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Potential kernels for radial Dunkl
Laplacians

P. Graczyk, T. Luks, and P. Sawyer

Abstract. We derive two-sided bounds for the Newton and Poisson kernels of the W-invariant
Dunkl Laplacian in the geometric complex case when the multiplicity k(a) = 11i.e., for flat complex
symmetric spaces. For the invariant Dunkl-Poisson kernel P (x, y), the estimates are
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where the «’s are the positive roots of a root system acting in RY, the g,’s are the corresponding
symmetries and PR is the classical Poisson kernel in R¥. Analogous bounds are proven for the
Newton kernel when d > 3.

The same estimates are derived in the rank one direct product case Z and conjectured for
general W-invariant Dunkl processes.

As an application, we get a two-sided bound for the Poisson and Newton kernels of the classical
Dyson Brownian motion and of the Brownian motions in any Weyl chamber.

1 Introduction

Dunkl differential-difference operators were discovered by Dunkl [9] in the late 1980s
in the context of a theory of generalized spherical harmonics. Among other appli-
cations, they turned out to be very useful in studying Calogero-Moser-Sutherland
mechanical particle systems. Since then, Dunkl analysis was intensely developed and
its main achievements are gathered in [7, 11, 31, 32]. Together with their trigonometric
counterparts, which were introduced by Cherednik in 1991 [4], Dunkl operators
provide an extension of the commuting families of differential operators associated
to Riemannian symmetric spaces. They have become an essential tool in the modern
analysis associated with root systems.

The main results of the paper are two-sided bounds for the Poisson and Newton
kernels (when d > 3) of W-invariant Dunkl Laplacians (also called radial or sym-
metrized Dunkl Laplacians), in the geometric complex case when the multiplicity
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k(a) =1 (i.e, for flat complex symmetric spaces) and in the rank one direct product
case ZY with any multiplicities. These estimates have an elegant form

d
K (x,)

Maso |x = oay2K()”

K" (x, y) 2

where X®" is a classical kernel and K" (x, ) its radial Dunkl counterpart. Analogous
estimates are conjectured for the general W-invariant Dunkl Laplacians.

Precise estimates of Poisson and Newton kernels (as well as of the Green function)
of local and nonlocal operators have been of interest for many years and constitute
an important part of the modern potential theory, see e.g., [3, 6, 22, 35, 37, 38] and
references therein. After the work of Dunkl [10], expressing the Dunkl Poisson kernel
by an integral formula with the intertwining operator, see (2.3), no estimates of the
Dunkl Poisson kernel appeared until [17], where the case of the root system of rank
one was treated. The main difficulty for general root systems is the lack of explicit
formulas (or suitable estimates) for the intertwining operator (see Section 2 for its
connection with potential kernels). Our methods for the geometric complex case rely
on the so-called alternating sums (see Proposition 2.5) and allow us to handle all root
systems. In the rank one direct product case, we make use of available formulas for
the intertwining operator, see Section 7.

Our results contribute significantly to the further development of the potential
theory of Dunkl operators. In particular, they will be essential to study the estimates
of the Green function, not treated in this paper. The study of two-sided bounds of
potential kernels has motivations and immediate applications in partial differential
equations and implies estimates of solutions of important boundary value problems,
in particular of Dunkl-harmonic functions (see e.g. [5, 14, 15, 17] for the latter).

Our paper is organized as follows. In Section 2, we recall basic facts from Dunkl
analysis and we formulate our main results. In Section 3, we prove some useful
formulas involving roots. In Section 4, we present results on the Poisson kernel which
hold without any restriction on the multiplicity function k. In Sections 5 and 6,
we prove our main results for the Poisson and Newton kernel, respectively, in the
geometric complex case. In Section 7, we discuss the rank one direct product case.
The applications to the important stochastic processes: Dyson Brownian motions and
stochastic particle systems are discussed in Section 8.

2 Preliminaries
2.1 Basic facts on root systems and Dunkl operators

Let @ be a root system in R? (equipped with the usual scalar product and Euclidean
norm | -|), and let W be the associated finite reflection group, called Weyl group. We
fix a non-negative multiplicity function k on @, i.e., k : ® — [0, 00) is W-invariant,
and let @, denote an (arbitrary) positive subsystem of ®.

The root system @ is assumed to be crystallographic (needed in Lemma 3.5) but
W is not required to be effective, i.e., spany ® may be a proper subspace of R?. The
dimension of spany @ is called the rank of ®.

https://doi.org/10.4153/50008414X21000195 Published online by Cambridge University Press


https://doi.org/10.4153/S0008414X21000195

Potential kernels for radial Dunkl Laplacians 1007

An important example is
D=A,;={x(e;—ej):1<i<j<r}cRY, d>r

with W = §,, the symmetric group over r elements. Note that A,_; is also considered
onR™=R"n{x| ¥I_,x; =0}.
We will assume that |a| > 1 for all roots a. We denote by A, the root vectors, i.e.,
(x,Aq) = a(x) for all x € a. We denote (a;);-1,..., a system of simple positive roots.
The (rational) Dunkl operators associated with @ and k are given by

f(x) = f(0ax)

d
(a, x) > GeR

Tef(x) = 9ef(x) + 3 k(a) (e, )

aed

where 0; is the derivative in the direction of &.

For fixed @ and k, these operators commute. Moreover, there is a unique linear
isomorphism Vj on the space of polynomial functions in d variables, called the
intertwining operator, which preserves the degree of homogeneity, is normalized by
Vi (1) = 1 and intertwines the Dunkl operators with the usual partial derivatives:

Tka = Vkaf for all f € Rd.
The Dunkl Laplacian is defined by
d
Ak = Z Téz,
i=1
with an arbitrary orthonormal basis (&;)<i<g of R%. Then, for f € C2(R?),

((Vf(x),a) _ o f(x) —f(ffax)))

(o, x) 2 (o, x)2

Arf(x) = Af(x)+ 3 k(a)
aed
where A is the usual Laplacian on R¥. The restriction of Ay to W-invariant functions
f € €%, (R?) is called the W-invariant (or radial) Dunkl Laplacian and is denoted by
AY. We have

(2.1) AV f(x) = Af(x)+ Y. k(a)

acd, ((x,x)

(Vf(x)a)

, fe@(RY).

For x € R%, denote by C(x) the convex hull of the Weyl group orbit W - x of x in
R?. The intertwining operator Vj has the integral representation [31]

(.2) S = [ 1)

where p¥ is a probability measure on C(x), called Rosler measure, and f is a C!
function. We put

k= Y k(a)

acdy

and define the weight function w; on R? by

wi(x) = TT Hax)[ 4@,

acd
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Let a* be the positive Weyl chamber associated with ®,. We denote n(x) =
ered>+(‘x>x>'

2.2 Invariant Poisson and Newton kernels
2.2.1 W-invariant Poisson kernel

For the convenience of the reader, we recall here main facts about the W-invariant
Poisson kernel PV (x, y) of the unit ball, presented in [18].
We denote by B := B(0,1) the unit ball in R? and by S := 9B the unit sphere. Denote
B*:=Bnat*and S* := S nat. First recall the definition of the Dunkl Poisson kernel.
The Dunkl Poisson kernel Py (x, ¥) of B is the continuous function on B x S which
solves the Dirichlet problem for the Dunkl Laplacian operator A; on B namely, for

any f € C(S),
u(x) = [ Puxy) f) 7 (7) dy

is a solution of the equation Ay u(x) =0 on B, with u € @*(B) n C(B) and u(y) =
f(y) for y € S. The existence and uniqueness of the Dunkl Poisson kernel Py(x, y)
was shown by Dunkl [10] for spherical polynomials f and extended in [24] to any
continuous f on S.

The Dunkl Poisson kernel is given by Dunkl formula (refer to [11])

22" (d/2)x ] 1-|xf?
m(p) [Wlwa [ (1=2(x, ") +[x[>

(23)  Pi(x,y) = yerz (y), x€B, yeS.

Note that we are using a different normalization from [11] for consistency between
(2.3), (2.4) and Remark 2.6.

Remark 2.1 We will use repeatedly the fact that (x, y) > (x,w y) whenever x, y € a*
and w € W [20, Theorem 2.12, Chapter VII].

The following result is well known. We include the proof for convenience.

Lemma 2.2 The map mq+ which sends an element x € a to the unique element x* =
wx € at withw € W is Lipschitz.

Proof If x, yea* and we W then |x —wy]* =[x — y* + 2{x, y —wy) > |x — y|?
since (x, y —w y) > 0. Hence, if x* = w; x and y* = w, y then

o=y = [(wi) = wiwy! (w2 p)f = x" —wawy 'y [P 2 [x" -y .

Definition 2.3  The W-invariant Poisson kernel PV (x, y) of Bis the W x W invariant

continuous function on B x S, which solves the Dirichlet problem for the operator AW
on B, where AW is the radial Dunkl Laplacian (2.1). Namely, for any f € Cy (S),

u(x) = [ PY(x0) FO) 7 (r) dy

is a solution of the equation AW u(x) = 0 on B, with u € C3,(B) n Cy(B) and u(y) =

f(y)foryes.
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The next proposition will show that the Weyl-invariant Poisson kernel is uniquely
determined by the above definition.

Remark 2.4 The proof of the uniqueness of the symmetrized Poisson kernel carries
through in the same manner in general.

Proposition 2.5  In the complex case, the Poisson kernel of the open unit ball B is given
for x € Band y € 0B by

1-|x|? e(w)

(Wiwam(x) n(y) e bx—w-yl°

(2.4) Pw(x,y) =

Proof The derivation of (2.4) is based on the properties of the regular Euclidean
1-x* 1
wa  |x=y|*

Poisson kernel and on the formula

2.5) AVf =2 AR (n f),

(see [19, Chapter 11, Theorem 5.37]).

It is straightforward that this Weyl-invariant kernel solves the Dirichlet problem
on the ball B.

Suppose that there is another Weyl-invariant kernel P which also solves the
Dirichlet problem on the ball B. We have

[PV () = B9 g(5) 7 (1)dy = 0

for every continuous Weyl-invariant function g on S. There is a one to one corre-
spondence between the continuous Weyl-invariant functions on S and those on S*. It
suffices to note that the map x ~ 74+ (x) which projects x on the unique y = w x € a*
is continuous: this is a direct consequence of Lemma 2.2. Hence, for every continuous
function g on S* and for every x € B, we have

Jo P 0) =P ) 8() P )y =0.

By the properties of the Lebesgue integral, we can therefore conclude that PY(x,y) -
P(x, y) =0 for every y € S* and, hence, for every y € S. ]

Remark 2.6 Because of the uniqueness of P", we can conclude that

b > Pe(x,wy),

2.6 PY(x,y) =
20 9= &,

where Py, is the Dunkl Poisson kernel and k = 1 since it satisfies the Definition 2.3.

Observe that the right hand term in (2.6) is not only Weyl-invariant in y but also
in x. This follows from the fact that in proving the uniqueness in Proposition 2.5, we
only used Weyl-invariance in y.
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2.2.2 W-invariant Newton kernel

Recall that the heat kernel of A, is given by (see [30])

Mk —(I1x]? 2 x
PE(x.y) = oo e T g

x )
dj2 NeTh \/ﬂ)

where

, -1
My = 27774/ ([d el /zwk(x)dx)
R

and Ex(x, y) = Vi(e?))(x) denotes the Dunkl kernel. The Newton kernel of A is
defined by

Ni(ny) = [ pkey) .

A general formula for Ni(x, y) involving the intertwining operator, analogous to
(2.3), was proven in [15]. It is given by

27 ((d-2))2),

W@ty Ve (=200 D) ()

(27)  Ni(x,y) =

(as in the case of the Poisson kernel, we are using a slightly different normalization).
The W-invariant Newton kernel serves as the inverse of the operator A" It solves
the problem A" u = f, where f is given and |u(x)| - 0 as x — co. It is defined by

NY(xy) = [l (xy) e,

where

w 1 Kk
X5 = X, W
P (%) W] W;V pi(xwy)

is the heat kernel of AY. We then have
1

N"(x,p) = = > Ni(x,wy).
|W| weWw
Using similar arguments as for the Poisson kernel, we also have the alternating
formulas
1
NY(x,9) = —————— e(w) In|x —w- y| whend =2,
4nn(x)n(y) wgv'
1
Nw(x>)’) = ew) when d > 3,

(W2 -d)wan(x)n(y) yay lx—wyld?
in the geometric complex case. In particular,
b 1 ® 4 2
NY(x,0 :f Y (x,0 dt:—f 277 WU gy
(x ) 0 pt (.X' ) |W‘2d ﬂd/2 ﬂ(P) 0 €

S u i e G gy 1 222 r(dj2+y-1) 1
(W24 mdl2m(p)  [x|d-2+27 (Wndl2m(p)  |x|*227"

(2.8) =
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2.3 Main results of the paper

We write f < ¢ when there are constants 0 < C; < C, depending only on the dimen-
sion, on the choice of the root system and of the multiplicity function k, such that, on
the common domain of f and g, we have C; f < g < C, f.

Conjecture1 Forx € B* and y € S* we have
1- |xf?
|x = 719 Taew, [ = oayk(®)”

In the case of the Newton kernel, the conjecture is the following.

PY(x,y) 2 Q(x,y) =

Conjecture 2 For x, y € a* and d > 3, we have
1

NW X, = .
) 2 7 Mo = onyPF®

We now formulate our main results.
Theorem 2.7 Conjectures 1 and 2 hold for all complex root systems.
Theorem 2.8 Conjectures 1 and 2 hold for the direct product rank 1 case.
We also give some results supporting the conjectures in the general Dunkl setting
in Section 4. Note also that (2.8) is consistent with Conjecture 2.
3 Analysis with roots

3.1 Some simple formulas

In this section, we give some simple and useful formulas involving roots.
For a € © define

¢a(x, y) = max{|x - y|,d(y, Ha) },

where H, denotes the hyperplane perpendicular to « and d is the usual Euclidean
distance. The following simple properties will be often used.

Lemma 3.1

(i) Let y € a* and a be a positive root. Then
d(y, He) = a(y)/|e-
(if) For any x, y € a we have
[ = 0uyl? =[x = yI* + Ca(x)a(y),
where C = 4/|a/?.

Proof

(i) Write y = yo + b Ay, where yo € Hy and (x, Ay) = a(x) forall x € a. Observe that
b = a(y)/|a|*. Then, for z € H,, we have

y = 2l* = lyo = 2 + b*|Aa[*
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a(y)
o
(ii) Follows by direct computation. ]

which attends its minimum when z = yo. Hence, d(y, Hy) = b|a| =

There is an equivalent formulation for ¢4 (x, y).
Lemma 3.2 Letx, y€a*. We have
$a(x, ) % [x = 0a(¥)|-
Proof Indeed,
[ = 0ayl® < Jx = yI* + |y = 0yl X pu(x, )
while |x — o4 y|* > |x — y|* and
= ouy[? = |owx = yI* 2 d(y, Ha)?

(geometric argument: the straight line joining y with o,x crosses Hy; if £(t) = ty +
(1-1t) 0qx then a(£(0)) = a(y) > 0 while a(¢(1)) = —a(x) < 0). |

Remark 3.3 Lemma 3.2 shows that in proving Conjectures 1 and 2, one can replace
|x — 04 ¥| by ¢o(x, ¥). We will do this without further mention.

Remark 3.4 The same argument shows that
| = 0ayl® = |y - oax|” < max{|x - yI*, d(x, Ha)*},
$O
max{|x - y|,d(x, Ha) } % $a(x, y) = max{|x - y|,d(y, Ha) }.

Proposition 3.5 Let a; be the simple roots and let A,, be such that (x,Ay,) = a;(x)
for x € a. Suppose x, y € a* and w € W\{id}. Then we have

r aW
(3.1) y-wy=> 2 ()

o il

Alx,—s

where a is a linear combination of positive simple roots with non-negative integer
coefficients for each i.

Example 3.6 Let us first illustrate the proposition on an example. Consider w =
Oy, Oq,- We have

—2(0(1, 062)

2 2
Wy a(y)Ag + — [ %) A,
y-wy |0£1|2 “1()’) Lt |0(2|2 ( |0£1|2 0(1(}/) + (XZ()/))

In particular, for the A, root system in R?, d > 1 and the permutation w = (123) € W,
we have w = 04, 0,,and, with the normalization |a;|* = 2, we get

y-wy=a1(y)Aq + (a1(y) + a2(y))Aq,.

Proof We first prove by induction on the length of the minimal representation of
w as a product of reflections by simple roots that (3.1) holds where a? (y) is a linear
combination of simple roots with integer coefficients for each i.
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If the length of w is 1 then w = g, for a simple root «; and

Y =04, )= 2 “i(y) Alxi
Jot;[?

and the result holds in that case with a¥ (y) = a; ().
Let us assume that the result holds for k > 1and let w = o, wo, where |wol = k

)+20‘j()’)

|aj|2 aj

Y = Oa; W0y = 0u; (¥ = Woy) + ¥ = 0ajy = Ua,(ZaW"( )| i
. 2A,, ai(y)
:; wO(y) a](| |2)+2 |“‘|2 Aaj

S S a2 ata B o S0,

= T T 1

Note that 2 (T T %) isan integer since @ is crystallographic.

We now need to prove that a¥’ ( y) is a linear combination of simple roots with non-
negative integer coeflicients for each i.

Suppose that this is not the case. To fix matters, we can assume that a; contains a
term, say b, a,, with b, < 0. Choose x, y € a* such that ay(y) = £ >0, ax(y) = 0 for
k#2and ay(x) =t>0, ax(x) = 0 for k # 1. Then using (3.1),

(%, y = wy) = baaa(y) s (x) = bat* < 0
which cannot be true (refer to Remark 2.1). The result follows. [ |

Corollary 3.7  There exists C > 0 such that for every x, y € a* and w ¢ W\{id}

(@) |x=wyl > |x - y[* + C min; a;(x) min; a;(y) and
(i) |x - w y[* > max {min{d(x, Hy)* & > 0}, min{d(y, Ha)* a > 0} }.

Proof Let the notation be as in the Proposition 3.5. By (3.1) and (4.3), we have

|x—wy|2=|x—y|2+z<x,y—wy>=|x—y|2+zz“f(|”‘|’;"(’“)
i=1 o

>

and the first inequality follows since not all a!’ (y) are nul.

The second inequality follows from a simple geometric argument since x and wy
are not in the same Weyl chamber, the straight line between x and wy must cross a
wall of the Weyl chamber (similarly for y and w™" x). [ ]

Remark 3.8 The linear combination a! only depends on w € W and therefore the
largest coefficient M of a root appearing in any a7, for any j or w, is finite.

Corollary 3.9 Forzea,let®, = {a ¢ ®:a(z) =0}. Let x, y € a* such that ®, € @,
Suppose that w ¢ Wy, = {w € W:w y = y}. Then

(x,y) > (x,wy).
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Proof Recall that by Proposition 3.5

y-wy= ZZ|(|y2)
1

We first show that there exists ip such that a;,(y) > 0 and a} (y) > 0. Suppose by
contradiction that this is not true, so

ai’ (y)

win-o ol

y-wys= Ag;-

Then

(y-wy)= Zai(y)“i()’):0>
ai(y)=0 |(X,’|2

so (y,¥) = (y,wy). As |wy]| = | y|. this is only possible if y = wy.
Since a;, ¢ @, 2 Dy, it follows that

(x,y-wy)= 22 (y) a;(x) > 2|x(fz)aio(x)>0 ]

Corollary 3.10 Let yca* andw e W Conszder the decomposition (3.1) of y —wy. If
ay (y) # 0 then ay appears in a}, i.e, a = Y i_, nia; with ni > 0.

Proof Suppose that a} = Y.7_, n;a; with ny = 0. Consider xo, yo with @, = o,
generated by {«;:i # k}. Then, we have

r aW
l

i=
since a}f (y0) = Xisx ni(xi(yo) = 0. By Corollary 3.9, we see that w € W,, with W,
generated by o, i # k. This implies that A,, does not appear in the decomposition
(3.1) of y — wy, thus, equivalently, that a}’ = 0. [ ]

ar(x0) =0

Remark 3.11 There exist constants C; and C, (which are independent of «, x and w),
such that for any two roots &, 3, every x € R? and any w € W,

(3.2) la(x)] < Ci]x] and |05 (B(wx))| < C,.
3.2 Basic root subsystems

Definition 3.12 A subsystem of a root system is a subset of the root system which is
stable under the reflections with respect to the roots in the subset.

We will say that @ is a root subsystem of © generated by the set S € @ if it is the
smallest subsystem of ® containing S.

We will say that ®' is a basic root subsystem of @ if it is generated by simple
roots of ©.

The rank of ®' is defined as the number of simple roots in @’

To simplify the exposition, we will automatically associate the following objects to a
basic root subsystem @ of ©: let W' be the group generated by o, o € ® and consider
the polynomial ' (x) = [1geqr ®(x). We also denote Wy = W\W’, @y = O\’ and let
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®f stand for the positive roots in ®y. When @' = @, we will set W' = {id} and therefore
(D() =® and W() = W\{ld}

As an example, we present now the basic root subsystems in the A,, case.

Example 3.13 If @' is a basic root subsystem of A, with simple roots a;(x) = x; —
Xi41, 1 < i < n, then the set of simple roots in @’ can be written as

M
U {“ik) Ki+1> -+ > “ik+jk—1}
k=1

with i + jx < ixy1 whenever 1< k < M — 1. This means that @' ~ EBQ’III Aj,. The rank
of @ is Y1, jk.

4 Estimates of the Poisson kernel in the Dunkl setting

In this section, we present results that are true in the general invariant Dunkl setting,
without any restriction on the multiplicity function k.

4.1 Framing bounds for the Dunkl-Poisson kernel

Observe that, by (2.3), for x e Band y € S,

) - P
(4.0) Pk(x>y) = CVk((|x_y|2 +2(x,y— ,))K,+d/2) ()’)

From (4.1) and (2.2), we deduce the following bounds.

Proposition 4.1 Let Wpyay € W be such that |x — Wiy y| = maxyew |x — wy|. There
exists C > 0 such that for any x € B, y € §%,

Ca-xP)
% = Winax y| 4427

forallx € B* and y € S*.

C-IxP)

4.2 kSl i A
(4.2) |x — y|d+2r

<PY(x,y) <

Proof The map z+ |x — y|* + 2(x, y — z) is linear in z € C(y), the convex hull of
W - y. Therefore, it attains its maximum and its minimum at points in W - y. When
z = wy, the denominator |x — y|* + 2(x, y — z) in (4.1) equals

(4.3) Ix = y* +2(x, y —w y) = |x —wy|*.
The smallest value is |x — y|* and the largest is [x — Wpax y|*. ]

Remark 4.2 Proposition 4.1 also holds in the general Dunkl noninvariant case. This
is due to (2.2) and (4.1). An analogous estimate of the Newton kernel was obtained in
[15, Proposition 6.3 (6.6)].

Proposition 4.3 Let D > 0. Then there exists C > 0 independent of D such that
PV (x,

C(1+4rMD (D +max |a])) 4?" < Pr(xy)

@>0 Q(x. y)

forallx € B and y € ST with a(y) < D|x — y| for every a > 0.

<C(1+D)*"
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Proof Note that by Lemma 3.1(i), a(x) = |a|d(x, Hy) < |a|(|x — y| + d(y, Hy)) =
lo|lx = y] + a(y) so a(x) < |x — y| maxgso |a| + D|x — y| = D’ |x — y|. Using (4.3),
Proposition 3.5 and Remark 3.8,

T
e —wyl? = =y +20x, y —wy) =[x =y + 237 247 (p) @i () /i

i=1
<lx—yP+4rM max a(y) max a(x) <(1+4rMDD")|x - y|*.
a> o>

The result then follows from (4.2) in Proposition 4.1, noting that for all a > 0, we have
=y < ¢alx,y) < (1+ D) x - yl. u
Lemma 4.4 LetE={(x,y)caxa|a(x)a(y)>0}. Consider

1 _ 1
lx=yl4  |x—oayl*

a(x) a(y)

on E. Then, on E, the following estimate holds

Ti(x,y) =

1
Ti(x, X —
ARl P S

Proof Recall that, by Lemma 3.1(ii), |x — 0, |* = |x — y|* + C a(x) a(y), where C =
4/|af?. Using the formula a? — b% = (a - b) Y425 a* b4 ¥, and the fact that |x —
y|d <lx - a,,y|d on E, we have

(|x = oay?)? = (Ix - y[*)*
a(x)a(y)|x—y|?|x = aayl? (Jx = y|? +|x — 0ay|?)
o Sy - oy K - yP 0

lx =y |x — g y|9 (Jx = y| + |x — 0 y|?)

|x — 0 y|? (47D 1

Ti(x,y) =

Tlx =yl x - oayPd |x -yl |x - oayl?

5 The conjecture for complex root systems
5.1 Structure of the proof of Conjecture 1

When the root system is complex, i.e., all the multiplicities k(«) = 1, by Proposition
2.5, we have the alternating sum formula for the W-invariant Poisson-Dunkl kernel
at our disposal, see also [18]. We have, for any x € B, y € §*,

PY(x,y) 1 1 [ e(w) ]

1= [x2 [Wlwa n(x) n(y) gy [x - wyld

For a fixed basic root subsystem @', it is natural to decompose the alternating sum

Z e(w) _ Z e(w) . Z e(w)

wew =wyld G - wylt G - w oyl
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and to apply an induction argument to the “main term” ., .y~ % This will

require a detailed analysis of the remainder term ¥, .y, \xi(v:/))/\d' The choice of the
basic root subsystem @’ and further analysis of the main term and the remainder, will
be done by considering (x, y) in the fixed subregions (5.1) defined in Lemma 5.1.

5.2 Subregions

Let N denote the maximal length of the positive roots in ®. For example, if the root
system is A, then N = n.

Lemma5.1 Consider a basic root subsystem ® and fix ¢ > 0. Then, given x and y € a*,
it is possible to build a basic root subsystem @ of © and ¢’ with ¢/N" < ¢’ < ¢ where r
is the rank of ® such that

(5.1) ca(y) <lx-yl<c'B(y)
for every a € @', and every f§ € ® (this includes the possibility that ©' = @).

Proof Letcy= NL and let Sy be the set of simple roots «; such that such that

(5.2) coai(y) <|x -yl

Let @' be generated by the simple roots such that (5.2) holds (there are at most r
such simple roots). If cp «(y) < |x — y| for every a € @' then @’ satisfies the condition
(5.1) with ¢’ = ¢ except perhaps co f(¥) = |x — y| for some 8 € ®f. In that case, we
choose 0 < § < ¢ — ¢q such that the inequalities (co + 8) a(y) < |x — y| hold for every
o € @'.. We then take ¢’ = ¢y + 0.

Suppose co a(y) > |x — y| for some a € @'. In that case, since « is not one of the
a;’s from (5.2), it is not simple and we have ¢y «; > |x — y|/N for some j € So. We set
c1 = N ¢ and repeat the process.

Let S; be the set of simple roots «; such that such that

(5.3) aai(y) <|x-yl

Let @' be generated by the simple roots such that (5.3) holds (there are at most r — 1
such simple roots). If ¢; a(y) < |x — y| for every a € @’ then @ satisfies the condition
(5.1) with ¢’ = ¢; (if ¢; B(y) = |x — y| for some f3 € Oy, we proceed as in the previous
step).

Suppose ¢ a(y) > |x — y| for some a € ®’. In that case, we have ¢; a;(y) > |x -
y|/N for some j € ;. We set ¢, = N ¢; and repeat the process.

Since we decrease the number of simple roots involved each time, the process must
stop eventually either because we have achieved (5.1) or because we ran out of simple
roots. u

Remark 5.2 InLemma 5.1, we do not exclude the possibility that ®" might be empty
(with @y = @ and Wy = W\{id}) or, at the other extreme, that ®’ = ® (with ©y = &
andW, = @).
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The subregions defined in Lemma 5.1 will be denoted by
Sore={(x,y) e B" xST:ca(y) <|x—y|<cB(y) foralla € @', B e DJ}

The subregions S¢/,. will play a crucial role in the proof of Conjecture 1.
5.3 Estimates of the remainder

This subsection is devoted to the estimates of the remainder term ¥y, % We

begin with lower estimates of the expressions |x — w y| when w € W,.

Lemma5.3 Let ®' be a basic root subsystem of ® with ®' # @, x, y € a* and wy € Wy.
Then there exists a simple root o € ®F such that |x —w y|* > Ko a(x) a(y) where Ky =
max {1/|a[* a € D, }.

Proof We use the decomposition (3.1) of y —wy. Let a;, i = 1,...,s = |®’,| be the
simple positive roots from @’ and «;. ; the simple positive roots from ®;. We have

(5.4) y-wy= 22 a’(y)

r-s gV ( )
- Aai+22 S+] y
i=1 | 1| j

|055+j|2

A,

In order to prove the lemma it is sufficient to show that the second sum does not
vanish since by Corollary 3.10, a nonzero function a(, ; has a nonzero term 7 d. ;.

Suppose by contradiction that the second sum vanishes. Choose x and y with @, =
®, = ®'. Formula (5.4) implies that

(x,y—wy) Zs: W(y) a;(x)=0,

i=1
since a;(x) = 0. By Corollary 3.9, we get w € Wy =W’ [
Remark 5.4 Lemma 5.3 holds with the same proof if ®' =@, ®y = @, and Wy =
W\{id}.
Corollary 5.5 Let @' be a basic root subsystem of ® and x, y € a*. Suppose 0 < ¢ <
1/(4 Cy), where C; is as in Remark 3.11 and
[x=yl<caly)

for all a € ®F. Then if w € Wy and K is as in Lemma 5.3, we have

a(y)/2 < a(x) <2a(y)

and

oyl

5.5 < .
59 lx —wyl Ko/2

Proof By Remark 3.11,if a € ®f then

a(x) 2 a(y) - Cilx—y[2 a(y) - Cica(y) = (1- Gie)a(y) 2 a(y)/2.

On the other hand, a(y)2a(x)-Cilx-y|2a(x)-Crca(y)2a(x)-
2Cica(x)=(1-2C;ic)a(x) > a(x)/2. The rest follows from Lemma 5.3. |
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Lemma 5.6 (Conjecture 1 in the case @' = @) If 0 < ¢ < min{ 41Cl , W} where C;

is as in Remark 3.11, K is as in Lemma 5.3 and |x — y| < c a(y) for every a € @ then
the Conjecture 1 holds.

Proof In that case, @' =@, ®y = @, W, = W\{id}, and by Corollary 5.5, for every
w € Wy, equation (5.5) holds and

1-|x®

W.x
wan(x) () ey 20 0)

1 |x|? [ 1 -y 1 ]
* Wiwan(x)n(y) [ =P whid 1x = wy?

S 1 - |x|? [ A 5 1 ]

S Wlwan(x) n(y) [lx-yl4 (Ko/2)¥? Sy lx =yl
1-|x? 1

(Wlwan(x) m(y) |x -yl

1 1-|x? 1

2= .
2 [Wiwan(x)m(y) |x - yl¢

> (1= |W|/(Ko/2)")

Hence, the conjecture holds in this case since |x — g4 y|* = |x - y|* + Ca(x) a(y) %
a(x) a(y) by the hypothesis |x — y| < c «(y) and Corollary 5.5. ]

In the second part of this subsection devoted to estimates of the remainder

&(

Y weWs ﬁ, we consider all root subsystems @ ¢ @’ and we deal with the func-

tion Rg~ (x, ¥), defined in the following definition. This will be essential for the upper
estimates of the remainder on the subregions S¢r .

Definition 5.7 Let @' be a basic root subsystem of ®, ®" a subsystem of @' and I =
|®”|. We define, when (x,y) € Do = {(x, y)e axa| [I,ew, |x —wy| 0},

e(w)

(5.6) Ror(xoy) =lx =" 50 2

weWy
Remark 5.8 When the subsystem ®” is fixed and it does not lead to misunderstand-
ing, in order to simplify the notation, we will write
Ror(x,y) = R(x,y)

‘d+21 |d+2\®//\'

even though R(x, y) depends on ®" via the factor |x — y |x -y

Lemma5.9 Let @' bea basic root subsystem of @. Let ®"' # @ be a basic root subsystem
of ®'. Let R(x, y) be defined by (5.6). Denote 3’ (n"") = [1ycq On- Then there exists a
constant K independent of x and y such that for all (x, y) € Dy

d+i
X (N Y (M , <K |x — }’| )
0% (n") " (") R(x, y)| < o<i<1?f,‘§swo{ -
Proof First note that
(5.7) I lx =y =Pa(x-y)|x -y
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and
Oy [l =y e —wyl ] = (d+2D) a(x = y) [x = y|*2 7 x —wy| ™
(5.8) +(=d) a(x —wy)|x - y| ") —w y[ 472,

In the computations below, it is helpful to remember that |x —w y| = [w ™ x — y|.
Using formulas (5.7) and (5.8), we obtain for each w € W,

aﬁ az |x—y|d+21|x—wy|_d

=2(d+20)|x - y|** 22 |x —wy|
+(d+21-2)(d+2D) a(x-y)a(y-x)|x -y x —wy[™
—d(d+21)“(x—y)oc(y—w’1x)\x—y|d+“*2 |x—wy|*d*2
—(d+21-2)(d+2D)a(y-x)a(x —wy)|x - y|*? 2 x —wy[ 42
—(d+2I-2)(d+2D)a(y-x)a(x—wy) |x—y|d+“*2 \x—wy|’d’2
+d 3 (a(w ) x =y x - w y 02
+d(d+2)a(x-wy)aly—wx)|x— y| "2 x —wy| 44

Observe that after each application of an operator 9% 9%, where « is a root from
®", we get a sum of terms which are products of constants times terms in a(x — y),
a(wlx—y), a(x—wy), |x - |22k ‘and |x — w y|792!. We used the fact that a
directional derivative of a linear term such as a(x — y) is a constant.

By applying for the first time 9}, 0%, the degree of homogeneity of the function
Ix — y]*21|x — w y|~ went from 21 to 21 - 2.

Each new application of an operator 9% 9% decreases the degree by 2 until we get
the degree of 0 once we have applied 0* (") 97 (="").

We use the estimates (3.2) from Remark 3.11. From the fact that |a(x — y)| < C; |x —
Y, la(x=wy)| < Cilx—wyl, Ja(wx—y)| < Cilw'x - y| = Ci|x —wy|, we note
that |0 (n"") 0’ (n"") R(x, y)| is bounded by a finite sum of terms of the form C|x —
Y3217 |x — w y[74= 1= 1) or, equivalently,

| X — y|d+i
|x _ Wy|d+i >
where 0 < i < 21. The rest follows. ]
Lemma 5.10 Let @' be a basic root subsystem and let oy, .. .,op be distinct positive

roots of @ with M < |®'| and let ' (x) = [1qear, (@ x). Then
M
(5.9) Oay Oy ' (x) = > [[(Biati) I1 (a, x),
BuoesBu =1 ae® \{B1;....Au}

where the sum is taken over distinct positive roots and the order of the f3;s is important.

Proof First note that d,, (&, x) = (&, ak ). The result then follows easily using induc-
tion on M and Leibnitz rule. [
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Corollary 5.11 Let @' be a basic root subsystem and let ay, .. .,op be distinct positive
[ / / _ .
e han oneof the s <5 e T Pt
Ouy 0y ' (x) =0
ontheset {x:ap(x) =0, k=1,...,M+1}.

Proof Setting a;(x) =0fori=1,..., M in formula (5.9) gives

M
atxM"'a“l ﬂ’(x): [ Z H(oca(,-),oc,-)] H <06,.X>.
geSy i=l1 aed® \{a1,...,o0}

The rest is straightforward: the last product cancels on S because it contains the term
(@41, x). "

Lemma5.12  Let @' be a basic root subsystem. Then d(n') ' (x) is a nonzero constant.

Remark5.13 'The exactvalue of d(n") 7' (x) is computed in [19, Chapter II, Corollary
5.36]. We provide here an elementary proof that (=) ’(x) # 0.

Proof Itis clear that d(n") n’(x) is a constant given that the degree of the operator
d(n") is equal to the degree of 7'(x). Now, let
1 (x) < Smaw €00 e By o) e
m'(x) m'(x)

where W is generated by the reflections o, o € ®’. Now, S, is an analytic function
(the numerator is W skew-symmetric and analytic; in fact S is a constant multiple of
7(A) times a spherical function). If we compute d(7") (7' (x) Sy(x)) and set x = 0,
we get

(") (7' (x) S1(x)|x=0 = X e(w) ' (w™' 1) = [W].
wew
The left hand side is equal to o(n") (7'(x)) S(0) since all terms involving deriva-
tives of S, are eliminated by one of the roots (a consequence of Corollary 5.11). We can
therefore conclude that d(7') (7'(x)) # 0. [ ]

Proposition 5.14 Let @' be a basic root subsystem, ®" a subsystem of ®' and let
Py = Ugeor Ho and 7" (x) = [1yeqr @(x). Suppose R(x, y) is defined as in (5.6).
Note that R(x, y) = Q(x, y) n''(x) n''(y), where Q is analytic since R is analytic and
skew-symmetric with respect to W'’ (the Weyl subgroup generated by the reflections oy,
o € @) in both variables. Then there exists a constant K independent of x and y such
that

IR(x y) 0% (7") 9 (") R(x, y)|

Sup I I S Sup X I’ I I’ I
xyeat\Pon T (X) T'(Y) 7 1 year\py, 107 (") 02 (") (7" (x) 7" (¥))]

=K sup [0°(n")3”(n")R(x,y)|.

x,yea*\P‘Du

Proof We use the Cauchy Mean Value Theorem several times as in the proof of the
multivariate de 'Hospital rule proposed by Lawlor [23]. More precisely, if x, y ¢ Hq,
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then, denoting by x, and y, the projections of x and y on Hy,
R(x,y) 1 R(xy)-R(xey) 1 0GR(x",y)
a(x)a(y) a(y) alx)-a(x)  aly) dGa(x)

for an intermediate point x" € a*\H,. The same reasoning allows us to repeat the
argument with 9}:

FER(xy) _ 9LR(xy) = 0L R(x ) _ O OLR(x.Y)
a(y) a(y) - a(ya) e (y')
This was done for a single a but we can repeat the process for all the roots «, o € @”.

This is made possible by Corollary 5.11. Note that 0* (") 07 (") (n” (x) 7" (y)) # 0
by Lemma 5.12. [

Proposition 5.15 Let O’ be a basic root subsystem of ® and ®" a subsystem of O',.
Suppose 0 < ¢ <min{1,1/(4 C,)} where C, is as in Remark 3.11 and let

(510) Sorc={(x,y) eB* xS":ica(y)<|x—y|<cB(y) foralla e D', p e Dy}

Suppose R(x, y) is defined as in (5.6). Then there exists a constant K independent of x
and y such that

R >
sup M <K,
X, Y€Sqr ¢ T (X)ﬂ ()’)

Proof This result follows directly from Corollary 5.5, Lemma 5.9, and Proposition
5.14.

5.4 Proof of Conjecture 1

Theorem 5.16 Conjecture 1 is valid for all complex root systems.

Proof We use induction on the rank r of the root system. The result is true in rank 1
by Lemma 4.4.

Assume that it is true for ranks 1,..., r —1, 7 > 2. Let @ be a rank r complex root
system. The induction hypothesis means that there exist constants K; and K; such that
for x € B, y € S*, we have
Zwe w’ %

(5.11) K <lx-y* T ¢a(x9)? <K,

aed’, ﬂ,(x) T[’()/)

for every basic root subsystem @' of @ which is of lower rank. Since the number of
such subsystems is finite, we may assume that K; and K, are independent from the
choice of @’ (depend only on ®@).

Fix ¢ such that
1 Ko/2
O<c§min{1,4, 0/ },

G {/2|w|
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where C; is as in Remark 3.11, K is as in Lemma 5.3 and such that
(5.12) (1+2NC)*™M 2+ CTH MK <Ky /2,

where K is as in Proposition 5.14 (we consider all the basic root subsystems ®" ¢ @’
for all possible basic root subsystems @ of @ and take the largest corresponding value
of K). Recall that N denotes the maximal length of positive roots in ® and M is the
number of all positive roots in ®. By Lemma 5.1, if Sq/,+ is as in (5.10), we have

B+ X S+ = U S(I)I’CI,
[N

where the union is taken over all basic root subsystems @’ of ® and ¢’ with ¢/N" <
¢’ < c. Since the number of such basic root subsystems is finite, we only have to prove
the Conjecture 1 for a specific choice of ®” where x, y satisfy

(5.13) da(y) <lx—yl<c'B(y)

for a € @' ,B € O} and any ¢’ such that ¢/N" < ¢’ < c.

Recall that c is fixed. We ensure that the constants in the estimates of the Conjecture
1 depend only on ¢, when @ is fixed and ¢’ varies in the segment [¢/N”, c].

We examine three possible cases:

@’ = @: in that case, Lemma 5.6 allows us to conclude.

@' = @: in that case, the result follows from (5.13) and from Proposition 4.3 (if we
refer to the notation of Proposition 4.3, D = 1/¢” and the constants depend on D; this
is where ¢/N" < ¢’ < ¢ comes into play).

1 < rank(®’) < rank(®): We have ¢g(x, y) = B(y) and B(x) B(y)/2 < q%(x,y) <
2 B(x) B(») by Corollary 5.5. Hence,

(5.14) 27 TT BB < TT ¢p(ap)? <2 TT B(x) B(y)-

pea; pea; pea;

We used the fact that |OF| < || < M.
For a basic subsystem @ ¢ @', let

XQ)H = {(x,y) € qu)crla(y) < 2N C1 |x —y| fOr o € q):{
and a(y) >2C |x — y| for a € D, \®"}

and note that the union of all X~ for ®” ¢ @', gives S¢, .. Indeed, for given x and y,

®" is generated by the simple roots «; such that a;(y) <2 C |x — y| (it may happen

that ®” = @ in which case X = {(x, ¥) € Sor,c:a(y) >2C; |x — y| for a € D', }).
If (x, y) € Xo~ and a € ®” then

(5.15) ba(x, )2 < (1+2C)% |x - y)*.

If (x,y) € Xov and a € ®'\®" then a(x) > a(y) - C1 |x — y| > a(y)/2. Hence, |x —
¥ < (2C) 7 a(y) <2(2C) " a(x). Therefore,

(516)  ¢a(x,9)? < (2+C) 1+ (2C) N a(x) al(y) < 2+ C)* alx) a(y).
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Let
e(w)
|W|dew(x’ y) d 2 Lwew [x—w y|
A= Tdr APy , T xwyr
TP BN O S Yo e
5 Hﬁe@o* ¢[3(x’ y)z d 2 ZWEW, |x8—(’:v))’|d
Mo B B0) | =71 L 0 Z0a50)

Z e(w)
weWo Tx-wyJ?

d
eyl ol—(DIL $alx.)’ n'(x) ' (y)

iy
Now, using (5.11) and (5.14), we get
(5.17) 27MIK, - |A]] < A <2M[K; + |A]].

Let us fix " c @’. For (x, y) € Xo~, using inequalities (5.15) and (5.16) and next
the condition (5.12) on ¢ and Proposition 5.15, we obtain

R(x,y)
' (x) " (y)
<(1+2NCHOM 2+ CTHMK ¢ < Ky)2.

] < (14 2NC)2I (24 1)1\l

This is enough to conclude from (5.17) that A < 1. [ |

Newton’s kernel
Theorem 6.1 Conjecture 2 is valid for all complex root systems.

Proof The proof follows the same pattern as the proof of Theorem 5.16 for the
Poisson kernel with suitable adjustments. Given that, unlike in the case of the Poisson
kernel, the domain of the Newton kernel is unbounded, it is worthwhile to review the
“road-map” of the proof.

We first introduce the concept of the basic subalgebra generated by simple roots in
Definition 3.1. The crucial step is then given in Lemma 5.1 where it is shown that given
a Lie algebra ® and ¢ > 0, a basic subalgebra @’ can be found that ¢’ a(y) < |x - y| <
¢ B(y) for a € @ and f € ®\®' with ¢’ in an interval bounded above and below by
universal multiples of ¢, namely ¢’ € [¢/N", c].

We start by showing that if |x — y| < c a(y) for every positive root « then Conjec-
ture 2 holds provided ¢ is chosen small enough. The proof is the same as the proof of
Proposition 4.3 and it only depends on the formula (2.7) analogous to (2.3). This proof
is valid in the general Dunkl case.
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In the other extreme case, when ca(y) < |x — y| for every positive root «, the
Conjecture 1 in the complex case holds provided that ¢ is small enough, by Lemma
5.6. Once more, the same proof holds for the Newton kernel in the case d > 3.

It is important to note that the rank I case for d > 3 which is handled by Lemma 4.4
in the Poisson kernel case, follows practically the same proof in the case of the Newton
kernel.

The rest of the proof of Conjecture 2 follows the same line as that of Theorem 5.16.
Indeed, as for the Poisson kernel, we define the subregions of a* x a* in the case of
the Newton kernel by

Sorc={(x,y)eat xatica(y) <|x—y|<cB(y)foralla e ®',B e d}}.

For a fixed value of ¢, the pair x, y will fall in one of the regions S¢,.» where ¢’ is
in a range bounded above and below by universal multiples of c. Then there are three
cases: @' = @, O’ = & and the “in between case” The first two situations are covered
by the arguments given above. For the “in between case,” we proceed as in the case of
the Poisson kernel and write

e(w)
weW [x—w y[d-2

_|W|(2—d)deW(x,y)_x_ d-2 X 22
A &(x.y) e L0 =000

e(w)

weW’ Jx—w yld-2

3 Hﬁec[)o" ¢B(x’y)2 x— d-2 x 2 )
*Tyens B B0 | <71 L 4 00506y

Zwew _e(W)d-z
d-2 2 o Jx-wyl|
+|x - [ XY —
lx =yl i, balx,y) ' (x) ' (y)

A

where Q(x, y) refers to the conjectured upper and lower bound for the Newton kernel
(as per Conjecture 2). The end of the proof is the same as in the proof of Theorem 5.16
and uses, among others, induction on the rank of a subsystem. ]

6.1 Invariant Newton kernel on R?

Theorem 2.7 does not cover the case d = 2. Let us discuss the case of the A; and A,
root systems in R%.

We use the normalization | a; |2

= 2. It will be convenient to use the functions
Vyope (59) = 291(%) y2(0) [|x = y .
Proposition 6.2  In the case A, in R?, we have

11 In(1+ ¥a,a(x,¥))
27 x=yP Yaa(ny)

NY(x,y) = -
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In the case A, in R%, we have
2

NY(x,9)=-= ——L
B = er

(x. 7).
where the logarithmic correction factor is given by

(1+ya,a) (1+ V/ﬁ,ﬁ)(l + V’a+[5,oc+ﬁ)
(I + Yaya + Vg + Va,p) (L+ Vau + ¥pp + Vo)

Proof In therank1 case with d = 2, we have

L(x,y)=1In

NW(xy) - L nle=sl=lnfe oyl 1 0
0T aa) 4na@)aly)

11 In(1+ ¥a,a(x,¥))
2m |x -y Va,a(%,y) .

In the A, case,

|x=y||x—0a op y||x—0p 0 y|

1 In |x -w y| 1 In |x—04 y||x—0p y||x—0aip]
NY(x,p) = 5= 3 e(w) == =
2 w;/\/ n(x)n(y) 2m n(x) n(y)

|x=0u yI* |x=0p yI [x~0aspl’

ln 2 2 2
__ L T yPle-oaop yPlx-0g 0a ]
in 7(x) n(y)
_ ¢ L(x, )
4m |x - )’|6 Hy>0 V/y,y(x»)’)
(using Lemma 3.1 repeatedly). [ ]
It is noteworthy that, in the A; case, the behavior of NV (x, y) for 4 4(x, y) <1
is comparable with —ﬁ ﬁ, and the behavior for ¥4, (x, ¥) > 1is comparable with

C 1
i ama) MYea(®y).

In the A, case, the techniques from Section 4.1 imply that for a(x), B(x) < c|x — y|*
one has NW(x, y) x —ﬁ.
Note that in the above cases, the estimates
NV () x N (y)
Maso |x = oayl?
are not true.

Rank one direct product case 7

The rank one direct product case Zé is an important case of Dunkl analysis, developed
intensely in recent years, see e.g., [8,13,26-28, 34, 36]. In these papers, the root systems
By x ---B; are commonly considered. An explicit formula for the intertwining operator
in the latter (noninvariant) case was obtained in [36], and generalized in [25] in the
case of orthogonal positive root systems. In our approach, we consider equivalently
the root systems A; x ---A;, and the intertwining operator formula obtained in [33]
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for the A; root system. This leads to estimates of the P" and N" kernels both in
Ay x---A; and B; x ---Bj cases.

The dual Abel transform (i.e., the W-invariant intertwining operator) for A; can
be written as

AN ()
r »
= (1*(,7(172)))2 (y1=y2)"7" fyz flzyn+y-2)(n-2)(z- yz))m/Z—l dz
(see [33]).
We now consider ] orthogonal roots in R?. The dual of the generalized Abel

]
—_———

transform A; x ---A; can be written as

U mi; U i D)\1-m;
210 = (11 (r(r(,/z)) J 10050

7 NG . ;
[y(n : [(1) ((Z( )>J’1(1) +}’§l) -2 ))i=1 ,,,,, ])

J ; .
H ((yl(') -2)(z- yg’)))mf/Z—l dz® ...z,
i=1

where m; is the multiplicity of the root acting on yl(i) and ygi).

Remark 7.1 Onemay have the root system A; in R (orin R? with y; + y, = 0) orin R

J
—_———

where the roots only act on, say, y; and y,. The same comment applies to Ay x ---A;
in R?. To minimize the notation, we will only indicate the variables on which the
roots act.

We have
PY(x,)

1 x]?

" 1
- (Geseatey ) O

J ) .
- TIO8 )
y0 y® H{=1 ((yl(i) _ z(i))) (z(i)) _ ygi)))m:/%l dzW ... dz(D
s ) ; ; ; /24 (mytetmy) [27
I (ke B - ) (0 - 2))

where m; > 0 is the root multiplicity for the i-th factor.
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NO
With the change of variables, v() = ﬁ, we find that
7=y

PY(x,y)
1 |x|?
(71)

f f T, (v (1= v y)ymilz1 gy . gy )
i ; ; i \d/[2+(my+tmy)[27
(e =yl +2 21 (7 = x{7) (57 = 47) v )

In a similar fashion, for d > 2, we have

NY(x,y)

1
x|

(|x _ y|2 +2 (x)y _ ,))d/2—1+(m1+~~~+m,)/2) ()/)
[T, (v (1= v@))mi/2=1 gy ... gy ()
¢ f f : ; -
i i i i . [2=1+(my+-+my) /2
(e =y +2 2L (07 =) 017 - 57)v )

J
—_——

We want to prove Conjectures 1 and 2 for the root system A; x ---A; using induction
on J > 1. To accomplish this, we will need the following technical result.

Lemma 72 Suppose A >0 and B > 0. Then

- fl (u(Q=u))"?Vdu | =z (1A+B)"'/2 if M > mf2,
= In(2 A£E .
(A+Bu)M XW if M = m/2.

Proof If A > B/4 then

[ O

(A+Bu)M AM”

If A < B/4 then

A/B 1/2 1
T = f f f ST+ Ty + T,
A/B Ji2

Now,

A/B ym/2-1 gy o 1 1
o woooer_ 2 mf2_~ o -
L= fo AM m (A/B) AM " AM-m[2 gmj2
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sinceu < A/Band A< A+ Bu <A+ BA/B=2A. Next, we note that

1, % fl/z u™21 4y, _ L 1/2 il g,
a/B (Bu)M  BM Ja/B

1 m/2-M m/[2-M
:W((A/B) M (1j2)m M)
1 1 (1/2)m/2M
C M-m/2 (AM'"/2 B2 BM )

if M >m/2since A/B<u<1/2andBu <A+ Bu<2Bu.If M = m/2 then

1/2 ym/2-1 4y, 1 2 1
TZAfA T fA u du = — In((B/4)2).

/B (Bu)m/? /B
Finally,
U (1-u)"?Vdu 1
T3 x —_— X —
1/2 BM BM
since u >1/2and B/2 < A + Bu < 2 B. The result follows then easily. ]
J
—_——

Theorem 7.3  We consider the case A x ---Ay. Suppose x, y € a*. We have

Pw(x,y) 5 1
L=lxP T fx— yld T, Jx = 087y

(i (i)

where o) is the reflection with respect to o acting on the variables y(l) and y,

Proof We have |x — 0, y|* X |x — y[* + 2 (%1 — x2) ()1 — y2) (refer to Lemma 3.1).
We use induction on J > 1. When ] =1, the result follows using (7.1), Lemma 7.2

with A = |x—y|2,B:2(x1(1) 1))(y(l) (1))andM:d/2+m1/2.

Assume that the result holds for J—1, J > 2. There exists j such that (xl(i) -
xgi)) (yl(i) )) < (x(J) xij)) (y(]) ygj)) for all i. To fix things, say j = J.

Use (7.), Lemma 72 with A=|x-y?+2 Y] (x(') xgi)) (yl(i) - ygi))v(i),
B=2(x D - (1)) (}’1(]) —yﬁ”) and M =d/2+ (m; +---+ mj)/2, integrating with
respect to vU ). We find that

PY(x,y)
1-|x2
f f I, (V) (1= v )ymi2 gy .. gy 0D
; ; ; \d/2+(my++my_y) /2
(e =yl +2 215 (o = x87) 07 = 57) v
1
my[2

(|x y2+2 Z{l(x ))(y() ))v()+2(x(]) ]))(y(l) (1))) /
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1
my[2
(|x_y|2 12D x5O - (1)))
/- / H[_ (v(’) (1- v(i)))mf/2—1 dvD ... gyU-D
; ; o\ d/2+(my+-+my_1) /2
(le =y +2 22 (O = 2) (0 - ) wi)

1
=yl T, Jx - o

-
~

(the last step follows using the induction hypothesis). [ ]

J
—_——

Theorem 7.4 We consider the case Ay x --+A,. Suppose x, y € a*. For d > 3 we have

1
NY(x,y) 2 - :
e =yl T e = 0yl
Proof The proof is basically the same as for Theorem 7.3. ]

We proceed with handling the case d = 2.

Proposition 7.5 The Newton kernel in the case of A, in R* satisfies

|x—0a y|*

o (2R
(7.2) N"(x,y) = —~
|x — 0a y|

The Newton kernel in the case of A; x A; in R? satisfies

In 2= oV ylAlx-a{? y|
[x=y|?

(73)

|x — g’ y|™ |x - 0(2) |'”z

where a A b = min{a, b}.

Proof Equation (7.2) follows directly from Lemma 7.2 with M = m; /2.

To obtain equation (7.3), we can assume without loss of generality that
(xl(l) - xgl)) (yfl) - ygl)) < (xl(z) - 2)) (y(z) ygz)). Apply Lemma 7.2 to the inte-
gral representing NV (x, y) with M = m; + my, A= |x — y|* +2 (xl(l) - xgl)) (yl(l) -

( )) u® and B=2 (x(z) xéz)) (yl(z) - ygz)), integrating with respect to u(?). We
obtaln

1 1 uM (1= Oyym/2-1 g,(1)
I\]W(x’y)x |m2f ( ( ( ))

x-oP y =2 2(x =2y G =y Py uymr2’

If we apply Lemma 7.2 with M = m;, we get

fx=a 5

v p n (2 B )
N e W .

e =02 ™ fx—oa y"
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J
—_———
We end this section by a formulation of the results for the systems By x ---B; acting
onR?, d > ], i.e., the symmetries are aé’)(y) =V =Yis Yirts- - Ya) fori < J.
J

—_——— _
Corollary 7.6  Consider the case By x ---By. Suppose x, y € a*.
(1) We have

PW(x,y) 5 1

N G
(2) Ford > 3, we have
1

NY(x, y) 2 S
e = |42 TIL, e = oyl

8 Applications to stochastic processes

From a probabilistic point of view, the formula (2.5)
AVf =7 AR (nf),

gives the generator of the Doob h-transform (refer to [29]) of the Brownian Motion
on R? with the excessive function (x) = 7(x). For the root system A, ; on R,
the operator A" is the generator of the Dyson Brownian Motion on R? ([12]), ie.,
the d Brownian independent particles B W .B Ed) conditioned not to collide. More
generally, for any root system ® on R?, the construction of a Dyson Brownian Motion
DY as a Brownian Motion conditioned not to touch the walls of the positive Weyl
chamber, can be done ([16]). It is known that 7 is Aga-harmonic on R? ([16]), so in
particular 7 is excessive.

Dyson Brownian Motion D{ is one of the most important models of noncolliding
particles (see e.g., [1, 2, 21]). In [2], W-invariant Dunkl processes are called multivari-
ate Bessel processes.

The only difference with the symmetric flat complex case is that no invariant
measure 72(y) dy appears for the integral kernels in the Dyson Brownian Motion
case.

Theorem 2.7 implies estimates for the Poisson kernel PP and the Newton kernel
NP for the Dyson Brownian Motion. These estimates are essential for the potential
theory of the process DY and, consequently, of noncolliding stochastic particles.

Corollary 8.1 1. Forx € B* and y € S* we have

(- |x)7*(y)

PP(x,y) x )
) 2 e TLaco, - ouP

2. For x, y € a* and d > 3, we have

*(y)
NP X, = .
) 2 T Mo, I~ ony P
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