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Kleitman’s conjecture concerning the ‘Kleitman—West problem’ is false for 3-element subsets.

1. The problem

We are concerned here with the graph

G = Gup = (V nk, Enk), where ¥y = <[Z]>

and &, = {{4,B} : A,B € V", with [ANB| =k —1}.
For any set of vertices .o/ < ([Z]) we introduce the set of boundary edges

B(t)={{A,B} €, : A€ o/ and B € o/}, (1.1)

where /¢ = (W) < o/ is the complement of .</.
The edge-isoperimetric problem consists of determining, for every positive integer N,
the quantity

b(N) = bux(N) = min {m(&m o <[Z]), ot | = N} (1.2)

and the corresponding optimal configurations.

The problem was stated in [2] and analysed there for k = 2. It is known as the
Kleitman—West problem (see, for instance, pp. 60-61 of [6], pp. 370-371 of [7] and p. 1298
of [3]; Larry Harper [5] gave it this name, because West told him that he had heard it
from Kleitman).

2. The conjecture

First observe that, instead of considering the boundary of .o/, one can look at the inner
edges of .7 and define

I(A) = {{A,B} € 6, 1 A, B € o}, (2.1)
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because by the regularity of the graph G we have
i(N) = ink(N) = max {|#(2)| : o < (), 14| = N}
= 1(N k(n—k)— b(N)).

Also, J(A€) = Enp ~ (J(/) U B(£)) and therefore i ((}) —N) = (}) — i(N) — b(N).
Finally, by complementation in [n],

in,k(N) = in,nfk(N)~

Therefore it suffices to consider k < 5.
Now, Kleitman wrote in [7], pp. 370-371 (where his w, Z, and & are our N, ./,

and (1)), “There is an obvious conjecture: Suppose 2k < n; if w < (}_}) take only sets

containing the first element; if (Z) > 2w > 2(,’(’:}) take all sets containing the first element.
Since the condition is symmetric between 2 and ¥ < Z and hence between w and (Z) —w,
this construction handles one element completely; leaving a problem that can be handled
recursively by the same construction on the remaining n — 1 element set. The proposed
optimal configurations do not “nest” inside one another here, which interferes with many

methods of proof’ The same conjecture can also be found in [6] and [3].

Remark. For k = 2 the conjecture is true by Theorem AK, the main result of [2].

3. An auxiliary result

The lemma below can be found as Theorem 1 in [1] and was obtained independently, but
earlier, in [4]. Still, we prove it, because the arguments are short.
Denote by Z(n,k) = (¥ nx; <) the lattice defined by

Snj = {(xl,...,xk) IS x <X . <x <X EZ+}

and (x1,...,Xk) < (X],...,x) = x; < x{(1 <i <k).

For x* = (x1,...,%t) € %us» the rank of x* is defined as |x*| = ¥, x; and, for
W © Pupo let [W] = ey Xl In addition we let 4 = {x,....x} € (W), with
elements labelled in increasing order, correspond to x¥ = ®(4) = (xi,...,xx) € S nk» and,
similarly, .o/ = () to ®(+/) = {®(4) : A € 7},

Using for o/ and 1 <i < j < n the following ‘pushing to the left’ or so-called switching
operator S; ;, which is frequently employed in combinatorial extremal theory,

(A~ () uliy, if (AN{HU{i} ¢ o, jeA, and i¢A4,

Si,j(A) = .
A, otherwise,

one can prove by standard arguments that for every fixed N there is an o7 < ([Z]), |<Z| = N,

which is left-compressed (that is, stable under all switching operations) and satisfies

[I(</)] = i(N). It is also easy to see that such left-compressed families correspond to
downsets in Z(n, k).

Lemma. For fixed N € Z", maximizing |9 (/)| for o/ < ([Z]), |-/| = N, is equivalent to
finding a downset W in ¥ (n,k) with |W| = N and maximal |W||.

https://doi.org/10.1017/50963548399003909 Published online by Cambridge University Press


https://doi.org/10.1017/S0963548399003909

A Counterexample to Kleitman’s Conjecture for an Edge-Isoperimetric Problem 303

Proof. Assume that .o/ — ([Z]), |«/| = N, and W = ®(/) is a downset in L(n, k). For
every x¥ € W there are exactly

(Xi41 —xi—l)(k f;’_l) = (Xip1 — x; — D)k — ) (3.1)

y*s with y* < x*, whose first i components coincide with those of x* and whose (i + 1)st
component does not, and for which 4 and B satisfy |4 N B| = k — 1, if x* = ®(4) and
y* = ®(B). (Here xo = 0.)

By (3.1), for x* = ®(A) fixed, there is a total of

k—1 k k—1 k—1

D G —xi—Dk—i) = Y (k—i+Dxi—Y (k—ipxi—) (k—i)

i=0 i=1 i=0 i=0
k
k+1\ . (k+1
;x,-—< 5 >—|x| ( 5 ) (32)

B's with ®(B) = y* < x, {4, B} € &,, and with ®(B) € .o/, because ®(.«7) is a downset.

Consequently,
k+1 k+1
— k| _ = _
(L) =D X ( 5 )I&/I 4 ( 5 )N. (33)
xkew
Thus the lemma follows, because .o/ can be assumed to be left-compressed. L]

4. A counterexample for £k =3

3
conjecture gives a configuration .o/ = .71 \ (&7, U .&/3), where

o = {4:40{12) # ¢},

o = {{23,n},{2.4n},....{2,n—2n},{2,n—1,n}},

oy = {{2,3,n—1},’2,4,n—1},...,{2,n—2,n—1},
{2,n—4,n—2},{2,n—3,n—2}},

Letk=3, N = [(”) — ("gz)} — (n—3) — (n—2), and let n be sufficiently large. Then the

and where W = (/) = &1 \ (¥ U F3), with

F1 = O(A) = {(x,y,z)ey,,ﬁ :x=1,2},
yZ = (D(&{Z) = {(2: 39”)7(2343”)7---)(2:” - 2,7’!), (2,1’! - 1:”)}9 and
I3 = O(d3)={(23,n—=1),2,4n—1),...,(2,n—2,n—1),

2n—4n—2),2n—3,n—2)}

It is obviously better than the other candidate given by the conjecture (of ‘complement
form’ but with the same cardinality) when n is large enough (c¢f- Theorem AK and the
lemma). On the other hand, we define o/’ = o7 \ (o7, U /%) for o7 = {{1,2, n},{1,3,n},
{1,4,n},....{L,n—2,n},{1,n— l,n}}. Then ®(.«/’) is a downset in £ (n, k) and, for W' =
®(/') and &y = O(AY),
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W' =W =125l = 5]
- [(2+3+n—1)+(2+4+n—1)+...+

Q4n=24n=1D)+Ctn—4+n=2)+2+n—3+n-2)
—l0 24 m A3t (I ddm o+

(1+n—2+n)+(1+n—1+n)]
=n—10>0, if n> 10. (@.1)

Thus (3.3) and (4.1) show that |.#(.2/’)| can be arbitrarily much larger than |.#(.</)|, if n
is arbitrarily large. So the conjecture is false for k = 3.

5. Final remarks

This example first appeared in [1], where in the case k = 3 we solve the isoperimetric
problem for ‘good’ parameters N, that is,

. " L(n m 1/n
V=) saG) z' 3l3) f ez*
(3) (3) 2 (3)7 Oor some m € , or (3) ) (3), or some m €

We arrived at the edge-isoperimetric problem via [2] and while writing on it in [1] did
not know Kleitman’s conjecture about it. We remark that our positive results in [1] are
obtained by embedding ¥, 3 into IR? and then treating the continuous version by analytic
methods. Subsequently we became acquainted with Harper’s closely related paper [4],
solving a continuous version of the ‘Kleitman—West problem’.

It may be of interest to point out the difference between [1] and [4].

A\

(a) In the limiting process n —k — oo of [4] the unit cubes get concentrated at single
points, so that the objects may be smoothly embedded in continuous spaces, whereas
in [1] the volume of the unit cube is comparable to the volumes of the objects for
fixed n, which makes things more complicated.

(b) Harper applies variational methods and we just use elementary calculus, which causes
a further complexity of our proof. Nevertheless, it may be possible to greatly simplify
Harper’s proof along our lines.

We do not wish to publish the preprint [1] in its present form, as we feel it is incomplete.
However, several requests have made it clear to us that the counterexample is of great
interest for people working in this area, and therefore we are making it known without
further delay.
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