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We prove existence and multiplicity of solutions for the problem

A2u 4+ AAu = |u2" 2y, in Q,
u,—Au >0, inQ, wuw=Au=0, ondQ,
where Q C RV, N > 5, is a bounded regular domain, A > 0 and 2* = 2N/(N — 4) is

the critical Sobolev exponent for the embedding of W2:2(Q) into the Lebesgue
spaces.
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1. Introduction

For a bounded smooth domain Q C RY, consider the critical problem
—Au = Mul*2u + |[u|Y NPy, in Q,

(BN))

u>0,inQ, u=0, on 99,
for 2 < s < 2N/(N — 2). In their celebrated paper [5], Brezis and Nirenberg proved

that for s = 2, the existence of solution is related to the interaction of A with the
first eigenvalue of (—A, Wy"?(€2)), namely,

M (Q) = inf{/ \Vul?de - u e Wy2(Q), / lul?dz = 1}.
Q Q
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More specifically, they proved the following:

e there is no solution for A > A\1(Q) and, if Q is starshaped, for A < 0;
e if N >4, there is a solution for 0 < A < A1 (£2);

e if N =3, there is a solution for A < A1(£2) close to A1(€2). Moreover, if € is a
ball, there is no solution for A > 0 close to 0.

Since we cannot solve the problem in the entire range (0, A1(€2)) when N = 3, we
say that it is the critical dimension for problem (BN)) (see [16] for the notion of
critical dimension for the polyharmonic operator). In the case 2 < s < 2N/(N — 4),
they obtained solution for any A > 0. After this, a lot of papers concerning critical
nonlinearities appeared. In particular, we recall that Rey [18] and Lazzo [11] proved,
for s = 2, that the problem has at least cat(2) solutions if A > 0 is close to 0 (see [1,
6, 7] for related results). Here, cat(£2) stands for the usual Ljusternik-Schnirelmann
category of € in itself.
Some of the aforementioned results were extend to the fourth-order problem

A2y = plul*%u + |u , in Q,
u,—Au >0, inQ, u=Au=0, on 0,

2 72u

(Vi)

where 2 < s < 2*:=2N/(N —4). In this case, if we denote by pu1(€2) the first
eigenvalue of

A?u=pu, in Q, w=Au=0, ondQ,
it was proved by van der Vorst in [21] that, for s = 2,
e there is no solution for p > 11 (2) and, if Q is starshaped, for u < 0;
e if N > 8, there is a solution for 0 < p < p1(€);
o if N € {5,6,7}, there is a solution for p < u1(2) close to p1(Q).

In the same paper, the author conjectured that these former dimensions are critical.
This conjecture was considered by Gazzola, Grunau and Squassina in [8], where
they proved that

o if N e{5,6,7} and € is a ball, then (V) has no solution for x> 0 close to 0.

The case 2 < s < 2* was treated in [12], where the authors obtained a solution if
N >8and2<s<2* or Ne{56,7}and 2* —2 < s < 2*. They also proved that
the problem has cat(2) solutions for p > 0 close to 0.

In this paper, we address the problem

A%y + AAu = [u* ~2u, in Q,
(Py)

u,—Au >0, inQ, uw=Au=0, ondf,

where Q C RY, N > 5, is a bounded domain and A > 0. Differently from (V,,), exis-
tence and nonexistence are related to the first eigenvalue A;(Q) of (—A, Wy %(Q)).
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Indeed, our first aim is to identify the range of (possible) existence for the parameter
A and therefore establish the notion of critical dimension. We prove the following:

THEOREM 1.1. The following holds:
(1) if A = M\(Q), then (P\) has no solution;

(2) if Q is starshaped with respect to the origin and A <0, then (Py) has no
solutions in C*(Q);

(3) if N=5 and Q is a ball, then there exists Ay >0 such that (Py) has no
solution if A < A..

The proof of the first two items relies on classical arguments and a Pohozaev
identity. For the last one, we take advantage of the radiality of the domain to
proceed with an ODE approach. The restriction on the dimension is closely related
with the existence of the embedding W32()) < L°°(£2), which holds if N < 6. The
above nonexistence result complement those of [8,14-16] which deal with problem
(V,,) under Dirichlet or Navier boundary conditions.

In our second result, we follow the ideas of Brezis and Nirenberg [5] for obtaining
existence of solution:

THEOREM 1.2. Suppose that Q@ € C*, for some 0 < oo < 1. Then (Py) has at least
one C4*(Q) solution if

(1) N =6 and X\ € (0, \1(2));
(2) N =5 and A € (AN, A1(Q)), with A* € (0, (R)).

Roughly speaking, theorem 1.2 says that, differently from the biharmonic ver-
sion of the Brezis-Nirenberg problem (V},), the critical dimension for (Py) is
only N =5. Actually, as observed in [13], the notion of critical dimension is
also related to the integrability of the L?-norm of the gradient of the functions
which realize the best constant of the embedding W?22(Q) «— L (Q), namely,
U.(x) = enle(e? + |z|>) =N =9/2 for an appropriated value of ¢y > 0. It is clear
that, if N =5 and 2 is a ball, then A, < A\*. Unfortunately, we do not know what
happens if A € [\, \*] or even the sharp value of A..

In view of the results proved in [11,12,18], it is natural to ask if, as in (BN,)
and (V,,), we have more solutions if {2 has rich topology. In our last result, we give
a positive answer to these questions by proving the following multiplicity result:

THEOREM 1.3. Suppose that Q € CH*, for some 0 < a < 1 and N > 6. Then there
exists Aes € (0, A\1(Q2)) such that (Py) has at least catq(Y) solutions if A € (0, Aux).

In the proof, we apply classical Ljusternik-Schnirelmann theory, as done in [11]
for the Brezis-Nirenberg problem (see also [2] for the fourth-order problem with
Dirichlet boundary conditions). One of the key points is how to extend functions of
W22(Q) N Wy(Q) to D2(RN). This kind of problem has already appeared in [8]
in the proof of a splitting lemma for problem (V,,). Here, we borrow an extension
procedure from [4] which works if we have regularity for the solutions of the problem
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(Py). Since we do not find in the literature the appropriated regularity theorems
we show in §2 how we can use the LP-regularity theory even in the case A > 0.
The same arguments show that, if u € W22(Q) N W, *(Q) is a critical point of the
associated energy functional, it verifies the boundary condition of (P) in the trace
sense.

The main results of this paper complement the aforementioned works, since we
deal here with a different equation. It seems that the perturbation Awu gives a new
nature for the problem since the critical dimensions are different from (V). We
believe that many other situations can be considered, for instance, the existence of
nodal solutions, high-energy solutions or even other type of multiplicity results.

The paper is organized in the following way: §2 is devoted to the proof of the
nonexistence results. In §3, we present the proof of theorem 1.2 and, in §4, we
prove our multiplicity result. The paper also contains an appendix concerning the
regularity of the solutions.

2. The nonexistence results

Throughout the paper, we denote by H the Hilbert space W, *(Q) N W22()

endowed with the norm
1/2
ul| = (/ (Au)de> .
Q

We denote by [Ju||, the L"(€2)-norm of a function u € H and write only [, u instead
of [, u(z)dz.

The following result is an easy consequence of the spectral theory of the Laplacian
and Holder’s inequality. We include the proof just for completeness.

LEMMA 2.1. The space H is compactly embedded into WO12(Q)

Proof. Let (o )ken be the eigenfunctions of (—A, Wy *(Q)) and (A)gen its associ-
ated eigenvalues. Since they are orthogonal in Wy *(Q) and L2(€2), the same occurs
in H. Hence, if u = Zzozl arypr € H, we can compute

oo

lull> =Y ailler® =D ad el Verlls = M) D adlIVerls = M (Q)Vul3,
k=1 k=1 k=1
(2.1)

which proves the continuous embedding H — WO1 2(Q) The compactness follows
from the inequality

IValg = [ (Ve V) = - [ (whu) < ulaful

and the compactness of W, %(Q) — L2(9). O
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We notice that, if u € C*(Q) verifies u = Au = 0 on 9%, then

N -4 Ou 0Au
2 . - —_—— 2 _ .
/QA u(z - Vu)dz 5 /Q(Au) dz + vy (x-v)do, (2.2)
/ [u? ~2u(z - Vu)de = —or lu|? de, (2.3)
Q 2" Jo

/ Au(z - Vu)dz = 1/ |Vu|*(z - v)do + E/ |Vul|?da, (2.4)
Q 2 Joa 2 Ja

where v stands for the outward normal unitary vector. Actually, the last two
equalities are standard (see [22, Appendix B|) and the first one is proved in [9,
§7.4].

As a consequence of the above expressions, we can prove our nonexistence result.

Proof of theorem 1.1. Let o1 > 0 be an eigenfunction associated with A; (). By
using it as a test function in the weak formulation of (Py) we get

Al(Q)2/ug01:/AuAg01 :)\/ Vu-Vgol—I—/u?_lapl >)\)\1(Q)/u<p1,
Q Q Q Q Q

and therefore A < A;(£2) and the first item is proved.
If u € C*(Q) is a classical solution of (Py) we can set w := Au to get

A(Au+ du) =Aw+ dw > 0,in Q, w=0, on 0N.

Since A < 0, it follows from Hopf’s lemma that 9(Au)/0v > 0 on 9. By using the
Maximum Principle we obtain

Au+ A u<0,in Q, wu =0, on 99,

and therefore du/dv < 0 on 9. If Q is starshaped with respect to the origin we
have that z - v > 0 on 912, and therefore

Ou 0Au 1 9
= — (% == V . 2> 0.
Ay /a o (z-v)do <0, As 5 /8 |[Vul*(z-v)do >0

By multiplying first equation in (Py) by (z - Vu), integrating by parts and using
(2.2)-(2.4), we obtain

N -4
2

AN —2) N-14

2

lull* + Ay = —AA; — IVull3 — lull3-

Since ||ul|? = \|Vul|? + ||ul/3:, A1 <0 and Ay > 0, the above expression implies

that

0= \|Vul? + A; + Ay <0,

which is a contradiction.

https://doi.org/10.1017/prm.2018.145 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.145

1058 G. M. Figueiredo, M. F. Furtado and J. P. P. Da Silva

We now prove the last statement of theorem 1.1. Without loss of generality we
suppose that Q = B := {x ¢ RV : uxH < 1}. By elliptic regularity A=! is continu-
ous from Wy ?(B) to W2(B) N W,"*(B). Since N = 5, this last space is embedded
into L°°(B) and therefore (A~1)* : (L™(B))* — (W, *(B))* ~ Wy *(B) is also
continuous. Hence, there exists C; > 0 such that

{A™Y £, ) < Cillfll o3y

for any f € (L®(B))* and ¢ € W, *(B).
If uw € C*B) is a solution of (Py) we can define f, € (L*°(B))* by fu(v):=
[ v(A%u)dz and compute

Bl (s (2.5)

N fuu) = “lu) = “lu)(A%u)dr =
(A fur) = fulA ) /B<A )(A2u)d /

u(Au)dz = 7/ |Vu|dz.
B B

Since || full(zo () = [5(A%*u)dz, it follows from the above equality and (2.5) that,
for some C5 > 0, there holds

C’Q/B |Vul2dz < (/B(AQu)dx>2. (2.6)

On the other hand, we can use the fact that u is a solution of (Py) to write

Ou 0Au A
/\/ Vul?de = — — a:-ydcr—f/ Vul?(z - v)do
g S ae =5 [ Vua)

Notice that (u, —Au) € C?(B) x C?(B) satisfies the system —Auw; = fi(u1,uz) in
B, u; =0o0n 9B, i=1,2, with f1(u1,us) := us and fa(uy,u2) = Aug + u%*fl. By
[19, theorem 1], we conclude that v and Aw are radially symmetric. Hence, writing
u = u(r), we obtain

AVl = = [ @ o =3 [ @)

oB

_ 75%5 (/83 u'(1)dg> (/{);m)’ﬂ)m) - 1015 (/é)B u’(l)dg>2,

where wy is volume of Bj. It follows from Divergence’s theorem that

NIVl = % (/B(—Au)dx> </B(A2u)dx) _ 1015 (/B(Au)dx>2. (2.7)

Since the function w(z) := (1 — |z|?)/(2N) satisfies —Aw = 1in B, w = 0 on 4B,
we have that

/B—Audx:/Bw(A2u)dx. (2.8)

As proved in [9, p. 278], there exists C'5 > 0 such that

/(A2u)dx < Cg/ w(A%u)dz < Cg/ (A2%u)dz.
B B B
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This, (2.7), (2.8) and (2.6) imply that

1/ 1 A P01
MVullieg = — =5 — 1= Alydz) > 2 (— - = 2
”VUHL2(B) s <503 10) </B( u) 5”) s <503 10) ”vu”L?(B)’
for any A < 2/C5. Hence, if we set

220
« T 037 03(02 + 10w5) ’

we can easily conclude that u = 0 whenever A < \,. O

3. The existence result

For each A > 0, we define the functional I : H — R as

N = [t =5 [ [wuP - g [ @

where u™ (z) := max{u(z),0}. Standard arguments show that the critical points of
I\ € C*(H,R) weakly satisfy the equation in (Py).

We notice that the boundary condition Au = 0 on 912 is not satisfied for a general
function of the space H. However, we are able to adapt the LP-regularity theory to
prove that it holds for the critical points of I. Actually, we shall prove in the final
section of this paper the following regularity result.

PROPOSITION 3.1. Let q:=2N/(N +4) and suppose that uw € H is such that
I\ (u) = 0. Then,

(i) if Qe >, for some 0<a<1, then ue WHI(Q)NW,9(Q), Aue
W2(Q) N Wy 9(Q) and A%u = —NAu+u> 1 a.e. in Q;

(i) if Q € C4, for some 0 < a < 1, then u € CH(Q).

Proof. We present the proof in the appendix since the case A > 0 requires an
adaptation of the classical elliptic regularity arguments. O

In what follows we are intending to apply the Mountain Pass theorem to obtain
a nonzero critical point of Iy.

LEMMA 3.2. If A < A\ (Q) and (u,) C H is such that
2
Li(up) — ¢ < NSN/‘*, I (up) — 0,
then (u,) has a convergent subsequence

Proof. Since I} (u,) — 0, we can use (2.1) to obtain

1 2 (A1(02) — A
e+ 0ul) + on(Dllunl| > Tun) = e By > (P02

where o0, (1) stands for a quantity converging to zero as n — +oo. Hence, (u,) C H
is bounded and we may suppose that w,, — u weakly in H for some u € H. This,
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I{(un) — 0 and lemma 2.1 imply that I}(u) = 0 and therefore we can compute
In(u) = Ix(u) = (1/2)I}(w)u = (2/N)|[u*][3 > 0.

If we set v, 1= u,, — u, it follows from a version of the Brezis-Lieb’s lemma (see
22, lemma 1.32]) that |lv;f]3: = |Ju} |3 — |lut |3« + 0,(1). Thus,

I (vp)vp = I (up)uy — I (w)u + 0, (1) = 0,(1).
Since v,, — 0 in W&’z(Q), we conclude that, for some b > 0,

z. (3.1)

li 2 _p_ li 4
Jm lon]|=b= lm g

By definition, [|v,||2 = S||v.l3. = S(|lv;[|3-)%7/2, and therefore the above equa-
tions imply that &> Sb? /2. If b >0, we conclude that b > SN/4 However,
since

Ix(vn) = Ix(un) = In(u) + 0n(1)

and Iy(u) >0, we can take limit as n — +oo, use (3.1) and v, — 0 in Wy ()
again to get

2 1 1 2

75N/4< - = b< 75N/4

N 5 2 )USOSNY
which does not make sense. Hence b = 0, that is, u,, — uw in H. O

Let D?2(RY) be the closure of C§°(RY) with respect to the norm || - and
consider
| @
S = inf —JRY

ueD22(RN)\{0} N
(o)
RN

We know from [20] that S > 0 is attained by the family of functions

. (N-1)/2
Ue(x) := cn (52+|x|2) ;

with € > 0 and ¢y := [N(N — 4)(N? — 4)|(N-4)/8,

LEMMA 3.3. If N > 6, there exists u € H \ {0} such that

2
max I (tu) < NSNM.

(2>
The same holds if N =5 and A < A\1(Q) is sufficiently close to A1 (€2).

Proof. We first consider N > 6 and assume, without loss of generality, that 0 € (2.
Let ¢ € C§°(£2,0,1]) be such that ¢ =1 in B,(0) and ¢ = 0 outside Bs,(0), where

https://doi.org/10.1017/prm.2018.145 Published online by Cambridge University Press


https://doi.org/10.1017/prm.2018.145

Positive solutions for a fourth-order equation 1061

r > 0 is such that Bs,.(0) C Q. For € > 0, we set u.(x) := ¢(z)U.(x) and use the
calculations of [3, p. 236] to write

uc)|? = SN/t + 0N, uc |3 = SN+ O(eN), (3.2)
as ¢ — 07. Moreover, we can compute
Va2 = / VUL
B»,-(0)
+ / o, 6" = DIVULL 20UV 9U2) + U219
B, (0

:/ IVU.|? + O(eN74).
B»,-(0)

Since fBzT(O) |VU.|? = ¢, (4 — N)?e? A, with

A / [
Blar) /< (0) (1+[y2)N=2""
we have that
[Vuel3 = ek (4 = N)?e?A. + O(e¥ ™).
We infer from the above expression and (3.2) that

N/4

2 [fuell? = A Ve i3
L\(tue) ==
max In(tue) =5 uz

2
2%

Z% [S + 2 (0(eV =) — A (4 — N)24)) ]V

Since A, —d > 0if N > 6, and A, — 400 if N = 6, the lemma holds with u := u,,
€ > 0 small.

The above argument does not hold if N = 5. In this case, we consider ¢ > 0 the
first eigenfunction of (—A, W, ?(Q2)), and notice that

2y 2 2
A=A () o170 A=A ()~ 150

Hence, there exists A* € (0, \1(£2)) such that,

2 [leal® = AIVerl3]™* _ 2500
max I (tp1) = — < 285/4
t>0 5 lleallZo 5
for any A € (A*, A\1(2)). The lemma is proved. O
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We are ready to present the proof of our existence result.

Proof of theorem 1.2. Suppose that \ belongs to an interval such that lemma 3.3
holds. By using the definition of S we obtain
2*2)

and therefore there exists p, a > 0 such that infsp o) [x = a. If we consider € > 0
small and u. € H as in the proof of lemma 3.3, we have that I (tu.) — —oco as t —
+o00. Hence, the set T':= {y € C([0,1], H) : 7(0) = 0, Ix(v(1)) < 0} is nonempty
and we obtain from the Mountain Pass theorem a sequence (u,) C H such that
I} (un) — 0 and

(@) —-A S~
A (Q) 2

[Ju

B >l (24

I(up) — ¢y == ;Iel{“ tren[éaﬁ] I(v(t)). (3.3)

The definition of I" and lemma 3.3 imply that cy < (2/N)S™/4. Hence, by lemma
3.2, we may suppose that u, — u strongly in H. By the regularity of I, we get
Ii(u) =0 and I(u) > o > 0, that is, u is a nonzero weak solution of (Py).

From theorem 3.1 we conclude that u € C*%(Q) and Au =0 on 9. We shall
prove that u > 0 in €. Indeed, let b € H be such that

/w-wz/u—oz Vo e WEA(Q),
Q Q

max{—u(z),0}. By picking ¢ =1, we obtain — [, |V~ |* =

where u™(x) :=
- . Thus, ¥~ = 0 and we get

Jou ™20
O:If\(u)wg/Aquf)\/Vu-Vw:f/ |Vu7|2+/\/(u*)2,
Q Q Q Q

from which it follows that (1 —A/A1(2))||Vu~||3, that is, v~ =0. We can now
decompose the equation of (P)) in two second-order equations and use 0 < \ <
A1(€Q) and the strong Maximum Principle to conclude that « > 0in 2, and —Au > 0
in Q. The theorem is proved. O

4. The multiplicity result

In this section, we prove theorem 1.3. We start by introducing the following minimax
level

cy:= inf T
= B D

where Ny :={ue H\{0}: I (u)u=0} is the Nehari manifold of I,. If A€
(0,A1(Q)) and N > 6, we may invoke theorem 1.2 to obtain uy € H NN, such
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that I{(ux) = 0 and I(ux) = cx. Thus, we get (see [17, proposition 3.11])

ex < inf  sup Iy(tu) < inf sup Iy (tu) = inf I\(u) =&y < In(uy) = cy.
A ueH\{O}t;)) Al )\ue/\&t;g A(tu) WENS A(w) x < In(ux) A

and therefore ¢y = ¢,. Thus, arguing along the same lines of [12, lemma 2.4], we
can prove that

2
Alij{)l+ e =co= NSNM. (4.1)

Given a function f € C%®(Q) such that f =0 on 99, it is well defined its C?°-
extension given by

F(2) = {f(x), if x € Q,

0, otherwise.

The proof of the next lemma can be found in [13, lemma 3.2].

LeMMA 4.1. Let (v,) C H be such that

Q

and wy, be the Newtonian potential of —Awv,, that is,

o 1 —Av,(z)
Wnl®) = NN = 2w /RN o= 2207

with wy being the volume of the unit ball B1(0) C RN . Then there exists (Yn, pin) C
RN x (0, +00) such that y, — y € Q, p, — 0 and

On (@) = nGY Y 2w (i + yn)
strongly converges to ¢ in D*2(RN), with ||A¢||2 = S.
For r > 0, we define
Qf = {J: e RN : dist(x, Q) < r} , O = {x e Q:dist(z,00) = r}.

We suppose that r is small in such a way that Bz,-(0) C 2 and cato(£2) =catq+(Q,).
We also set H, := W22(B,.(0)) N W,*(B,(0)),

1 A 1 .
Talu) = 5/3 (o)(Au)Q - 5/3 0) IVl - 27/5; (o)<u+>2 o Teedh

and

inf = inf t
ug}vu Ta(u) uEPlIrTI\{O} I?Sé‘ I(tu),
where M is the Nehari manifold of the functional Jy.

LEMMA 4.2. If 0 < A < A1(Q), then ¢y < my.
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Proof. The first eigenvalue A;(B,(0)) of (—A,Wy?(B.(0))) verifies A () <
A1(B,(0)). Thus, we obtain from theorem 1.2 a function vy € C*%(B,(0)) such
that J)\(’l})\) = m).

Since Avy € C%%(B,.(0)), we can consider u € C**(Q) as being the solution of

—Au=—Avy,, in Q,
u =0, on 0f).

Recalling that —Awvy > 0 in B,(0) and using the Maximum Principle we conclude
that w > 0 in Q. Moreover, since vy =0 on 9B,(0), the Maximum Principle also
implies that u > vy in B,.(0), with strict inequality in a subset of positive measure.
Hence,

[vu = [ w=mm - |

and

r

u(—Avy) >/ vA(—Avy) :/ [Vua[?
(0) B,.(0) B,.(0)

and therefore

_ N/4
/ (Avy)? — A Vs |2
2 | JB.(0) B,.(0)

_ (fBr(o)(Uj\r)z*} 2/2+

- N/4
2 [|lull* = Al Vul3
N | [|lut

= I\(tu) = cy.
g ) > e

2
2*
|

For A > 0, we define the level set I\"* := {u € H : I\(u) < my}. By theorem 1.2
and the last lemma, this set is nonempty whenever 0 < A < A1 (£2). We also consider
the barycenter map 3 : Ny — RY given by

/(Au)gxdx
KL ueN.
/(Au)2dx

Q

LEMMA 4.3. There exists Aux € (0,A1(Q)) such that B(u) € QfF,
(0, A\ex) and u € Ny NI,

Blu) :=

whenever \ €
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Proof. Suppose, by contradiction, that there exists A\, — 0 and u,, € Ny, N I™*»
such that B(u,) & Q. Then,

"t

1 A 1 .
Ern < gl = IV unl3 = 5 i 187 <

and
0= I;\n (un)un = ||un||2 - )‘n”vunug - ||UI %*

As in lemma 3.2, (u,,) is bounded, and therefore \,,|Vu,|3 = 0,,(1). Since (4.1)
remains true with ¢y replaced by my, we can take the limit in the two above
expressions to get

2. —0.

1 1 * 2
e A e

Thus, ||lu,|? — SM/* and |ju;}

[
Q

Let (Yn, ftn), (wn), (¢n) and ¢ given by lemma 4.1 . By picking ¢ € C° (RN RY)
such that ¥ (z) = z in Q, we obtain

2. — SN/ATIf we set v, := u,/||ut||3 we obtain

¥ >, /(Avn)2 =S+ 0,(1).
Q

gy _ g

Blun) = [ FonePutas = TEE [ (A, ()P0

[[un 2 [[n |2

N/4\2/2"
- <(SsNz4 + On(l)) / ufy [Awn(unx + yn)Fw(Unx + yn)da
RN

—(S + 0n(1)) / (A ()2t + ).

RN

Since pi, — 0, y, —y €Q, Y(y) =y and ||Ad||3 =S, we can use the Lebesgue
theorem to obtain

lim B(un) = S~y A¢ll3 =y € Q,

n—-+0o

which contradicts 8(u,) € Q,F. The lemma is proved. O

We assume from now on that A € (0, A\..). Let vy € H, be such that Jy(vy) =
my and recall that vy and Awv, are radially symmetric. For each y € Q. let
Ya(y) : 2 — R be such that

—Ayy(y) = —Avy, in Q,
M(y) =0, on 9.

Arguing as in the proof of lemma 4.2 we obtain

/Q () > /B NG /Q () > /B PG

"
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Thus, since [, (Aya(y))? = fBT(o)(AW)de’ we have that
D) <I@x) =my, L)) < I@x)ox =0,

and therefore v, (y) € Nx. Hence, if we set

1/(2* -2
_ @I = Avan I3 ™

t, :
Y ()13

)

2%

we conclude that t,vx(y) € Ny. Altogether, these remarks show that the map ) :
Q. — Ny NI given by

W) =tyny), yeQ,

is well defined and continuous.
We can now present the proof of our multiplicity result.

Proof of theorem 1.3. Suppose that A € (0, A..), where A, comes from lemma 4.3.
The same argument used in the proof of lemma 3.2 shows that I constrained to Ny
satisfies the Palais-Smale condition at any level ¢ < (2/N)S™/4. Moreover, arguing
as in the proof of theorem 1.2, we can check that my < (2/N)SN/%. Hence, if we
set Xy := Ny NI, it follows from standard Lusternik-Schnirelmann Theory (see
[22, theorem 5.19]) that I constrained to N has at least caty, (2,) critical points.
If w € H is one of these critical points, we can easily prove that I} (u) = 0. Since
u € N, it is nonzero and, as in our first theorem, it is a classical solution of (Py).

It remains to check that cats, (X)) > catq(2). In order to do this, we consider
the following diagram of continuous functions

o 2y, Lof

and notice that, for any y € Q,7, there holds

) 18t Padr T BnE)P G s
oAl @IPdE [, o Bun@Pd

BAAWY))

where we have used the change of variables z:=ax —y. Since Awy is radial
fBT(O)(Aw(z))zz dz =0, and therefore B(Jx(y)) =y. Thus S o7y is the identity
map and we can argue as in [22, lemma 5.25] to prove that each cover of ¥ by

closed and contractible sets lifts to a cover of Q,” by closed sets contractible in ;.
Thus,

caty, (X) = catq+(2;) = cato(€2),

and the theorem is proved. O
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Appendix A.

We devote this appendix to the proof of the regularity result for the weak solutions
of the problem (Py). We start with the following technical lemma.

LEMMA A.l. Let A<M\ (Q), p>N/(N—4), t:=Np/(N+4p)>1 and ac
LN/ Q). If Q € O3, then the linear operator T, : LP(Q) — WHH(Q) N W, () C
LP(Q) given by

A%w + NAw = a(z)v, in Q,
T,(v):=w <= {weW(Q)nW,"Q), (A1)
Aw e W2HQ) N Wy (Q)
is well defined and there exists C > 0 such that
1Ta(@)llp < Cllallnyallvllp, Vv e LP(Q).

Proof. Given v € LP(Q)), we can use Holder’s inequality to prove that a(x)v €
LY(Q). Thus, the equation Au = a(z)v is uniquely solvable in W2(2) N W, (Q).
Now we consider the equation Aw + Aw =u € W2(Q). If A <0, it follows from
[10, theorem 5.15] that it has unique solution in W2*(Q) N Wy (Q). If A > 0 we
notice that the operator A(A)~!: L{(Q) — WH(Q) N W, ' () is compact from
LY(Q) to LY(Q). Since A < A\1(Q2), we have that ker(Id — A\(A)~!) = {0} and there-
fore the uniqueness of solution also holds. Thus, since u € W2¢(Q) and 90 € C31,
we can argue as in the proof of [10, theorem 9.15] to conclude that 7}, is well defined.
Moreover, using A < A1(£2) and arguing as in the proof of [10, lemma 9.17], we may
check that

I2]lw2e) < CLll(A+ M), Vze WHHQ) N W, (Q),
and therefore Holder’s inequality provides
[Ta(0)llp = llwllp < Collwllwar ) < Csllavlle < Cllalnyallvllp,
for any v € LP(Q). O

Proof of proposition 3.1. Let g € L9(€2) and consider g, C C§°(€2) such that g, — ¢
in L9(Q). Arguing as in the proof of the last lemma, we obtain a solution of A%v,, =
Gny With v, € WH4(Q) N W, 9(Q), Av, € W9(Q2) N Wy 9(Q) and lvnllwa.aq) <
Cl|gnllq, for some constant C' > 0 (independent of n). This shows that (v,) is a
Cauchy’s sequence in W*49(Q) and therefore, up to a subsequence, v,, — v strongly
in W44(Q) for some v € WH4(Q) N Wy ?(Q) such that Av € W2(Q) N W, 4(Q).
So, by using the Sobolev embedding W*4(Q) — W22(Q), we can write

/QAUAQZ):/Qg(x)d), Ve H.

We now set g := —AAu +u? ~! € L(9). Recalling that I} (u) = 0, we obtain

/QAuA¢:/Qg(x)¢, Vo e H.
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Since this problem has unique solution in H, we conclude that © = v, and therefore
w e WH(Q) N W, Q) and Au € W29(Q) N Wy (). Moreover,

[@o= [ auso= [ gwo, voe,

which implies that A2y = —AAu + w2 ! a.e. in Q.
In order to prove that u is regular, we consider p > N/(N — 4) and set
0, if u(z) <1, u(z)? 71, ifu(r) <1,
a(x) == . b(x) :=

u? "%(z), ifu(z) =1, 0, if u(z) > 1.
Then a € LN4(Q), b € L®(Q) and a(z)u + b(z) = u*> ~'. According to [20], for
any given € > 0 there exists a. € LV/4(Q) and b, € L°°(Q) such that

llaclln/a < &, ae(x)u + be(2) = a(x)u + b(x), a.e. in Q.

Thus, we have that

/(Aqui) + AVu - Vo) = / (acudp +b-0), Vo€ H. (A.2)
Q Q

Let h. € W42(Q) N Wy ?(€2) be such that A2h. + AAh, = b.. By taking £ > 0
smaller if necessary and using lemma A.1 we conclude that || T,_(v)|l, < (1/2)]|v]|p,
for any v € LP(€2). Hence, (Id — T,_)~ ! is well defined and we can set

ve i= (Id — T,.) he.

Then T, v. = (ve — he) and it follows from (A.1) that A%v. + AAv. = a.ve + be
in €. Since b. € L>=(£2) we can use standard elliptic regularity to conclude that
ve € H, and therefore

/(Anggb + AV, - Vo) = / (acvep +bsp), Vo€ H.
Q Q
This and (A.2) provide

/(A25A¢+)\VZE Vo) = / .7, VoeH,
Q

Q

with z. :=wv. —u. By picking ¢ = 2. € H, using the Sobolev embedding and
Holder’s inequality, we get

5 (1= 57 ) Vel < DaelP + M2l = [ 022 < oyl
1(€)
This implies that z. = 0 and therefore u = v, € LP(Q).

Since we have concluded that u € LP(Q) for any p > N/(N —4), we can argue
as in the proof of lemma A.1 to conclude that u € W#P(Q) for any p > N and
therefore, by the Sobolev embedding, u € C*%(Q). We now invoke the high-order
regularity result [10, theorem 9.19] to conclude that u € C*%(Q). O
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