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A new class of history-dependent variational-hemivariational inequalities was recently
studied in Migorski et al. (2015 Nonlinear Anal. Ser. B: Real World Appl. 22, 604-618). There,
an existence and uniqueness result was proved and used in the study of a mathematical
model which describes the contact between a viscoelastic body and an obstacle. The aim
of this paper is to continue the analysis of the inequalities introduced in Migorski et al.
(2015 Nonlinear Anal. Ser. B: Real World Appl. 22, 604—618) and to provide their numerical
analysis. We start with a continuous dependence result. Then we introduce numerical schemes
to solve the inequalities and derive error estimates. We apply the results to a quasistatic
frictional contact problem in which the material is modelled with a viscoelastic constitutive
law, the contact is given in the form of normal compliance, and friction is described with a
total slip-dependent version of Coulomb’s law.
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1 Introduction

Variational and hemivariational inequalities play an important role in the study of
both qualitative and quantitative analysis of nonlinear boundary value problems. The
study of variational inequalities started in the early sixties and is based on arguments
of monotonicity and convexity, including properties of the subdifferential of a convex
function. References in the field are [2-4, 11, 12, 21, 22, 28], among others. The theory
of hemivariational inequalities was introduced in the early eighties and is based on the
properties of generalized gradient introduced and studied in [6-8]. References in the field
include [9, 17, 24, 26, 29]. Applications of the variational and hemivariational inequalities
in mechanics and engineering, especially in contact mechanics, can be found in [1, 10,
14-16, 18, 20, 23, 24, 28, 30-32], among others. Variational-hemivariational inequalities
represent a special class of inequalities, in which both convex and nonconvex functions
are involved. Interest in their study is motivated by various problems in mechanics, as
illustrated in [26, 27, 29].

A class of stationary variational-hemivariational inequalities was studied in [13]. An
inequality in the class involves two nonlinear operators and two nondifferentiable func-
tionals, among which at least one is convex. An existence and uniqueness result was proved
for a solution of the inequality, through arguments of surjectivity for pseudomonotone
operators and the Banach fixed point theorem. Continuous dependence of the solution on
the data was shown. Numerical methods for solving the inequality were introduced, and
their convergence was established rigorously. Moreover, an error estimate was derived
which is of an optimal order for the linear finite element method under appropriate solu-
tion regularity assumptions. Finally, results on the well-posedness and error estimation
of numerical solutions were applied to a variational-hemivariational inequality arising in
the study of a new model of elastic contact.

An evolutionary version of the variational-hemivariational inequalities studied in [13]
was considered in [25]. There, the structure of the inequalities involves two history-
dependent operators and two nondifferentiable functionals, one convex and the other
nonconvex. An existence and uniqueness result was proved by using arguments of sur-
jectivity for pseudomonotone operators and fixed point. Then, these abstract results were
used in the study of a new model of viscoelastic frictionless contact, in which both the
instantaneous and the memory effects of the foundation were taken into account. We
note that, unlike a large number of references, including [24], the inequality problems
considered in [25] are formulated on the unbounded interval of time R, = [0, c0). This
requires the use of the framework of Fréchet spaces of continuous functions, instead of
that of the classical Banach spaces of continuous functions defined on a bounded interval
of time, used in many papers.

The present paper represents a continuation of [25] and parallels part of [13]. Its aim
is threefold. The first one is to show the continuous dependence of the solutions of the
variational-hemivariational inequalities on the problem data. The second one is to provide
the numerical analysis for solving such history-dependent inequalities. The third aim is
to apply our abstract result in the study of a new model of quasistatic contact, which
describes the equilibrium of a nonlinear viscoelastic body in contact with a foundation.
In contrast to the model considered in [25], here the contact is assumed frictional.
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The class of variational-hemivariational inequalities studied in this paper represents a
general framework in which a large number of quasistatic contact problems, associated
with various constitutive laws and frictional or frictionless contact conditions, can be cast.
Therefore, our work provides arguments and tools useful for the unique solvability of a
large number of quasistatic contact problems together with their numerical solution.

The rest of the paper is structured as follows. In Section 2, we review some material
from [25]. In Section 3, we state and prove the continuous dependence of the solution
with respect to the data. In Section 4, we study a fully discrete scheme. We derive error
estimates and prove convergence results. In Section 5, we introduce a quasistatic frictional
contact problem in which the material is modelled with a viscoelastic constitutive law,
the contact is given in the form of normal compliance and friction is described with a
total slip-dependent friction law. We show that this problem leads to a history-dependent
quasivariational inequality for the velocity field. Then, in Section 6, we use our theoretical
results in the variational and numerical analysis of this contact problem. Finally, in Section
7, we present some concluding remarks.

2 History-dependent variational inequalities

In this section, we introduce the class of history-dependent variational-hemivariational
inequalities and recall an existence and uniqueness result proved in [25]. We start by
presenting some notation, definitions and preliminary results used later in this paper.

We use IN for the set of positive integers and R, for the set of non-negative real
numbers, i.e.,, R, = [0,40). Let X be a normed space. We denote its norm by || - |y, its
topological dual by X and the duality pairing of X and X" by (-, ")x-xx. Let h: X > R
be a locally Lipschitz function. Then, the generalized (Clarke) directional derivative of h
at x € X in the direction v € X, denoted by h°(x;v), is defined by

h(x;v) = limsup w
y—ox, 40 A

The generalized gradient (subdifferential) of h at x, denoted by 0h(x), is a subset of the
dual space X" given by

Oh(x) = {{ € X" | h°(x;v) = ({,v) g, x forallv e X }.

An operator A: X — X" is called pseudomonotone, if it is bounded and u, — u weakly
in X together with lim sup (Au,, u, — u)x-xx < 0 imply

(Au,u —v)x wx < liminf (Au,, u, — 0) x+ xx»

forallv € X.

We also use the notation C(IR.;X) for the space of continuous functions defined on
R, with values in X. It is well known that, if X is a Banach space, then C(R;; X) can be
organized in a canonical way as a Fréchet space, i.e., as a complete metric space in which
the corresponding topology is induced by a countable family of seminorms. Moreover,
the convergence of a sequence {x;}x to the element x, in the space C(R;;X), can be
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described as follows:

x;y — x in C(R;;X) as k — oo if and only if
(2.1)

m[dax] |xx(r) — x(r)|x > 0 as k — oo, for all n € N.
re[0,n

In other words, the sequence {x;}; converges to the element x in the space C(IR;;X) if
and only if it converges to x in the space C([0,n];X) for all n € N, C(]0,n]; X) being
the space of continuous functions defined on the compact interval [0, n] with values in X,
endowed with its canonical norm.

Let Q = R? be an open bounded subset of RY with a Lipschitz continuous boundary
0Q and let I' be a measurable subset of 0Q. Below, we use the symbol m(I") to denote
the d — 1 dimensional Lebesgue measure of I". Let V be a closed subspace of H'(Q;IR¥),
s > 1, and let H = L*(Q;IR®). We denote the trace operator by y: V — L*(I";R%), its
norm in Z(V,L*(I'" ;IR®)) by ||y| and the adjoint operator to y by y*: L>(I' ;IR¥) — V™.
From the theory of Sobolev spaces, we know that (V,H, V") forms an evolution triple of
spaces and the embedding V' < H is compact.

Consider the operators A: V — V', &¥: C(IR.;V) » CR; V"), #: C(R.; V) —
C(R;L*(I')), the functions ¢, j: I’ x R®* - R and f: R, — V*. The problem under
consideration is to find a function u: R, — ¥V such that

(Au(t),0 — u(O) y-y + (SO0 — U(E) -1
+ [ a0 o) — o) r
r

+ﬁﬂwww—mmﬁ>quwmww, (22)

forallv e V and all t e R,.
In the study of equation (2.2), we assume the following hypotheses:

A:V — V¥ is such that
(a) A is pseudomonotone and there exists o > 0 such that
(Av,0) ey = allv]3 forallveV; (23)
(b) A is strongly monotone, i.e., there exists my > 0 such that
(Avi — Avy, 01 = v2) ey = malor — 025

for all vy,v, € V.

S C(Ry;V)— C(IR.; V") is such that
for every n € N there exists s, > 0 such that

r (2.4)
(S u)(t) = (Fu2)(O)][ v+ < Sn/ lur(s) — ua(s)llv ds

0
for all uy, u; € C(R,; V), for all t € [0,n].
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A:C(R,;V)— C(R,;L*I)) is such that

(a) for every n € N there exists r, > 0 such that
t

[(Zu1)(t) — (Ru2) (Ol 12y < Vn/ lui(s) — ua(s)lv ds (2.5)

0
for all uy, up € C(R,; V), for all t € [0,n];
(b) (Zu)(t) 20 ae.on I, forallue CR;;V), allt e Ry.

¢: I xR*— R is such that
(a) (-, &) is measurable on I' for all ¢ € IR® and there exists
¢ € L*(I' ;R%) such that ¢(-,2(-)) € L*(I');
(b) @(x,) is convex for a.e. x € I'; (2.6)
(c) there exists L, > 0 such that
lp(x, &1) — @(x, &2)| < Ly [1&1 — &2 |wrs
forall &,& eR% ae. xeT.

j: ' xR* — IR is such that
(a) j(-,¢&) is measurable on I for all £ € R® and there exists
e € L*(I' ;R®) such that j(-,e(-)) € LY(I');
(b) j(x,-) is locally Lipschitz on R* for a.e. x € I';

. (2.7)
(©) 10j(x, &)|lrs < co +c1 |E||rs for ae. x €T,
all &£ € IR® with ¢p,c; = 0;
(d) 2(x,&156 — &) + 0x, &3 8 — &) S B IIE — &k
forae x eI, all &, & € RS with f > 0.
feCRy; V) (2.8)

Concerning the above assumptions we have the following comments. First, following
the terminology in [33], conditions (2.4) and (2.5)(a) show that the operators & and Z are
history-dependent operators. On the other hand, we note that the function ¢ is assumed to
be convex with respect to its second argument, while the function j is locally Lipschitz in
the second argument and could be nonconvex. For this reason, inequality (2.2) represents,
in fact, a variational-hemivariational inequality. To combine these two ingredients, we refer
to inequality (2.2) as a history-dependent variational-hemivariational inequality.

We have the following existence and uniqueness result.

Theorem 1 Assume the hypotheses (2.3)—(2.8) and the smallness condition

BlyIIP < ma. (2.9)

If one of the following hypotheses

x> /2 )% (2.10)

P& =) <d(1+ |Ellre) forall ¢ €RS, ae.xel withd>0,  (2.11)

is satisfied, then inequality (2.2) has a unique solution u € C(R; V).
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The proof of Theorem 1 was given in [25]. It is based on arguments of surjectivity
for pseudomonotone operators and a fixed point result for a special class of operators
defined on the Fréchet space C(R.; V).

3 Continuous dependence on data

We now study the continuous dependence of the solution of the history-dependent
variational-hemivariational inequality (2.2) with respect to the problem data. Assume in
what follows that equations (2.3)—(2.8) hold and denote by u € C(R,; V) the solution
of equation (2.2) stated in Theorem 1. For each p > 0 let &%,, #,, j, and f, represent
perturbed data corresponding to ¥, %, j and f, which satisfy conditions (2.4), (2.5), (2.7)
and (2.8), respectively. We denote by s,,, r,, the constants involved in assumptions (2.4)
and (2.5), respectively, and f, will represent the constant involved in assumptions (2.7).
In addition, assume that there exists myg such that

Byl 1> < mo <my for all p>0. (3.1)

Then it follows from Theorem 1 that there exists a unique function u, € C(IR4; V) such
that

<A“p(t)av - “p(t» vexy + <(=¢p“p)([)sv - ”p([)>V*><V
+ / (u,)(1) (70) — @yuy(0))) T
r
+ [ B0u 00 = 0 dr > (00 = w0} v (32)

forallv e V and all t € Ry.
Our interest lies in the behaviour of the solution u, as p tends to zero. To this end we
consider the following additional assumptions.

For each n € IN there exist G, : C([0,n]; V) > R,

and g, : (0,00) —» R such that

(@) (S pu)(t) = (Fu)O)ly- < gn(p)Gnlu) (33)
for all u € C(R,; V), for all ¢t € [0,n], for all p > 0.

(b) gu(p) >0 as p—0.

For each n € IN there exist H,: C([0,n]; V) —» R,

and h, : (0,00) —» IR, such that

(@) [(Zu)(t) — (Ru) )| 2r)y < ha(p)Hp(u) (3.4)
for allu € C(Ry; V), for allt € [0,n], for allp > 0.

() hy(p) > 0 as p—0.

There exist K € R, and k: (0,00) - IR, such that
(a) jox, &sm) — (e, &3m) < k(p)([ElIRs + K) 7 Rs
for all £,n € R%, ae. x €I, for all p > 0.

(b) k(p) >0 asp—0.

(3.9
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For each n € N there exists s, > 0 such that s,, <5, Vp>0. (3.6)
For each n € N there exists 7, > 0 such that r,, <7, Vp>0. (3.7)
fop—f in CRy; V) as p—0. (3.8)

Examples of operators % and %,, # and %, which satisfy conditions (3.3), (3.4), (3.6)
and (3.7) will be provided in Section 6. Examples of functions j and j, which satisfy the
condition (3.5) have been provided in [13].

We have the following convergence result.

Theorem 2 Assume the hypotheses of Theorem 1. Moreover, let ,, R,, j, and f, satisfy
assumptions of Theorem 1 and, in addition, assume that equations (3.1) and (3.3)—(3.8) hold.
Then the solution u, of the inequality (3.2) converges to the solution u of the inequality (2.2),
ie.,

u, >u in C(Ry;V) asp—0. (3.9)

Proof. Let p > 0, n € N and t € [0,n]. We take v = u(t) in equation (3.2) and v = u,(t) in
equation (2.2) and add the resulting inequalities to obtain

(Au,(t) — Au(t), u,(t) — u(t)) v+ xv
< <(°¢pup)(t) —(Lu)(t), u(t) — “p(t)>V*><V

—gﬁaﬁﬂwurwﬂma»wwm—ww%»dr

[ (B0 = ) + Gu():7,(0 = pu(e)) dr
r
Al = F(0,1,(0) — () (.10

Let us bound each term in equation (3.10). First, it follows from assumption (2.3)(b)
that

(Auy (1) = Au(t), up (1) — u(0)) vy = malluy(t) — u(@)]l5. (3.11)

Next, we write

() (0) = (Fu0), ul0) = (1)) vy
= (74, )1) = ()0, u(0) — (O} cv
(1) — (Lu)(0), u(t) = u(0) vy
< (I4,)0) = (7 (Ol + 1 )(0) = (Fu)(E)] ) 11 (6) — (e},

then we use the assumptions (2.4), (3.3) and (3.6). As a result we find that

(Fpup)() = (Lu)(), u(t) — up (1)) vy

< (50 [ (o) = w9y ds+ 0)Golw)) Iy~ o). (312
0
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Similar arguments, based on assumptions (2.5), (2.6), (3.4) and (3.7), lead to the inequality
[ (@000 = @) (00 = () dr
r

< Lol (7 [ 1) = (sl s+ u)Hy ) 0 =)l v (313

On the other hand, the property (2.7)(d) of the function j, combined with assumption
(3.5) yields

/F (j,?(vup(t);w(t) — yuy (1) + 0 (pu(t)s yu, (1) — W(t))) dr
= [ (0700 = 00 + B0 7,00 = yute) ar
[ (u0:,0 = yute) = )70 — yute))
r

<, /F lpup(6) — yu(0)[% 4T + k(p) /F () e + K )y (6) — yu(o) [wed -

Therefore,

/F (780, (0): () = up () + P u(e): yuy(0) = pu(e)) ) dr

< Bplly 2 up(6) — u(@®) I3,

+k(p) 171 (171l 1u(@®) v + K/m(I)) Juy(t) — u(t)v,

which implies that

/F (780, (6): () = up (1)) + P ru(e): yuy(0) = pu(e))) dr
< B9 1Py (0) = () + k() Fu) 1ty (6) — (o), (3.14)

where
Fu(u) = max 191 (171l lu(@)ly + K+/m(I)).

Finally, note that

(fo(t) = f(1),up(t) —u(t)) yexv < 0n(p)luy(t) — ut)|lv, (3.15)
where
On(p) = max o) — @)y (3.16)
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We now combine inequalities (3.10)—(3.15) to deduce that
t
(ma = Bolly )l (0) — u(®) [y <5, /0 lup(s) — u(s)lly ds + gn(p)Gn(u)

t
+meaéu%m—mmww

+ hu(p) Lo |7 [ Ha(1t) + k(p)Fy(1t) + 0n(p)-

Denote
o St Lol
! my—mgy
1
m,(p) = ——— (gn(p)Gn(u) + hn(p)Ltp 6% HHn(u) + k(p)Fn(“) + 5}1(,0))-
my — mo

Then, using assumption (3.1) we see that

t
J0) = (0l < o [ ) = uts) v + (o).
0
Therefore, the Gronwall argument yields

g (1) = u(®)ly < ma(p) .
We conclude from this inequality that

max [u,(t) — u(t)|[y < my(p) e (3.17)
te[0,n]

Note that assumption (3.8), definitions (2.1) and (3.16) imply that
Ou(p) >0 as p—0. (3.18)

Therefore, using equations (3.3)(b), (3.4)(b), (3.5)(b) and (3.18), it follows from equation
(3.17) that
max [lu,(t) —u(t)][y -0 as p—0. (3.19)
te[0,n]
The convergence (3.9) is now a consequence of equations (3.19) and (2.1). This completes
the proof of the theorem. O

4 Analysis of a numerical method

In this section, we introduce and study a numerical scheme for the inequality (2.2)
where the time variable is discretized by finite difference and the spatial variable by
finite elements. We solve the inequality (2.2) on a time interval [0, T]. For simplicity
in exposition, we use uniform partition of the time interval [0, T] and comment that
analysis of the numerical scheme can be extended in a straightforward way to the case of
non-uniform partitions. For a positive integer N, let k = T /N be the time step size and
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define
t,=nk, 0<n<N.

For a continuous function v(t) with values in a function space, we write v; = v(t;), 0 <
j < N. Note that the condition (2.4) is satisfied for operators & : C(R,;V) —» C(R.; V™)
of the form

(Lo)(t)=S (/th(t, s)v(s)ds + as> forallv € CR,; V), t € Ry, (4.1)

where S € Z(V,V"), q € CRy x R ; #(V)), as € V. For an operator & of the form
(4.1), we approximate the integral fol q(t,s)v(s)ds by numerical integration. We take the
trapezoidal rule as an example for the discretization of the time integration. All the
discussion and results below can be extended to schemes based on other numerical
quadratures. Recall the trapezoidal rule

/ ' z(s)ds = k Z, z(t)), (4.2)
0 ey

where a prime indicates that the first and last terms in the summation are to be halved.
Then the operator ., := #(t,) is approximated by .#* defined as follows:

Frok =8 kz:/q(tn,tj)viS + as for0<n<N, v* = {u?}f’zo. (4.3)
=0

While it is possible to consider numerical methods for the problem (2.2) for a general

operator # satisfying the condition (2.5), in the following we focus on the special case
where

v =Ry€L*(I'), Ry>0ae onl, (4.4)

for which an optimal order error estimate will be derived for the linear element solution.

For the spatial discretization, we let {1}~ be a family of finite dimensional subspaces
of V, indexed by a discretization parameter & > 0. Then the fully discrete scheme for the
problem (2.2) is to find the discrete solution u" := {uk"}N = V" such that

(Auf, 0" — ) + (0" — ) + /F Ry (@(r0") = p(yui})) dI
—|—/ FLoul* sy —pu™ydr = (f,, 0" —u*)  for all o" € V. 4.5)
r

n

Here and below, we use (-,) to stand for (-,-)y-xy. It can be shown that under the
assumptions of Theorem 1, the discrete problem has a unique solution u"*. The rest of
the section is devoted to an error estimation.

Consider the inequality (2.2) at t = t,,, which takes the form

(A, 0 — up) + (L ntt, v — ) + /r Ro (@(yv) — @(yuy))dl’

+ / Pyup;yo — yun)dl = (fu,0 —uy,) forall veV. (4.6)
r
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For any v" € V", write

<Aun - Auzks Uy — u2k> = <Aun7 Uy — u2k> - (A”Zkzvh - u2k>

— (Au™ u, — o™,

n >

hk

437

Apply equation (4.6) with v = u;* to the first term on the right side and apply equation

(4.5) with an arbitrary v" € V" to the second term on the right side to obtain

(Au, — Aul* u, — ui’,k>
< <Aun — Aul* u, — vh>

+ <Aumvh - u”> + <<7nu,vh - un> - <fm Uh - un>
() (Pl

+ / Ro [0(0") — p(yun)] dT
r

+ /F [ Grans vy = yun) + 0 (590" — yup) dr
To proceed further, we replace v by 2u, — v in equation (4.6) and get

(Auy, v — uy) + (Lt 0 — uy) — (0 — up)

< /F [Ro (0(2yun — yv) — @(yun)) + jO(ytt; yuy — yv)] dI.

" in equation (4.7),

We use this inequality with v = v
<A“n - Auﬁka Uy — uﬁk> < <A“n - Auﬁk> Uy — Uh> + If/’,n + I.’%,n + Ij,ns

where

kb bk h
Lyy = (S yu— L™ up =",

L = /F Ro (9(0") + 9(2p1tn — 30") — 2 @(yun) dT,

Iin= / [0t s yun — 90"y + Pt yul — yuy) + Pl s p0" — pul)] dr .
r

We now bound each of the terms defined in equations (4.9)—(4.11). First, write
| au = L™ |y < 1L au— Lully + S yu— Ly
We will assume the regularities

g€ C’Ry xR ;. 2(V)), ue W>*(Ry;V).
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Then following [19], we have
| Lt — Fhully < k2 ||ullwzeorm),

n
| — Sy < ck Y lluj—ul].
j=0

So

n
Honl < | K ullwoeora +k Y lup— ]|, | |Jutk—o"|], . (4.13)
j=0
The term 14, of equation (4.10) is bounded as follows:

Lanl < ¢ Ly |lv" — 12 (4.14)

To bound I, of equation (4.11), we first write

FO (ru® 50" —pul®) < 0 (pul s 0" —yuy) + 70 (pul sy, — yul*)

Note that, by equation (2.7) (d), we have

7 Gty =) + 10 (s e, — pul®) < B 7)1 [ — ]

We assume additionally that j(x,-) is locally Lipschitz on R°® for ae. x € I', with a
Lipschitz constant L; > 0 independent of x. Then,

J° (pullsyot —yuy,)

h

< Ljllv" — unll 2y
-0 . h h
J s yuy — yvt) < LjHU1 - “n”LZ(F)~

Therefore,
il < B 112 uw — 15 + ¢ i — 0"l 2. (4.15)

In addition to equation (2.3), we further assume that A: V' — V™ is Lipschitz continuous.
Then from equations (2.3) (b), (4.8), (4.13)—(4.15), we have the inequality

k(2 Ik ) 2 Ik |2 h
mallun — uy Iy < ¢ Jug — wy v llun — 0" v + B Iy 17 lun — uy 1y + € Jun — 0%l L2y

n

) 2 hk hk h
+o | K lullwaeorwy + k> luy— [y |l — o)y
j=0

Here and below, ¢ represents a constant independent of h, k whose value may change
from place to place. Using the smallness assumption (2.9), the above inequality yields

hk h h1/2
e P (T P e
n
—l—kzl\uHWz,w(O)T;V)—I—kZHuj—u?kHV), 0<n<N. (4.16)
j=0
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We recall a discrete Gronwall’s inequality ([15]). Let {e,}N, and {g.}N, be two
sequences of non-negative numbers with

n
ey < C1gn+62kzej, 0<n<N,
=0

where c¢; and ¢, are constants. Then for some constant c3, we have

max e, < ¢3 max g,.
0<n<N 0<n<N

Applying the discrete Gronwall’s inequality, we conclude from equation (4.16) that

Ik . h hnl)2
_ <c _ _
max [l — ]|, < ¢ max inf (=" + g — "5 )

+ e k2|l w200 (4.17)

Summarizing the above arguments, we have the following result.

Theorem 3 Assume the conditions stated in Theorem 1. Moreover, assume A:V — V*
is Lipschitz continuous, j(x,-) is locally Lipschitz on R® for a.e. x € I' with a Lipschitz
constant independent of x, and consider the particular cases (4.1) and (4.4). Then under the
regularity assumptions (4.12), we have the error bound (4.17).

The error bound (4.17) leads to convergence order error estimates, as will be seen in
Section 6.

5 A frictional contact problem

A large number of quasistatic contact problems with elastic, viscoelastic or viscoplastic
materials lead to a variational-hemivariational inequality of the form (2.2) in which the
unknown is either the displacement or the velocity field. For a variety of such inequalities,
the results in Sections 3 and 4 can be applied. We illustrate this point here on a viscoelastic
contact problem. To this end, we need some specific notation that we present in what
follows.

Given d € N, we use the symbol S? for the space of second-order symmetric tensors
on R? or, equivalently, the space of symmetric matrices of order d. The canonical inner
products and the corresponding norms on R¢ and S¢ are given by

u-v=uw, |v]=@ v)/> forall u= (), v=@;)eclRY

172 for all 6 = (gij), 7= (1)) € S

6t =o0ytj, |tll=(t-1)
respectively. Everywhere below Q will represents a regular domain of R¢ (d = 2, 3) with
boundary 0Q partitioned into three disjoint measurable parts I'y, I'; and I'3, such that the
measure of I'y, denoted m(I'y), is positive. We use the notation x = (x;) for a typical point
in Q UOQ and we denote by v = (v;) the outward unit normal at 0Q. Here and below,
the indices i, j, k, | run between 1 and d and, unless stated otherwise, the summation
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convention over repeated indices is used. An index following a comma indicates a partial
derivative with respect to the corresponding component of the spatial variable x. We
denote by u = (u;), 6 = (0y;), and &(u) = (&;;(u)) the displacement vector, the stress tensor,
and linearized strain tensor, respectively. Sometimes we do not indicate explicitly the
dependence of the variables on the spatial variable x. Recall that the components of the
linearized strain tensor &(u) are given by

1
&ij(u) = 5 (wij +ujj),

where u;; = Ou;/0x;. For a vector field, we use the notation v, and v, for the normal and
tangential components of v on 0Q2 given by v, = v v and v, = v — v,v. The normal and
tangential components of the stress field ¢ on the boundary are defined by o, = (6v) - v
and ¢, = 6v — g, v, respectively.

The physical setting is the following. A viscoelastic body occupies, in its reference
configuration, a regular domain Q. The body is clamped on I'{ and so the displacement
field vanishes there. Time-dependent surface tractions of density f, act on I'; and time-
dependent volume forces of density f, act in Q. The body is in permanent contact on
I's with a device, say a piston. The contact is modelled with a nonmonotone normal
compliance condition associated with a total slip-dependent version of Coulomb’s law of
dry friction. We are interested in the equilibrium process of the mechanical state of the
body, in the time interval of interest IR,. Then, the mathematical model of the contact
problem is stated as follows.

Problem 4 Find a displacement field u: Q x Ry — IR? and a stress field 6: Q x R, — S*

such that
a(t) = e(u(t)) + /r AB(t — s)e(u(s)) ds in Q, (5.1)
0

Dive(t) + fo(t) =0 in Q, (5.2)
u(t) =0 on I'y, (5.3)
a(t)v = f,(t) on I, (5.4)
—a,(t) € 0y (uy(1)) on I3, (5.5)

lo-(0)l < Fy / Juls)l ds ).

u(t) .

—6,; = Fb(/o lu-(s)| ds) (0] if w(t)+0 on ['3. (5.6)

for all t € R,

We now present a short description of the equations and conditions in Problem 4 and
we refer the reader to [15, 24, 32] for more details and mechanical interpretation. Equation
(5.1) is the constitutive law for viscoelastic materials in which .o/ represents the elasticity
operator and 4 is the relaxation tensor. Equation (5.2) is the equilibrium equation for the
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quasistatic contact process. On I'j, we have the clamped boundary condition (5.3) and, on
I'5, the surface traction boundary condition (5.4). Relation (5.5) is the contact condition
in which 0j, denotes the Clarke subdifferential of a given function j,, and equation (5.6)
represents a version of Coulomb’s law of dry friction in which Fj, is a given positive
function, the friction bound.

Note that the friction bound is assumed to depend on the quantity

SWO=AHWWQM&

which represents the total slip (or, alternatively, the accumulated slip) at the point x € '3
over the time period [0, t]. Considering such a dependence is reasonable from the physical
point of view, since it incorporates the changes on the contact surface resulting from
sliding. Indeed, when slip arises the asperities of the contact surface are flattening and,
therefore, the friction bound evolves and, usually, it decreases. Moreover, considering such
a dependence makes the frictional contact model more interesting from a mathematical
point of view.

In the study of Problem 4, we use standard notation for Lebesgue and Sobolev spaces.
For all v € H'(Q;RY) we still denote by v the trace of v on 0Q and, recall, we use the
notation v, and v, for its normal and tangential traces. In addition, we introduce spaces
V and s defined by

V={v=@w)cH(Q;R)|v=0 ae onT}},
Ho={1=(t;) € LX(Q:8) |tjj =71, | <i,j<d ).
The space  is a real Hilbert space with the canonical inner product given by

Wﬁx=é%®m@@

and the associated norm | - || 5. Since m(I'1) > 0, it is well known that V' is a real Hilbert
space with the inner product

(”a U)V = (8("),8(1})){#, u,vc Vy (57)
and the associated norm || - ||. Moreover, by the Sobolev trace theorem we have
ol 2y rey < 71 vlly forall veV. (5.8)

Here and below, ||| represents the norm of the trace operator y: V — L*(I';;RY).
Finally, we denote by Q.. the space of fourth-order tensor fields given by

Q. ={6=(8ijw) | Eijii = Ejikt = Eriij € L7(Q), 1<i,j,k,1<d}.
We note that Q. is a real Banach space with the norm

1610, = > Iiuli=@)-
0<i,jikI<d
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Moreover, a simple calculation shows that
[6 | < |&Elq.lltle forall & €Qy, v €A (59)

To derive a variational formulation of Problem 4, we list assumptions on the problem
data. First, we assume that the elasticity operator .7 and the relaxation tensor # satisfy
the following conditions.

o QxS - S%is such that
(a) there exists L. > 0 such that
.o (x,81) — o/ (x,8)|| < Lyller — &
for all &,8 €S9, ae x e Q.
(b) there exists m, > 0 such that
(A (x,81) — A(x,8)) (&1 — &) = my |l&; — &
for all &,8 €S9, ae x e Q.

(5.10)

(c) the mapping x+— .o/(x,¢) is measurable on Q,
for all ¢ € S%.
(d) Z(x,0)=0ae x € Q.

# € C(R4;Qu). (5.11)
The potential function j, and the friction bound F}, satisfy

Jv:I's x R — R is such that

(a) j,(-,r) is measurable on I'; for all » € IR and there
exists e € L*(I';) such that j,(-,e(-)) € L1(I'3).

(b) ju(x,-) is locally Lipschitz on R for a.e. x € I's.

() [0jy(x,7)] <o+ |r| for ae. x € I's,
for all »r € R with ¢y, ¢; = 0.

(d) e rizre —r) + (s —r2) < Blr—raf
for a.e. x € I';, all r, r, € R with § > 0.

(5.12)

F,: I's x R — IR, is such that
(a) there exists Ly, > 0 such that
|Fp(x,r1) — Fp(x,72)| < L, [r1 — 2]
for all ri,r, €R, ae. x€I';. (5.13)
(b) the mapping x — Fp(x,r) is measurable on I3,
for any r € R.
(c) Fp(x,0) =0 a.e. x € I;.

Finally, we assume that the densities of body forces and surface tractions have the
regularity

fo € CR;LX(Q;RY),  f, € C(Ry; LA(I'5;RY)). (5.14)
We now turn to the variational formulation of Problem 4. Let v € V and t € IR;. We
perform integrations by parts, decompose the resulting surface integral on three integrals
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on I'y, I'; and I'; and then we use the boundary conditions (5.3), (5.4) and the equation
(5.2) to obtain

[ a0~ 6to)—stueax = [ fo(0)- 0 —u)dx+ [ f0- @~ atopar
Q Q I
+/ a(t)yv - (v —u(t))drl. (5.15)
I;
Next, we use equations (5.5), (5.6) and the definition of the subdifferential to find that
F, T d T - T
([ 1o ds) (10 = o))

+7%u, (t);0, —uy(t)) +o(t)v - (v —u(t)) =0 ae. on I3,

which implies that

/F R /0 ()l ds ) (Joc()] = lu(0)]) T
+/ 7o, (t);0, — uy(t))dl —|—/ a(t)v- (v —u(t)dl = 0. (5.16)
I rs
Consider the function f: Ry — V* given by

(f(@0),0)pxv = (fo(t), v) 2Ry + (F2(), 70) 121, RY) (5.17)

for all v € V' and all t € R,. Then, combining equations (5.15)—(5.17), we find that
t
(o(0).o(0) — stu(t)) + [ /0 ()] ds ) (loe(0)] = las(e)]) dT
I's

+ /F Py (0):00 — ()T > (F(0).0 — u(6)) vy (5.18)

We now use the constitutive law (5.1) and inequality (5.18) to obtain the following
variational formulation of Problem 4, in terms of displacement.

Problem 5 Find a displacement field u: R, — V such that

(o/atu0).0) = s(u(0) + (| 80 = Shtas) ds.ofo) = )

+ [ F([ Vs ds) (ol = o) ar
+ [ B0 =) dr > (00— u(0)-. (5.19)

forallveV and all t € R;.
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Analysis of Problem 5, including its unique solvability and its numerical approximation

will be presented in the next section.

6 Analysis of the contact problem

We start with the following existence and uniqueness result in which, recall, |y| represents
the norm of the trace operator y: V — L*(I'3;IRY).

Theorem 6 Assume the hypotheses (5.10)—(5.14) and the smallness condition

BlyIP <my. (6.1)

If one of the following hypotheses
my > 2 9] (6.2)
P, r;—r)<d(1+1r]) forallr € R, ae x € I'y with d >0, (6.3)

is satisfied, then Problem 5 has a unique solution u € C(R4; V).

Proof We apply Theorem 1 with I' = I'; < 0Q and s = d. To this end, we consider the
operators A: V — V*, ¥ : C(R,;V) —» C(Ry;V*)and Z: C(Ry;V) — C(R;L*(I3))

defined by
(Au, vy <y = (ALe(u),e(v)) forall u,veV, (6.4)
t
(0,0} = ( / Bt — S)a(u(s)) ds.a(v) ) (6.5)
0 H
forall ue CIR.;V), veV, teR,,
t
(%u)(t) = F,,( / lato(s)] ds) for all we C(R,;V), t € Ry, (6.6)
0
respectively. Also, we consider the functions ¢ : I's x R - R and j: I's x RY — R given
by
p(x,&) =& forall ¢e€RY ae xers, (6.7)
j(x, &) = ju(x, &)  forall £eRY ae xels. (6.8)

We will check that the hypotheses (2.3)—(2.8) are satisfied. First, from equation (5.10)(b),
we get

(Avy — Avy, 01 — 02)yey = my |01 — 027 (6.9)
for all vy, v, € V. Hence A4 is strongly monotone, i.e., it satisfies condition (2.3)(b) with
my4 = m,. Moreover, using equation (5.10)(a), we easily establish the Lipschitz continuity
of 4, ie.,

|Au — Av||y- < Ly ||lu—vl|y for allu,v e V.
On the other hand, from the assumption (5.10)(d), it is clear that 40, = 0y- which
means that ||Aul|y- < Ly|ully for all u € V. We conclude from this that 4 is bounded,
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monotone and hemicontinuous and, therefore, A is pseudomonotone. Finally, equation
(6.9) combined with equality A0y, = 0y- shows that

(Av,v)yxy =mz|v|? forallve V.

We conclude from above that A4 satisfies condition (2.3)(a) with o = mg.
Let uy, up € C(R4,V),n € N and t € [0,n]. Then, using equations (6.5), (5.9) and (5.11),
we have

(S )0) — (Su)0),0)v v
= ([ 0= 9ot st dsate)
<[ [ 0= atmon —stsomas| ot
< [ 10— ptan(s) = w5 s
< max 1960 o. ([ 1) =1 d5) ey

for all » € V, which implies that

(L uy)(t) = (L) (1) |l < max 12(s)lq. / a1 (r) — wx(r)|| v dr. (6.10)
se[0,n 0

We conclude from this that the operator & : C(R;;V) — C(R4; V") given by (6.5)
satisfies the hypothesis (2.4). Next, using equation (5.13) and the properties of the integral
we obtain

[(Rur)(t) — (Ruz) (Ol L2ry)

_ H Ry /0 Jure(s) 1 ds) = Fi ( /0 Juse(5) | ds ) .
B (/r3 ‘Fb</0t l[a12(s)]l ds) —Fb(/or laae(s)| ds)‘zdr)l/z
< LFh</ 12

I's

/0 ()] = leze(s) ) ds

t 2
/(H”lr(s)H - Hllzr(S)H)dS‘ df)
0

=Lp,

L2(I3)

t
<Ly / Ja012(5) — 022(5) | 2oy ds
0

t
<Lpb/ Hu1(S)—uz(S)HLZ(r;;]R")dS-
0

https://doi.org/10.1017/5095679251500011X Published online by Cambridge University Press


https://doi.org/10.1017/S095679251500011X

446 M. Sofonea et al.

Therefore, using the trace inequality (5.8) we obtain

[(Zuy)(t) — (Ruz) ()| 2ry) < L, H“/H/O a1 (s) — ua(s)| v ds. (6.11)

Inequality (6.11) shows that the operator #: C(R,;V) — C(R.;L*(I'3)) satisfies the
hypothesis (2.5)(a). Moreover, using the definition (6.6) and assumption (5.13), it follows
that # satisfies equation (2.5)(b), too.

Subsequently, we observe that the function ¢ : I'; x R? — R defined by equation (6.7)
satisfies condition (2.6). In addition, it can be immediately seen that for the function j
given by equation (6.8), the conditions (2.7)(a) and (b) follow from equations (5.12)(a) and
(b), respectively. The properties (2.7)(c) and (d) are now the consequences of the relations

0j(x,8) < 0ju(x, &) v, jO(x,Em) < jAx,&y3my) forall &, p € RY, ae. x € I,

combined with the hypothesis (5.12)(c) and (d). Hence, we infer that equation (2.7) holds
with co = Gy, ¢; = ¢, and B = B. Note also that the condition (2.8) is satisfied, due to the
definition (5.17) and the regularity hypotheses (5.14). Finally, the conditions (2.9) follow
from conditions (6.1) and (2.10), equation (2.11) represent consequences of equations (6.2)
and (6.3), respectively.

We conclude from above that we are in a position to use Theorem 1. Therefore, we
deduce the existence of a unique function u € C(R; V) such that

(Au(t),v — u(®))yxv + (Lu)(t),v —u(t))y-xv
4 / (Fu)(0)(p(70) — p(yu(t) I + / Put):ve — yu(t) dr
I3 I

= (f(1),0 — u(t))v-xv, (6.12)

for all v € V and all t € R,. Theorem 6 is now a consequence of inequality (6.12) and
notation (6.4)—(6.8). ]

We note that Theorem 6 provides the unique solvability of Problem 5 under the
condition (6.1). Even if this condition is restrictive from physical point of view, we observe
that it is automatically satisfied if j, is a convex function. Indeed, in this case assumption
(5.12)(d) holds with § = 0. Moreover, we recall that smallness assumptions of the from
equation (6.1) are widely used in the analysis of static and quasistatic frictional contact
problems, as explained in [32].

A couple of functions (u,6) which satisfies equations (5.1) and (5.19) is called a weak
solution to Problem 4. We conclude that, under the assumptions of Theorem 6, Problem 4
has a unique weak solution. Moreover, the regularity of the weak solution is u € C(R,; V)
and ¢ € C(R; 7).

We now use Theorem 2 to study the dependence of the solution with respect to
perturbations of the data. Various cases could be considered but, for simplicity, we
restrict ourselves to proving the continuous dependence of the solution with respect to the
relaxation tensor 4 and the friction bound Fj. Therefore, we assume in what follows that
equations (5.10)—(5.14), (6.1) and (6.2) hold and we denote by u the solution of Problem 5
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obtained in Theorem 6. For each p > 0, let %, and F},, represent perturbations of # and
F;, respectively, which satisfy conditions (5.11) and (5.13), respectively. And, we denote by
Lp, the Lipschitz constant of the function Fj,, see equation (5.13). With these data, we
consider the following perturbation of Problem 5.

Problem 7 Find a displacement field u, : R, — V such that

(8, (0).8(0) — a(a, (). + ( /0 Bt — 5)a(u,(5)) ds,o(v) — a(u, (1))

+ /F | Fy, /O el ds) (lvc] — laye(0)]) T

+ /r P (©):0, — up () dE > ()0 — u()y-xy (6.13)

forallveV and all t € R,.

Here and below, u,, and u,, represent the normal and the tangential components of
the function u,, respectively. It follows from Theorem 6 that, for each p > 0, Problem 7
has a unique solution u, with the regularity u, € C(R,; V). Consider now the following
assumptions:

B, —># inCRL;Q.) as p—0. (6.14)
There exists F: (0,00) > Ry, 6 = 0 and Ly > 0 such that

(@) |Fb,(x,r) — Fp(x,r)| < F(p)(Ir| +0)

forall r € IR, ae. x € I's, for all p > 0. (6.15)
(b) F(p) >0 as p—0.
(c) Ly, < Lo forall p>0.

We have the following convergence result.

Theorem 8 Assume hypotheses of Theorem 6, and, in addition, that equations (6.1), and
(6.2) or (6.3) hold. Let %, and F, satisfy equations (5.11), (5.13), (6.14) and (6.15). Then
the solution u, of Problem T converges to the solution u of Problem 5, i.e.,

u,-u in CR4;V) asp—0. (6.16)

Proof We apply Theorem 2. To this end, besides the operators (6.5) and (6.6), for each
p > 0 we consider the operators &, : C(Ry;V) — C(Ry;V") and Z,: C(R;;V) —
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C(IR, ; L*(I'3)) defined by

(o = ([ 20— snatuto) dsoo) | (6.17)
forallue C(R;; V), veV, te Ry,

(R,u)(t) = F,,/,( /0 ) ds) for allwe C(R.; V), t € R,. (6.18)

Let n € N and p > 0. Then, using arguments similar to those used to prove the
inequality (6.10) we deduce that

I(Fpu)(t) = (Fu)D)lly- < max |5,(s) - (S)HQx/O |u(r)llydr, (6.19)

for all u € C(R,; V), t € [0,n]. Hence, we deduce that condition (3.3)(a) holds with

u) = /0 Ju(r)lvdrand  g,(p) = max |%,(s) — #(s)o..

s€[0,n]
In addition, assumption (6.14) combined with equation (2.1) shows that g,(p) — 0 as
p — 0 which implies that equation (3.3)(b) holds, too.

Next, let u € C(R,; V), n € N and ¢ € [0,n]. Using equation (6.15) and the properties
of the integral we obtain

[(Zpu)(t) — (Ru)O)l| L2y

- HFb" / |- (s) | ds / uo(s) ds
= (/F ‘Fbv(/o Jue(s)] ds) _Fb(/o lu(s)| ds)‘ dr)m

<F(p)H/0t lue(s)] ds + 8

L2(I'3)

L2(I'3)

<Fip)( /0 5 + 03/
Fo) (i [ o)1y + 0/,

Hence, it follows that equation (3.4)(a) holds with

Hy(u) = HVH/O lu(s)l[vds +6+/m(I'3) and  hy(p) = F(p).

Therefore assumption (6.15)(b) shows that h,(p) — 0 as p — 0 which implies that equation
(3.4)(b) holds, too.
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Finally, we note that the proof of inequalities (6.10) and (6.11) show that the operators
&, and A, satisfy conditions (2.4) and (2.5) with

Spn = gl[gvjl(] HBp(S)HQﬁ and Fon = LF,,[, HV“a
respectively. We now use assumptions (6.14) and (6.15)(c) to see the sequences (s,,), and
(ron), are bounded and, therefore, conditions (3.6) and (3.7) hold.
Theorem 8§ is now a consequence of Theorem 2, which concludes the proof. O

Turning now to the numerical approximation of the contact Problem 5, as in Section 4,
we again focus on the case where Fj,(x,r) = Fy(x) is a non-negative L>(I'3) valued function.
We solve the problem on [0, T] x Q for some T > 0 and use the uniform partition for
the time interval [0, T'] as in Section 4. For the spatial discretization, we assume that Q is
a polygonal domain and introduce a regular family of triangular finite element partitions
{F M =0 of Q that are compatible with the boundary decomposition dQ = T{ UT,UT;
in the sense that a side of an element lies on the boundary 0Q, then the side lies entirely
on I'y, or I5, or I'3. The parameter h is the mesh size of 7. For each partition 7", we
then use the linear element space V" to approximate V': a generic function »" in V" is a
continuous, piecewise linear function that vanishes at the nodes on T';.

The numerical scheme is to find a discrete displacement field #"* := {&*}N ' = V" such
that

(Jz{f;(uf'lk),s(vh)—s hk ), + kZQ] n—tj)e hk)as(vh)_s(”ﬁk)

ot = ) a5 et =t ar
I's
>< ”’vh—”ﬁk>V*><V for all v th 0 n<N (620)

Then under the assumptions stated in Theorem 6, where equation (5.14) is replaced by the
condition that Fy(x,r) = Fo(x) is a non-negative L*(I'3) valued function, there is a unique
discrete displacement field satisfying equation (6.20). For error estimation, in equation
(5.12) (b), we assume the local Lipschitz constant for j,(x,-) is independent of x. Then
with the solution regularity assumption

ue WR,;V), (6.21)
we have the following slight variant of the error bound (4.17):

_ - o 1/2

Jnax o, — ||y < Co@?ﬁvv%gh (Hun vy + up —v Hyrw))
2

+Ck ”uHW2~°’~‘(O,T;V)' (622)

In addition to equation (6.21), we further assume

ue C(Ry; HY(Q;RY), u. € C(Ry; H(I's;RY)). (6.23)
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Here the space H*(I';;IRY) is defined as follows. Let '3 be represented as '3 = Uii<i '3
with each I's; a closed subset of an affine hyperplane in IR¢. Then v € H*(I's; RY) means
v € H¥(I'3;), 1 < i < I. Under the solution regularity assumption (6.23), we apply the
standard finite element interpolation theory ([1, 5]) to get

max inf (Hu — "y + ||u —vhHl/2 )<ch

O<n<N pheyh n 14 n,t iy Rey ) = g
where the constant ¢ depends only on the seminorms of u in C([0, T]; H*(2;RR9)) and
of u, in C([0, T]; H*(I's;;R%)), 1 < i < I. Then by equation (6.22), we have the optimal
order error estimate

max |u, —u)|y <c(h+k”), (6.24)

0<n<N

i.e., the method is of first-order in spatial mesh size and of second-order in the time step.

7 Conclusion

This paper provides results in the study of a new class of variational-hemivariational
inequalities with history-dependent operators, motivated by the development of the math-
ematical theory of contact mechanics. This concerns the continuous dependence of the
solution with respect to the data and analysis of a discrete numerical scheme, in which the
time variable is discretized by finite difference and the spatial variable by finite elements.
Our results can be applied in the study of a large class of nonlinear boundary value prob-
lems. For a concrete example, we present a new model of quasistatic frictional contact
with viscoelastic materials, which leads to a history-dependent variational-hemivariational
inequality for the displacement field. We apply the abstract results in the study of this
contact problem. Several open problems related to the contents of this manuscript remain
to be investigated and resolved in the future. The first one would be to consider evol-
utionary versions of the inequality (2.2) in which the derivatives of the unknown u are
involved. This would open a way to the study of dynamic contact problems. Note also
that the solution of the inequality (2.2) is defined on the positive real line. Therefore, it
would be of interest to study its asymptotic behaviour as ¢t — co.
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