (2.19)
0 S

Notice that for a continuous function f, wy satisfies all properties (1)-(4) mentioned
in definition 2.8. Similarly, for a vector valued function (f1, fa, -+, fm) : @ — R™

we define the modulus of continuity as follows:
wr(s)= sup |f(p) — f(D)I- (2.20)

d(p,p)<s

So, as above the function (f1, fo, -, fim) is called Dini-continuous if (2.19) holds.

From [33, Page 44], we see that any continuous, increasing function ®(s) on the
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interval [0, Ry] which satisfies ®(0) = 0 is modulus of continuity if it is concave.
From this, we have the following important result proved in [33, theorem 8|:

THEOREM 2.10. For each modulus of continuity W(s) on [0, Rol, there is a concave
modulus of continuity U(s) with the property

U(s) < U(s) <2WU(s) forall se|0,Ryl. (2.21)

DEFINITION 2.11. Given « > 0, we say that the modulus of continuity ¥ is «-
decreasing if for any t1,ts € (0, Ro] satisfying t; < t2, we have
Y(t)  Y(t2)

Tty

DEFINITION 2.12. Given an open set 2 C G we say that u: {2 — R belongs to
[0-Pini () if there exists a positive constant M such that for every p,po € €,

lu(p) — u(po)| < M wy(d(p,po)),

where w, satisfies the Dini-integrability condition in (2.19). Correspondingly, we
define the semi-norm in the following way:

[u(p) = u(po)|

[tu]ro.pimi(q) = sup .
“ P,poEQN wu(d(p;po))
PF#PQ

Furthermore, such a space is equipped with the following norm:
||u||FO,Dini(Q) = HuHLoo(Q) + [U]FO,Dini(Q).

Given x € N, the spaces I'""Pn(Q) are defined inductively: we say that u €
[e:Dint(Q) if X;u € DA=5P(Q) for every i = 1,...,m.

DEFINITION 2.13. We start with an open set  C G which belongs to a class C1Pini|
that is, after translation, rotation and scaling, we may assume that py = e € 9 and
in the logarithmic coordinates %, = QN B(e,7), 7 > 0 is given by

WT = {(x,y) € RN | H ¢($/,y)},

where 1(0,0) = 0, V9(0,0) =0, 2/ = (21,...,Tm_1) and 1 € CHP1 In partic-
ular, V¢ belongs to C%Pi where the Banach space C%P(D) is the set of all
bounded and continuous vector valued function f on D € RN~ for which

[f]wf;D = sup M

< 00,
2,2€D,2#% L,Uf(|Z— D

where f = (f1,..., fm) and wy satisfies the Dini-integrability condition in (2.19).
It is equipped with the norm

| fllco.pimi(py = I fllcopy + [flws:D-
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2.5. Some known results

In this subsection, we recall the following smoothness result at the non-
characteristic portion of the boundary, see theorem 3.5 [4].

THEOREM 2.14. Let A = [a;;] be a symmetric constant-coefficient matriz. Assume
that Q is a C* domain, and let u € .,?ﬁf((l) NC(Q) be a weak solution of (1.1)
with f;,g = 0. Let py € ) be a non-characteristic point and assume that for some
neighbourhood W = B (po,r0) of po, we have that u=0 in 0QNW. Then there
exists an open neighbourhood V' of py depending on W and €2 and a positive constant

C* = C*(M,po) > 0, depending on py and M = sup |u|, such that
Q

[ull g2 vy < C* (2.22)

Next, we state a Holder continuity result near a C1"P™ non-characteristic portion
of the boundary that is direct consequence of the results in [14].

PROPOSITION 2.15. Let  C G be a CVP"™ domain such that po € O is a non-

characteristic point. Suppose u € Z2*(Q2) N C(Q) is a weak solution of

loc

(2.23)

Y Xy Xyu) = 3L XEfi+ g,
u="h on 08,

where A = [a;;] is a symmetric matriz satisfying (1.2), for all p € Q. Furthermore,
assume that f* € L>(Q), g € L1(Q), Q < 2q < 2Q and h € T%7(9Q) for some vy >

0. Then, there exist ro,C >0 and € (0,1), depending on Q, X, v and M def
sup |u| < oo, such that
Q

_ /
s P E0 <. (2.24)
v canBoery  UpP)
p#p’

3. Proof of main result

In this section, we will prove our main result, theorem 1.3. Given a bounded open
set Q C G, with py € 0Q we will use the notations #; and .7, as in (1.5). The
proof of the theorem 1.3 follows in several steps. The first step is to establish the
compactness lemma. In the proof of the compactness lemma we need the following
Caccioppoli type inequality. This type of inequality has different applications in the
PDE’s. So, we are presenting it as an independent result.

LEMMA 3.1. Suppose that (1.2) holds. Letu € 22 (#1) N C(#1) be a weak solution

to (1.1) in #4 with ||ul|s ) < 1. Furthermore, assume that f' € L>®(Q), g €
L1(Q), Q < 2q and there is an R > 0 such that B(p,2R) C #1, then the following

https://doi.org/10.1017/prm.2020.86 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.86

Borderline gradient estimates at the boundary in Carnot groups 1931

estimate holds:

Z Hfi”LOO(B(p,QR)) + HQHLq(B(p,zR)) ) (3.1)

i=1

/ |V%u|2 <C
B(p,R)

for some universal C(Q, ).

Proof. Let ¢ be a smooth cut-off function such that ¢ =1 in B(p, R) and vanishes
outside B(p, 2R). Now, by taking = ¢?u as a test function in the weak formulation,
we obtain the following equality:

/ & (AY o, V sptt) = / & (J.V o) + 2 / AT
B(p,QR) B(p,QR) B(p,QR)

—/ gd*u — 2/ Pu(AV ypu, V 3 9),
B(p,2R) B(p,2R)

where f = (f1,..., fm)- Now, by applying Cauchy Schwartz inequality and the fact
that |[ul|ze ;) < 1, we obtain

/\/ O*|Vrul® < C[Z I fill oo (B 2rY 10172 (B(p.2R))
B(p,2R) B

A
3 / 6* IV oeul® + | Vor bl L2 sp2m)
B(p,2R)
+ ||g||Lq(B(p,2R))||¢H%24/(q*1)(3(p,2R)) : (32)

By subtracting off the second integral in the right hand side of (3.2) from the left
hand side in (3.2), we obtain that the desired conclusion follows by using bounds
on ¢ and the fact that ¢ =1 in B(p, R). O

3.1. Compactness lemma

Now, we are ready to prove the compactness lemma 3.2. This lemma states
that if the coefficient matrix [a;;] in (1.1) is very close to the constant matrix in
certain norm and the other data are sufficiently small then the solutions of (1.1)
can be approximated by a sufficiently smooth functions, in fact by the solutions of
uniformly elliptic equation with constant coefficient.

LEMMA 3.2. Suppose that (1.2) holds. Assume that for a given py =e € 9N the
set . is non-characteristic, and that in the logarithmic coordinates W is given
by {2(;137y) | Zm > V(' y)}, where ¢ € CYP™M and o' = (21,...,2m—1). Let u €
L2 N COH) be a weak solution to (1.1) in #i with llull oo (w1) < 1. Then,

loc

https://doi.org/10.1017/prm.2020.86 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.86

1932 Ra. Manna and R. B. Verma
for a given € > 0 there exists 6 = 6(e) > 0 such that if

[o[lcrom <6, llaij — afjlloe o) < 8 ||Bllro.e(s) <6,
[filloooway <65 [lgllLaemy <6, (3.3)

where a?j = a;j(e) and q as in lemma 3.1, we can find w € C*(#4 2) such that

[ = wll Loy ,5) <€
with
||wHCQ(’Wl/2) < CC™.
Here, the constant C' > 0 is a universal constant, whereas C* can be taken as that

in the estimate (2.22) in lemma 2.14, corresponding to pg = e and M = 1.

Proof. The proof of the lemma follows by the standard contradiction argument as
in the work [9]. Suppose that there exists an €y > 0 such that for every v € N we
can find:

1. a matrix-valued function AY = [a¥;] with continuous entries in G and satisfy-

ing (1.2),

zg]

2. a domain Q, with #}" = Q, N B(1) and .7 = 08, N B(1),
3. a solution u, to the problem
Z X;(a?ijuu) = ZXz*sz + 9v in lea Uy = hu on ylyv (34)
i,j=1 i=1
along with

lupllLoe )y < 1,

—_
—_

4y || roimi <

R

) Ha;’j zg”L‘X’(W”) S [, ||F0”(5f”’) < -, (3.5)
1

| oo,

||gV||L‘1 <

1
v’ v
but for every w € C?(¥, ) and ||w||c2(W) < CC* we have
1/2

[ty — wll oo W) Z (3.6)

Note that the sets #}” above are described in the logarithmic coordinates by the
functions ¢, € CPM | that is, {(2,9) | Tm > ¥, (2',y)}. Now, we will show that
the validity of (3.6) leads to a contradiction. We proceed by observing that the
uniform bounds in (3.5), combined with proposition 2.15, produces constants C, 8 >
0, depending on A, o, but not on v, such that

||Uv|\F0ﬁ( Wis) S <C

Since u,’s are defined on varying domains #7”, we need to work with functions
defined on the same domain. To do this, we now use an idea similar to that in
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the proof of [4, lemma 4.1]. Let p = @, (p) be the C1:Pi local diffeomorphism that
straightens the portion .} of 9€2,,. More precisely, .7 can be locally expressed in
the logarithmic coordinates as

(I)V(Iay) = (JL'/,JIm - wu(x/ay)7y)'

Let v,(p) = u, o ®,(p) and we denote by p = (&, %,,9) the logarithmic coor-
dinates of p. The function v, is now defined for z,, > 0. Then by the classical
method of extension in terms of reflection, we define the extension of v, to the
region {Z,, < 0} as follows:

vy(i’ T, 9) Ty 20,
Vo (2, T, B 3.7
( y Zczvy ( ,—.,y> Im <0, ( )

where the constants ¢y, co and c3 are determined by the system of equations,

3
d a(=1/im =1, m=0,1,2, (3.8)
i=1

see e.g. p. 14 in [32]. We now define the extension U, of u, by setting U, =V, 0 ®,,.

It is clear that the following bound holds,

U llro.s 52y < € HUV||F0ﬁ(W4"/5) < Ch,
for some C7 > 0. As a consequence, we have the following convergence results.

1. By applying Arzela-Ascoli theorem, we obtain a subsequence, that we
will still denote by {U,},en, that converges uniformly to a function Uy €
I'%3(B(4/5)). Clearly, Uy satisfies

U()(IZ?/, T, y) Tm 2 Oa
Uo(z', T, 3 3.9
O(m ’ y) ZciUO(xla_xm/i7y) Tm < 07 ( )
i=1
where the constants ¢;, co and ¢3 are given by the system (3.8).
2. From (3.5), we see that f, — 0 as v — oo.
3. Since by (3.5) we have |[1h,|[ro1 () < & for every v so we get
Up(x' ,O,y) =0. (3.10)
Now, we will show that Uy € . 2(B(4/5) N {zm > 0}) N C(B(4/5) N {2, > 0}).

Moreover Uy is a weak solution to the problem

> a0, XiX;Uy =0 in B(4/5) N {zm >0}, Uy=0 on B(4/5) N {z, = 0}.
i,j=1

(3.11)

To see this, let us observe that [|1), || c1.om < 1/v — 0, so for a given p € B(4/5) N
{Zm > 0}, there exist >0 and vy(p) € N such that for all v > vy(p) we have
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B(p,2n) C #7”. By the Caccioppoli inequality (see lemma 3.1 with R = n) for the
problem (3.4) combined with the uniform bounds in (3.5), we find that for all
v = 1vy(p) following inequality holds:

/ IV eu,|? < C, (3.12)
B(p,n)

for some C'(A,n) > 0 independent of v. Therefore, {u, },cn has a subsequence, which
we still denote by {u, },en, such that

u, — w weakly in Z"?(B(p,n)), and wu, — w strongly in L?(B(p,n)).

Since {U, },en converges to Uy uniformly, by uniqueness of limits we can assert
that w = Uy in B(p,n). Moreover, using the uniform energy estimate for the u/s
in (3.12) and (3.5) it follows by standard weak type arguments that Uj is a weak
solution to

m
Z a%XinUo =0
i,j=1
in B(p,n), and hence a classical solution by Hormander’s hypoellipticity theorem

in [23]. By the arbitrariness of p € B(4/5) N {x,, > 0} and (3.10), we conclude that
(3.11) holds. We can now make use of the estimate from theorem 2.14 to obtain
100llc= B2 mson < €

for some universal C* > 0. This follows since [agj] is a constant coefficient matrix,
and the portion B(4/5) N {x,, = 0} of the boundary of B(4/5) N {x,, > 0} is non-
characteristic and C*°. Now, from the expression of Uy in (3.9) we see that
the second derivatives in x,, are continuous across z,, = 0, and thus in fact

Us € C2(B(1/2)), and
1ol 77,y < IWolle2maye) < CC7,

where C' > 0 is a universal constant. This shows that w = Uy is an admissible
candidate for the estimate (3.6). In particular, we have for v € N
0 <eo < Jluw = Uollzee(wy,)

which is a contradiction for large enough v’s, since u, — Uy uniformly. This
completes the proof of the lemma. O

Having proved the compactness lemma, we are now ready to prove main
theorem 1.3. Since proof of the theorem is long so we have divided it in many
steps.

Proof of Theorem 1.3. We divide the proof into five steps:
1. Preliminary reductions.

2. Setting modulus of continuity.
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3. Existence of the first-order Taylor polynomial at every p € .77 /5.
4. Continuity of the horizontal gradient on .77 /5.

5. Patching the interior and boundary estimate (modulus of continuity of the
horizontal gradient upto the boundary).

(1) Preliminary reductions Let us make some observations. (a) First we
consider 4 = u — h which solves:

Z X} (aijX;0) = ZXi*fi +g in¥#., 4=0 on.%, (3.13)
ij=1 i=1

where fz = fi — Z;”:l a;; X jh, which is again Dini-continuous with the modulus of
continuity depending on the modulus of continuity of A = [a;;], h and f;. More
precisely, for any p, q € £ we have:

fi(p) = fi(@)] < wr, (d(p,q)) + | All L (ywv o1 (d(p, q))
+IVoeh| e @wald(p, q))-

Therefore, fi’s are Dini-continuous functions and hence, without loss of generality,
we can assume that h = 0. (b) In view of the left translation we may assume that
po = e. Furthermore, by scaling with respect to the family of dilations {dx}a>o
and suitable rotation of the horizontal layer g;, without loss of generality we may
assume that

1. 7=1.
2. pp = e.
3. In the logarithmic coordinates, #; = N B(1) can be expressed as
(@, 2my) | 2 > 0@ y)) (3.14)
with 1(0,0) = 0, V4(0,0) = 0 and [|¢]|c1.om < 1.

(c) In view of the scaling we may assume that the data are sufficiently small
(satisfying (3.21)), so that we can employ lemma 3.2. Indeed, for every 0 < 7 <
1 consider the domain Q,; = d,-1(Q2). In the logarithmic coordinates €2, can be
expressed as follows:

QT = {(Z‘/, TmyY2,Y3, yk) | (7'33/, TLm, T2y27 e Tkyk) S Q} (315)
Observe that 0f2; is given by:
1
T = ’(/)T(x/?y) = ’lr/)T(xlvaa e yk) = ;w(Tm/a TQyQa o Tkyk:)' (316)

We set
W, =Q,NB(r™Y, Z =00 NB(r ).
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Let us observe that:
Varthr(2',y) = Voo (ra!, 72ys, - 7y
{ Vy,0- (2", y) = ijlvyqu)(Tm’,#yg, corhy), for j=2---k.
Thus, V. (2',y) — (V1(0,0),0) as 7 — 0. Therefore, by Taylor’s theorem we get
(@', y) = (Vep(0,0),2y =0 as 7 —0, (3.17)
consequently,
00, N B(1) — {z,, =0} N B(1). (3.18)
It is also easy to see that for any (2/,y), (z/,7) € Q, N B(1), we have:
Ve (2',y) — Ve (7, 9)]
) (3.19)
SA+7+72 4 P Dwgy(rle — 2| + -+ 78|y — gi]) — 0,

as 7 — 0. In addition, we also observe that u,(p) = u(d,p) solves the following

problem:
Z X7 (aij , Xju,) = Zx;fi,T +g. in#, ur=h, on.%, (3.20)
i,j=1 i=1

where

aijr(p) = aij(6:0),  fir(p) = Tfi(6:0), g-(p) = T°9(6:p) her(p) = h(5:p).
Consequently, we have the following relations:

L. laij - (p) — aijr(@)| = laij(0-p) — aij(0-q)| < wa(rd(p,q)) — 0 as 7 — 0.

2. | fir

|z () S T fill oo (o))

3. fir () = fir (@) = 7| fi(6:p) — fi,(6-q)| < Twy(7d(p,q)) — 0 as T — 0.
_Q

4. N grllzaewy =727 N9l Laomy)-

5. IVoehrllLe oy < TIIVoehell Loo (o)

6. |Vowhr(p) = Voeh:(q) < 1wy n(7d(p, q)).

REMARK 3.3. In view of (3.19) and the above relations, it is clear that by choosing
7 sufficiently small, say 7y, we can make all the data sufficiently small so that the
compactness lemma is applicable provided we consider u-, a;j 7, fir g, hr and
instead of corresponding terms u, a;;, f; g, h and €. Therefore, without loss of
generality, from here onwards in the proof of this theorem we assume that

lai; — aij(€)llL=@ynpa) < 6, ¥llcrom <8, [hllroacs) <8, |fillL=m) <6

and [|gl[ra(n) < 0. (3.21)

where 0 is given by (3.55).
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(2) Setting modulus of continuity. Let us first fix a constant « (see also
corollary 3.5) such that 0 < « < 1 and consider the function

@1 (o) = max{wyy (o), 0%} (3.22)

After normalization and using theorem 2.10, we can assume that @; is concave
and @i (1) = 1. With the help of the above function we can define a new function
w1 (o) = @©1(0®). Then this function becomes a-decreasing (see definition 2.11) and
wy is still Dini-continuous, see [1] for more details. Now, let us define

Wo(0) = max{o®,ws(0)}. (3.23)

Again following the similar argument as above for wq, without loss of generality we
can assume that o concave and a-decreasing. Having defined @9, let us define a
new function

1/q
! q wa(o
wa (o) := max {CHU<|QQB(J)| oo lg] ) . o )} (3.24)

Having defined w;, and ws, let us define another function as follows:

l

ws(oh) = %Zwl(alﬂm(oj), (3.25)

§=0
where é is given by (3.21). Finally, let us set
w(o') := max{ws(a!), o'} (3.26)

We will be using some of the properties of the modulus of continuous functions
defined above. So for the sake of completeness we list the required properties and
sketch their proofs here.

LEMMA 3.4.
1. We have the following estimate:
> w(o?) < G (3.27)
j=0

2. For any fized positive integer v € N, the following estimate holds:

o%w(o”) < w(a” ™). (3.28)
3. w1 s monotone.
4. 1 <w(1).
5. It is also clear that
%Wfi (0) Lw(o) and %wg(a”) <w(a”). (3.29)
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o <w(o) (3.30)
7. w is a-decreasing.

We prove (1), (7) and rest follows from the definition of the respective modulus of
continuity. For details, we refer to lemmas 4.5 and 4.7 in [1].

Proof of (1). In order to estimate the sum in the left-hand side of (3.27), we first
need to estimate the following sum:

N N (3.31)
= 2l ) (szw-w)-
§=0

Thus, from (3.31), it is clear that, in order to estimate the above sum we need
to estimate Zj’;l wi(c?) and Z;‘;l wso(0?). The sum involving the term wi is
finite because of the Dini-continuity of 7). More precisely, we have the following
estimate:

> , 1 < 7w /1 wi(t)
7) < —dt < _—7 . .32
J§:1:w1(0) _10g0j§:1: /G plar< [ 0 < oo (3.32)

Now, let us estimate the sum involving wo. It is easy to see that there exists a
constant C' such that

s ) ‘ o ] (3.33)
= CIj(e,2) + Y o™ + ) ws(o?)
j=1 j=1
=T+ II+1II,

where IE is defined in (1.3). Note that I is finite because g € L(Q,1) (see
definition 2.6) so making use of the result in [16, equation (3.13)], we get

- 1 |B(r)l 11/adr
1 < o Q —_ .34
Sl;p q(p7 7") |B(1)|1/Q /0 |:g (T)T :| T (3 3 )

17 is finite because it is geometric sum. While I17] is finite because f is Dini-

continuous as in (3.32) the sum containing wy is finite. Thus, by using (3.34) (with
f = g there), (3.33) and (3.32) in (3.31), we find that the sum in (3.31) is finite. O
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Proof of (7). From (3.26), if w(c”) = o”®, then we get
o®w(o”) = o) L w(e' ). (3.35)

Now, suppose that w(c”) = ws(c”). In this case, let us proceed as follows:

oc%ws(o Eowl”ngaj\ Ew (o T wy (o)

X (since wi() is « decreasing)
<w3(a')  (by definition of w3) < w(o' ) by (3.26). (3.36)
U

(3) Existence of the first-order Taylor polynomial at every p € ;5. The
aim of this section is to establish that u is I'}(p) for every p € .7} /2- More precisely,
we want to establish the estimate (3.76), which will be accomplished in two sub-
steps. In the first sub-step, we show that for any p € 1 /5 there exists a sequence
of first-order polynomial approximating v near p. Later on in the next sub-step,
we show that the limiting polynomial will give the affine approximation to the
solution at p. (a) Let p € .7 /2 be a non-characteristic point. In view of translation
and rotation without loss of generality, we can assume that p = e € .1 /5. Also by
normalizing the solution if necessary, we can assume that |u||z ;) < 1. Denote
the constant CC* in the compactness lemma 3.2 by 6 and fix o > 0 such that

0<o < (40)~ (/1= (3.37)
We also let
14+«
e=2 . (3.38)

Suppose that d(e) be the number in the compactness lemma 3.2 corresponding to
e defined above. Let us take another number ¢ € (0,d) which will be fixed later.
In view of the remark 3.3, it is clear that by choosing the scaling parameter 7
sufficiently small we may assume that the smallness condition in (3.21) with such an
6 can be ensured. For any k € N U {0}, first we denote by ,; the set of homogeneous
polynomials in G of homogeneous degree less or equal to x. Now, we use induction
to show that there exists a sequence of polynomials {L, },enug—1,0} in B such that
for every v € NU {—1,0} the following holds:

v — Lullz= @nB(ov)) < 0¥w(a”), (3-39)
1Lv41 = Lyl (B(ov)) < Co¥w(a), (3.40)
|L,| < Cpf (where C) is from (3.27)), (3.41)
1Ly © 80 [[ro1 (a0, nB(1)) < d0"w(0"), (3.42)

where €, = 0,-1(£2) is defined in (3.15). We prove the above assertion by math-
ematical induction. Let us set a_; = ag =0 and by definning the corresponding
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polynomials Ly = L_; = 0, we get:
llull L= @nBay <1< w(l) by lemma 3.4(4). (3.43)

As we want to establish the continuity of the horizontal gradient at the boundary so
we consider the polynomial L, of the form L, (p) = l,x,,, where (', 2, y) denotes
the logarithmic coordinates of p. Thus, the result follows for v = —1,0. Now, assume
that for some fixed v € N, the polynomials L;, Ly --- L, have been constructed
satisfying (3.39)—(3.42). In order to complete the mathematical induction, we need
to construct L, 41 such that (3.39)—(3.42) hold for v + 1. This will be accomplished
by using the compactness lemma 3.2. Let us consider the following rescaled function:

(u—Ly)(00v (p))

ovw(oV)

a(p) == , for pe QN B(1), (3.44)

where Q = Q,.. It is easy to observe that @ satisfies the following problem:
X (ai; X;0) =Y X fi+§ in QN B(1),

7,7=1 =1
i=3& ondf N B(1),

where

and

aij(p) = aij(6o+p), fi(p) = fi(0evp), G(p) = g(65+p), Lu(p) = Ly (S6vp). (3.46)

Since the result follows for v, so in view of (3.39), we have

HﬁHLw(QnBa)) <L (3.47)
It is also easy to observe the following points: since L, is a polynomial of degree 1,
so we have
> XFX;(alL,) =0, (3.48)
i,j=1

where af; = a;j(e) and af; = a;;j(e) = aij(dov(e)) = as;(e). Consequently,

X ayX;Ly) = > XF((ay —agy)X;Ly) (3.49)
i,j=1
and also
X (fi = file)) = X[ i, (3.50)
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since X7 f;(e) = 0. Therefore, we find that @ satisfies the following equation:

m m
Z X} (ai;X;a) :ZXi*FmLﬁ in QN B(1),

ij=1 i=1

where
Fofle) =S (s —a%) X
g IO Zt) e @51)

Now, we show that all the hypotheses in the compactness lemma are satisfied.
Indeed, let us observe that:

ELO — aij (e) = Qi (50‘1-’6) = al-j(e). (352)
Thus, we have
laij — a3jll Lo @nm 1y = laij — a3jllz=@nBov)) < Way; (07) Swalo”).  (3.53)

Therefore, in view of remark 3.3 and the discussion in the beginning of this section,
we have

llai; — d?jHLOC(fZﬁB(l)) <0

It follows from (3.42) that

”(i)HFO«’(anB(U) <. (3.54)

For any ¢ € #1, we have:

_ \filg) — fe — > (aig(q) — a®;)X; Ly (q)l

|FZ(Q)| w(a”)
- |fi(dov(a)) — file)| + 2052, (@ (q) — abz‘j)inu(QH
= w(oV)
wfi(o")—i-a”‘(aim(a”q)—aim(e))lu} where ) =1
< w(a”) s hy LV( )—lu m-
< wfi(o'”) +c’wal(c”)|l,] <q _'_Cbe)g’

w(o¥)

where Cy, and 6 are from (3.27) and (3.37). In concluding the last line we have used
(3.29), that is, %wfi(y) <w(o”), wa,, (07) <wa(l) <6, 0¥* <w(o”) and o < 1.

https://doi.org/10.1017/prm.2020.86 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2020.86

1942 Ra. Manna and R. B. Verma

So, if we choose

< ]
) 3.55
< 14 Cyo ( )

we get

1Eill Lo (n B 1)) < O (3.56)

Since QN B(1) can be expressed as follows:

v, L2U kv

o = e (&) = LTET b0 i), (3.57)

Let us denote %,» by . Therefore, for any p,TaGQﬂB(l) with p=

" ZTm,Yas -+ -+ Ys), we have

(', T, Y2,y -+ -, yk) and D = (2,

IVY(p) — V@) <A +7+72+...7F 1

X woy(Tla’ = 2’|+ 7ly2 = Tl + T gk — TEl),  (3.58)
where 7 = ¢”. Since 7 < 1 and ¥(0,0) = 0 so by remark 3.3, we have
|| 1 pimi < 6. (3.59)

Now, let us consider

1/q 5 1/q
= = o
9l pas = / g(p)|dgq = —— / g(p)|*dp
191l La@np(1y) < QHB(U\ (p)] ) (o )< meu)‘ (p)]

y 1 1/q
g
< lg(p)|?dp
(o) (mn B Jorson)

in view of (3.29).
Therefore, by the compactness lemma 3.2, there exists a v € C?(B (%)) such that
[vllc2(p(1)) < ¢ and

Hﬂ*”HLoo(me(%)) <e (3.60)

Moreover, since v =0 on B(4/5) N {x,, = 0} so by Taylor’s formula and the fact
that [[v]|c2(p(1/2)) < @ there exists [ € R with |I| < 6 such that

1+«
[0 = 1| L (B < 002 < 04 : (3.61)

where the last inequality follows from the choice of ¢ in (3.37). From (3.60), (3.61)
and the choice of € (see (3.38)) along with the triangle inequality we get the following
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inequality:
lla — ll‘mHLoo(B(g)) < olte, (3.62)

Let us denote by L(p) = lz,, € P so (3.62) implies that

(u— Ly)(0ov (p))

@ = Ll g (@npo)y =  SUP — L(p)
EEEnBE)  canb(o) a¥w(a”)
(3.63)
1
= WHU = Lutill=@nBor+1))
where
L,1(p) == L,(p) + 0"w(0”)L(65—(p)), for pe€ Qn B(a"h). (3.64)

Tt follows from (3.62) and (3.63) that
[ = Lyt @npBovey) < 0" lo%w(o”) < o"Hlw(e”*h)  (by (3.28)). (3.65)
Also, from (3.64),
[Lv+1 = Lol (B(ov)) < Co’w(a”), (3.66)

where C' = || L|| L (p(1))- Moreover, from the expression of L, 1 in terms of L, as in
(3.64) we can infer by induction that in the logarithmic coordinates the polynomials
L, are of the form

Lu(p) = ll/xm7 (367)
where
| < Zﬂw(aj) < GZw(Uj) < Cyf. (3.68)
j=0 j=0

Therefore, (3.41) follows. In order to prove (3.42), let us consider points p,p € 0N
B(1), where Q = Q,—(11) = §,—w+1)§2. Let (z,y) and (Z,7) denote the logarithmic
coordinates of p and P, respectively. With 7 = ¢!, we have

- w(Tx', 7'23/27 T 77—kyk) and T, = ZZJ(TTI» 7—2?27 e Tkyk) ) (369)
T T

This gives
|Ly+1(6:p) = Lu41(6:D)| = [lgal|TTm — 7%
= [Ll|e(ra’, 72y2 - 7o) = (7T 7Yy - TG
< Cbg}'l/J(T?, 75 ﬂ'ky*k) — (!, 72&- .- ,Tkyi)|
S Cl|p(ral, 2ys -+ TFy) — (el TPya - TR

+ Cbehl}(T?v 7'292 T 7Tkyk) - ’(/}(T?a 72?2 e 77—kyk)‘
(3.70)
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In order to estimate the right-hand side of inequation (3.70), let us observe that
the following holds:

IVt Lo (B(s)) < Owwas(8), (3.71)
because
9]l crom <3, 1(0,0) =0 and V,1(0,0) = 0. (3.72)

So, in view of (3.71) and Taylor’s formula, the first term of the rightmost extreme
inequality in (3.70) can be estimated as follows:

< Cpotwyy(r)d(p,p)  (3.73)
< Coyorw(T)d(p, P)
where, we use |2/ — 2’| < Cad(p, D) and wyy(7) < w(7). Now, by using the mean

value theorem, we can also estimate the second term of the rightmost extreme
inequality in (3.70) as follows:

’w(Txl’ 72y2 e ’Tkyk> - w<7-?a 7-2?2 T aTkglc)
(3.74)

< C30r'+d(p, p) < Carw(r)dd(p, P).

The first inequality follows since 7¢ < 7'+ for any 2 < 4. In (3.74), we have used
7% < w(7) and 7 < 1. Now, let us take C' = max{Cs, Cs} and choose

< . ) 8
d = min { 20,06° Cozm? } (3.75)

Therefore, by the above choice of § and using the inequalities from (3.73), (3.74)
in (3.70), we get (3.42). (3-(b)) Affine approzimation of the solution u on
the non-characteristic portion of the boundary. Now, we show that {L,}
the sequence of polynomial converges to linear function L as v — oo. Moreover,
L is an affine approximation of solution to (1.1) on e € 9€). By translation, in a
similar way one can show that at each point of the non-characteristic portion of
the boundary, there is an affine approximation of solution to (1.1). More precisely,
given any non-characteristic point py € 9€2 there exists an affine function L, such
that

[u(p) = Lo (P)] < Caypd(p, po) W (d(p, po))- (3.76)

Moreover, W can be chosen to be a-decreasing in the sense of definition 2.11. Now,
let us try to prove (3.76) for pg = e € 9 by assuming that all the previous step
holds at e. Let us take an arbitrary p € 9Q N B(1) and choose an integer v € N
such that o1 < |p| < 0. Let us define L = lim, ., L,, where L, is from above
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step and consider
lu(p) — L(p)| < |u(p) — Lu(p)| + |Lu(p) — L(p)|

< o'w(o”) + Z |Luyj — LutjvilonBov)

=0 (3.77)
< oc"w(o”) + Cpa” Zw(aj).
j=v

The last step follows from (3.39) and (3.40). In order to estimate the sum in the
last line of (3.77), let us observe that for any fixed j € N, it follows from (3.26) that

1 1 . .
w(07) < 2 w0 Nwaloh) + 2 3 wilod (ol + o7 (3.78)
g 1=0 g 1=35/2
Therefore, we have
) . 1 J/2 ‘ 1 J
> ele) < 33l )+ 13 3 e )+ o
j=v j=v 1=0 j=vi=35/2
§TZw1(UJ/2)+TZZw(JJ Jwa (o —l—Zo]a
Jj=v g Jj=vj=l/2
=D+ FE+F.
(3.79)

In the second line we have used Z “owa(c?) < C, see (3.33). In order to estimate
D,E and F in (3.79), let us define

atet/? wl(s)
Wi(e) := sup/ S ds, Wa(e) :=e*/?

a>0
a+e/? d atet/? -
Wg(G) = Sup/ [g**(s)SQ/Q]l/Qj and W4(€) — Sup/ 2(5) ds
a}O a S aZO a S
(3.80)
Estimate for D: We estimate D as follows
o¥/?
D < C/ wl(s)ds < CWi(o¥) in view of definition of Wj. (3.81)
0 S

Estimate for F: We use the standard formula for geometric series to get:

F < Co"™ = CWa(0®) < CWa(c”) in view of definition of W, (3.82)
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where the last inequality follows because o < 1 and so 02 < o”.
Estimate for E: Let us observe

C(ng(aj)> (Zwl(aj)> < C< Z wg(aj)> (by (3.32))

j=v/2

B 0 1/q oo 00
. 1 . )

= |Crr Z o’ ( |g|q> + Z we(o?) + Z UN}

L5, \[@n B9 Janpei) S Py

—_————
I
orQ/2 /qu 0o oo
< C/ [ SQ/Q] ?—&- wa(0?) + Z 030‘]
j=v/2 j=v/2
111 7
é Cl Wg(O’V) +CQW4(O'V) + CgWQ(O’V), (383)
——

v

where we have used the fact that o(@¥/2) < ¢(*/2) in deducing IT from I (which
follows since o < 1 and @ > 2) and wf( ) < Wa(s) in deducing I'V from I7I. From
(3.81)—(3.83) and the choice of |p| ~ o¥, we find that D, E and F — 0 as |p| — 0.
It is also clear from the definition of W2 that it is non-decreasing. Moreover, we
can also assume that each W; is non-decreasing. Without loss of generality we can
assume that W;(-), for j =1---4, are a-decreasing in the sense of definition 2.11.
Indeed, let us first consider the case Wj. From the fact that wi(-) is a modulus
of continuity and concave, we have that TW;(-) satisfies all the properties of the
definition 2.8 and hence is also a modulus of continuity. Using theorem 2.10, without
loss of generality, we can assume W is also concave. Now, we can replace Wi (s) by
Wi (s®), if necessary, we can assume Wi () is a-decreasing. Since Wy(-) is same as
W1 so the assertion for Wy also follows. Now, let us consider the case of W3. From
definition 2.8, it is clear that W3 is a modulus of continuity. Using theorem 2.10,
without loss of generality, we can assume Wj(+) is also concave. Now, replacing
Ws(s) by Ws5(s%), if necessary, we can assume that Ws(-) is a-decreasing. Without
loss of generality, we will denote the changed W; with the same notion and assume
that these are a-decreasing. With the above W;(:) in the hand we define a new
a-decreasing function W(-) as follows:

W(S) = Wl(s) -+ WQ(S) + Wg(s) + W4(S), (384)

which is again a-decreasing. So, in view of |p| = ¢, (3.79), (3.81)—(3.83) along with
(3.77), we have

u(p) = L(p)| < Co"W(a") = Clp|W(|p]), (3.85)

and this completes the proof of this step.
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3.2. Interior estimate

In the next two steps, we prove the continuity of the horizontal gradient on
the non-characteristic portion of the boundary and up to the boundary, respec-
tively. In the proof of these results we need a scale-invariant interior estimate, see
corollary 3.5. This estimate is a suitable adaptation of [4, corollary 3.2] to our set
up. Since the proof follows on the same line as of the boundary case, therefore, we
just sketch the proof instead of giving the complete details.

COROLLARY 3.5. Given 0 <7 <1, let u € Z22(B(1)) N C(B(7)) be a weak solu-
tion to

> Xf(aiXju) =Y X fi+g in B(r), (3.86)
ij=1 i=1

where f = (f1,..., fm) € TOPM(B(1)), a;; € T@P"(B(7)), a;; satisfies (1.2) and
g € LYB(7)) with 2¢ > Q. Then, u € TY(B(7/2)). Moreover, we have the following

estimates:
IVeu(e)| < M (1+W (), (3.87)
and
IVoeu(p) = Vorule)| < Cllull sy (W(lpl) + |]1)|+aa)a (3.88)

p € B(1/2), where C' = C(G, A, [a;j]ro.0mi, ) > 0 and W (-) is a given by (3.84).

Proof. Given a function u let us define a new function v(p) = u(d,(p)) for p € B(1).
It is clear that v satisfies the following equation:

> Xf(aij . Xv) =Y X fir+g, in B(1), (3.89)
ij=1 i=1

where f; +(p) = 7fi(6;(p)) and g,(p) = 729(6,(p)). Without loss of generality, we
can assume that [[v||p(p(1)) < 1, since otherwise we consider the function v(p) =
u(67(p))/||ullLe(B(r))- In order to prove (3.87), it is sufficient to prove that there
exists a sequence of polynomials {L,} of the form L,(p) = a, + (b,, ), where
(2,92, ,yr) denote the logarithmic coordinate of p, such that

w(o”) and |b,| < C

||1} — LU”LOO(B(O-V)) S 0’ (3 90)
< Co'w(0”), |bys1 —by| < Cw(0®). '

‘au-&-l - av|

As in the proof of step (3), the above inequalities (3.90) follow by the induction argu-
ment. Here, we skip the details. Hence, using the estimates from before (adapted
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to the interior case), one sees that
[Viev(e)] < C(1L+W(r)). (3.91)

Therefore, scaling back to u we get

IV eule)| < M(l +W(r)). (3.92)

T

Analogously, we also get

[Voev(p) — Vorv(e)] < C(rW (rlp|) + [p|), (3.93)
for all p € B(1/2). Re-scaling the inequality (3.93) back to u, we get the following
inequality:

[ull=(B(r o
IVoru(6:(p)) = Voru(e)| < OT—=—2E2 (W (7]p]) + [p|°),
that is,

V5, 4) ~ Vu(e)] < ooy (Wil + 0.

Now, putting back ¢ = §,p we get

[l
¥ eu(0) = Vor )] < Clullm s (Wab + 125 ),
which completes the proof of the corollary. O

Having finished the interior estimate, let us now move to the next step.

Step-(4) Continuity of the horizontal gradient on .7} /5. In step (3), we have
shown that for any p € .5, there is a Taylor polynomial L, of u at p. In this step,
our objective is to show that for any (non-characteristic) points p1,ps € 7 /2, the
following estimate holds:

IVoeLp, =V e Lp, | < C(W(d(p1,p2))), (3.94)
for some universal C, where W(.) is a modulus function defined by (3.84).

Proof of (3.94). Let t = d(p1, p2). We consider a ‘non-tangential’ point ps € #4 at
a (pseudo) distance from p; comparable to ¢, i.e. let ps be such that

d(ps,p1) ~t, d(ps,00) ~ 1, (3.95)

where we have assumed d(p, Q) = ingQ d(p,p’). Since . is a non-characteristic
p'e

C1Pi portion of 9, therefore, it is possible to find such a point ps. Arguing as in

the proof of [15, theorem 7.6], at any scale ¢ one can find a non-tangential pseudo-

ball from inside centred at ps. In fact, there exists a universal a > 0 sufficiently
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small (which can be seen to depend on the Lipschitz character of 92 near the
non-characteristic portion .#7) such that for some ¢y universal one has

d(p,09) = cot for all p € B(ps,at).

This allow us to apply step (3) above and conclude that there exists a universal
C > 0 such that for all p € B(ps, at), we have:

u(p) = Lp, (p)| S CEW(2),  |u(p) — Ly, (p)] < CEW (). (3.96)

Now, for £ = 1,2 we note that v, = u — L,, solves

> Xf(aijXjve) =Y X[ Ff +g, (3.97)
i,j=1 i=1

where we have let

m

¢ def

F,L- = fi — Zainij.
J=1

Since f; and a;; are Dini-continuous, therefore, without loss of generality we can
assume that F, are Dini-continuous. Also, from (3.96) we see that v, satisfies
||U€|‘L°C(B(p3,at)) < CtW(t), {=1,2. (3.98)

With (3.98) in hand, we can now use the interior estimate (3.87) in corollary 3.5 in
the pseudo-ball B(ps,at) to obtain the following estimate for £ = 1,2

C
IVoev(p3)l = |Voeu(ps) — Ve Ly, (p3)] < ?HU = Ly || (B(ps.ty) (1 + W (1))
<CW), (3.99)

by (3.96). From (3.99) and the triangle inequality, we obtain that the following
estimate holds:

\Vow Lp, = Vo Lp,| < CW(t) < C(W(d(p1, p2))),
where we have used t ~ d(p1, p2), which is the desired estimate (3.94). [

Step-(5) Patching the interior and boundary estimate: In this step, we
prove that the horizontal gradient of a weak solution to (1.1) is I'* up to the
boundary. First, we observe that there is an € > 0 sufficiently small such that for
any p € ¥, there exists pyg € .77 /2 such that

d(p,po) = d(p,99). (3.100)
To finish the proof of theorem 1.3, we will show that for all p, p* € #, we have:
|Voeu(p) — Vaeu(p®)| < C* (W(d(p,p"))), (3.101)

for some universal constant C* > 0. Let p,p* € #. be the two given points. Let
po, pp be the corresponding points in .7} /5 for which (3.100) holds. Let us write
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d(p) = d(p,09Q) for p € Q. Without loss of generality we may assume that

d(p) = min{d(p),6(p")}. (3.102)

By step (3), there exists a first-order polynomial L, such that for every ¢ € #; we
have

[u(q) — Lpy (@) < Cad(po, )W (d(po, q)), (3.103)

where pg is as in (3.100). Now, there are two possibilities:
(a) d(p,p*) < 0(p)/2;
(b) d(p,p*) > d(p)/2-

(a) In view of (3.102), it is clear that B(p,d(p)) C Q. Now, let us consider the
function v :=u — L,,, where pg € 75 is the point corresponding to p discussed
above and L, is the polynomial from step-(3). Again it is easy to see that v
satisfies an equation of the type (3.97) in B(p,d(p)) C 2. Now, we can apply
corollary 3.5 (interior estimate) along with (3.103) to get the following estimate:

1] o (Bp.s(e)) < Co28(p)W (8(p)), (3.104)

for some Cy > 0. Since p* € B(p, d(p)/2), so by using the interior estimate (3.88)
(corollary 3.5) and (3.104), we find that for some C' depending also on Cy the
following estimates hold:

IVv(p) = Vorv(p®)| = [Vaeu(p) — Voeu(p®)| (3.105)

<C (W(d(np*)) (llu = Lpo L= (Bp.sm)] + |5((p)1+)i [l = Lol |z (Bp.s(p ))ﬂ)

<o (W) ) W) + “EE ).

Now, a-decreasing property of W () implies

|d(p, p*)|*
d(p)~

With the help of (3.106), (3.105) can be rewritten as follows:
[Voeu(p) = Voru(p®)| < C(W(d(p,p))),

which gives (3.101). (b) In this case, we have d(p,p*) > d(p)/2 and from (3.100)
we get

(W(s(p))] < W(d(p,p"))- (3.106)

d(p, po) = d(p,92) = 6(p) < 2d(p,p”). (3.107)

Let us recall the following pseudo-triangle inequality for d

d(p, ) CO( ( /) +d(pllvpl))7 (3108)
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for all p,p’,p" € G, and a universal Cy > 0. From (3.107) and (3.108), we get

d(p*,po) < Co(d(p*,p) + d(p,po)) < Col(d(p*,p) + 2d(p*,p)) = 3Cod(p, p*).

(3.109)

Since, we also have d(p*,pg) = d(p*,0Q) = §(p*), therefore, in view of (3.109), we
get

5(3") < 3Cod(p. p"). (3.110)

So by combining (3.108)—(3.110) we finally obtain

d(po, p5) < Co(d(po, p*) + d(p*, p5)) = Co(d(po, p*) + 8(p")) < 6C5d(p, p*)-
(3.111)
Let b be the universal constant in the existence of a non-tangential (pseudo)-ball
in the previous step-(4). Therefore, from step (3), we have the following estimates:

[u = Ly || L (Bpbs)) < Kod(p)W (8(p)),
||u - LP6||L°°(B(p,b5(p*)) < K()(S(p*)W(a(p*)) (3.112)

Let us define v =u — L,,, and observe that v satisfies an equation of the type
(3.97). Therefore, arguing as in (3.96)—(3.99) and using the former estimate (3.112)
in B(p,bd(p)) along with the interior estimate in corollary 3.5, we obtain that for
some universal constant C' > 0, we have

IVoeu(p) = ViorLy,| = |Vav(p) < CW(S(p)) < CW(d(p,p")), (3.113)

where in the last inequality we have used 6(p) < 2d(p, p*). Arguing as before (3.113),
we obtain

IVoeu(p™) = Vo Lys| < CW(3(p")) < CW(d(p,p")) (3.114)

by (3.110). Now, from (3.94) and (3.111) we have
Vot Lpy =V e Lpg| < CW(d(po,pg)) < CW(d(p,p¥))- (3.115)
Applying the triangle inequality along with the estimates (3.113)—(3.115), we get
IVoeu(p) = Voru(p®)| < C* (W(d(p,p"))) -

This completes the proof of theorem 1.3. O
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