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The lineark-within-(r, s)-out-of{m, n):F lattice system consists ofncomponents
arranged irmrows andh columns and fails whenever there is at least one rectangle
of dimensiorr X swhich containgk or more failed component&/e propose recur-
sive formulas for the calculation of the lindawithin-(r, s)-out-of-(m, n):F lattice
system The computing complexity of the system reliability using the recursive
formulas isO((n — s)m3*1 + m2s) for r = mandO((r + 1)r ™+ [(n — s)m +

21 (s~ Dms]) forr < m.

1. INTRODUCTION

Generalizations of the consecutikesut-of-n:F system have been reported in a con-
siderable number of pap€l@]. One of the generalizations is the linear connected-
(r,s)-out-of{m, n):F lattice systemlt consists ofmn components arranged in
mrows andn columns The system fails whenever there is at least one rectangle of
dimensionr X swhich contains all failed componentounds reliability evalua-
tion, and invariant optimal design of the linear connected)-out-of{m, n):F lat-

tice system are studied j2,6,7]. Zuo, Lin, and Wu[ 8] propose combineki-out-of-
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n:F, consecutiva«out-of-n:F, and linear connecte(:, s)-out-of{(m, n):F lattice
system structures and provide recursive formulas for the reliability of the combined
system structureKoutras[1] uses the Markov chain approach for reliability eval-
uation of Markov chain imbeddable syste4lS). He shows that the tool is very
useful to a great variety of well-known one-dimensional reliability structuesy-
everitis very difficult orimpossible to apply the idea to two-dimensional reliability
structures such as the linear connecdted)-out-of{m, n):F lattice system and the
above-mentioned combined system structures

A further generalization of the linear connectgdls)-out-of{m, n):F lattice
system is the lineak-within-(r, s)-out-of{m, n):F lattice systemit consists ofmn
components arranged mrows andn columns The system fails whenever there is
at least one cluster of sizex s, which containsk or more failed componentst
becomes a linear connectéd-s)-out-of{m, n):F lattice system whehk = rs. The
bounds for the reliability of the linedewithin-(r, s)-out-of{m, n):F lattice system
is given in[ 3] for a special case when the components of the system are ideldcal
the authors’ best knowledgleoweverno recursive formula for the reliability of the
lineark-within-(r, s)-out-of{m, n):F lattice system is given in the literature

In the sections to folloywve provide recursive formulas for system reliability
evaluation of the lineak-within-(r, s)-out-of{m, n):F lattice systemThe proofs of
the formulas in Sections 2 and 3 are given in the Appentive following assump-
tions will be used

1. Each componenand the systenis either working or failed

2. The failures of the components amdependenfstatistically independeht
3. The reliabilities of the components are not necessarily identical

4, 1=k<rs,1=r=mandl=s=n.

2. THE LINEAR KWITHIN-(r, s)-OUT-OF-(m, n):F LATTICE SYSTEM
WITH r=m

The lineark-within-(m, s)-out-of{m, n):F lattice system consists nfncomponents
which are arranged im rows andn columns This is a special case of the general
lineark-within-(r, s)-out-of{m, n):F lattice system in which we let= m. The sys-
tem fails whenever there is at least one cluster of sizes such that the number of
the failed components within this cluster is at leasthe component in theh row
andjth column is called componefit j ) throughout this papefhe notation used is

as follows
p; (o) Reliability (unreliability) of componenti, j ).
Xij Binary variable 1 if componen((i, j ) fails, O otherwise
g; An s-dimensional nonnegative integer vectgf_c.1,...,g;).

A(m,j,s k)  The event that the linedwithin-(m, s)-out-of{m, j ):F lattice
subsystem work§ his subsystem consists of the components in
the firstj columns of the original system
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B(i,l,u) The event that there ane failed components in components
1), ...,q,1) of the subsystem

X(m,j,s,k,g;) Conditional eventA(m,j,s, k)|ﬂ|j:j,s+1B(m,l,g,).
R(m,j,s, k) Probability that even\(m, j, s, k) occurs

S(m,j,s k,g;) Probability that evenX(m, j, s k,g;) occurs
Q(,Lu) Probability that evenB(i, I, u) occurs

D ks The set of alls-dimensional nhonnegative integer vectors such
that all elements of each vector are between Omaadd the sum
of all elements of each vector is less tHan

Whenn = s, the lineark-within-(m, s)-out-of{m, n):F lattice system becomes a
k-out-of-mssystem and the recursive formula for calculating the reliability of this
system is already availablé]. Forn > s, we provide the following formulas which
are proved in the Appendix

Rmnsk) = > Smnskg,) [I Qmlg). 1)

InEPrks I=n—s+1

The conditional probabilitys(m, n, s, k,g,) in Eq. (1) can be computed using the
following recursive formula

Smi,skg) = 3 Smj-1ske JQMi =560 1 E Tne ()
forj=s+1,...,n, where
g-1= (& -0 -sr1r---,G-1)-
It is noted that the boundary conditions for the above recursive formula is
S(mj,skg)=0 ifg & Py forj=ss+1,...,n,
S(ms,skgs) =1 if gs € Py

The probabilityQ(m, 1, g) in Eq. (1) and the probabilitQ(m, j — s,&;_) in Eq. (2)
can be calculated by the recursive formula

Qi Lu) =P Qi —L1Lu) +¢; Qi —L1,u—1),
i=12,...,m, l=1=j, 3)
with boundary conditions
Q(,lbuy=1 ifi=0andu=0,
Q(i,lbuy=0 ifi<uoru<O.
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TaBLE 1. System Reliability and Computing Tin{en Secondsfor the Linear
4-Within-(3, s)-out-of(3, n):F Lattice System

s=2 s=3 s=5
n R(3,n,5,4) Time n R(3,n,54) Time n R(3,n,s,4) Time
5 0.999999 021 5 Q999994 039 5 Q999977 005

10 0999968 1 10 0999783 080 10 0998769 A4
20 0999033 083 20 0993500 167 20 0965114 37
50 0922598 29 50 0651598 412 50 0200798 154
100 Q0142103 419 100 0000661 836 100 8x10°° 39.78

The complexity for computin@(m, I, g;) using recursive formuléd) is O(m).
The cardinality of®,,does not excee@im + 1)°. Thus the computing time of
R(m, n, s, k) using formulag1)—(3) is

O((n=sym(m+ 1)+ m3(m+1)%) = O((n — sym>"* + m?s),

whensis fixed. In other wordsthe computing time oR(m, n, s, k) is polynomial in
mand linear im.

Example 1:Consider a lineak-within-(m, s)-out-of{m, n):F lattice system with
m=r = 3, k=4, and the following component reliabilities

p; =1—-0.0019(i —Dn+j] fori=123andj=12,...,n

We compute the system reliabili(3, n, s,4) using formulag1)—(3) for variousn
ands. Matlab[5] is used for the computation warkhe reliability R(3, n, s,4) and
the computing time for various ands are listed in Table 1

3. THE GENERAL LINEAR AWITHIN-(r, s)-OUT-OF-(m, n):F
LATTICE SYSTEM

The lineark-within-(r, s)-out-of{m, n):F lattice system fails whenever there is at
least one cluster of sizex ssuch that the number of the failed components within
this cluster is at leadt. In this sectionwe assume < m. The notation used is as

follows:
pii (0fj) Reliability (unreliability) of componenti, j ).
Xij Binary variable 1 if componen((i, j ) fails, O otherwise
Xij An r-dimensional binary vectaiX ;1 j,..., Xi j)-
0 An (i — r + 1)-dimensional nonnegative integer vector
(91j,--,Gi—r41j), O=gy =r,i=rr+L....mj=
1,2,...,n.
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Gmj A sequence ofm — r + 1)-dimensional nonnegative inte-
ger vectorgm j—s+1,-- - > Imj)-

A(m,j,r,sk) The event that the line&rwithin-(r, s)-out-of{m, j ):F lat-
tice subsystem work3 he subsystem consists of the com-
ponents in the first columns of the original system

B'(u,i,j) The event that there are exactifailures from component
(i,j)to(i+r—1,j) in thejth column

C(xj) The event that a specifiG; = (Xi—r+1,,..., Xjj) OCCUrS

D(i,j,r’gij) Event mi;rl+1B’(glj7|7j)'

EG,J,r,0i,Xi) Conditional eventD (i, j, r, ;) | C(Xj ).

X'(m,j,r,s,k Gnr;) Conditional eventA’(m,j,r,s,k)|ﬂ|j:j,s+1D(m,l,r,gm,).
R'(m,j,r,sk) Probability that even®'(m, j,r, s, k) occurs

Q'(i,j,r,gi) Probability that evenb (i, j, r,g; ) occurs
Q"(i,j,r,gi,%;)  Probability that evenE(i, j, r, gj, X ) occurs
S'(mj,r,sk Gry) Probability that evenx’(m,j,r,s k Gy,) occurs

Ay The set of allr-dimensional binary vectors such that the
sum of its components equals

W The set of allm—r + 1)-dimensional nonnegative integer
vector whose elements are all between 0 and

D sk The set of all sequences ®fm— r + 1)-dimensional non-
negative integer vectors whose elements are all between 0
andr, and each element in the sum vector ofstvectors is
between 0 anét — 1.

Whenn = s, it becomes the case studied in Section 2 by taking the transpose of
them X ncomponent matrix of the original system this casethe system structure
becomes a lineak-within-(r, n)-out-of{m, n):F lattice systemWhenn > s, we
have the following formulasroofs of which are also given in the Appendix

R(mnrsk = > SmnrskGn) [I QmbLrg.). (@)

GmnEPmrsk I=n—s+1

The conditional probabilitys’(m,n,r, s, k,Gr) in Eq. (4) can be calculated using
the recursive formula

S,(m7j’r;s; k,ij) = 2 S,(m’j - Lr’s’k,Gm,jfl)Q,(m’j - S)r’gm,jfs)’

Im, j—sE¥mr

®)
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if Gpyj € Oy fOr j = s+ 1,..., n, with boundary conditions
S(mj,r,skGm) =0 if Gy & Opyskforj=ss+1,...,n,
S,(m,S, r,s, k, Gms) =1 |f GmsE (Dmrsk-

The probabilityQ’(m, 1, 1,9y ) in Eq. (4) and the probabilit@Q’(m,j — s,1,gm j—s) In
Eq. (5) can be computed by using

m

Q' (M,j,r,gm) = > Q" (M, j, 1, Gmjs Xmj) I1 [P (1—x;) + 0 X5

XmJE’\hgm—rﬂ.. i=m—r+1

(6)
forj=12,...,n. Whereas the conditional probabiliQ/’(m, j, r, gm;j, Xm;) in Eq. (6)
can be calculated using the recursive formula

1
Q" (i,j,r, gy, X;) = 2 Q"(i—=1,j,r,0i-1j,Xi-1j)

xi,r,j:O
X [Pior,j (L= Xi—rj) + Or j Xirj ] (7)
if x;j € Avg iin) fori=r+1,...,m 1=j=n, with boundary conditions

Q"(i,j,r,gi,Xxj) =0 ifx; &A fori=r,r+1,...,m

Q”(r7j’r’grjyxrj) =1 if er EA

Oi—r+a,j

r, 0

The complexity for computingd’(m, j,r,gm) is O(2'm). The cardinality of
D rscdoes not excee + 1)S™M Y Hence the computing time oR’'(m, n, 1, s, k)
using formulag4)—(7) would be

O((r + )M+ V[(n—s)2'm+ (2'm)*])
=0O((r +)rsMm U (n—s)m+ 2" Yms])

whenr ands are fixed that is the complexity of the algorithm for computing the
system reliability is exponential imand linear imn.

Example 2: Consider a lineak-within-(r, s)-out-of{m, n):F lattice system witim=
3,r =2, k=3, and the following component reliabilities

p; =1-0.0019(i —)n+j] fori=123andj=12,...,n

We compute the system reliabiliB/ (3, n, 2, s,3) using formulag4)—(7) for various
n ands. Matlab is used for the computation workhe reliabilityR’(3,n,2, s,3) and
the computing time for various ands are listed in Table 2

4. SUMMARY AND CONCLUDING REMARKS

In this paperwe propose recursive formulas for computing the reliability of the
linear k-within-(r, s)-out-of{m, n):F lattice systemWhenr = m, the computing
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TaBLE 2. System Reliability and Computing Tin{en Secondsfor the Linear
3-Within-(2, s)-out-of«3, n):F Lattice System

s=2 s=3
n R'(3,n,2,53) Time n R'(3,n,2,53) Time
5 0.999933 1832 5 Q999789 4120
10 0998896 419 10 0996240 12479
20 0983139 10m3 20 0995192 29633
30 0921616 15916 30 Q774805 45746
50 0568857 2685 50 0207783 78807

time for the system reliability using the provided recursive formulas is polynomial
in mand linear im. For the general case wher< m, the computing complexity for
the system reliability using the derived recursive formulas is exponentialand
linear in n. Practically the computing time for the system reliability is of order
O((n—s)mst + m?s) forr = mandO((r + 1)r M " Y[(n — sym+ 2"~ Yms]) for

r < m, because the cardinality df,,is usually less thatm + 1)® and that of® ¢

is less thar{r + 1)SM"*V The programs in Matlab of the algorithms are available
upon request from the authors
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APPENDIX

The boundary conditions for recursive formulas in Sections 2 and 3 can be derived by ob-
serving the corresponding events which would be null events or sure eVaetsproofs are
omitted here

Proof of formulas(1)-(3) in Section 2

EventA(m, n,s, k) can be decomposed as

Amnsk = [A(m,n,sk)ﬂ< N B(m,l,g|)>].

InEPmks I=n—s+1

The terms within brackets for ai}, are mutually exclusiveandB(m,1,g,),| =n—s+1,...,n,
are independenThen from the above decomposition 8§m, n, s, k), it is very straightfor-
ward that formula1) holds

If gj € ®mis We have the following decomposition

j
N B(ml,g)

I=j—s+1

i
=A(m,j —LSK)‘ N Bmlg)

I=j—s+1

-1
— Am,j —Lak)‘ N BmlLg)

I=j—s+1

j—1
ﬂ B(m3|1 gl)’

I=j—s+1

= U (Amj-1sk NBMj-sz)

! ‘
£j-s=0

forj=s+1,...,n. The termsin the large parentheses are mutually exclusive fgrallFrom
the above decompositiowe immediately obtain formulé2).
Formula(3) can be easily derived by the decomposition of e\&(itl, u):

B(i, Luy=[{x=0NBG{i—-LLu]U[{x =1 NB(>G{i—-1lLu-1)],

noting that the two events in brackets are mutually exclusive

Proof of formulas (4)-(7) in Section 3

We decompose eveAt(m,n,r,s k) as

A(mnrsk = U [A’(m,n,r,sk)ﬂ( N D(ml,r,gm))].

GmnEPmrsk l=n—s+1

Noting that the terms in brackets for &\, are mutually exclusive ard(m, 1, r,gmn), | =n—
s+1,...,n, are independenwe get formula4).
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If G € ®prsks WE have

j
N D(MI,r,gm)

I=j—s+1

X,(mj,r,s,k,ij) = A’(m,ll,l',S,k)

i
=A'(m,]—1,l’,S,k)‘ m D(m>|7rvgm|)
I=j—s+1
i

-1
:A,(m7j_l5rys)k)‘ D(mylaragml)

I=j—s+1
-1
= U [AMj-1rskNDMj-—sr,gn; o] N
Im,j—sE¥mr I=j—s+1

X DML, r, gmi)

forj=s+1,...,n. The events in brackets are mutually exclusive fogal|_sgiven that event
ﬁf;,—l,sﬂD(m, I, r,gm) Occurs From this decompositigrwe derive formulg5).

Similarly, formulas(6) and(7) can be derived by the following event decompositions
respectively

DMj,rgm)= U (DM}, 1gm) N C(Xm))

X €A g o,
forj=12,...,n,and
EG,j,r,0i,%;) = D(,j,r,0i)C(x;)
=D(i—1,j,r,g-1;)|C(x;)
DG —1],0,0-1)|C" (Xi—rs1,..., Xi—1)

1
U [D(i — Lj»r,gi—l,j) N C”(Xifr,j)]‘C’(Xifr+l’~~-:Xifl)

Xj—r,j=0

if X € Av g, fori=r+1,....m1l=j=n, whereC'(Xi_ri1,...,X—1) represents the
event that a specifi€x;_,+1,...,X—1) occurs andC"”(x;_, ;) represents the event that a
specific(x;_,j) occurs
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