
RELIABILITY EVALUATION
OF A LINEAR

k-WITHIN-(r,s)-OUT-OF-(m,n):F
LATTICE SYSTEM

DAAAMMMIIINNNGGG LIIINNN
University of Toronto

Toronto, Ontario, Canada
E-mail: dlin@mie.utoronto.ca

MIIINNNGGG J. ZUUUOOO
University of Alberta

Edmonton, Alberta, Canada
E-mail: ming.zuo@Alberta.ca

The lineark-within-~r,s!-out-of-~m, n!:F lattice system consists ofmncomponents
arranged inm rows andn columns and fails whenever there is at least one rectangle
of dimensionr 3 swhich containsk or more failed components+We propose recur-
sive formulas for the calculation of the lineark-within-~r,s!-out-of-~m, n!:F lattice
system+ The computing complexity of the system reliability using the recursive
formulas isO~~n 2 s!ms11 1 m2s! for r 5 m andO~~r 1 1!r s~m2r11! @~n 2 s!m1
2r ~s21!ms# ! for r , m+

1. INTRODUCTION

Generalizations of the consecutive-k-out-of-n:F system have been reported in a con-
siderable number of papers@2# + One of the generalizations is the linear connected-
~r, s!-out-of-~m, n!:F lattice system+ It consists ofmn components arranged in
m rows andn columns+ The system fails whenever there is at least one rectangle of
dimensionr 3 s which contains all failed components+ Bounds, reliability evalua-
tion, and invariant optimal design of the linear connected-~r,s!-out-of-~m, n!:F lat-
tice system are studied in@2,6,7# + Zuo, Lin, and Wu@8# propose combinedk-out-of-
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n:F, consecutive-k-out-of-n:F, and linear connected-~r, s!-out-of-~m, n!:F lattice
system structures and provide recursive formulas for the reliability of the combined
system structures+ Koutras@1# uses the Markov chain approach for reliability eval-
uation of Markov chain imbeddable systems~MIS!+ He shows that the tool is very
useful to a great variety of well-known one-dimensional reliability structures+How-
ever, it is very difficult or impossible to apply the idea to two-dimensional reliability
structures such as the linear connected-~r,s!-out-of-~m, n!:F lattice system and the
above-mentioned combined system structures+

A further generalization of the linear connected-~r,s!-out-of-~m, n!:F lattice
system is the lineark-within-~r,s!-out-of-~m, n!:F lattice system+ It consists ofmn
components arranged inm rows andn columns+ The system fails whenever there is
at least one cluster of sizer 3 s, which containsk or more failed components+ It
becomes a linear connected-~r,s!-out-of-~m, n!:F lattice system whenk 5 rs+ The
bounds for the reliability of the lineark-within-~r,s!-out-of-~m, n!:F lattice system
is given in@3# for a special case when the components of the system are identical+ To
the authors’ best knowledge, however, no recursive formula for the reliability of the
lineark-within-~r,s!-out-of-~m, n!:F lattice system is given in the literature+

In the sections to follow, we provide recursive formulas for system reliability
evaluation of the lineark-within-~r,s!-out-of-~m, n!:F lattice system+ The proofs of
the formulas in Sections 2 and 3 are given in the Appendix+ The following assump-
tions will be used:

1+ Each component, and the system, is either working or failed+
2+ The failures of the components ares independent~statistically independent!+
3+ The reliabilities of the components are not necessarily identical+
4+ 1 # k , rs, 1 # r # m, and 1# s# n+

2. THE LINEAR k-WITHIN-(r,s)-OUT-OF-(m,n):F LATTICE SYSTEM
WITH r 5 m

The lineark-within-~m,s!-out-of-~m, n!:F lattice system consists ofmncomponents
which are arranged inm rows andn columns+ This is a special case of the general
lineark-within-~r,s!-out-of-~m, n!:F lattice system in which we letr 5 m+ The sys-
tem fails whenever there is at least one cluster of sizem3 ssuch that the number of
the failed components within this cluster is at leastk+ The component in thei th row
andjth column is called component~i, j ! throughout this paper+ The notation used is
as follows:

pij ~qij ! Reliability ~unreliability! of component~i, j !+

xij Binary variable; 1 if component~i, j ! fails, 0 otherwise+

gj An s-dimensional nonnegative integer vector~gj2s11, + + + , gj !+

A~m, j,s, k! The event that the lineark-within-~m,s!-out-of-~m, j !:F lattice
subsystem works+This subsystem consists of the components in
the first j columns of the original system+
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B~i, l,u! The event that there areu failed components in components
~1, l !, + + + ,~i, l ! of the subsystem+

X~m, j,s, k,gj ! Conditional event: A~m, j,s, k!6ùl5j2s11
j B~m, l, gl !+

R~m, j,s, k! Probability that eventA~m, j,s, k! occurs+

S~m, j,s, k,gj ! Probability that eventX~m, j,s, k,gj ! occurs+

Q~i, l,u! Probability that eventB~i, l,u! occurs+

Fmks The set of alls-dimensional nonnegative integer vectors such
that all elements of each vector are between 0 andmand the sum
of all elements of each vector is less thank+

Whenn5 s, the lineark-within-~m,s!-out-of-~m, n!:F lattice system becomes a
k-out-of-mssystem and the recursive formula for calculating the reliability of this
system is already available@4# + Forn . s,we provide the following formulas which
are proved in the Appendix:

R~m, n,s, k! 5 (
gn[Fmks

S~m, n,s, k,gn! )
l5n2s11

n

Q~m, l, gl !+ (1)

The conditional probabilityS~m, n,s, k,gn! in Eq+ ~1! can be computed using the
following recursive formula:

S~m, j,s, k,gj ! 5 (
«j2s50

m

S~m, j 2 1,s, k,«j21!Q~m, j 2 s,«j2s! if gj [ Fmks (2)

for j 5 s1 1, + + + , n, where

«j21 5 ~«j2s, gj2s11, + + + , gj21!+

It is noted that the boundary conditions for the above recursive formula is

S~m, j,s, k,gj ! 5 0 if gj Ó Fmks for j 5 s,s1 1, + + + , n,

S~m,s,s, k,gs! 5 1 if gs [ Fmks+

The probabilityQ~m, l, gl ! in Eq+ ~1! and the probabilityQ~m, j 2 s,«j2s! in Eq+ ~2!
can be calculated by the recursive formula

Q~i, l,u! 5 pil Q~i 2 1, l,u! 1 qil Q~i 2 1, l,u 2 1!,

i 5 1,2, + + + ,m, 1 # l # j, (3)

with boundary conditions

Q~i, l,u! 5 1 if i 5 0 andu 5 0,

Q~i, l,u! 5 0 if i , u or u , 0+
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The complexity for computingQ~m, l, gl ! using recursive formula~3! is O~m!+
The cardinality ofFmks does not exceed~m 1 1!s+ Thus, the computing time of
R~m, n,s, k! using formulas~1!–~3! is

O~~n 2 s!m~m1 1!s 1 ms~m1 1!s! 5 O~~n 2 s!ms11 1 m2s!,

whens is fixed+ In other words, the computing time ofR~m, n,s, k! is polynomial in
m and linear inn+

Example 1:Consider a lineark-within-~m,s!-out-of-~m, n!:F lattice system with
m5 r 5 3, k 5 4, and the following component reliabilities:

pij 5 12 0+0015@~i 2 1!n 1 j # for i 5 1,2,3 andj 5 1,2, + + + , n+

We compute the system reliabilityR~3, n,s,4! using formulas~1!–~3! for variousn
ands+ Matlab @5# is used for the computation work+ The reliabilityR~3, n,s,4! and
the computing time for variousn ands are listed in Table 1+

3. THE GENERAL LINEAR k-WITHIN-(r,s)-OUT-OF-(m,n):F
LATTICE SYSTEM

The lineark-within-~r,s!-out-of-~m, n!:F lattice system fails whenever there is at
least one cluster of sizer 3 s such that the number of the failed components within
this cluster is at leastk+ In this section, we assumer , m+ The notation used is as
follows:

pij ~qij ! Reliability ~unreliability! of component~i, j !+

xij Binary variable; 1 if component~i, j ! fails, 0 otherwise+

x ij An r-dimensional binary vector~xi2r11, j , + + + , xi, j !+

gij An ~i 2 r 1 1!-dimensional nonnegative integer vector
~g1j , + + + , gi2r11, j !, 0 # gij # r, i 5 r, r 1 1, + + + ,m, j 5
1,2, + + + , n+

Table 1. System Reliability and Computing Time~in Seconds! for the Linear
4-Within-~3, s!-out-of-~3, n!:F Lattice System

s5 2 s5 3 s5 5

n R~3, n,s,4! Time n R~3, n,s,4! Time n R~3, n,s,4! Time

5 0+999999 0+21 5 0+999994 0+39 5 0+999977 0+05
10 0+999968 0+41 10 0+999783 0+80 10 0+998769 3+44
20 0+999033 0+83 20 0+993500 1+67 20 0+965114 7+37
50 0+922598 2+09 50 0+651598 4+12 50 0+200798 19+54

100 0+142103 4+19 100 0+000661 8+36 100 83 1029 39+78
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Gmj A sequence of~m2 r 1 1!-dimensional nonnegative inte-
ger vectors~gm, j2s11, + + + ,gmj!+

A'~m, j, r,s, k! The event that the lineark-within-~r,s!-out-of-~m, j !:F lat-
tice subsystem works+ The subsystem consists of the com-
ponents in the firstj columns of the original system+

B'~u, i, j ! The event that there are exactlyu failures from component
~i, j ! to ~i 1 r 2 1, j ! in the jth column+

C~x ij ! The event that a specificx ij 5 ~xi2r11, j , + + + , xij ! occurs+

D~i, j, r,gij ! Event:ùl51
i2r11B'~glj , l, j !+

E~i, j, r,gij ,x ij ! Conditional event: D~i, j, r,gij ! 6C~x ij !+

X '~m, j, r,s, k,Gmj! Conditional event: A'~m, j, r,s, k!6ùl5j2s11
j D~m, l, r,gml !+

R'~m, j, r,s, k! Probability that eventA'~m, j, r,s, k! occurs+

Q'~i, j, r,gij ! Probability that eventD~i, j, r,gij ! occurs+

Q''~i, j, r,gij ,x ij ! Probability that eventE~i, j, r,gij ,x ij ! occurs+

S'~m, j, r,s, k,Gmj ! Probability that eventX '~m, j, r,s, k,Gmj! occurs+

Lru The set of allr-dimensional binary vectors such that the
sum of its components equalsu+

Cmr The set of all~m2 r 11!-dimensional nonnegative integer
vector whose elements are all between 0 andr+

Fmrsk The set of all sequences ofs ~m2 r 11!-dimensional non-
negative integer vectors whose elements are all between 0
andr, and each element in the sum vector of thesvectors is
between 0 andk 2 1+

Whenn5 s, it becomes the case studied in Section 2 by taking the transpose of
them3 n component matrix of the original system+ In this case, the system structure
becomes a lineark-within-~r, n!-out-of-~m, n!:F lattice system+ When n . s, we
have the following formulas, proofs of which are also given in the Appendix:

R'~m, n, r,s, k! 5 (
Gmn[Fmrsk

S'~m, n, r,s, k,Gmn! )
l5n2s11

n

Q'~m, l, r,gml !+ (4)

The conditional probabilityS'~m, n, r,s, k,Gmj! in Eq+ ~4! can be calculated using
the recursive formula

S'~m, j, r,s, k,Gmj! 5 (
gm, j2s[Cmr

S'~m, j 2 1, r,s, k,Gm, j21!Q'~m, j 2 s, r,gm, j2s!,

(5)
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if Gmj [ Fmrsk, for j 5 s1 1, + + + , n, with boundary conditions

S'~m, j, r,s, k,Gmj! 5 0 if Gmj Ó Fmrsk for j 5 s,s1 1, + + + , n,

S'~m,s, r,s, k,Gms! 5 1 if Gms[ Fmrsk+

The probabilityQ'~m, l, r,gml! in Eq+ ~4! and the probabilityQ'~m, j 2s, r,gm, j2s! in
Eq+ ~5! can be computed by using

Q'~m, j, r,gmj! 5 (
xmj[Lr,gm2r11, j

Q''~m, j, r,gmj,xmj! )
i5m2r11

m

@ pij ~12 xij ! 1 qij xij #

(6)

for j 51,2, + + + , n+Whereas the conditional probabilityQ''~m, j, r,gmj,xmj! in Eq+ ~6!
can be calculated using the recursive formula

Q''~i, j, r,gij ,x ij ! 5 (
xi2r, j50

1

Q''~i 2 1, j, r,gi21, j ,x i21, j !

3 @ pi2r, j ~12 xi2r, j ! 1 qi2r, j xi2r, j # (7)

if x ij [ Lr, gi2r11, j
, for i 5 r 1 1, + + + ,m, 1 # j # n, with boundary conditions

Q''~i, j, r,gij ,xij ! 5 0 if x ij Ó Lr, gi2r11, j
for i 5 r, r 1 1, + + + ,m,

Q''~r, j, r,grj ,xrj ! 5 1 if xrj [ Lr, g1j
+

The complexity for computingQ'~m, j, r,gmj! is O~2rm!+ The cardinality of
Fmrskdoes not exceed~r 11!s~m2r11!+ Hence, the computing time ofR'~m, n, r,s, k!
using formulas~4!–~7! would be

O~~r 1 1!s~m2r11! @~n 2 s!2rm1 ~2rm!s# !

5 O~~r 1 1!r s~m2r11! @~n 2 s!m1 2r ~s21!ms# !

whenr ands are fixed; that is, the complexity of the algorithm for computing the
system reliability is exponential inm and linear inn+

Example 2:Consider a lineark-within-~r,s!-out-of-~m,n!:F lattice system withm5
3, r 5 2, k 5 3, and the following component reliabilities:

pij 5 12 0+0015@~i 2 1!n 1 j # for i 5 1,2,3 andj 5 1,2, + + + , n+

We compute the system reliabilityR'~3, n,2,s,3! using formulas~4!–~7! for various
n ands+Matlab is used for the computation work+ The reliabilityR'~3, n,2,s,3! and
the computing time for variousn ands are listed in Table 2+

4. SUMMARY AND CONCLUDING REMARKS

In this paper, we propose recursive formulas for computing the reliability of the
linear k-within-~r,s!-out-of-~m, n!:F lattice system+ When r 5 m, the computing
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time for the system reliability using the provided recursive formulas is polynomial
in mand linear inn+ For the general case whenr , m, the computing complexity for
the system reliability using the derived recursive formulas is exponential inm and
linear in n+ Practically, the computing time for the system reliability is of order
O~~n2 s!ms11 1 m2s! for r 5 mandO~~r 11!r s~m2r11! @~n2 s!m1 2r ~s21!ms# ! for
r , m, because the cardinality ofFmksis usually less than~m11!s and that ofFmrsk

is less than~r 11!s~m2r11!+ The programs in Matlab of the algorithms are available
upon request from the authors+
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APPENDIX

The boundary conditions for recursive formulas in Sections 2 and 3 can be derived by ob-
serving the corresponding events which would be null events or sure events+ Their proofs are
omitted here+

Proof of formulas(1)–(3) in Section 2

EventA~m, n,s, k! can be decomposed as

A~m, n,s, k! 5 ø
gn[Fmks

FA~m, n,s, k! ù S ù
l5n2s11

n

B~m, l, gl !DG +
The terms within brackets for allgn are mutually exclusive, andB~m, l, gl !, l 5n2s11, + + + , n,
are independent+ Then, from the above decomposition ofA~m, n,s, k!, it is very straightfor-
ward that formula~1! holds+

If gj [ Fmks, we have the following decomposition:

X~m, j,s, k,gj ! 5 A~m, j,s, k!* ù
l5j2s11

j

B~m, l, gl !

5 A~m, j 2 1,s, k!* ù
l5j2s11

j

B~m, l, gl !

5 A~m, j 2 1,s, k!* ù
l5j2s11

j21

B~m, l, gl !

5 ø
«j2s50

m

SA~m, j 2 1,s, k! ù B~m, j 2 s,«j2s!D* ù
l5j2s11

j21

B~m, l, gl !,

for j 5s11, + + + , n+ The terms in the large parentheses are mutually exclusive for all«j2s+ From
the above decomposition, we immediately obtain formula~2!+

Formula~3! can be easily derived by the decomposition of eventB~i, l,u!:

B~i, l,u! 5 @$xil 5 0% ù B~i 2 1, l,u!# ø @$xil 5 1% ù B~i 2 1, l,u 2 1!# ,

noting that the two events in brackets are mutually exclusive+

Proof of formulas (4)–(7) in Section 3

We decompose eventA'~m, n, r,s, k! as

A'~m, n, r,s, k! 5 ø
Gmn[Fmrsk

FA'~m, n, r,s, k! ù S ù
l5n2s11

n

D~m, l, r,gml !DG +
Noting that the terms in brackets for allGmnare mutually exclusive andD~m, l, r,gml!, l 5n2
s1 1, + + + , n, are independent, we get formula~4!+
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If Gmn [ Fmrsk, we have

X '~m, j, r,s, k,Gmj! 5 A'~m, j, r,s, k!* ù
l5j2s11

j

D~m, l, r,gml !

5 A'~m, j 2 1, r,s, k!* ù
l5j2s11

j

D~m, l, r,gml !

5 A'~m, j 2 1, r,s, k!* ù
l5j2s11

j21

D~m, l, r,gml !

5 ø
gm, j2s[Cmr

@~A'~m, j 2 1, r,s, k! ù D~m, j 2 s, r,gm, j2s!#* ù
l5j2s11

j21

3 D~m, l, r,gml !

for j 5s11, + + + , n+The events in brackets are mutually exclusive for allgm, j2sgiven that event

ùl5j2s11
j21 D~m, l, r,gml ! occurs+ From this decomposition, we derive formula~5!+

Similarly, formulas~6! and~7! can be derived by the following event decompositions
respectively:

D~m, j, r,gmj! 5 ø
xmj[Lr, gm2r11, j

~D~m, j, r,gmj! ù C~xmj!!

for j 5 1,2, + + + , n, and

E~i, j, r,gij ,x ij ! 5 D~i, j, r,gij !6C~x ij !

5 D~i 2 1, j, r,gi21, j !6C~x ij !

5 D~i 2 1, j, r,gi21, j !6C '~xi2r11, + + + , xi21!

5 ø
xi2r, j50

1

@D~i 2 1, j, r,gi21, j ! ù C ''~xi2r, j !#6C '~xi2r11, + + + , xi21!

if x ij [ Lr, gi2r11, j
for i 5 r 1 1, + + + ,m, 1 # j # n, whereC '~xi2r11, + + + , xi21! represents the

event that a specific~xi2r11, + + + , xi21! occurs andC ''~xi2r, j ! represents the event that a
specific~xi2r, j ! occurs+
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