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Abstract. We adapt techniques developed by Hochman to prove a non-singular ergodic
theorem for Z?-actions where the sums are over rectangles with side lengths increasing
at arbitrary rates, and in particular are not necessarily balls of a norm. This result is
applied to show that the critical dimensions with respect to sequences of such rectangles
are invariants of metric isomorphism. These invariants are calculated for the natural action
of Z4 on a product of d measure spaces.
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1. Introduction

Let G be a countable group with a non-singular left action on a standard probability space
(X, B, ), which is assumed to be ergodic throughout. Each g € G induces a non-singular
map on X which we also denote by g. The measures ; and u o g are equivalent and so the
Radon-Nikodm derivative

duog
dp

Cl)g:

is well defined and strictly positive almost everywhere. In turn each g € G induces a linear
isometry on L' given by g¢(x) = ¢ (gx)wg(x). Note that this is not the usual transfer
operator, which in the context of group actions is given by ¢ (g~ 'x)d (i o g~")/du, but
fulfils essentially the same role and simplifies notation significantly.
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1.1. Critical dimensions. For conservative integer actions the Hurewicz ergodic theorem
ensures that, for ¢ € L,

lim Yiz1 PIX)wi (x) =/¢du

n— 00 Z:l: | i (x)

almost everywhere. Since the action is conservative, if ¢ > Oalmost surely then both the
numerator and the denominator in the theorem diverge to infinity. Therefore the ergodic
theorem says that both are diverging at the same rate. This suggests that the growth rate
of Y, w; may encode some intrinsic behaviour of the system. This motivated work by
Dooley and Mortiss [3—5, 9] in which they conducted a rigorous study of the growth rate
of Y%, w; and created invariants called the upper and lower critical dimensions. We aim
to extend this study from the context of Z-actions to those of other countable groups, with
7% -actions being the focus of this paper. The critical dimensions are defined for a countable
group G as follows.

Fix a sequence e € By € B, C - - - of finite subsets of G; we will refer to such a
sequence as a summing sequence. For t € R write

1
L;={x € X :liminf —— we(x) >0
t { n=00 |By|" g§ ¢

and

1
U,:{xeX:limsupW ng(x)zo .
n

n—oQ
Observe that L; and U; are decreasing and increasing respectively with ¢, and are disjoint.

Definition 1.1. The lower critical dimension of (X, u, G) with respect to summing
sequence S = {B,}2 | is defined by

a=a(S) =sup{t: n(Ly) =1}
The upper critical dimension of (X, u, G) with respect to { B} | is defined by
B = B(S) =inf{r : u(Uy) = 1}.

When « and 8 coincide we let y = o = § and call it the critical dimension.

Intuitively, the lower critical dimension gives the slowest growth rate of all the
subsequences of Y ¢eB, @g(x), and the upper critical dimension the fastest. It follows
from the definitions that 0 < o < 8 and from Fatou’s lemma that o < 1.

For real numbers a < b let [[a, b]] = [a, b] N Z. When G = Z the sets B, are normally
taken to be the discrete intervals [[1, n]] = {1, ..., n} in analogy with the range of the
sums in the ergodic theorem. However, in the case of a general countable group there is no
such standard choice for B,. This raises the question: how does the choice of the summing
sequence affect the critical dimensions?

We start to address this question in §3. As the summing sequences we consider are
almost exclusively symmetric about the origin, for reasons which will become apparent
below, we first look at how the critical dimensions of 7 and 7~! with respect to the
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intervals [[1, n]] affect the critical dimension of T with respect to [[—n, n]]. We then move
on to examine product Z?-actions on spaces X = X x - - - x X4, where each standard
generator e; acts by applying a transformation 7; : X; — X; to the ith coordinate. We con-
sider the critical dimensions with respect to sequences of rectangles B, = B} x - - - x B¢
where each B,i = [—s;(n), s;(n)]] for some increasing s; : No — Ny. Note the require-
ment that these rectangles are symmetric about the origin. For each 1 < i < d we write y;
for the single critical dimension (if it exists) of 7; with respect to [[—n, n]]. Our main result
in this section, Theorem 3.4, shows that for these actions the critical dimension y (S) of
the product action is a weighted average of the y;, with weightings determined by relative
growth rates of the functions s;.

THEOREM 1.2. Suppose that for an increasing function s : N — N the limits ¢; =
lim,,_, o (log s; (n) /log s(n)) exist, and that one of these is non-zero. Then

Z?:l CiYi
Z?:] Ci

A pair of illustrative applications of this result in the case d = 2 are that

y(S) =

71+ 2,

V(Ssq) = 3

and V(Sexp) ="
where Syq = [[—n, nll x [—n2, n?]l and Sexp = [—n, nll x [—Le" — 1], [" — 1]]].

For integer actions, the first and simplest demonstration of the intrinsic nature of the
critical dimensions is due to Mortiss who proved that when B,, = [[1, n]] they are invariants
of metric isomorphism [9].

Definition 1.3. Two non-singular actions of a group G on probability spaces (X, i)
and (X', u') are metrically isomorphic if there exist null sets Xo C X, X; C X' and a
bimeasurable map ¢ : X\ Xo — X’\X6 such that 4’ o ¢ ~ w and for all g € G we have
¢(gx) = g¢(x) almost everywhere.

One of the purposes of this paper is to show that the same holds for Z?-actions when
the B, are given by certain rectangles. More precisely, we take the B, to be integer balls
of a metric of the form

pu,v) = max F;(lu; —v;il) (1.1

1<i<d

where each F; : [0, o0) — [0, co) satisfies F;(0) = 0, is subadditive and strictly increas-
ing. The first two properties ensure o is a metric and the latter guarantees that F; has an
inverse, which we denote by f;, and which is superadditive on [0, co). We call such a
metric p on Z¢ rectangular. For a subset S C Z¢ with metric p we say p is a rectangular
metric on S if it is the restriction of a rectangular metric on Z¢ to S. In this case we say
(S, p) is a rectangular metric space.

We will refer to the balls B, (z) of rectangular metrics as rectangular balls. We assume
that rectangular balls carry the information of their radius with them, and observe that the
centre can then be determined from the ball. Rectangular metrics are translation invariant
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and so B.(z) = z + B, where

d
B, = B,(0) = [ [I-L/fi("1, L))

i=1

We will mainly be focused on rectangular balls with r € Nyp. We call a summing sequence
By € By C - - - rectangular if it is constructed in this way for some rectangular metric.

Restricting temporarily to d = 2 by taking Fi(s) =s and Fa(s) = /s or Fa(s) =
log (1 + s), we define rectangular metrics with integer balls [[—n, n]] x [—n2, n?]] and
[—n, n]l x [—Le" — 1], le" — 1]]], respectively. In particular, the critical dimensions
calculated earlier are associated to rectangular summing sequences, and will be seen to
be invariants.

Mortiss’s proof that the critical dimensions are invariants of metric isomorphism made
use of the ergodic theorem.

1.2. Ergodic theorem. Given an ergodic action of a group G on a probability space
(X, ) and a summing sequence By € By C - - - of finite subsets of G, the ergodic theorem
is satisfied if for every integrable function ¢,

gp
lim Lscn, 89 /d)du
n—00 deB gl

almost everywhere.

For non-singular actions of countable groups the question of when the ergodic theorem
holds is an area of current research. The foremost positive result is due to Hochman [7],
who proved it holds for free, non-singular and ergodic Z¢-actions and B, = {u € Z¢ :
lu|| < n} where |-|| is a norm on R?. Crucially, this does not include the case where
(Bp) is rectangular because the f;(n) may have completely different orders of growth.
For example, it excludes both the sequences Ssq or Sexp for 7?. To apply the arguments
of Mortiss verbatim it is therefore necessary to show the ergodic theorem extends to
rectangular summing sequences.

This requires care because there are natural choices of B,, for which the ergodic theorem
is known to fail. One such, due to Brunel and Krengel [8], shows the ratio ergodic
theorem (a consequence of the ergodic theorem in this context) fails for B, = [[0, n]¢ and
d > 1. The generally cited reason for this failure is that the sets [[0, n]]¢ fail to satisfy the
Besicovitch property, as defined in [7]. However, as noted in [2], sequences of symmetric
rectangles with increasing side lengths do have the Besicovitch property.

Prior to Hochman’s work, Feldman [6] used a simpler method to prove a weaker result;
it was assumed that each of the standard generators ey, . . . , eg of 74 acted conservatively
on X and ||-|| was taken to be the supremum norm on R4. Both methods follow the standard
approach: one produces a dense subset of L' for which the theorem holds and then applies
a maximal inequality to extend this to all of L.

Upon a quick examination of Feldman’s proof it becomes apparent that the sets
B, = [[—n, n]]? can be replaced by the rectangles ]_[fl=1 [[—si(n), s; (n)]] in the production
of an appropriate dense set of functions. The maximal inequality is then proved using
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two properties. The first is that balls of norms in RY satisfy the Besicovitch property;
see [2] for a proof. The second is that they satisfy the doubling condition, |By,| <
C|B,|, for some fixed constant C. We have already noted that our rectangles satisfy the
Besicovitch property. Moreover, rectangles B, satisfy an additive version of the doubling
condition,

12B,| = |B, + Bul < 2|B,|, (1.2)

where for rectangles B, and A € N we let AB, = ]_[l”-l:l[[—)\s,- (n), Asi(n)]]. This
coincides with the sum of A copies of B,. Note that when (B,) is rectangular the
translation invariance of the metric ensures that AB, C B,,. These sets are very
different; even in the simple case above with F1(s) = s and F>(s) = log (1 4+ s) we have
2B, = [[-2n,2n]] x [-2]e" —1],2|¢" — 1]]| and By, = [—2n, 2n]] x [—|e*" — 1],
le?" — 1]]]. This example exhibits that we cannot just use the metric doubling condition.

Despite using (1.2), one can still deduce that the maximal inequality holds for
rectangles. We explain this modification in §2. This means that Feldman’s result can be
extended so that the sums can be taken over rectangles.

This extension is, in fact, sufficient to show that the critical dimensions taken with
respect to rectangles are invariants of metric isomorphism between product Z%-actions of
the form considered in Theorem 1.2. This is because for actions of this type ergodicity of
the whole action implies ergodicity of the 7;, with respect to the marginals, which in turn
gives the conservativity of the generators as required by Feldman. However, we would like
to show the dimensions are invariants independent of the form of the measure space and
the particular group action.

It is then natural to ask whether similar changes can be made to Hochman’s
method for producing a dense set of functions. His approach consistently views Z¢ as
a translation-invariant metric space, which is our reason for considering rectangular
metrics. It also makes use of both the doubling and Besicovitch properties to produce the
appropriate dense set of functions, in addition to a type of finite-dimensionality property
of Z4 with respect to balls of norms. In §2 we will set out how one can use (1.2) and a
corresponding finite-dimensionality property with respect to rectangular metrics to adapt
Hochman’s method to prove the following ergodic theorem.

THEOREM 1.4. Let 7% have a non-singular and ergodic action on a probability space
(X, n) and B, = {u € Z¢ : p(u, 0) < n} for some rectangular metric p on Z¢. Then for

every ¢ € Ll, asn — 0o,
ZuEB 12(]5 /
b ASL RN ¢ du.
ZueBn ul

With this result in hand, the arguments of Mortiss can be applied to see that the critical
dimensions of summing sequences of rectangles are invariants of metric isomorphism.

COROLLARY 1.5. The upper and lower critical dimensions with respect to any summing
sequence of balls B, = {u € Z¢ : p(u,0) < n}, for some rectangular metric p, are
invariants of metric isomorphism.
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2. The ergodic theorem for rectangles
In the standard proof for ergodic theorems there are two key ingredients. The first is a
maximal inequality. For ¢ € L'(X) let

degn P (gx)wg(x)
deB,, wg (x) '

Ry (x) =
The maximal inequality holds if there exists C > 0 such that for any ¢ € L' and € > 0,

C
u((sup [Rul > €) < ~lglh.

n>1
The second key ingredient is a dense subset H of L' such thatforalls € H and allo € G,

ZEEBrz\O'Bn éh B ZgEUBn\Bn ‘éh
deBn gh

-0 2.1

almost surely.
The latter condition is used to show that the ergodic theorem holds for functions in
the set

D=span{fc+h—6h:ceR,0 € G,h € H}.

The maximal inequality is used to extend the convergence of R,¢ to the closure of D
in L. It then suffices to show that D is dense in L!. The details of this argument can be
found in [1].

In the case where H = L condition (2.1) is implied by

deB,,Ach,, Wg

> — 0 almost surely, (nsFC)
geB, ¥¢

which we call the non-singular Fglner condition. For measure-preserving actions this
reduces to the standard Fglner condition for the sequence B,,, implying that G is amenable.
For integer actions, if B,, = [[1, n]] then (nsFC) follows from the Chacon—Ornstein lemma,
as in [1], and the assumption that the action is conservative. Hochman’s variant of the
Chacon—Ornstein lemma in [7], summing over balls of norms, also implies (nsFC).

It should be noted that Feldman’s argument shows (2.1) directly for a smaller dense set
than L°°, rather than via (nsFC).

To see that the maximal inequality holds for B, = {u € Z¢ : p(u, 0) < n} with p a
rectangular metric we refer the reader to a concise proof of the maximal inequality for
balls of norms as given in [6, Inequality 5.3], attributed to Aaronson and Becker. Upon
examining this proof the reader will observe that the same argument, with two changes,
goes through for rectangles. The first is that to apply the Besicovitch property in the proof
of Inequality 5.2 one needs to intersect with a finite subset; this can be taken arbitrarily
large at the end of the proof. That rectangular metric spaces have the Besicovitch covering
property follows from a comment in [2, pp. 7]. The second is that one replaces each
occurrence of By, with 2B, and then applies the modified doubling condition (1.2).
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2.1. The non-singular Fglner condition. With the maximal inequality in hand it is
sufficient to show that (nsFC) holds. We will directly adapt the approach in [7]. First we
will briefly explain the changes which need to be made to Hochman’s approach, and then
we show that rectangular metrics have finite coarse dimension, the property lying at its
foundation.

2.1.1. Modifications. In order to apply the arguments from [7] to rectangular metric
spaces one needs to make two changes and then check that these do not affect the nature
of the rest of the argument.

The first is that, as with the maximal inequality, wherever the metric doubling condition
is applied, rather than considering balls Bj,(z) one instead looks at the rectangle z +
AB, and applies (1.2). This is required because rectangular metrics do not necessarily
satisfy the metric doubling condition. Specifically, this change needs to be made to the
proofs of [7], and it goes through essentially because the latter set is contained by the
former.

The second is a change in the notion of a ‘thickened sphere’. In Hochman’s paper, where
the metrics were norms, these thickened spheres are given by the sets B\ B,—; fort <r.
The idea here is that ¢ is very small compared to r, and so the thickened sphere looks
almost like the sphere 9 B,.. In our situation this appears not to be the correct definition.
For example, if one considers the case where one side of rectangle is growing exponentially
and takes ¢ = log 2 then for large radii the thickened sphere, which is meant to be a slight
thickening of the boundary, would consist of more than half of the points in the rectangle.
Instead we take the following definition which emulates the behaviour in the case where
the metric is given by a norm.

When S =Z4, for rectangular balls B =z + Hle[[—Lfi(r)J, Lfir) 11, let 0B
denote the set of points in Z¢ which lie in the usual topological boundary of
z+ ]_[lflzl[—Lf,-(r)J, Lfi(r)]] in R4, and call these sets boxes. Another perspective is
that the box associated to a rectangle is the collection of points for which some coordinate
takes the maximum or minimum value in that coordinate over the rectangle.

For t € N we define the 7-boundary d; B to be the collection of z € Z¢ which lie within
distance ¢ of d B with respect to the rectangular metric. Equivalently,

aB=Jw+B).
uecoB

When S C Z¢ we take 9 B and 0; B to be the intersections of their 74 counterparts with S.
We refer to a collection of z-boundaries, possibly with different values of ¢, as thick boxes.

The impact of this change is seen in two ways. One is that these boundaries appear
in the statements of and arguments for [7] and so one needs to check that these are
unaffected. The key point here is that the only property of thickened boundaries used
in these proofs is that it contains all the points within a given distance of the topological
boundary, which is the definition we have taken above. The other change is to the definition
of the course dimension. In the following section we show that rectangular metrics
satisfy this slightly changed definition. Theorem 1.4 then follows by applying Hochman’s
arguments.
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2.1.2. Coarse dimension. What follows is a restatement of [7] but for rectangular
metrics.

Definition 2.1. For arectangular metric space S and R > 1 the relation cdimg S = k (read:

S has coarse dimension k at scales R or greater) is defined by recursion on & as follows:

(i) cdimgS = —1for § = ¢ and any R;

(i) cdimgS is the minimum integer k for which cdim;gdB,(s) <k — 1 for any t > 1,
r>tRands € S.

The only difference between this definition and the one in [7] is the change in the definition
of the 7-boundary.

The following proposition will be useful in the proof that Z has finite coarse dimension
with respect to the redefined boundary and rectangular metrics.

For e € {e; : 1 <i <d} let F,,(e) be the face of B,(u) =u + I—[?zl[[—Lf,-(r)J,
Lfi(r)]]1l in direction e from u, that is, those points in B,(#) whose projection onto e
is maximal. The face of the thickened boundary 9; B, («) in direction e is the set of points
within distance ¢ of F, ,(e) and is denoted by o; F;. ,, (e).

PROPOSITION 2.2. Let (Z%, p) be a rectangular metric space. Then there are R =
R(p) > 5n, where n € N satisfies nf;(1) > 1 for all i € [1,d]], and k € N with the
following property: givenzy, . . ., zx € Z4, t(1), . . ., t(k) > 1 and a decreasing sequence
r(l),...,rk) withr(k) > t(1) - - - t(k)R such that z; € mj<i 0:(j)Br(j)(z), then

k
() 80y Briy (zi) = 0.
i=1
Proof. For notational clarity we write r; = r(i) and #; = ¢(i) in this proof.

We use induction on the d to prove that there is k = k(d) with the required property.
With d and the metric p fixed, we may then choose R > 5n with n € N chosen large
enough for nf; (1) > 1 foralli € [[1, d]].

Ford = 1letk = 2.Let f = fi. The set 9;(1)B,1)(z1) is a union of two closed intervals
length 2| f(¢1)] + 1 centred on %[ f(r1)], respectively. These intervals are disjoint as
r(1) > t(1). We may assume z; lies in the interval centred on —| f(r;)]. Now since
R > 5n we have

Lf)] > fr)—1= fQh+0+2n) —1>2]f)] + Lf()] +1,

using superadditivity of f and the choice of n. In particular, d;(2)B,2)(x2) does not
intersect the interval centred on —| f(r1)].
Also

LA+ Lf ()] < 2(Lf(rD] = LD D),

otherwise, using R > 5n and the fact that the (i) are decreasing,

2Lf @]+ Lf ()] =20 f(rD] = Lf(r2)]
> fD] = fCu+n+2n) —1>2[f@)] + Lf(r)].
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This means that 9;(2) Br(2)(z2) also does not intersect the interval centred on +| f(r1)],
and the claim follows.

Now assume we have proved k(d — 1) exists. Suppose k > 2dk(d — 1) + 2. By the
pigeonhole principle the thickening of some face F(e) of B,(1)(z1) contains k(d — 1) + 1

of the points zo, . . ., Zk(). As these are the only points used, we may henceforth assume
they are zo, ..., Zx@@—1)+2. Using essentially the argument from the initial step, the
thickened faces in directions +e of each {E)t(,')B,(I-)(z,-)}l-zi(zd_l)Jr2 cannot intersect the

thickened faces F'(%e) of 9;(1)B,(1)(z1). Therefore the 0;(;)B,(;)(z;) intersect in 9; F (e)
only if the projections of 9;(;)B,(;)(z;) N d;(1)F (e) along e onto F(e) intersect. These
projections are exactly thick boxes for projection of our rectangular metric in direction
e, so we may apply the previous case to deduce that

k(d—1)+1
aF@En [ dawBric) =10
i=2

but by assumption zx—1)+2 lies in that intersection. Hence k < 2dk(d — 1) + 2 and so
k(d) <2dk(d — 1)+ 1. O

Using the above we are able to prove the following claim.
PROPOSITION 2.3. Z¢ has finite coarse dimension with respect to any rectangular metric.

Proof. As before, we write r; = r(i) and t; = ¢ (i) in this proof.

Let R = R(p) and k' = k from the previous proposition. Let k¥ € N, to be determined,
and k = k’k” + 1. In order to show Z has finite coarse dimension it suffices to show that
if we are given
M t),...,.tk) =1,

2) r(1),...,r(k)suchthatr(i) >t(1)---t(k)R, and
(3) points zq, . .., zx € Z% such that z; € ﬂj<i 0 (HBr(j)(zj) for j < i,
then ﬂle i) Briy(zi) = 0.
By the previous proposition it suffices to find a subsequence of length £’ for which the

radii are decreasing. Consider the points z2, . . ., z; (! > 2) and suppose r(j) > r(1) for
each 2 < j <. Each of these points lies inside 9;(1)B,(1)(z1), by assumption. Moreover,
if i > j then

d
zj i+ H(—Lfm(ri)J + L@ ] L ri)] = Lfm (8) 1)

m=1

d
2z + H(—Lfm(r1)J + L r1/R) ) Lfm(rD)] = Lfm(r1/R) ).

m=1

Let A = Z4 O[Ty (=L (D] + Lfn(1/R) ], L)) = Lfw(r1/R)]). The final line
implies that we also have z; & z; + A. Now, z2, . . ., z; is a collection of points contained
by B = 9;1)Br1)(z1) U By(1)(z1) such that z; & z; + A for all i # j. Then the sets
Zj + %A are disjoint and each B N (z; + %A) contains at least one orthant of z; + %A,
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and hence at least
d
1
I1 b(Lfm(rl)J — Lfw(r1/R)] = I)J
m=1

points. By the disjointness we must have

d 1 d
a-nJ] b(Lfm(n)J — Lfm(r/R)] - 1)J < [TeWmeD) + LD + D,

m=1 m=1
that is,
d

1 <1 +2d 1_[ 2(Lfm (D] + Lfm (/B + 1
Bl o Lm@D) = Lfm(r/R)) =3

Dividing through each fraction by | f,,(r1)] and recalling from the previous proposition
that R = R(p) > 5n, where n € N satisfies nf;(1) > 1 for all [ € [[1, d]], we see that
fm(r1) = fr(5n) = 5 (from superadditivity). By using this in addition to the fact that
the f,, are increasing and superadditive we see that

Un /B _ Ln(1/5))
L G0] = SUmri/3)] = 1

1
< —
— 4

and so

d

1§1+2d]_[w§36d+1.
L i—1/4-3/5

Therefore if we take k” > 36% + 1, then (j) < r(1) for some 2 < j < k”. We can then
repeat this process with r(j) and so on to find a subsequence with decreasing radii
satisfying the conditions, which will have length at least k" by our choice of k. O

The proof of this proposition concludes the summary of the more significant changes
which it is necessary to make to Hochman’s work [7]. The remainder of the argument can
be concluded as in that paper from Theorem 4.4 onwards, as outlined earlier in this section.

3. Critical dimension for 7% -actions

We now have a varied collection of summing sequences in Z¢ for which the ergodic
theorem holds, and hence for which the critical dimensions are invariants of metric
isomorphism. In this section we restrict attention to these sequences in order to address
the first question raised in the introduction: how do « and g8 depend on the choice of
summing sequence?

3.1. Critical dimension for symmetric summing sets in Z.. The integer theory predomin-
antly sums over the sets [[1, n]]. It will be useful to examine what the critical dimension of a
Z-action with respect to [[1, n]] says about the critical dimension with respect to [[—n, n]].

Let T : X — X be a non-singular transformation describing a Z-action. We shall refer
to the critical dimensions of T with the summing sets [[1, n]] as standard and denote the
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lower and upper standard critical dimensions by o4 and B4, respectively. We will denote
the lower and upper standard critical dimensions of 7~! by a_ and f_. Let L;", L, denote
L, for T and T~! respectively, with the standard summing sets, and similarly with U, .

LEMMA 3.1. Let T : X — X determine a non-singular Z-action. Let « and B be the
critical dimensions with respect to [[—n, n]|. Then

max(oy, o) <a < B < max(B4, ).
Proof. We first prove the result for the lower critical dimension. Observe that
. 1 i 1 1 1<
minf Gy 20 0= mintp 30 e+ 3 e
I 1 < 1 1 &
> hnnimf — Z w;i (x) + > largg.}f — Z w; (x).

i=—n i=1

v

Hence L; 2 L;” U L; and the result follows. In the other case we get

1 u . 1 &
hrrlllsolgp m Z wi(x) < > llr?igp — izn w; (x) + — hm sup — 2} w; (x).
=— A
Therefore U, 2 U;* N U;” and we are done. O

In particular, if the standard upper and lower critical dimensions of 7 agree and those
of T~! do also then & = max(o4, 0—) = B.

The following theorem of Mortiss and Dooley provides a number of situations where
the upper and lower critical dimensions with respect to [[1, #]] of a transformation 7', and
those of its inverse, agree.

THEOREM 3.2. (See [5]) Let T denote the odometer transformation on the space
(]_[fil Zo, ]_[?il Wi). Then the lower and upper critical dimensions are given by

o = lim 1nf—— Z log, wi(x;) = l1m 1nf - Z H (i)

n— 00
i=1

and

B =lim sup —— Z log, wi(xi) = lim sup — Z H (i)

n—00 n—00
i=1 i=1

almost everywhere, where H(u;) = — Z}:o wi(j) logy (i (j)), the entropy of the
measure i;.

The entropy H (i) of the measure w on {0, 1} can be chosen to take any value between
0 and 1, by varying p € (0, 1) where 1 (0) = p. It is clear that for many choices of product
measure [ [72; p; the sequence (1/n) Y7 H(u;) converges as n — oo. In this case
the upper and lower critical dimensions are equal. Moreover, any value in (0, 1) can be
achieved by the dimensions.
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Another consequence of this theorem is that for an odometer action 7 on
(152, Za2, T172, wi) the inverse T~! has the same upper and lower critical dimensions
as T. This follows from how 7! can also be considered as an odometer on the same
space, with the roles of 0 and 1 reversed, and the fact that H(u;) = H(v;) where
i (0) =1 — ;i (0).

These observations, combined with Lemma 3.1, ensure we can produce examples of
transformations with a single critical dimension o« = 8 = y with respect to [[—n, n]] for
any y € (0, 1).

3.2. Critical dimension for balls of norms. In this part we show that the critical
dimensions for balls of a norm are independent of the choice of norm.

Let B, = B,(0) N Z< where B,(0) is the closed ball of radius r with respect to a given
norm ||-||, and let B, denote the corresponding set for another norm ||-||’. We consider the
summing sequences (B,) and (By,). The proof relies on essentially two properties of these
sequences, which we will make precise below. The first is that any two sequences of balls
are intertwined, in the sense that each ball is contained by a sufficiently large ball in the
other sequence. The second property is that each ball is somewhat well approximated from
above and below by balls in the other sequence.

The ideas used here make sense in a general countable group G, as in the introduction,
so we temporarily return to that setting.

Let each of {A,}72 | and {A;};’lozl be an increasing sequence of subsets of G. We say
that {A,}°0 | overlays {A,}° , if for all n € N there exists N € N such that A) C Ay.
We say that {A,}°°, and {A}}°C | are interweaving if both {A,}°7 | overlays {A}}°° | and
vice versa. In particular, this is the case if Un A, =G = Un A}, as is the case for the
sequences of balls in Z? described above.

Suppose {A,}°° | overlays {A}}*° . Let

m(n) =max(k > 0: A, CA,) and M(n)=mink >0:A4, C A})

where for technical reasons we take A6 = (). Then both m(n) and M (n) are increasing
with n and diverge as n — oco. We say {A,})2 | closely overlays {A), Joo if there exists
8 € (0, 1) such that for all n sufficiently large,

n{|Am(n)| |An| }>(S
Anl " 1Ayl

Similarly, we say two interweaving sequences {A,}°2, and {A}}*°  are closely inter-
weaving if {A,}>° | closely overlays {A;}7° | and vice versa. This defines an equivalence
relation between these sequences of subsets of G.

To see that two sequences of norm balls are closely interweaving, take ||| to be the
supremum norm and observe that, by equivalence of norms, for some k € N we have
Bk € B} C By, forall r > 0. It follows that

|Bm(n)| |BLn/kj|: 2n/k +1 d_>k_d
Byl —  |Bal 2n + 1
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and

d
| B/ ()| . 1Binsul (2n/k+ 1) ]
|Br/;| |Bnk| 2nk + 1

which deals with the conditions on m(n) and its counterpart. A similar argument applies
for M (n), ensuring that every sequence of balls closely interweaves with those of the
supremum norm, which suffices due to transitivity.

PROPOSITION 3.3. Let G be a countable group with a non-singular ergodic action
on a standard finite measure space (X, ). Suppose that {A,};°, closely overlays
{A}°2,. Then L} C L; and U] C U;. Hence o' < o < B < B’ and, in particular, when
the two sequences are closely interweaving they have the same upper and lower critical

dimensions.

Proof. We just tackle the lower case as the upper case is a similar argument involving the
function M (n) and M’ (n). Observe that with N taken sufficiently large, for alln > N,

| ALl 1
A 2 sz (T ) a2 e
m

|t
8€An W7 gedl,

Y @)

t
ol o

m(n)

> gl
|A,

and hence

1
inf —— E el 5 E
nlglt;/ [Anl* wg(x) =8 nlglt;/ |A] 500

|t
8€A mmt gea

1
> sl inf )
=% v JAL D @50

8EA]

By letting N — o0, and recalling that m(N) — oo as n — 00, it follows that

. . |t‘ . .
liminf Y @g() = 8" lim inf AT > w(x)
g€A, nogeAl,
and hence L, C L,. The same argument holds with the sequences exchanged. O

It is an immediate consequence that every sequence of balls of norms produces the same
critical dimension.

As one might expect, it is not difficult to see that the sequences closely interweaving
is necessary to the above argument. Consider, for example, the sequences A), = [—n, nl?
and A, = [[—|e" — 1], " — 1]] x [[—n, n]] in Z2. We have m(n) = n and hence

1A n + 1)?

= — 0.
[Anl Cn+DQ2Le" =11+ 1)
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This means that the argument used in the above proof fails if one attempts to compare balls
of arbitrary rectangular metrics to those of norms. Next we show that these sequences give
rise to different critical dimensions for numerous actions.

3.3. Critical dimension for product measure spaces. ~We examine non-singular product
actions, which are constructed as follows. Suppose that for each 1 <i < d we are given
a non-singular transformation 7; : X; — X; on a probability space (X;, p;), the factors
of the product. We can define a non-singular Z¢-action on the product measure space
X =X X ---x Xg withmeasure ;t = 1 X - - - X fLqg Via

17""d' 1""’ "l: ]u 1""7; d'
(u ug) - (x xp) = (T, x T;"%q)

This action is ergodic if and only if every 7; is ergodic, where the reverse implication can
be deduced using Fubini’s theorem.

We consider the upper and lower critical dimensions with respect to sequences of
rectangles B, = B,} X -+ X B,‘f where each B,’; = [[—s;(n), s;(n)]] for some increasing
functions s; : Ng — Ng. This set-up includes rectangular summing sequences. For each
1 <i < d we write «; and g; for the lower and upper critical dimensions of 7; with respect
to [[—n, n]], taken in the space (X;, u;).

Given two increasing functions s, s’ : N — N., we write s < s’ and say that s is
controlled by s’ if

n—oo log s(n)

< defines a preorder on the space such functions, and this preorder is total. We can use <
to define an equivalence relation by declaring that s and s’ have equivalent growth, denoted
s~ s’ ifboths <s"and s < s/, that is, if
.. logs'(n ) log s’ (n
0<11m1nfg—() < 1msupg—() < 00
n—oo log s(n) n—oo logs(n)
This definition ensures that all the functions |n’] for # > 0 are in the same equivalence
class, but |e" — 1] is strictly greater.
Using the axiom of choice, we may fix a representative of each equivalence class.
Suppose that 5 is the representative of the equivalence class of s. Then we set
.. logs(n ) log s(n
a(s) = lim inf g—_() and b(s) = lim sup g—_()
n—oo log §(n) n—oo logs(n)
When referring to rectangles B, as above, let us write a; = a(s;) and b; = b(s;) wherever
there is no ambiguity.
Our first, foundational, result of this part provides bounds for the critical dimensions
with respect to the rectangles B, in terms of the critical dimensions of the product
transformations and the growth rates of the rectangle sides.

THEOREM 3.4. Let Z% act on a product space (X, i) via a non-singular and ergodic
product action, as described above. Let D C [[1, d]] such that for each i € D the function
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s; is a greatest element in {sy, . . . , sq} with respect to <. Then

2iep Gi% 2icp bibi
Yiep bi Yiepdi

Note that these bounds may depend on the choice of representative s, but the inequalities
remain the same if s is replaced by any s for which the limit lim,,_, .o (log s(n)/log 5(n))
exists and is non-zero. One usually chooses functions s; which are related to one another in
this way, and then in addition the representative can be chosen such that a; = b; for all i.
The benefit of the above more general formulation of the theorem is that it allows for some
sides of the rectangles to grow rather slowly for periods of time but then ‘catch up’ later.

The inner bound is true by definition. The two outer bounds have slightly different
proofs but both rely on two key ideas. The first is that a small portion of the growth from
the fastest-growing sides can be used to dominate and hence neglect the behaviour from the
slower-growing sides. The second idea is that the rates of growth from the fastest-growing
sides can be compared using the representative of their equivalence class, resulting in the
weighted average of critical dimensions seen above.

We first prove the lower bound, where growth from the slow-growing sides is absorbed
by the faster-growing sides.

fa=p=

LEMMA 3.5. Let Z¢ act on a product space X via a non-singular and ergodic product
action, as described above. Let D C [[1, d]] such that for each i € D the function s; is a
greatest element in {sy, . . ., sq} with respect to <. Then

oy > ieh di%
B ZieD bi
Proof. Suppose
Ziep(ai —€)(aj — 2¢)
ZieD bi

for some € > 0. It follows from considering cylinder sets and applying Fubini’s theorem
that for u € Z4 we have w, (x) = ]_[;1:l w,‘;i (x) where

=

) dui o T]
() = 2T (),
du;

Then

1 1
BT Y=g ]_[ > ol 3.1

(1[ t
ueB, 2 (Hl lsl(n)) i=1 jeBi

Let 5 be the representative of the growth equivalence class of the s; with i € D and fix
a positive real number 6. Fori ¢ D we have

log s; (n)
lim inf ——— =
n—oo log s(n)
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Hence for i ¢ D for all n sufficiently large, s;(n) < 5(n)°. By definition, for i € D for
large n we must have 5(n)% € < s;(n) < §(n)?*?. Therefore, for all sufficiently large n

we have
d

[ ]sim) < Gyy®+ien b,

i=1
and so for some 1 = O(§) we have

d t
( [1s <n)) < (§(m) Ziep (= rtn=29) < T (g, ()72,
i=1 ieD
As we retain the freedom to shrink § we can assume that each n < ¢, to deduce that for
large enough n,

o Loz (T X o) (T X o))

u€B, i¢D jeBi ieD jEBL

The first bracket is always at least 1 and each term of the latter product diverges to infinity.
Hence we see that o > ¢, but since € > 0 was arbitrary the lemma follows. O

For the upper bound a little of the growth from the fast-growing sides is used to
dominate the slower-growing sides.

LEMMA 3.6. Let Z¢ act on a product space X via a non-singular and ergodic product
action, as described above. Let D C [[1, d]| such that for each i € D the function s; is a
greatest element in {sy, . . ., sq} with respect to <. Then

ZieD biBi
ZieD ai

Proof. The result is trivial if any §; = oo, so assume not. Suppose

Ziep(bi +€)(Bi + 2¢)

Zi ep di
for some € > 0. Let 5 be the representative of the s; withi € D and fix § > 0. By definition,
for i € D and n sufficiently large, 5(n)%—% < s(n) < §(n)Pit€. Hence for these n,

B =<

=

d

[T st = 57 1Po+en i,

i=1
and so for some n = O(§) we have
( ﬁ Si (n))t = §(n) " Liep GBI 2 () Lien b ( [T (n)f‘f“).

i=1 ieD

By shrinking § we can assume that c = 1/(d — |D|)(e ZieD b; —n) > 0and use (3.1) to
deduce that for large n,

1 1 1 l. 1 i
a2 o= 3 (o 2 o) (I sgome 2 eh)

UEB, igD jeBi JjeB}
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For each i ¢ D eventually 5(n)¢ > s; (n)#i 1% and so each term in the first product tends
to 0. Similarly with each of the terms in the second product. Hence we see that 8 < ¢, but
since € > 0 was arbitrary the lemma follows. O

This completes the proof of Theorem 3.4. We can combine it with the integer theory to
start to answer our question about the dependence on the summing sequence.

In §3.1 we saw it was possible to produce transformations with any (single) critical
dimension in (0, 1). By constructing the product action using such 7;, and choosing the s;
to ensure a; = b; for all i € D, Theorem 3.4 ensures the resulting actions will have critical

dimension
_ DicD %iYi
y = —.
Yiep Gi
We are now equipped to examine some specific examples which answer our earlier
question.

3.3.1. Values taken by the critical dimension. The simplest examples to consider are
those where s1(n) = s2(n) = - - - = n which all satisfy a(s;) = 1 with respect the natural
choice of representative of their class, §(rn) = n. Then in the above circumstances there is
a single critical dimension

it---+v

—

This in turn means that for any d and r € (0, 1) we can produce a Z4-action with critical
dimension r.

‘}/:

3.3.2. Dependence on the choice of summing set. Consider a Z2-action, constructed via
the method above, and its critical dimension with respect to

[—n, nll x [—Le" — 1], [" = 1]1I.

Here s, grows strictly faster than s1 and, with the sensible choice representatives, the
critical dimension is seen to be y = y». This, taken with the last example, shows that the
critical dimension very much depends on the choice of summing sequence. It also shows
that critical dimensions of the factors can be deduced from those of the product action and
vice versa.

In fact, any desired weighting of the critical dimensions can be achieved. Suppose #; €
[0, 1] such that #; + - - -4+t = 1. We take 5;(n) =n if t;, = 0 and 5;(n) = [(e" — )% |
otherwise. Then the critical dimension of the product action with respect to the cor-
responding summing sequence is given by y = t1y1 + - - - + t4¥4. Moreover, each such
summing sequence is rectangular, and so each of these weightings is an invariant of metric
isomorphism.

4. Further questions

Underlying much of this paper is the question of how the choice of summing sequence
affects not only the critical dimension but the ergodic theorem for Z¢. On the one hand,
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for the sequences [0, n]|¢ in Z¢ with d > 1 there is the counterexample to the ratio
ergodic Theorem [8], found by Brunel and Krengel. On the other, for balls of norms or
for rectangular summing sequences the ergodic theorem holds. If the sets in a summing
sequence have the Besicovitch property and the modified doubling condition then it seems
likely that Hochman’s method will work, so long as some analogue of the finite coarse
dimension property can be found. It is in proving this latter condition that both cases make
use of some natural structure of Z¢. It would be interesting to know exactly what we require
from a summing sequence in Z¢ for the ergodic theorem to hold. The fact that large parts
of Hochman’s approach can be applied to rectangles suggests that the theorems for norms
and rectangles may both be special cases of a wider phenomenon.

On the critical dimension, we have shown in the case of product actions on product
spaces that the critical dimension for rectangles can be decomposed into a weighted
average of the critical dimensions, for the projected measures, of maps corresponding
to eq, ..., ey. It is an open question whether this extends more generally, for example
the critical dimension of each e; can be calculated on (X, ) as a Z-action regardless of
whether the Z¢-action is a product action. Therefore it is reasonable to ask how the critical
dimension of the Z?-action is related to those of the generators.
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